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 7. 

-

-

.

:

.

, , -

.

§7.1. . ,

. -

  F(x)  f (x)  -

)(xF ′  = f (x)                                     (7.1) 

, ,
dF(x) = f (x) dx.                (7.2) 

 F(x)
f(x)  (   f (x) dx).

 1. F(x)  = x3

f (x)  = 3 x2 Ox , -

x , , )(xF ′ = (x3)′ = 3x2 = f (x). #

 2. F(x) = x -

dx/(2 x ) x ∈ (0, + ∞) , 

dF(x) = d ( x ) = ( x )′dx = dx/(2 x ). #

.
F(x)  –  -

y , -
x , . . y = F(x) -

. , ,   )(xF ′  – 
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y, . . )(xFy ′=′  ( dy = )(xF ′ dx).

,
, -

. :
. , y.

. , ∆y -

1 2.
 (7.1) (  (7.2)), 

, F(x) -

)(xF ′ , ,

.
,

∆ y = F (x2) –  F (x1) ,                        (7.3) 

. .
 ( . (7.3)). -

:
I .  f (x), .
II.  f (x), 

 =  = b,  b  - -
.

 I  II – ,
,  I -

 (   7),  II – -
 (  8). 

§7.2. .

.

 3. F1(x) ( )x2cos21= F2(x) = cos2x

x∈(–∞,+∞)
; ,

F1′(x) x2cos
2

1
(= )′ = 

2

1− sin 2 x (2x)′ = – sin 2x, F2′ (x) = (cos2x)′=

= 2cosx ( )′xcos  = – 2 cosx sinx = – sin2x.
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, ( ) xxf 2sin−=     

(–∞,+∞) , ,  – -

F1(x)  F2(x). #
: -

f (x) ? 

.

 7.1. F1(x)  F2(x) -

,

f (x), -

.
. ( ) = F2(x) – 

F1(x).  [a,b], ,

( ) -

:
(b) – (a) = ′ (ξ) (b – a),     (7.4) 

ξ ∈ (a, b).

′ ( ) = (F2(x) – F1(x))′ = F2′ (x) – F1′ (x) = f (x) – f (x) ≡ 0 

x∈ ,  (7.4) , (b) – (a) ≡ 0 

a b , , ( ) = const  = 

x∈ ,  – ;

F2(x) – F1(x) = , F2(x) = F1(x) + , -

.
 3, 

F2(x) – F1(x) = cos2x – x2cos
2

1
 = [ :

cos2x  = x2cos(1
2

1 + ) ] = x2cos(1
2

1 + ) – x2cos
2

1
 = 

2

1
 (= const), 

 7.1. 
 7.1 : f (x) -

F (x), ,

F (x) + ,                                     (7.5) 

 – , ,
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 (7.5), f (x) .

. 10.  F (x)

 f (x) , F (x) +  (

)

f (x) ( f (x) dx)

dxxf )(  , . .

dxxf )(  = F (x) +  ,            (7.6) 

 – .

 (7.6) f (x) , f (x) dx –

.

S .

20.

.

, .

-

-

-

, -

.

30. (7.6) -

, f (x)

.

 7.1 -

, -

f(x) -

y -

y = F(x) ( .7.1).

 4. ) 3

 3 2 ( .  1), 

dxx23  = 3 +  .     # 

x

y

0

P c. 7.1 

y=F(x)+C1

y=F(x)

y=F(x)+C2
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) x -

dx/(2 x ),

x
x

dx =
2

 + .

: -

, . . f (x), 

, ?

, .  f (x) ,

, - -

-

 ( , -

-

, ).

§7.3. 

,

. , , ,

, -

, , ,  – -

.

, -

, -

, . , -

, -

, ,

;  –  – 

, -

-

, .

, -

,  – -

 – , -

, -
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. n-
, n – , -

,  – n- -
 – ,

-
, .

, -
-  « »

.
,

,  ( )
-

; -
.  –  – -

 « », -
, -

-
-

, ,
.

-
, -

. -
.

§7.4. 

-
,

,
, .

f(x) g(x) , k = const ≠ 0. 
:

A.                              = dxxfkdxxkf )()(                              (7.7) 

– ;
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.                     ±=± dxxgdxxfdxxgxf )()())()((            (7.8) 

– -

;

B.                                 = dxxfdxxfd )()(                               (7.9) 

– d , ,

, .

. F(x) F′ (x)   , 

)(xdF  = F (x) +          (7.10) 

– d , F(x), -

,  d , F(x)

.
.  F(x) – f (x),

G(x) –  g(x).
)  (7.7) 

dxxfk )(  = k(F(x) + C) = kF(x) + kC .           (7.11)

k F(x) – k f (x), (  (k F(x))′ = k(F(x))′ =
= k f (x)), kC –  ( -

,
, ), ,

 (7.11) dxxkf )(  , .

)  (7.8) 

± dxxgdxxf )()(  = (F(x) + C1) ± (G(x) + C2) = 

=F(x) ± G(x) + ( 1± 2),                        (7.12) 

1, 2 - .

 F(x) ± G(x)  – f(x) ± g(x),

(F(x) ± G(x))′ = F′ (x) ± G′ (x) = f(x) ± g(x),              . 
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1 ± 2 -  ( -

).  F(x) ± G(x) + ( 1 ± 2)

(7.12) ( )± dxxgxf )()( , .

) , dxxf )(  = F(x) + ,

dxxfd )(  = d(F(x) + ) = (F′ (x) ± C′ ) dx = f(x) + 0 = f(x),

.

)

d F = F′ (x) dx = f(x) dx ,

 (7.6) -

.

 1. kC 1 ± 2,

, -

. , -

, . .

, , . ,

– ,  3 , 3, tg C, ln C   – -

, , , C2, sin C, eC  – -

, C2 ≥ 0,  sin C ≤ 1, eC > 0. 

 2. -

.

 3. 

 I  II -

.

 5. 

[ ](7.7)(7.8):IIIcos2
3 =− dxx
x

  = 

= −
x

dx
xdx 3os2  = [  sin x  cos x

( ( )′xsin  = cos x),  ln x  –  1/

(  (ln x )′=1/x  );  1 ] = 2 sin x – 3 ln x  + C. #
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 6. 

( )[ ] +=+=+=+ dxxgdxfdxdxgfdx
x

x 22 :II
1

+ ( ) =′−= 2323 3/:3/ xxx
x

dx
–

 1; 2//1 − , ( ) xx 12 =
′

(  2)] = 3/3 +  +  . #

§7.5. 

, -
, F (x)

f (x), -
 ( . (7.6)). 
,

, , -
-

 7.1 .

 7.1 

10.  ( )′  = 0 10. = Cdx0

20.  ( )′   = 1 20. += Cxdx1

30. (sin x)′ = cos x 30. += Cxxdx sincos  

40. (cos x) ′ = – sin x 40. +−= Cxxdx cossin  

50. (tg x) ′ = 
x2cos

1
 50. +== Cx

x

dx
dx

x
tg

coscos

1
22

60. (ctg x) ′ = – 
x2sin

1 60.

+−== Cx
x

dx
dx

x
ctg

sinsin

1
22
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70. (ln|x|) = 1/x
70. Cx

x

dx
dx

x
+== ln

1

80. (ex) ′ = ex

80. Cedxe xx +=
90. (ax) ′ = ax lna

90. C
a

a
dxa

x
x +=

ln

100.

22

1
arcsin

xaa

x

−
=
′ 100. =

−
=

− 2222

1

xa

dx
dx

xa

= arcsin
a

x
 + C

110.
22

arctg
xa

a

a

x

+
=
′

110. =
+

=
+ 2222

1

xa

dx
dx

xa

=
a

1
arctg

a

x
 + C

120. (shx)′ = chx 120. += Cxxdx shch  

130. (chx)′ = shx 130. += Cxxdx chsh  

140. (thx) ′ = 
x2ch

1
 140. Cx

x

dx
dx

x
+== th

chch

1
22

150. (cthx) ′ = – 
x2sh

1
 150. Cx

x

dx
dx

x
+−== cth

shsh

1
22

160. (xα)′= αxα-1

160. −≠α+
+α

=
+α

α 1,
1

1

C
x

dxx

170. (ln|f(x)|)′ = 
)(

)(

xf

xf ′
  –

170.

Cxf
xf

xdf
dx

xf

xf +==
′

)(ln
)(

)(

)(

)(

180. =
−

=
− 2222

1

ax

dx
dx

ax
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=
a2

1
ln

ax

ax

+
−

 + C

190. =
±

=
± ax

dx
dx

ax 22

1

= ln axx ±+ 2  + C

200.
π+=
42

tgln
cos

x

x

dx
 + C

210.
2

tgln
sin

x

x

dx =  + C

 1. ,  shx = (ex – e-x)/2, chx = (ex + e-x)/2, 

thx = sh x / ch x, cth x = ch x / sh x – .

 2.  180  – 210 -

;  180: =
− 22 ax

dx
d

22 ax

dx

−
 , 

+
+
−

C
ax

ax
ln

a2

1
d =

= ( ) dx
axaxa

dxaxax
a +

−
−

=′+−− 11

2

1
lnln

2

1
=

=
))((

)()(

2

1

axax

axax

a +−
−−+⋅ = dx

ax 22

1

−
,

– , .

 3.  10 – 210 -

. ,  ( .  4, ) dxx23 =

= x3 + C, dtt 23 =  t3 + C.



14

-

 7.2. 

 7.2 

I.   (c ⋅ u(x))′ = c ⋅ u′ (x) I. =⋅ dxxucdxxuc )()(

II.  (u(x) ± v(x))′ = u′(x) ±
v′(x)

II. ±=± dxxudxxvxu )()()((

± dxxv )(

III. (u ⋅ v)′ = u′v + u v′ III. ′−⋅=′ dxuvvudxvu

−⋅= vduvuudv

IV.
2v

vuvu

v

u ′−′=
′

V. y(u(x))′ = y′u ⋅ u′x
IV. ( ) ′= dttxtxfdxxf )()()(

 4.  III 

( ),  IV 

 (

); -

.
 5.  7.2 :

)  I–V , -
u, v, y ;
)  I  II -

u v  ,  III 

uv′ u′ v ,  IV – -
f (x)

f(x(t))x′(t) .
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 6.  7.1  7.2 -
-

. -
, , -

.
,

 7.1 ,
,

. -
,

 7.2  7.1.

§7.6. 

, -
 10 – 

210  1  I  II , 
. -

 I  II ,
-

 ( , , ), -
.

: ,
:

 1) ;
 2) ,

 « » , -
, , ,

.

,  ( -
)

.

 (  10 – 210)
.

,

, -
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, -

, .

, -

,

,  ( -

 I  II). 

 7. )
+ 74 2x

dx
 = [  10-210

;  110, « »

 110] = 
+ )4/7(4 2x

dx
 = [ Ι: dxxcu )( = 

= ]dxxuc )( = [ ] C
x

x

dx +⋅==
+ 7

2
arctg

7

2

4

1
.11

)2/7(4

1 0

22
.

) xdx2tg  = [  10-210 ; -

] = dx
x

x
dx

x

x −=
2

2

2

2

cos

cos1

cos

sin
=

= dx
x
−1

cos

1
2

 = [ ΙΙ: =+ dxxudxxvxu )())()(( + 

+ ] −= dx
x

dx
dxxv

2cos
)( = [ .  20, 50] = tg x – x + C. 

) [ ] CxC
x

dxxdxx +=+
+

===
+

4 7

1
4

3

04/34 3

7

4

1
4

3
.16 .    #

. -

, -

, -

.

 (

III)  –  ( -

 IV). 
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, -

.

 ( )

. -

 –  – 

 – .

§7.7.  ( ΙΙΙ)

.

: 1) u(x) v(x) – -

u′(x) v′(x), 2)  u′(x) v(x)

; u(x) v′(x) -

′−=′ dxxuxvxvxudxxvxu )()()()()()(         ( 7.13 ) 

, ,

−= .vduuvudv                         ( 7.13 ) 

. -

d(uv) = udv + vdu,

udv = d(uv) – vdu , , -

 II: −= .)( vduuvdudx

 ( . (7.10)) )(uvd  = uv + C, -

−= vduuvudv , ,

′−=′ dxuvuvdxvu

(  « » ,

), – .
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 (7.13) 

 III , 

 ( )

.

,

, :

 1. ,

 lnx , arcsin x, arccos x,

arctg x, (arctg x)2, ..., u(x) , 

 (7.13), ,

.

 2. 

( ) dxcxbax
n

)cos(+ , ( ) dxcxbax
n

)sin(+ , ( ) dxebax cxn
+ ,

a, b, c   - , n – ≥ 1 , -

n- ,

u(x)  (ax + b) ,

dv – .

 3. 

,)(sin dxbxe
ax

 ,)(cos dxbxe
ax

 ,)ln(cos dxx dxx)ln(sin  

. . ,

-

;

.

 1 . 

, -

-

,  « -

» .

  2 . -

u(x) dv(x)  ,  (7.13), 

u dv

 ( ) .
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u d v ,  «  – -

».

 8. I= =xdxx arctg [  1, 

; u = arctgx, dv = xdx ,

du=
21 x

dx

+
, = xdxv = [ .160]= 2/2.

!
:

 III: 

u = arctgx; 21 x

dx
du

+
= ;

dv = xdx; == xdxv  [ . 160] = 2/2.

I =
+

−=− dx
x

x
x

x
vduuv

)1(2
arctg

2 2

22

 = [  I 

,

] = 

dx
x

x
dx

x

x
x

x

+
−−=

+
−+−=

2

2

2

22

1

1
1

2

1
arctgx

21

1)1(

2

1
arctg

2
 = 

=[  II]
+

+−=
12

1

2

1
arctg

2 2

2

x

dx
dxx

x
 = 

=[ .  20, 110] Cxxx
x ++−= arctg

2

1

2

1
arctg

2

2

. #

 9. xdxx sin2 = [  2; -

 III: 

u = x2; du = 2xdx;

dv = sinxdx; [ ] ]xxdxv cos4.sin 0 −=== =

= ] −−−=−= xdxxxxvduvuudv cos2cos2
=[  I] = 
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= +− xdxxxx cos2cos2  = [
–  –  2, -

 III: 

u1 = x; du1 = dx;

dv1 = cosxdx; [ ] xxdxv sin3.cos 0
1 === ]=

= –x2cosx + 2(u1v1 – )11duv  = – x2 cosx + 2(x sinx – )sinxdx  = [ .

40] =  –x2cosx+ 2x sinx + 2 cosx + C = (2 – x2) cosx + 2x sinx + C.

,
 III. 

  3 .  9 

u = sinx; du = cos x dx;

v = x2 dx; [ ] 3/16. 302 xdxxv === ,

 III (  (7.13)) 

−=−= xdxxx
x

vduuvxdxx cos
3

1
sin

3
sin 3

3
2 ,

. .
x3 cosx ( .  2 

).

 10.  I= xdxexcos  –  3; 

 III: 

u1 = ; du =  dx;

dv = cosxdx; xxdxv sincos ==

I = uv – vdu  = ex sinx – xdxexsin  – -

 3;  III: 

u1 = ; du1 =  dx;

dv1 = sinxdx; xxdxv cossin1 −== ,
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I = ex sinx – (u1 v1 – 11duv ) = ex sinx – (–ex cosx – xdxexcos− ) =

 = ex sinx + ex cosx – xdxexcos .

,

xdxexcos  = ex (sinx + cosx) – xdxexcos

– I = xdxexcos ;

:

I = ex (sinx + cosx) – I,     2I = ex (sinx + cosx),

I = ex (sinx + cosx)/2 + 

–  ( ,

 ( .  1 )).

,   ,

, u = cosx, dv = exdx. #

§7.8. 

(  IV) 

.

( ).

dxxf )(  = F(x) + C.                 (7.14) 

x = ϕ(t)  , ϕ(t)   – 

,  t, -

ϕ′ϕ dtttf )())((  = F (ϕ(t)) + C.    (7.15) 

.  – ,

 (7.14)

d(F(x) + C) = F′(x)dx = f(x)dx.
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d(F(ϕ(t)) + C) = F′ϕ(ϕ) ϕ′t(t)dt = f(ϕ(t)) ϕ′(t)dt,

 (7.15). .

 1 . , ϕ(t) -

, t -

 (  = ϕ(t)) -

,  (7.14). 

 2 .  ( -

) :  (7.14) -

, ,

, -

-

,

dxxf )(  = F(x) + C,

(7.16)

ϕϕ )())(( tdtf  = F (ϕ(t)) + C.

 (  IV ) ) ).

 IV  ).  = 

ϕ(t), ϕ(t)– -

, ϕ′ϕ dtttf )())(( , 

,

 = ϕ(t), (7.14).

 IV  ).

ψ( )=t, ψ( ) – -

,  f(x)dx = g(t)dt , -

dttg )( , ,  t 

ψ( ) = t , 

(7.14).

 3 . 

,  IV ,

: « ...», « ...», « ...», «

IV... », «IV: ... ». 
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 11. )(
1

cos nxd
n

dxnxdx ==  – -

nx ] = [ ]== dxxucdxxcunxd
n

nx )()(:I)(
1

cos  =   

= )(cos
1

nxnxd
n

 = [ . (7.16); « »

 t nx = t] = tdt
n

cos
1

= [ .30]=

= =+ Ct
n

sin
1

 [ t = nx] = Cnx
n

+sin
1

. #

 12. dxxI −= 12)53( =[ -

 12-  ( ) -
, -

: dx = xd3
3

1
 = )53(

3

1 −xd –

 3  – 5, -

]= )53()53(
3

1 12 −− xdx  = [ . (7.16);  3x – 5=t;

 I] = dtt12

3

1
 = [ .  160 ] = 

= C
t +⋅
133

1 13

 = [t = 3x – 5] =   = 13)53(
39

1 −x  + C. #

 13. = xdxxI sincos4 = [sinxdx = – dcosx – 

 cosx] = − xxdcoscos4  = [cosx = t; I: ] = dtt− 4  = 

=[ . 160 ]= CxC
t +−=+− 5

5

cos
5

1

5
. #

 4 . 

 ( , -

).

 14. ) −=== xxd
x

xd

xx

dx
I lnln

ln

ln

ln

2

22
=[ .160
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(7.16)]=
1

ln 1

−

− x
+ + C

x
C +−=

ln

1
 .

)
+

=
+

=
222 )()2(2 x

x

x

x

e

de

e

dxe
I =[ .  110  (7.16)]= 

= C
ex

+
2

arctg
2

1
.

) === )(3
2

1
)(

2

1
33 22 222

xdxddxxI xxx  = [ . 90  (7.16)]= 

= Cx +
2

3
3ln2

1
.

 15. =−= dxxaI 22 [ x=a sin t (t∈[–π/2,

π/2],  sin t ), dx = a cos t dt ] = 

= − taa 222 sin acostdt= tdtta cossin1 22 − = − t2sin1 = t2cos

= tcos , t∈[–π/2, π/2] |cos t| = cos t  = tdta 22 cos =  

= dt
t

a
+

2

2cos12  = [I, II] = ( )+ tdtdt
a

2cos
2

2

 =[20; dt = )2(
2

1
td ] = 

= + )2(2cos
2

1

2

2

ttdt
a

 = [2t = z ] = + dzzt
a

cos
2

1

2

2

=[ . 30]= 

= Ctt
a

Czt
a ++=++ )2sin

2

1
(

2
sin

2

1

2

22

 = [ ,sin,sin
a

x
ttax ==

]
a

x
t arcsin=  = C

a

x

a

xa ++ )arcsin(2sin
2

1
arcsin

2

2

.

 ( ):

dxxaI −= 22
=

===
−

−=−=

xdxvdxdv

xa

xdx
duxau

22

22

=
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= uv – dx
xa

x
xaxvdu

−

−−−=
22

2
22  = 

= [ a2 ]= 22 xax − –

dx

xa

a
xaxaxdx

xa

axa

−
−−−−=

−

−−
−

22

2
2222

22

222 )(
 =

=[  II  I]= dxxaxax −−− 2222 +

+

− 22

2

xa

dx
a =[ . 100]=

a

x
adxxaxax arcsin22222 +−−− .

dxxaI −= 22

a

x
aIxaxI arcsin222 +−−= ,

C
a

x
axaxI ++−= arcsin

2

1 222 .

, -

,

 ( ).  # 

 5 . ,  ( )

,

, -

, - -

.  – ,  –

.

§7.9.  ( )

 ( )

:
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,
)(

)(
)4,

)(
)3

,
)(

)2,)1

22 ++
+

++
+

−−

n

n

qpxx

dxbax

qpxx

dxbax
ax

dx

ax

dx

a,b, p, q  – , n – ≥ 2 ;  3) 

( ) - ,  4) – -

- , . .

q
p −
4

2

< 0.      (7.17) 

.

1.
−
−=

− ax

axd

ax

dx )(
 = [ . (7.16), 70] = ln|x–a| + C; 

=
− ax

dx
 ln|x–a|+C   .           (7.18) 

2. −−=
−

− )()(
)(

axdax
ax

dx n

n
= [ . (7.16), 160] = 

= – C
axn n

+
−− −1))(1(

1
;

=
− nax

dx

)(
– C

axn n
+

−− −1))(1(

1
 .    (7.19) 

 3. dx
qpxx

bax

++
+

2
 = [ , -

: x2 + px + q = +⋅+
2

2

22
2

pp
xx – q

p +
4

2

=
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= 2
2

2
m

p
x ++  , 0

4

2
2 >−= p

qm  (7.17)] =  

=
++

+
22)2/(

)(

mpx

dxbax
 = [ x + p/2 = t, x= t – p/2,   dx = 

=dt ] = dt
mt

bpta

+
+−

22

)2/(
 = [  II, I ] =    

+==
+

−+
+

= 022

2222
11);(

2

1

2
mtdtdt

mt

dtap
b

mt

tdt
a   =   

=
m

t

m

ap
b

mt

mtd
a arctg

1

2

)(

2

1
22

22

−+
+
+⋅ =[ .  (7.16), 

70]= C
m

t

m

ap
bmt

a +−++ arctg
1

2
ln

2

22  = [ t

x: t2 + m2 = x2 + px + q, t = x + p/2 ] = )ln(
2

2 qpxx
a ++ +

+ C
m

px

m

ap
b ++− )2/(

arctg
1

2
, 4/2pqm −= ,

dx
qpxx

bax

++
+

2
=

 = )ln(
2

2 qpxx
a ++ + C

m

px

m

ap
b ++− )2/(

arctg
1

2
  .      (7.20) 

.  ln | x2 + 

px + q | ,  (7.17) .

4. dx
qpxx

bax
n++

+
)( 2

 = [ -

, : x2+px+q= 22 mt + , t = x + p/2, m2 = q – p2/4]= 

+
+=

nmt

mtda

)(

)(

2 22

22

 + 
+

−
nmt

dtap
b

)(2 22
 = [ . (7.16), 160 ] = 
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= +
+−

⋅− −122 ))(1(

1

2 nmtn

a

+
−

nmt

dtap
b

)(2 22
  t = x + p/2,

m2 = q – p2/4 > 0;  ,

dx
qpxx

bax
n++

+
)( 2

=
nn

I
ap

b
qpxxn

a −+
++−

− − 2))(1(2 12
    (7.21) 

4,2 22 pqmpxt −=+= ,

+
=

nn
mt

dt
I

)( 22
         (7.22) 

( In -

).

In . 

+
=

nn
mt

dt
I

)( 22
 = [ -

: m2 , 

t2] =  

=
+

−
+

=
+
−+

− nnn mt

dtt

mmt

dt

m
dt

mtm

ttm

)(

1

)(

1

)(

)(
22

2

21222222

222

 = 

=
+
+=

+
=

+
=

===

−

n22

22

n22n22

1n

)mt(

)mt(d

2

1

)mt(

tdt
v;

)mt(

tdt
dv

;dtdu;tu

:

(7.22)),(I
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=
+−

− −1n22 )mt)(1n(2

1
= (uv

m
I

m
n 212

11 −− – )vdu = 12

1
−nI

m
–

–
+−

+
+−

−
−− 1221222 ))(1(2))(1(2

1
nn mtn

dt

mtn

t

m
 = 

= 12122212 )22(

1

))(22(

1
−−− −

−
+−

+ nnn I
nmmtnm

t
I

m
 . 

In :

In = 
121222 )22(

32

))(22(
−− −

−+
+− nn

I
nm

n

mtnm

t
  ,       (7.23) 

In In–1  , ,

 (7.23) n n – 1, In–1 In–2

. .; n – 1 

In    

I1 = C
m

t

mmt

dt +=
+

arctg
1

22
 , 

. .  110.

.

-

,  (7.18)-(7.21) 

.

 16. dx
xx

x
I

++
−=

32 )74(

56
=[x2+4x+7=(x2+2x⋅2+22)–22+7=

= (x+2)2+3]= dx
x

x

++
−

32 )3)2((

56
=[ x+2=t, x=t–2, dx=dt]=  

=
+
−−

dt
t

t
32 )3(

5)2(6
= +==

+
−

+
)3(

2

1

)3(
17

)3(
6 2

3232
tdtdt

t

dt

t

tdt
=
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=
+
+

32

2

)3(

)3(

2

6

t

td
– 3

232
3 17)3()3(317 ItdtI −++= − =[ .(7.16)  160]= 

= 322
17

)3(2

3
I

t
−

+
−  ;      (7.24) 

+
=

323
)3(t

dt
I  = [  (7.23) n = 3,  

m2 = 3 ] = 222 4

3

3

1

)3(43
I

t

t ⋅+
+⋅

 = [  (7.23) -

n = 2, m2 = 3 ] =
+⋅

+
+

+
+ 22222 323

1

)3(34

1

)3(12 t

dt

t

t

t

t
 =   

[ . 110] =
3

arctg
3

1

24

1

)3(12)3(12 2222

t

t

t

t

t ⋅+
+

+
+

  (7.25) 

( ).

I3  (7.25)  (7.24) t

, :

I
++

++
++

+−
++

−=
)7x4x(

2x

)7x4x(12

2x
17

)7x4x(2

3
22222

+

+ C
x ++

3

2
arctg

324

1
.#

§7.10. 

7.10.1. 

, :

nn
nn

mm
mm

n

m

axaxaxa

bxbxbxb

xQ

xP

++++
++++=

−
−

−
−

1
1

10

1
1

10

...

...

)(

)(
  ,   (7.26) 

a0, a1, ..., a n, b0, b1, ..., bm – ,

m n – .
 (7.26) , m < n.

 m ≥ n  (7.26) ; ,
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Pm(x) Qn(x) -
, -

Tm–n m – n

)(

)(1

xQ

xP

n

m (m1 < n):

)(

)(

xQ

xP

n

m  = Tm–n  + 
)(

)(1

xQ

xP

n

m   . 

)(

)(

xQ

xP

n

m  ( -

 II) Tm–n (

)
)(

)(1

xQ

xP

n

m :

dx
)x(Q

)x(P
dx)x(Tdx

)x(Q

)x(P
Tdx

)x(Q

)x(P

n

1m
nm

n

1m
nm

n

m +=+= −−

  . 

 17. dx
xx

xx

++
−+

84

32
2

3

.

. -

)(

)(

2

3

xQ

xP
  (m = 3, n = 2, m > n); -

 « » :

–
484

8432
23

23

−++
++−+

xxxx

xxxx

   –
32164

364
2

2

−−−
−−−

xx

xx

         10x +29 

, T1(x) = x – 4, 
84

2910

)(

)(
2

2

1

++
+=
xx

x

xQ

xP

.
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dx
xx

xx

++
−+

84

32
2

3

 = dx
xx

x
x

++
++−

84

2910
4

2
 = ( ) +− dxx 4

+
++

+
dx

xx

x

84

2910
2

 = +− x
x

4
2

2

I,

I – , -

 (

), I

 ( . §7.9); 

(7.20), 

:

I = 
++

+
dx

xx

x

84

2910
2

 = [ -

: 2 + 4  + 8 = ( 2 + 2 ⋅2 + 4) + 4  =  (  + 2)2 + 4 ]  = 

=
++

+
dx

x

x

4)2(

2910
2

  = [ t = x + 2, x = t – 2, dx = dt]  = 

=
+
+−

dt
t

t

4

29)2(10
2

 =
+

+
+ 4

9
4

10
22 t

dt

t

tdt
= += )4( 2

2

1
tdtdt  – 

t2 + 4 ; -

 110  7.1] = =+
+
+

2
arctg

2

9

4

)4(

2

1
10

2

2 t

t

tdt [ .

(7.16)  70] =5 ln(t2 +4) + =+ C
t

2
arctg

2

9 [t = x +2]=5 ln(x2 +4x +8)+

+ C
x ++

2

2
arctg

2

9
. #

7.10.2. 

 (7.26) -

Qn(x) = a0x
n + a1x

n–1 + ... + an              (7.27) 
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Qn(x) =  xn + a1x
n–1 + ... + an  ,                 (7.28) 

 (7.28) ,

 (7.26) a0 ≠ 0. 

-

, :

 1) n n
;

 2) x = a – Qn(x), Qn(a) ≡ 0 ; 

 3) x = a – -

, x – a ; 

 4) 

α + iβ (α,β – , i2 = – 1), 

α – iβ
, α ± iβ -

x2 + px + q -

p q p2 – 4q < 0 ; 

 5) -

-

;

 6) -

-

.

, -

x – a  x2 + px + q , -

Qn(x)  ( ,

).

 ( ) -

 (7.27) 

:

Qn(x) = a0(x – x1)
k ⋅...⋅ (x – xi)

l (x2 + p1x + q1)
r ⋅...⋅ (x2 + phx + qh)

s  ,  (7.29) 
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x1, ... , xi – -

k,...,l, ;

x2 + px + q
r, ..., s , ; k,...,l, r, ..., s – ,

k+...+l + 2r+ ...+ 2s = n  .    (7.30) 

. ,

.

-

:

1)
b

a  ( a ∈ Z, b ∈ N, Z – 

, N – )

 (7.27) -

, an, b

– 0 xn  ( );

2) a ∈ Z  (7.28) 

(a0 = 1) ,

 an ( );

3) 1, 2, ..., n –   (7.28) (a0 = 1), 

1 = – ( 1 + 2 + ...+ n),

2 = 1 2 + 1 3 +...+ n–1 n – 

– ,

3 = - ( 1 2 3 + 1 2 4 +...+ n–2 n–1 n),

.............................................................. 

an = (–1) n
1 2 ... n

( ).

 18. 

Q3(x) = 3 – 7  + 6. 

.

,  6 ( .  2), 
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. . ±1, ±2, ±3, ±6. , -

. ,

Q3(1) = 0, Q3(2) = 0, Q3(3) ≠ 0, 

Q3(–1) ≠ 0, Q3(–2) ≠ 0, Q3(–3) = 0. 

,

, -

: 1 = 1, 2 = 2, 3 = –3. ,

Q3(x) = (  – 1) (  – 2) (  + 3) .    (7.31) 

 19. 

Q3(x) = 2 3 + 2 +  – 1. 

. Q3 ,

 (  1) ,  – -

 – ± 1, b – 
3 –   1 

2.
b

a : ± 1, ± 1/2. ,

.

,

Q3(1) ≠ 0, Q3(–1) ≠ 0, Q3(1/2) = 0,  Q3(–1/2) ≠  0. 

,  = 1/2  – -

  – 1/2: 

_
2222

1/212
223

23

++−
−−++

xxxx

xxxx

                – 
xx

xx

−
−+

2

2

2

12
       

–
12

12

−
−

x

x

       0 

,

.
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Q3( ) = 2 (  – 1/2) ( 2 +  + 1)  .    (7.32) 

2 +  + 1 (  = 1, q = 1)  ,
2 – 4 q = 1 – 4 = –3 < 0, -

 (7.29) .

7.10.3. 

 (

).

 7.2. Pm(x)/Qn(x) – 

.

Qn(x)  (7.29) ( 0 = 1), α

(α = k,1 ), …, β (β = l,1 ),  jj NM ,  (j = r,1 ), …, Rt,St (t = s,1 ),

,

)(

)(

xQ

xP

n

m  = 
( ) ( )

++
−

++
−

+
− − .....................

1
1

1

2

1

1

xx

A

xx

A

xx

A k

kk

+
( ) ( )

++
−

++
−

+
− − .....................

1
21

i

l
l

i
l

i
xx

B

xx

B

xx

B
     

+ ( ) ( ) ++
++

+
++

++

+
+

++

+
−

......

11
21

11
2

22

11
2

11

qxpx

NxM

qxpx

NxM

qxpx

NxM rr

rr

+ ( ) ( ) hh

ss
s

hh

s

hh
qxpx

NxR

qxpx

SxR

qxpx

SxR

++
+++

++

++
++

+
− 212

22

2

11 ...   . (7.33) 

, 1, …, i – 
 Qn(x)  k,...,l;

x2 + px + q -

r, ..., s.

7.10.4. 

 (7.33) -

-
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, . -

 (7.33), -

α,…, β, j , Nj,…, Rt, St

 (α = k,1 ; β = l,1 ; j = r,1 ; t = s,1 ). 

-

 ( ,

).

Qn(x) n , -

 (7.33) 

n – 1 n ,

n ( . (7.30)): 

k +…+ l+2r+…+2s = n . 

, n n -

.  7.2. 

.  (7.33) 

, , Qn(x)

, -

;

,

.

 20.
67

5
3

2

+−
+
xx

x
.

. Q3(x) = 3 –7 +6,

  ( .

18,  (7.31)):   Q3(x) = (  – 1)( –2)(  +3). -

)3)(2)(1(

52

−−−
+

xxx

x
 (7.33) 

67

5
3

2

+−
+
xx

x
 = 

321 +
+

−
+

− x

C

x

B

x

A
 ,   ( 7.34 ) 

, , . -

,
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2 + 5 = ( –2)( +3)+ ( –1)( +3)+ ( –1)( –2) .   ( 7.35 ) 

1= 1, 2= 2, 

3 = – 3, , , -

 (7.35); :

1 = 1: 1 + 5 =  (1 – 2) (1 + 3),  = – 3/2, 

2 = 2: 4 + 5 =  ( 2 – 1) (2 + 3),  = 9/5, 

3 = 3: 9 + 5 = (–3 – 1) (–3–2),  = 7/10. 

, ,  (7.34), -

67

5
3

2

+−
+
xx

x
 = 

3

10/7

2

5/9

1

2/3

+
+

−
+

−
−

xxx
  .    ( 7.36 ) 

 21.

12 23

2

−++
+

xxx

xx
 . 

.    19 (  (7.32)) ,

 2(  –1/2)( 2 +  +1). 

 (  1/2 -

)
++−

+
)1)(2/1(2

1
2

2

xxx

xx
.

 (7.33) :

12/1)1)(2/1( 22

2

++
++

−
=

++−
+

xx

CBx

x

A

xxx

xx
  ;  ( 7.37 ) 

,

2 +  =  ( 2 +  + 1) + (  + )(  – 1/2)    ( 7.38 ) 

2 +  = (  + ) 2 + (  +  – /2)⋅  + (  – /2) .  ( 7.39 ) 

 (7.39) 

 (

 –  – ):
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2 :       1 =  +                                            .
1 :       1 =  +  – /2    ..  .               (7.40 ) 
0:        0 =  – /2                                        .

-

1 = 1/2,  (7.40) -
-

 (7.38)  1/2, ,

3/4 =  7/4,  = 3/7. 
7/3=A ,  (7.40); 

 = 4/7,  = 6/7. , ,
(7.37) 1/2 , 

12 23

2

−++
+

xxx

xx
 = 

1

32

7

1

2/1

1

14

3
2 ++
+⋅+

−
⋅

xx

x

x
 .  (7.41) 

7.10.5. 

 7.10.3  7.10.4 , -
Pm(x)/Qn(x)

,
,  (7.33) 

 I  II   ( .  7.2) 
 ( . §7.9). 

-
Pm(x)/Qn(x) : 

 – Qn(x) -

 (7.29); 
 – (7.33)

, -
;

 –  
,

;
,

-
;

.



40

 – ,
(7.33) ( . §7.9).

 22. dx
xx

x
I

+−
+=

67

5
3

2

 = [ .  20, (7.36); –

Ι  II] = 
+

+
−

+
−

−
310

7

25

9

12

3

x

dx

x

dx

x

dx
 = 

= −=
−

ax
ax

dx
ln:(7.18).  = 2ln

5

9
1ln

2

3 −+−− xx  + 

+ 3ln
10

7 +x  + C  .        #

 23. dx
xxx

xx
I

−++
+=

12 23

2

 = [ .  21, (7.41); 

Ι  II] = 
++

++
−

dx
xx

x

x

dx

1

32

7

1

2/114

3
2

 = [ ](7.18).  = 

=
7

1
2/1ln

14

3 +−x I1; dx
xx

x
I

−+
+=

1

32
21  = 

=[  ( . §(7.9)), 2 + +1 = +⋅+
4

1

2

1
22 xx  – 

– =−==+++=+ dtdxtxtxx ,
2

1
,

2

1
;

4

3

2

1
1

4

1
2

 = 

=
+

+
+

=
+

+−
4/3

2

4/3

2

4/3

3)2/1(2
222 t

dt

t

tdt
dt

t

t
= [ )4/3(2 22 +== tddttdt ;

. 110  7.1]= 
2/3

arctg
2/3

1
2

4/3

)4/3(
2

2 t

t

td ⋅+
+
+

=[ .

(7.16)  70  7.1] = C
t

t +++
3

2
arctg

3

4
)4/3ln( 2 =
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= [ ]2/1+= xt  = C
x

xx +++++
3

12
arctg

3

4
)1ln( 2   . #

 24. dx
xx

x
I

+
+=

22

2

)9(

817
 . 

. , -

 (7.29), 

 (7.33) :

9)9()9(

817
22222

2

+
++

+
++=

+
+

x

EDx

x

CBx

x

A

xx

x
  .   ( 7.42 ) 

,

7 2 + 81 = ( 2 + 9) + (  + )  + (D  + ) ( 2 + 9) 

7 2 + 81 = ( +D) 4 + 3 + (18  +  + 9D) 2 + (  + 9 )  + 81 .

 ( 4, 3

1 ):

4 :  0 = +D
3 :  0 = 
2 :  7 = 18  +  + 9D
1 :  0 =  + 9
0 :  81 = 81

.  = 1,  = –2,  = 0, D = –1,  = 0. 

 (7.42) :

9)9(

21

)9(

817
22222

2

+
−

+
−=

+
+

x

xdx

x

x

xxx

x

dx
xx

x

+
+

22

2

)9(

817
= ( ) +

−
+

−
99

2
222 x

xdx

x

xdx

x

dx
= [ ]02 .7);9(2 += tdxdx
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=
+
+−

+
+−

9

)9(

2

1

)9(

)9(
ln

2

2

22

2

x

xd

x

xd
x  =[ . (7.16)  160, 70

7.1] = Cx
x

x ++−
+

+ )1ln(
2

1

1

1
ln 2

2
 . #

§7.11. 

.

. P(u1, u2 ,…, un), Q(u1, u2 ,…, un) – 

 u1, u2,…, un , . . -

uα1⋅ uβ2 ⋅⋅⋅ uωn       (α + β + ⋅⋅⋅+ω ≤ k, α, β,⋅⋅⋅,ω – ≥ 0), 

.

R (u1, u2,…, un)
),...,,(

),...,,(

21

21

n

n

uuuQ

uuuP
=     (7.43) 

 u1, u2,…,

un .
.  (7.43)

u1, u2,…, un :

ul =ϕl(x), nl ,1=  , 

R (ϕl(x), ϕ2(x), …, ϕn(x))

ϕl(x), ϕ2(x), …, 

ϕn(x).

 25. a) 
3

3 2

12

15
)(

+−
−+=

xx

xx
xf  . 

u1 = , xu =2  , 3
3 1+= xu  , 

3 2
4 1−= xu ,

f(x) u1, u2,
u3, u4:
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f(x) = R( , x , 3 1+x ,
3 2 1−x ) = R (u1, u2, u3, u4) =

32

41

2

5

uu

uu

−
+

 . 

xv =1  , 3
2 1+= xv  , 3

3 1xv −= , x = 
2
1v ,

3 2 1−x  = 3 1+x 3 1−x  = v2v3 f(x) – 

v1, v2, v3:

f(x) = R ( x , 3 1+x , 3 1−x ) = R (v1, v2, v3) = 
21

32
2
1

2

5

vv

vvv

−
+

 . 

)

xx

x
xg

sin3cos2

3sin
)(

2

++
−=  . 

u = cos x, v = sin x,

g(x) = R (cos x, sin x) = R(u , v) = 
vu

v

32

32

++
−

 . #

-

,

.

§7.12. 

q

p

n

m
,...,  – , k – 

;
dcx

bax

+
+

a,

b, c, d , ad – cb ≠ 0  (

dcx

bax

+
+

).

)
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+
+

+
+

dx
dcx

bax

dcx

bax
xR

q

p

n

m

,...,,   .                (7.44) 

 (7.44) ( . §7.8), 

kt
dcx

bax =
+
+

.                              (7.45) 

,)(),( dttdt
cta

bdt
dxt

cta

bdt
x

m

m

m

m

ϕ′=
′

−
−=ϕ=

−
−=   (7.46) 

sq

pk

q

p

rn

mk
n

m

tt
dcx

bax
tt

dcx

bax ==
+
+==

+
+

,..., , 

r, …, s – .

 (7.45), (7.46) -

 (7.44), 

+
+

+
+

dx
dcx

bax

dcx

bax
xR

q

p

n

m

,...,, = dtttt
cta

bdt
R sr

m

m

)(,...,, ϕ′
−
−

 . 

,

, t.

,  (7.44) 

(7.45) , -

 §7.10. 

. , -

dttR )(* -
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t = 
k

dcx

bax
1

+
+

 , 

.

-

.

:

)

dxxxxR q

p

n

m

,...,,                             (7.47) 

 = tk                                       (7.48) 

 (7.44)  (7.45) a = d = 1, b = c = 0. 

)

dxbaxbaxxR q

p

n

m

++ )(,...,)(,                (7.49) 

 + b = tk                                   (7.50) 

 (7.44)  (7.45)  c = 0, d = 1. 

 26. dx
x

x

+13
 . 

. dx
x

x

+13
 = dxxxR 3

1

2

1

,  = [ -

 1/2  1/3  6, ,  (7.47) 

(7.48),  = t6, dx = 6t5dt,
3tx = ,

23 tx = ] = 
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= dt
t

t
dtt

t

t

+
=

+ 1
66

1 2

8
5

2

3

 = [ -

; :

–
1

1
24668

28

−+−+
+

ttttt

tt

                  –
46

6

tt

t

−−
−

                  –
24

4

tt

t

+

                    –
12

2

−−
−
t

t

      1 ] = dt
t

ttt
+

+−+−
1

1
16

2

246  = [ -

 I, II  160, 110  7.1] =   

=6(t7/7 – t5/5 + t3/3 – t + arctg t) + C = [t = 6 x ] = 

= Cxxxxxx ++−+− 666 56 arctg3/5/7/6 .     #

 27. dx
x

x

x
I

1

11
2 +

−=  . 

. dx
x

x
xRdx

x

x

x
I

+
−=

+
−= 2

1

2 1

1
,

1

11
=[ ,

 (7.44)  (7.45), 2

1

1
t

x

x =
+
−

,

′

−
+=

−
+=

2

2

2

2

1

1
,

1

1

t

t
dx

t

t
x =

= t
x

x

t

tdt =
+
−

− 1

1
,

)1(

4
22

] = dt
t

t

+ 22

2

)1(
4  = [
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 (7.33), : -

] = =
+

−
+

=
+

−+
22222

2

)1(1
4

)1(

1)1(
4

t

dt

t

dt
dt

t

t

=[ .110] = 4 (arctg t – I2) .                     (7.51) 

I2  (7.23) 

n = 2, m = 1: 

t
t

t

t

dt

t

t

t

dt
I arctg

2

1

)1(212

1

)1(2)1( 222222 +
+

=
+

+
+

=
+

= .  (7.52) 

 (7.52)  (7.51), 

C
t

t
tI +

+
−=

)1(2
arctg

2

1
4

2
 ,  

1

1

+
−=

x

x
t  .            # 

§7.13. -

 (7.43) u1, u2,…, un -

,

. , -

,  25, .

7.13.1. 

R(sinx, cosx)  – 

 sinx  cosx . 

dxxxR )cos,(sin        (7.53) 

,

2
tg

x
t =                                     (7.54) 

 (7.53) 

t,  §.7.10. 
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,

2
222 1

2

2
tg1

2
tg2

2
sin

2
cos

2
cos

2
sin2

sin
t

t

x

x

xx

xx

x
+

=
+

=
+

= ,

2

2

2

2

22

22

1

1

2
tg1

2
tg1

2
sin

2
cos

2
sin

2
cos

cos
t

t

x

x

xx

xx

x
+
−=

+

−
=

+

−
= ,         (7.55) 

x = 2 arctg t, dt
t

dx
21

2

+
= ,

=
++

−
+

= dttR
t

dt

t

t

t

t
RdxxxR )(

~

1

2

1

1
,

1

2
)cos,(sin

22

2

2
,

. .  (7.53) 

)(
~

tR .

 28. 
++

=
xx

dx
I

cos3sin44
 = [  (7.54)  (7.55), 

+
=

+
−=

+
==

22

2

2 1

2
,

1

1
cos,

1

2
sin,

2
tg

t

dt
dx

t

t
x

t

t
xt

x
 = 

=

( )
+
−+

+
++

2

2

2

2

1

1
3

1

8
41

2

t

t

t

t
t

dt
 = 

++ 78
2

2 tt

dt
 = [

 1/(t2 + 8t + 7) t1 = – 7, t2 = – 1; 

 (7.33) 

17)1)(7(

1

78

1
2 +

+
+

=
++

=
++ t

B

t

A

tttt
 , 

1 = A (t + 1) + B (t + 7);      (*) 
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t1 t2  (*): 

t = – 7:    1 = – 6  ,   = – 1/6,             

t = – 1:    1 =    6  ,   =   1/6,    

=2 dt
tt +

+
+

−
1

6/1

7

6/1
 = [  II  I  

(7.18)] = Ctt ++++− 1ln
3

1
7ln

3

1
 = 

)2/tg(7

)2/tg(1
ln

3

1

x

x

+
+

+C . #

7.13.2. R(sinx, cosx)

, .

1. R(sinx, cosx)  – -

 sinx:

R(–sinx, cosx) = – R(sinx, cosx), xt cos= .        (7.56) 

2. R(sinx, cosx)  – -

 cosx :

R(sinx,– cosx) = – R(sinx, cosx), t = sinx:          (7.57) 

3. R(sinx, cosx)  – 

 sinx  cosx:

R(–sinx,– cosx) = R(sinx, cosx), t = tg  ( t = tg ). (7.58) 

4.

xdxx nm cossin   ,   m, n –              (7.59) 

 (7.56) – (7.58). 

5.

xdxx lk 22 cossin , Nlk ∈,                     (7.60) 
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 (7.58); , -

t = tg ,

cos2x = (1 + cos 2x)/2,   sin2x = (1 – cos 2x)/2,

sinx cosx = (sin 2x)/2,                              (7.61) 

 ( ) ,

 (7.56) – (7.58), -

 ( , ,

).

. t = tg(x/2)

 (7.56) – (7.60), 

-

t . 

 29. 

+
==

+
=

1xcos

xsin
)xcos,x(sinR

1xcos

dxxsin
I

2

3

2

3

 – -

xsin : R(–sinx, cosx) = 
1cos

)sin(
2

3

+
−

x

x
 = – R(sinx, cosx); -

,  (7.56), t = cosx.  = arc-

cost, −=
−

−= 2

2
1sin,

1
tx

t

dt
dx   = 

dt
t

t

tt

dtt

+
−−=

−+

−
−

1

1

1)1(

1

2

2

22

3
2

 = = dt
t

dt
t

t

+
−=

+
−+

1

2
1

1

2)1(
22

2

 = 

+
−

1
2

2t

dt
dt  = [ . 20  110

 7.1] = t – 2 arctgt + C = cosx – 2 arctg(cosx) + C .                #
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 30. 
+−

=
xxxx

dx
I

22 cos5cossin4sin
 = [ -

 –  cosx

 sinx ( ), ,  (7.58), 

 tg  = t,

2222 1

1

tg1

1
cos,

1tg1

tg
sin

tx

x

t

t

x

x
x

+
=

+
=

+
=

+
= ,  =arctg t,

+
=

21 t

dt
dx  = =

+
+

+
−

+
+

222

2
2

1

5

1

4

1
)1(

tt

t

t

t
t

dt

+− 542 tt

dt
 = 

=
+−

−=
+− 1)2(

)2(

1)2( 22 t

td

t

dt
 = [ . (7.16)  110  7.1] =  

arctg(t – 2) + C = arctg(tg  – 2) + C  .   #

 31. dx
x

x
I =

7

5

sin

cos
 = [  (7.59), -

R(sinx, cosx) = (cos5x)/ sin7x

 (7.56)– (7.58), 

t = cosx, t = sinx, t = tg  ( -

: t = tg( /2) ), -

t = tg ; dt = –dx/sin2x  ( dx

= – dt/(1 + t2)) = −=−=⋅ dttxxd
x

dx

x

x 55

25

5

)ctg(ctg
sinsin

cos
 = 

[ . 16  7.1] = – t6/6 + C = – (ctg6x)/6 + C  .  #



52

 32.     I = sin2x cos4xdx = [  (7.60); .

(7.61) ] = ( ) += dxxxxdxxx )2cos1(2sin
8

1
coscossin 2222  = 

= + xdxxxdx 2cos2sin
8

1
2sin

8

1 22  = [

  (7.61),  

cos2xdx = d(sin 2 )/2 –  sin 2 ] = 

+− )2(sin2sin
16

1
4

4

1
)4cos1(

16

1 2 xxdxdx  = [ . (7.16) -

 20, 30  160  7.1]= xxx 2sin
3

1

16

1
)4sin4(

64

1 3⋅+− +

+ Cxx
x

C ++−= 2sin
48

1
4sin

64

1

16

3   . #

7.13.3. 

nxdxmxnxdxmxnxdxmx cossin,sinsin,coscos

2cosαcosβ = cos (α – β) + cos (α + β),

2sinαsinβ = cos (α – β) – cos (α + β),

2sinαcosβ = sin (α – β) + sin (α + β).
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 33. xdxx 6cos5sin = ( )++− dxxx )65sin()65sin(
2

1
=

= – + xdxxdx 11sin
2

1
sin

2

1
 =[ . (7.16)  40  7.1] = 

= Cxx +− 11cos
22

1
cos

2

1
 .  #

§7.14. 

,

§7.13. 

1.

dxxaxR ),( 22 − , x = a cost ( x = a sint).  (7.62) 

( R – x 22 xa − ).

, dxxaxR ),( 22 −  = [ x = a sint, dx=

=acostdt, ==− tdtatataRtaxa cos)cos,sin(cos22 =

= .)cos,(sin1 dtttR

2.

dxaxxR ),( 22 − ,     x = a/cost  ( x = a/sint).   (7.63) 

, dxaxxR ),( 22 − =[ x=a/sint, dx= –acostdt/sin2 ,

−==− dtttdtattataRttaax )sin/cos)(sin/cos,sin/(sin/cos 222
=

= .)cos,(sin2 dtttR

3.
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dxxaxR ),( 22 + , x = a tgt  ( x = a ctgt).     (7.64) 

,

dxxaxR ),( 22 + =[ x=a tgt, dx=adt/cos2t,

===+ .)cos,(sincos/)cos/,tg(cos/ 3
222 dtttRtadttataRtaxa

 4. 

dxcbxaxxR ),( 2 ++ ,                           (7.65) 

, b,  – ,

:

−++=++
a

b
c

a

b
xacbxax

42

22
2

x + b/2a = t

dtabcatabtR )4/(,2/ 22 −+− .

-

c – b2/4a  (7.62)–(7.64). -

a < 0  (c – b2/4a ) < 0  , -

.

 34. dx
xx

I
−

=
9

1

22
 = −=

−
22

22
3,

9

1
xxR

xx
–  (7.63); x = 3/cost, t = arccos (3/x),     

dx = 3sint dt/cos2t, =− ttx cos/sin392  = 
⋅⋅
⋅⋅

tt

tdttt
2

2

cossin39

sin3coscos

= = tdtcos
9

1
 = C

x
Ct +=+ 3

arccossin
9

1
sin

9

1
=[ -
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 cos(arccosa)=a]= )(arccoscos1
9

1 32

x
− +C= C

x
+−

2

9
1

9

1
=

= C
x

x +−
9

92

 .  #

 1. .

? -

?

 2.

?

 3. -

. .

 4. .

 5. -

.  ( )

, ?

 6. -

.

 7.  1), 

2), 3)  4) .

 8. 

?

 9. ?

? ?

 10. -

 1) – 4) .

 11. -

. .

 12. -

. .

 13. -

,



56

. -

.

 14.  ( )

+
+

+
+

dx
dcx

bax

dcx

bax
xR

qpnm

,...,, , ( )dxxxxR qpnm ,...,, .

 15. 

( )dxxxR cos,sin . 

 16. 

+ xdxx lk 122 cossin , xdxx lk 22 cossin , nxdxmx coscos , 

dxnxmx sinsin , dxnxmx cossin ? 

 17. 

− dxxaxR 22, , + dxaxxR 22, , − dxaxxR 22, .
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 8. 

§8.1. .

-

 7 ,
 (  (1646-1716) – 
, , , , , , -

) : «  ( -
) , -

»,
f(x)  , y = F(x) , 

 f(x) . , -
, –  ( ) -

 F(x) + 
C  , 

, y = F(x) Oy , 

( . .7.1).
F(x)

 – 
; .

f(x) X , F(x) – -
f(x) F(x) + C – -

f(x) (  – ). -

a,b ∈ X
a b :

(F(x)+C)⏐x=b – (F(x) +C)⏐x=a=F(b)+C–(F(a)+C)= F(b) – F(a).  (8.1) 

, ,
f(x) .

.

f(x),  a b, -
f(x),  a

b,
b

a

dxxf )( .
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 (8.1) 

−=
b

a

aFbFdxxf )()()(   .                           (8.2) 

 (8.2) :

 1)  (8.2) - ;

 2) F(x)  –  f(x), x – -

, a b – ,

;

 3)  – ( -

, );

 4) a < b a > b , a – ;

, , -

; -

 [a, b] -

;

5) -

,

=
a

a

dxxf 0)(   ;                                  (8.3) 

 6) , -

, . .

=
b

a

dxxf )( =
b

a

dttf )( αα
b

a

df )(   ; 

7)
b

a
 – « a b », -

 ( )

b

a

dxxf )( = ( ) b

a
xF .                                 (8.4) 
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 1. 

3

26
)13(

3

1

3

33

3

1

33

1

2 =−== x
dxx  . #

 2. 

)
2

cos0(coscossin

0

2/

0

2

π−−=−=
π

πxxdx  = – (1 – 0) = – 1.         #

§8.2. 

-

.

-

y , 

 – , -

,  – ,

.

y -

S –

' ',  (

)

AA': x = a , BB': x=b, AB: y = 0, A'B': 

y = f (x),  f (x)   – 

 [a, b]  ( . 8.1); -

 [a, b]

.

S

-

, s (

S s,  – -

x

y

0

Puc. 8.1 

x x+ xa b
BDCA

A’

C’
D’

B’

S
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,  – ).

,  ( -

, ' ' . 8.1). 

. s ( )

' ' ( .8.1). s ( )

,  [a, b]   , s ( ) = 0, s (b) = s , s

– ' ' , 

( ) ( )asbss −=  .                 (8.5) 

:

 1. S 1 S2 , 

S 1 ≤ S2 . 

2. -

.

3. S S1

S2,

S = S 1 + S2 . 

 8.1. y=f (x) -

 [a, b]. 

s ( ) ' '

( .8.1) , -

f (x) ∈ [a, b]. -
, s ( )  f (x)

ds ( ) = f (x)dx.

.

 + ∆  ,  [a, b] (∆
, ). -

∆s

DD' ',    [ ,  + 

∆  ]   ( .8.2).  3 

Puc. 8.2 

x x+ x
DC

C’

D’

f( )

f( )
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DD' ' =  ' ' +  DD' '

s (  + ∆ ) = s ( ) + ∆s ,

∆s  = s (  + ∆ ) – s ( ) , 

. . ∆s  – s ( ).

f (x) -

 (f (ξ))  ( f (η)) f (x)

 [ ,  + ∆  ]. , ,

f (ξ) f (η) f (ξ)⋅∆
f (η)⋅∆  . 

∆s  ,  –  ( .8.2).

 1 

f (ξ)⋅∆ ≤ ∆s ≤ f (η)⋅∆  , 

f (ξ) ≤ ∆s/∆ ≤ f (η) . 

∆ → 0, ξ → η→ .

)(limlim)(lim
0

η≤
∆
∆≤ξ

→η→∆→ξ
f

x

s
f

xxx
 , 

)(lim)(
0

xf
x

s
xf

x
≤

∆
∆≤

→∆
,

)(lim
0

xf
x

s
s

x
=

∆
∆=′

→∆
,

.

)(xf
dx

ds
s ==′

,

ds = f(x) dx – s ( ), s ( )

f(x) (  f (x) dx):
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= )()( xsdxxf .

-  (8.2) 

−=
b

a

asbsdxxf )()()(  .                         (8.6) 

 (8.5)  (8.6), 

=
b

a

dxxfs )(   .                                (8.7) 

: -

a < b f (x) ≥ 0  

∀x ∈ [a,b] – 

.

,  (8.7) -

.

 3. ,

y = 2, -

= 1,  = 3 ( .8.3).

.

.  (8.7) 

=
3

1

2dxxs  = [ .  1] = 

3

1

3

3

x
 = 

3

26
 ( . .).

§8.3. 

-  (8.2) , -

 [a, b]  [a, b]  f (x).

,  §.8.8 

 ( ),

. , -

x

y

0

Puc. 8.3 

1 3

9
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,

[a, b] - , .

 1.   [a, b] f (x)

.

 2.   [a, b] f (x) , -

, . ,

- .

 3.   [a, b]

.

§8.4. 

f (x) g (x) –    [a, b] , F (x)

G (x)  – - .

 1 .  

=
b

a

b

a

dxxfkdxxkf )()(  ,           (8.8) 

. . - -

.

. k F (x) -

k f (x) ( . (7.7)), -

 (8.2) 

( ) b

a

b

a

xkfdxxfk =)( = k F ( b )  – k F ( a ) = k [ F ( b ) – F ( a ) ] =  

=

b

a

dxxfk )( .

 2 .  

[ ] ±=±
b

a

b

a

b

a

dxxgdxxfdxxgxf )()()()(   ,             (8.9) 

. . -

.



64

. F(x) ± G(x) , -

, f(x) ± g(x) ( . (7.8)), -

 (8.2) 

[ ] [ ] [ ]

[ ] [ ] .)()()()()()(

()()()()()(

±=−±−=

=±−±=±

b

a

b

a

b

a

dxxgdxxfaGbGaFbF

a)GaFbGbFdxxgxf

 3 .  

−=
a

b

b

a

dxxfdxxf )()(  ,          (8.10) 

. . -

.

.

[ ] −=−−=−=
a

b

b

a

dxxfbFaFaFbFdxxf )()()()()()( .

 4 .  

+=
b

c

c

a

b

a

dxxfdxxfdxxf )()()(  ,        (8.11) 

 a, b, c   ( . .  (8.11) -

, -

 [a, b] ,

).

.

[ ] [ ] .)()()()()()(

)()()()(

+=−+−=

==−=

b

c

c

a

b

a

dxxfdxxfaFcFcFbF

cFaFbFdxxf
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.  4 -

 « » .

 5 . f (x) ≥ 0 x ∈ [a, b] (a > b),

≥
b

a

dxxf 0)( .                                   (8.12)

.  F′ (x) = f (x) ≥ 0   x ∈
[a, b],  F (x)      ( ) ,

,   F(b) ≥ F(a)  F(b) – F(a)  ≥ 0  , ,

≥−=
b

a

aFbFdxxf 0)()()(  . 

 6 . f (x) ≤ g (x) x ∈ [a, b] (a < b),

≤
b

a

b

a

dxxgdxxf )()( ,                            (8.13)

. . .

.  h (x) = g (x) – f (x), h (x) ≥ 0 

  x ∈ [a, b]; g (x) = h (x) + f (x)  4 

=+
b

a

b

a

b

a

dxxgdxxfdxxh )()()(  . 

 5    ≥
b

a

dxxh 0)( , -

≤
b

a

b

a

dxxgdxxf )()(  . 
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 7 . ( -

).   x ∈ [a, b] 

m ≤ f (x) ≤ M ,             (8.14)

m M –

f (x), ,

−≤≤−
b

a

abMdxxfabm )()()( .                (8.15)

.  6 

 (8.14) 

≤≤
b

a

b

a

b

a

Mdxdxxfmdx )(  . 

 1 :

)( abmxmdxmmdx

b

a

b

a

b

a

−=== , −=
b

a

abMMdx )( ;

,  (8.15) .

.

   [a, 

b] (a < b) 

-

: -

  [a, 

b]  ,
b

a

dxxf )( , -

x

y

0

Puc. 8.4 

a b
BA

A1

A2

B1

B2

m

M

y=f(x)
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1 1

2 2 ,  b – a , , -

 m  M ,  ( .8.4). 

 8

.

 8.2.   f (x)     [a, b] 

  x ∈ [a, b]       m≤ f (x) ≤ M . 

µ , ,

m≤ µ ≤ M                                    (8.16 a)

b

a

dxxf )(  = µ (b – a)  .                         (8.16 )

.  (8.15)  (b – a) 

m ≤
ab −

1
b

a

dxxf )( ≤ M.                           (8.17)

µ = 
ab −

1
b

a

dxxf )( ,

, µ  (8.16 )

(  (8.17)),  (8.16 ); .

. f (x) –  [a, b], 

m M , -

µ, m≤ µ ≤ M , -
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  [a, b] ξ , -

f (ξ) = µ .  (8.16 )

)ab)((fdxxf

b

a

−ξ=)( .                         (8.18)

,  [a, b]

 « », -

,
.

.  a < b 

f (x) ≥ 0  x ∈ [a, b] , 

:

-

-

  (b – a) -

 f (ξ) ( .8.5).

 9 . a < b,

≤
b

a

b

a

dxxfdxxf )()( .  (8.19) 

.

,)()()( xfxfxf ≤≤−

 (  6, )

x

y

0

Puc. 8.5 

a b

f( )

y=f(x)
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≤≤−
b

a

b

a

b

a

dxxfdxxfdxxf )()()(

–  (8.19). 

§8.5. 

, -

 (7.13) :

 u ( ), v( ) – -

,

−=
b

a

b

a

b

a

vduvuudv .                                (8.20)

.  d(uv) = vdu + udv , -

 uv  vdu + udv ; 

b

a

b

a

uvudvvdu =+ )( ,

,  2  ( .

(8.9)),  (8.20). 

 4.

=
1

0

arctgxdx −=
===
+

== 1

0

1

0
21

arctg
vduvu

xdxvdxdv

x

dx
duxu

=
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=
+
+−−=

+
−

1

0
2

21

0
2

1

0
1

)1(

2

1
0arctg1arctg

1
arctg

x

xd

x

xdx
xx =

= ( ) ( )
2

2ln

4
1ln2ln

2

1

4
1ln

2

1

4

1

0

2 −π=−−π=+−π x . #

.

, ,  (

), -

.

 5. =
3

0

arctgxdxx [ .  8  7] =

= +− xxx
x

arctg
2

1

2

1
arctg

2

2
3

0

 = [  = 0 

] = 
2

3

3

2
3arctg

2

1

2

3
3arctg

2

3 −=+− π
 .                            #

 6.

1

0

dxxe x
= −====

== 1

0

1

0
dxexe

edxev,dxedv

dxduxu
xx

xxx   = 

=  – 
1

0

xe   = e – (e – e0) = 1  .    #

§8.6. 

 IV ( ),

,

.
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 8.3. : 1)   f (x) –  [a, b]; 2) 

(t),  t ∈[α, β] – 

[α,β]; 3) ϕ′(t) ≠ 0  t∈[α, β] ( . . ϕ(t)

,  t α β); 4) ϕ(α)=a, ϕ(β)=b,

b

a

dxxf )(  = 

β

α

ϕ′ϕ (t)(t))( dtf .                 (8.21)

. F(x) –  f (x). 

b

a

dxxf )(  = F(b) – F( ) .                (8.22)

, F(x)

)())(()())((
))((

ttfttF
dt

tdF ϕ′ϕ=ϕ′ϕ′=ϕ
ϕ

 t ∈[α, β]  , . . F(ϕ(t)) -

f (ϕ(t)) ϕ′ (t)  
β

α

ϕ′ϕ (t)(t))( dtf =F(ϕ(β))–F(ϕ(α))=[  4 ]=

= F(b) – F( ).                                       (8.23)

 (8.22)  (8.23)  (8.21). 

.

,

 t .

 f (x) 

 [a, b]  -

 g (t)  [α,

β] , . .  ( ,
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)  « » ( . .

).

 7.
+

4

0
1 x

dx
 = [« » , -

tx = ,  = t2 – , -

,     dx = 2tdt;  = 0  t = 

00 = ,  = 4  t = 24 = ;  (8.21) ] =

( +−=
+

−=
+
−+=

+
2

0

2

0

2

0

2

0

2

0

2

0

1ln2
1

2
1

1)1(
2

1

2
tt

t

dt
dtdt

t

t

t

tdt
=(4 – 0) -

–2(ln3 – ln 1) = 4 – 2 ln 3.   #

. ,

,  8.3 -

 = ϕ(t) .

 8.

−

2/1

5,0
22 1 xx

dx
=

=

[ ]∈=

===→==−

===→==

2/,6/cos

,
42

1
arcsin,sin

2

1

2

1
cos1

6/;5,0arcsin,sin5,05,0sin

2

ππ

π
π

ttdtdx

ttxtx

tttxtx

=

=
4/

6/

4/

6/

2

4/

6/

2
ctg

sincossin

cos π
π

π

π

π

π

t
t

dt

tt

tdt −== = ( )( )6ctg1 π−−  . #
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 9.

dxe x −
2ln

0

1 = [ ]

+
=

∈+=
=−=→=+=

=−=→==−

2

2

2ln2

0

1

2

1;0,)1ln(

,112ln,1

,01t0,1

t

tdt
dx

xtx

etxte

exte
x

x

=

( ) =−=
+

−=
+
−+=

+
⋅= 1

0

1

0

1

0
22

21

0
2

arctg2
1

1
12

1

1)1(
2

1

2
ttdt

t
dt

t

t

t

tdtt

= 2 (1 – arctg 1) = 2 (1 – π/4) = (4 – π)/2 . #

§8.7. 

   f (x)   -

 O  [– a, ]. 

 1.  f (x)  – , . . ∈ [– a, ]

f (–x) ≡ f (x).                                    (8.24)

−

a

a

dxxf )( =

−

0

)(

a

dxxf +

a

dxxf

0

)( = I1 + I2  .        (8.25) 

I1 = 

−

0

)(

a

dxxf = =
=→=−=
=→−=−=
00

,

txdtdx

ataxtx
 – −

0

)(

a

dttf =
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= [(8.24): f (–t) ≡  f (t)  ;  3 

] = 

a

dttf

0

)( = I2 ( -

).

, I1 = I2  (8.25) 

=
−

a

a

dxxf )( 2 ,)(

0

a

dxxf   f (x) – . (8.26)

 2. f (x)  –  , ∈ [– a, ]

f (–x) ≡ –  f (x).                                     (8.27) 

−

a

a

dxxf )( =

−

0

)(

a

dxxf +

a

dxxf

0

)( = I1 + I2  .        (8.28) 

I1 = 

−

0

)(

a

dxxf =[ .  1 ]= −−
0

)(

a

dttf =[(8.27):

f (–t) ≡ –  f (t)] = =
0

)(

a

dttf −
a

dttf

0

)( = – I2 , . . I1 = – I2.

 (8.28) :

−

a

a

dxxf )( =0,  f (x) – .              (8.29) 

 10. 

−

−+
2

2

)( dxee xx
=[f (x)=(ex + e–x),  f (–x)= e–x+ e–(–x)=

= e–x+ ex ≡f (x) → f (x)– ;
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(8.26)]=2 −+
2

0

)( dxee xx
=

= ( )2

0
2 xx ee −−  = 2 (e2 – e–2 – 1 + 1) = 2 (e2 – e–2).    #

 11.

π

π−

xdxxcos =[f (x)=x cosx, ( )xf − = –x cos(–x)= –xcosx≡

≡ – f (x) → f (x) – ,  (8.29)] = 0.                    #

§8.8. 

 (8.2) -

, -

,  ( )  f (x)  

 F( ).

.

8.8.1. 

 [a, b] (a < b) 

f (x)  ( .8.6). 

a = x0 < x1 < x2 < ....< xn-1 < xn = b             (8.30) 
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o   [a, b]      n      lk = [xk , xk+1 ]   (k = 

1,0 −n ) ∆xk = xk+1 – xk.

 lk:  = { lk } = { l1, l2, ..., ln-1}

  [a, b],  lk

λ: λ = { }k
k

x∆sup  .

   [xk , xk+1 ] -

 = ξk : xk ≤ ξk ≤ xk+1

In = f (ξ0) ∆x0 + f (ξ1) ∆x1 + ...+ f (ξn-1) ∆xn-1 = ,)(
1

0

−

=
∆ξ

n

k

kk xf   (8.31) 

 f (x)  [a, b] 

ξk.

 (8.31) 

ξk .

8.8.2. 

,  (8.31) 
b

a

dxxf )( .

x

. 8.6

x
0

y

x0=a 

0

x1

1
i

n – 2
n – 1 

x2 xi xi+1 xn – 2 xn – 1 xn=b 

i

xi xi+1

f( i)
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 = { lk }   4 -

 ( . (8.11)) 

b

a

dxxf )( =
1

0

)(

x

x

dxxf  + 
2

1

)(

x

x

dxxf + . . .+

−

n

n

x

x

dxxf

1

)( = [

 (8.18)] =

f (η0)(x1 – x0) + f (η1)(x2 – x1) + . . . + f (ηn)(xn – xn-1)

b

a

dxxf )(  = 
−

=
∆η

1

0

)(
n

k

kk xf ,                          (8.32) 

ηk  [xk , xk+1] , -

.

 (8.31) -

 (8.32): 

−

=

−

=
∆η−∆ξ=−

1

0

1

0

)()()(
n

k

n

k

kkkk

b

a

n xfxfdxxfI   = 

= ( ) ≤∆η−ξ
−

=

1

0

)()(
n

k

kkk xff
−

=
∆η−ξ

1

0

)()(
n

k

kkk xff .  (8.33) 

ξk, ηk ∈ [xk , xk+1]    f (x)    [a, b],  (

) ε > 0 δ > 0 (

 [a, b]), ⏐ξk – ηk ⏐< δ

)()( kk ff η−ξ  <
ab −
ε

                      (8.34) 

λ < δ  ( . . ,   [a, b], 

, δ), ⏐ξk – ηk ⏐< δ , , -
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,  (8.34).  (8.33) -

k

n

k

n

k

b

a

kk x
ab

dxxfxf ∆
−
ε<−∆ξ

−

=

−

=

1

0

1

0

)()(   = 

= ( ) ε=−
−
ε=∆++∆+∆

−
ε=∆

−
ε

−

−

=
)(... 110

1

0

ab
ab

xxx
ab

x
ab

n

n

k

k ,

, ,

nI
0

lim
→λ

= =∆ξ
−

=→λ

b

a

n

k

kk dxxfxf )()(lim
1

0
0

             (8.35) 

ξk  . 

«λ → 0» , -

,

 ( -

 n →∞ ). 

, , -

, -

.

8.8.3. 

(  (1826-1866) – -

).

.  I -

 (8.31) λ→0  , ε  > 0 

δ(ε) > 0 , λ < δ(ε)

| I – In | < ε
 ( ,

λ<δ(ε)) [ ]1, +∈ξ kkk xx  . 
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,  f (x)  [a, b], 

 F(x)  f (x)  , 

−==
b

a

aFbFdxxfI )()()(

 In λ→0 . -

.

(

).  [a, b]   f (x)   -

 ( )   [a, b], -

λ→0. -
 f (x)  -

 [a, b] 

b

a

dxxf )( .

8.8.4. 

-

 (8.2) 

,
b

a

dxxf )( . , . .

, ?

, .

 8.4. ( ).

: 1) f (x)   [a, b] ; 2) -

 F(x)   f (x)  (a, b); 3) f (x)   [a, 

b]. 

b

a

dxxf )(
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 =  = b, . .

-  (8.2). 

.  –  [a, b] 

 (8.30). 

F(b)–F(a)=F(xn)–F(x0)=[  F(xk), k = 1,1 −n  ] =  

=(F(xn) – F(xn-1))+(F(xn-1) – F(xn-2)) + . . .+ (F(x1) – F(x0)) = [

] = 

=
−

=
∆η′

1

0

)(
n

k

kk xF  = 
−

=

∆
1

0

)(
n

k

kk xf η ,                     (*) 

. . F(b) – F(a) 

 [a, b]. 

f (x)  [a, b] ; , -

λ→0.  (*) 

 F(b) – F(a), – .

, ,

 (  (8.2) -

)  ( ), -

.

.

-

, , ,

, , , -

, ,  f (x) , -

.
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§8.9. 

-

 ( )

[a, b] . -

. :

) : [a,+ ∞), 

(–∞, b],  (–∞,+ ∞);

)  [a, b] f (x)

 ( ).

 4  ( . . 8.4) -

)  [a,+ ∞),   (–∞, b] -

, ) -

, -

.

8.9.1.  ( -1) ( -

)

,

+∞

a

dxxf )( ,

∞−

b

dxxf )( ,

+∞

∞−

)( dxxf ,           (8.36) 

-

.

(8.36)  «∞»

(  «+∞»).

 ( -

) -

f (x).

F (+∞) F (–∞)  , :

F (+∞) = )(lim xF
x +∞→

,       F (–∞) = )(lim xF
x −∞→

.
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. ,
+∞

a

dxxf )(  ( ),

:

 1) f (x) -

 ( f (x) );

 2) F (+∞) = )(lim xF
x +∞→

.

+∞

a

dxxf )(  = F (+∞) – F (a)                    (8.37) 

– - .

f (x) [a,+ ∞).

F (+∞) , -

 ( ).

-

 (8.36) ( ). 

 12. -1

+∞
−

a

pxdxe (p>0).

.
+∞

−

a

pxdxe =
∞−

∞
− −=−−

a

px

a

px e
p

pxde
p

1
)(

1
= −

∞→ pxx pe

1
lim –

−
pape

1

 = pae
p

−1
  – ; , -

. #

 13. xxx
x

dx

xx
arctglimarctglimarctg

1 2 −∞→∞→

∞
∞−

+∞

∞−

−==
+

=

= π=π−−π
22

, . . .     #
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 14. )cos(lim0coscossin
0

0

xxxdx
x

−−−=−=
−∞→∞−

∞−

– -

; . #
-1 [a,+ ∞) -

.

 8.5.  f (x) ≥  . 

[a,+ ∞) -

,

+∞→

B

a
B

dxxf )(lim ( )aB ≥                            (8.38) 

+∞

a

dxxf )(  = 
+∞→

B

a
B

dxxf )(lim  .                      (8.39) 

. f (x) [a,+ ∞)

F(x) – f (x).

+∞

a

dxxf )( =F(∞)– F(a)= ))()((lim aFBF
x

−
+∞→

=
+∞→

B

a
B

dxxf )(lim ,  (8.40) 

. .  (8.38)  (8.39). 

.

(8.38). ,  (8.40) -

 [a,+ ∞) -

 (8.39). .

 1 .  , , -

 (–∞, b]

∞−

b

dxxf )(  = 
−∞→

b

A
A

dxxf )(lim                      (8.41) 

  (–∞,+∞),
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+∞

∞−

)( dxxf  =

+∞→
−∞→

B

AB
A

dxxf )(lim  .                   (8.42) 

 2 .   (8.42) -

, , -

,

( , ).

,

:

V.p.

+∞

∞−

)( dxxf  = 

−
+∞→

A

A
A

dxxf )(lim    .                           . 

 15. 

V.p.

∞

∞− +1

2
2x

xdx
=

−
+∞→ +

+A

A
A x

xd

1

)1(
lim

2

2

= ( )+
−+∞→

A

AA
x 1lnlim 2 =0,

∞

∞− +1

2
2x

xdx
 = ( )+

−
+∞→
+∞→

B

A
B
A

x 1lnlim 2  – .

 16. I (p) =

∞

a
px

dx

(a > 0) .

. ≠ 1. 

∞

a
px

dx
 = ( ) ( )pp

B

B

a

pB
aB

pxp

−−

∞→−∞→
−

−
=

−
− 11

1 1

1
lim

1

1
lim .

> 1, 
1

lim
1

−
=

−

+∞→ p

a

x

dx pB

a

pB
 (  (8.39)) 
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I (p)=

∞

a
px

dx
.  < 1, ∞=

+∞→

B

a
pB x

dx
lim  – 

.

 = 1. =
+∞→

B

a
B x

dx
lim ( )aB

B
lnlnlim −

+∞→
 – -

.

,

I (p) =
≤

>∞

> 1.,

1;,

0
p

p

x

dx

a
p

             #

-

, -

 (8.37) -

. -

, -

. ,

.

 8.6. f (x) g (x)   

ax ≥ f (x) ≥ 0, g (x) ≥ 0, g (x) ≠
0 . -

)(

)(
lim

xg

xf

x +∞→
 = ( 0 <  < ∞ ) ,                   (8.43) 

∞

a

dxxf )(

∞

a

dxxg )( ,

( ).

 1 .  

 (–∞, b]. 

 2 .  -

px
y

1=  ( .  16). 
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 17.

∞

−
1

lnxx

dx
.

.  (8.37) , -

f (x) = 
xx ln

1

−
. g (x) = 

px

1

,  (8.43): 

)(

)(
lim

xg

xf

x +∞→
=

xx

x p

x ln
lim

−+∞→
=

)/ln1(
lim

xxx

x p

x −+∞→
=

)/(ln1
lim

1

xx

x p

x −

−

+∞→
=

= [  = 1]  = 

x

x

x

ln
lim1

1

∞→
−

 = [ -

,
x

x

x

ln
lim
∞→

 = 0] = 1 = K ( 0 < 1< ∞ ) . 

, g (x) = 
x

1
.

∞

1
x

dx
 ( .  16), 

 8.6 .

 18.

∞

+1
21 xx

dx
.

. f (x) =  
21

1

xx +
; g (x) = 

px

1
-

 (8.43): 

)(

)(
lim

xg

xf

x +∞→
=

21
lim

xx

x p

x ++∞→
=

2

2

/11
lim

x

x p

x +

−

+∞→
=[  = 2]=1=K

( 0 < 1< ∞ ) . 

∞

1

)( dxxg =

∞

1
2x

dx
 ( .  16), 

 8.6 

-

 (8.37) ( ).
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8.9.2.  ( -2)

( )

10.  – 

, f (x)   [a, b] -

.

. f (x) -

: 1)  [a, b], 2) -

 [a, b – ε]  (0 < ε < b – a)   

 [b – ε, b] b ( x = b 

), 3)   [a, b – ε].
ε−b

a

dxxf )( ε → 0 ( ) -

 f (x) a b – -

 – 

ε−

→ε
=

b

a

b

a

dxxfdxxf )(lim)(
0

.                          (8.44) 

,  (8.44) -

,  [a, b] f (x)  – -

 [a, b]; .

 19.

−
=

1

0
21 x

dx
I .

.

∞=
−

=
−→−→ 20101 1

1
lim)(lim

x
xf

xx
,

 = 1 – ,  (  = 1) ∈ [0; 1] . 
21

1

x−

[0; 1 – ε]:
ε−

−

1

0
21 x

dx
 = [ . 100
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 7.1] = ε−1
0

arcsinx  = arcsin(1–ε).  (8.44) 

/2arcsin1)1arcsin(lim
1

lim
1 0

1

0
20

1

0
2

π==ε−=
−

=
− →ε

ε−

→ε x

dx

x

dx
,

. . -2 .                #
 [a, b] f (x)

 [a, a + ε] (0 < ε < b – a) a ( a – 

),  [a + ε, b], 

 f (x) a b -

ε+
→ε

=
b

a

b

a

dxxfdxxf )(lim)(
0

  .                       (8.45) 

 [a, b]   

c1, …, cm , f (x) -

. : a < c < b . 

+=
b

c

c

a

b

a

dxxfdxxfdxxf )()()(   .                    (8.46) 

ε+
+→ε

ε−

+→ε
+=

b

c

c

a

b

a

dxxfdxxfdxxf

2
2

1

1

)(lim)(lim)(
00

.         (8.47) 

ε1 ε2 .

 (8.47) , ε1 = ε2 = ε → 0 -

, -

  V.p. 

b

a

dxxf )( ;
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V.p.

b

a

dxxf )(   = +
ε−

ε+
→ε

c

a

b

c

dxxfdxxf )()(lim
0

.        ( 8.48 ) 

 20.

− −

0

1
21 x

dx
 = [ 21/1 x−

1 = – 1     2 = 1,    ( 1 = – 1 ) ∈ [–1; 0]  ; 

 (8.45)]= 0

10

0

1
20

arcsinlim

1

lim ε+−→ε
ε+−

→ε
=

−
x

x

dx
= –arcsin(–1)= 

=π/2 – –2 .

 21. 

− −

1

1
21 x

dx
 = [ 1 = – 1  2 = 1 

 [a, b]; , ,  = 0 

[–1; 1]  4 -

]   = 

− −

0

1
21 x

dx
 + 

−

1

0
21 x

dx
 = [ .  19 

20] = π/2 + π/2 = π – –2 .

 22. f(x) = 1/(x – c) , c ∈ (a, b).

+

−

−
+

−

b

c

c

a
cx

dx

cx

dx

2

1

 = [ . (7.18)] = 
1

ln
−

−
c

a
cx +

b

c
cx

2

ln
+

−  = 

=

2

1lnln +
−
−

ac

cb
.                                   (8.49) 

ε1

ε2 . ε1 = ε2 = ε. -

 (8.49)  ε → 0 
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 (8.48) 

ε
ε+

−
−=

→ε
lnlnlimV.p.

0 ac

cb

x-c

dx
b

a

 = 
ac

cb

−
−

ln .              #

 23. α−

b

a ax

dx

)(
 (b > a, α > 0). 

 – . α ≠ 1 

α−

b

a ax

dx

)(
 = 

( )

b

a
ax ε+

−α−−α
−

1

1

1

1
 = [ ];)(

1

1 11 α−α− ε−−
α−

ab

α  = 1 

ε+ −

b

a
ax

dx
=

b

a
ax

ε+
−ln =  ln (b – a) – ln ε,

ε → 0  0 < α < 1 . 

≥
<

− .1

,1

)( α
α

α

b

a
bx

dx
           (8.50) 

2
0
. - . -

f(x)  [a, b] b – ,

f(x)  [a, b]

F(x) , f(x)  [a, b]   , 

ε−

→ε

b

a

dxxf )(lim
0

 = )()(lim
0

aFbF −ε−
→ε

= F(b) – F(a).

,  [a, b]

F(x)  [a, b] -

-2 -

−=
b

a

aFbFdxxf )()()(  .       (8.51) 
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 3 .   (8.51) ,

-

  [a, b] , -

-

.

 19-21 f(x) = 21/1 x−

  arcsinx ,  [–1, 1]  ,  (8.51) 

π=π+π=−−==
−

−
−

2/2/)1arcsin(1arcsinarcsin

1

1

1

1

1
2

x

x

dx
 . 

 24. 

−

8

1
3 x

dx
=[ =0 – 

3

1
)(

x
xf = ,

2/3)(
3 2xxF =

[–1; 8],  (8.51)] =  

=

8

1

3 2

2

3

−
x  = 

2

9
)14(

2

3 =−   . #

3
0. -2 ,

8.5  8.6 -1. , .

 8.7.   [a, b]

b – .

,

ε−

→ε

b

a

dxxf .)(lim
0

 8.8. f(x)  g(x)   [a, b] b – 
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,  g(x) ≠ 0

 b . 

k
xg

xf

bx
=

→ )(

)(
lim       (0 < k < ∞ )    ( 8.52 ) 

b

a

dxxf )(

b

a

dxxg )( ,

.

 4 .  ,

.

 5 .  -

 1/(  – b)α ( . (8.50)). 

 25.
−

=
1

0
sin xx

dx
I .

. = 0 – ( )
xx

xf
sin

1

−
= .

( , -

( )xf ).

g(x) = 1/ α,  = 0 – 

, α ,  (8.52): 

=
−

=
α

→→ 0

0

sin
lim

)(

)(
lim

00 xx

x

xg

xf

xx
 = [ ]=

=

( ) xx

x

xx

x

xx cos)2/(1
lim

sin

)(
lim

1

00 −
α=′

−

′ −α

→

α

→
 = [ α = 1/2] = 1. 
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, ==
1

0

1

0

)(,
1

)(
x

dx
dxxg

x
xg  –  ( . (8.50)), -

, Ι  8.8.  #

 26. =
2

1
ln x

dx
I  . 

.  = 1 – f(x)=1/lnx . 

.

g(x) = 1/(x – 1) x = 1 ; 

1lim
)(ln

)1(
lim

0

0

ln

1
lim

)(

)(
lim

01010101
==

′
′−==−=

+→+→+→+→
x

x

x

x

x

xg

xf

xxxx
,

−

2

1
1x

dx
 ( . (8.50)),  8.8

Ι .    #

§8.10. 

, ,

. -

, ,

 – 

-

.

-

, ,

-

, , ,

, -

.
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8.10.1. 

1
0
. .

,  = ,

x = b, y = 0 y = f(x) 0≥  ( . .8.1)

(8.7):

=
b

a

dxxfs )(   . 

-

 = , x = b, y = y0(x) y

= Y(x) ,  0 ≤ y0(x) ≤ Y(x)

x ∈ [a, b ] ( . 8.7). -

 s ABCD

LBCM LADM , 

 (8.7) 

[ ]dxxyxYdxxydxxYsss

b

a

b

a

b

a

LADMLBCM −=−=−= )()()()( 00 .(8.53)

 1 .  (8.53) ,

y0(x) Y(x) (y0(x) ≤ Y(x))  [a, b ] -

.

,

, Cxyxy += )()(~
00

CxYxY += )()(
~

x ∈ [a, b ]  . 

 « »

. 8.7        

x0

y

ba

A

B

C

D

(D)         
.

L M
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« »  > 0, ,

.

[ ] ( ) ( )[ ] [ ] .)()()()()(~)(
~

000 dxxyxYdxCxyCxYdxxyxYs

b

a

b

a

b

a

−=+−+=−=

 2 .  

y -

, -

y = 

, y = d,  = 0(y)

 = (y) ( . 8.8). 

[ ] dyyxyXs

d

c

−= )()( 0 .                            (8.54) 

 27. -

, y = 

x2–2x+2 y = – x2 + 4x + 2. 

.

.8.9. -

x2 – 2x + 2 = – x2 + 4x + 2 ; ,

x1 = 0 x2 = 3. 

(8.53)

x

y

0

Puc. 8.8 

x=x0(y) x=X(y)

c

d

. 8.9        

x0

y

2

3

5

y=x
2
–2x+2 

y=–x
2
+4x+2 
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( ) ( )[ ] ( )dxxxdxxxxxs −=+−−++−=
3

0

2
3

0

22 322224 =

= ( ) ( )( ) 93232
3

0

32 =− xx . #

 28. , -

y = x – 1 y2 = x+1.

. -

.

  (x – 1)2 = x + 1, 

x1 = 0 x2 = 3. -

C(0; – 1) D (3;2)  

, .8.10. 

 (8.54): 

[ ] [ ]
− − −

−+=−−+=−=
2

1

2

1

2

1

22

12 )2()1()1()()( dyyydxyydxyxyxs

=

=

2

1

32

32
2

−

−+ yy
y =

2

9

3

1

2

1
2

3

8
24 =++−−−+  .  #

2
0. : -

,

 ( ) ϕ = α, ϕ = β   ( β – α < 2π)

ρ = ρ (ϕ), ϕ ∈ [α, β], ρ, ϕ  – 

 ( . 8.11). 

.

x

y

Puc. 8.10 

D

C–1

–1

1

30
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( )β=ϕ<<ϕ<ϕ<<ϕ<ϕ=αϕ=ϕ − niii ...... 110

n , -

 s 

λ → 0     

{ } { }−=∆= −1supsup ii
i

i
i

ϕϕϕλ

-

,

ii ϕ=ϕϕ=ϕ − ,1 -

  )~( iϕρ=ρ ,

[ ]iii ϕϕ∈ϕ − ,~
1 , ni ,1= .

,

ii ϕ∆ϕρ )~(
2

1 2 ,

ii

n

i

s ϕ∆ϕρ=
=→λ

)~(
2

1
lim 2

1
0

  .     ( 8.55 ) 

 (8.55) 

2/)~(2
iϕρ [α, β]

 ( . (8.35)) 
β

α

ϕϕρ= ds )(
2

1 2
.       (8.56) 

 29. -

,

ρ = a cos3ϕ  (a > 0). 

. -

-

,

. 8.11

0

iϕ
iϕ~

B

A
1i−ϕ

–
6

=acos3

. 8.12
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ρ = a cos3ϕ
ρ ≥ 0    cos3ϕ ≥  0  , 

π+π≤ϕ≤π+π− kk 2
2

32
2

,ϕ ∈ [–π/6,π/6] ∪ [π/2,5π/6] ∪ [7π/6,3π/2],

– , ,

( .8.12).  (8.56)

π π
ϕϕ+=ϕϕ=

6/

0

6/

0

222 )6cos1(
2

1

2

1
3cos

2

1

6

1
dadas  = 

=
24

6sin
6

1

46

6
6cos

4

2
6

0

6

0

26/

0

6/

0

2 aad
d

a π=ϕ+ϕ=ϕϕ+ϕ ππ
π π

.

424
6

22 aa
s

π=π⋅= .   #

8.10.2. 

v , -

y = f(x) -

 =  = b  ( a < b ) 

( . 8.13). 

x = xi (a0 = x0 < x1

< …< xi-1 < xi < …xn = b)

n

,

 )~( ixf ,   

[ ]iii xxx ,~
1−∈ ,  « » ∆xi = xi – 

xi-1, ni ,1= ;

ii xxf ∆π )~(2 .

 « » λ → 0, { }∆=λ i
i

xsup  

. 8.13 

x

y

0 x

f(x)

a b

z
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=→λ
∆π=

n

i

ii xxfv
1

2

0
)~(lim   .     (8.57) 

 (8.57) 

( )xf 2π [a, b]. f(x)

 ( . (8.35)) π
b

a

dxxf )(2  ; 

, .8.13, 

π=
b

a

dxxfv )(2
.              (8.58) 

 30. , -

x2 + (y – b)2 = R2 (R < b)

( .8.14), . -

.

. -

22 xRby −±= .

 –  – -

, -

{ }220,:),( xRbyRxRyxABCDE −+≤≤≤≤−=

{ }220,:),( xRbyRxRyxABFDE −−≤≤≤≤−=  . 

22
1 xRby −−= 22

2 xRby −+= ,

(8.58)

( ) dxxRbdxyydxxydxxyv

R

R

R

R

R

R

R

R −− − −

−π=−π=π−π= 222
1

2
2

2
1

2
2 4)()( =

. 8.14        

x0 R

y

–R

A E

B D

F

C

a
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=[

(8.26):

−

=
RR

R 0

2 ]= dxxRb

R

−π
0

228  = [ .  15  7] =  

=

R

R

x
RxRxb

0

222 sinarc
2

1
8 −π  = 2πbR2  .   #

8.10.3. 

y = f(x)  , f(x)

–  [a, b ]  ( .8.15).

 ( )

. .

n  (  = 0, 1,…, i-1  , 

i ,…, n = ) (  = 0 n = , -

). i-1   i   ni ,1= -

, ,

. ln , i- i-1 i

– ∆li { }i
i

l∆=λ sup . 

.  l 

ln:

. 8.15        

x0

y

x0=a x1 x2 xixi–1 xn–1 xn=b 

A

A1

A2 Ai–1

Ai
An–1

B

An–2

xn–2
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=→λ→λ
∆==

n

i

in lll
1

00
limlim , 

,

.
) :

( ) [ ]baxxfy ,, ∈=

, ( )xf  – -

 [a, b]. i -

 (xi, f(xi)) , i -  ( -

i-1 (xi-1, f(xi-1)) i (xi, f(xi))

( ) ( )21
2

1 )()( −− −+−=∆ xiiii xfxfxxl  . 

f(xi) – f(xi-1) = f′(ξi)(xi – xi-1), ξi ∈ [xi-1, xi ]. 

, iii xfl ∆ξ′+=∆ 2)]([1  , ∆xi = xi – xi-1

i

n

i

in xfl ∆ξ′+=
=1

2 )(1  .     (8.59) 

 (8.59) -

)(1 2 xf ′+  [a, b ] λ → 0. 

dxxfl

b

a

′+= )(1 2
 .     (8.60) 

)

 = ϕ(t), y=ψ(t),
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ϕ(t), ψ(t)  – - [ ]βα, ] –

, ϕ′(t)>0 ( ϕ′(t)>0 -

t α β ). 

 (8.60) ,

=ϕ(t);

dx=ϕ′t(t) dt, ( )xf ′ = xy′ =ψ ′t (t)/ϕ′t (t), ϕ (α)=a, ϕ (β) = b

dtttl tt
′+′=

β

α

ψϕ )()(
22

 .                              (8.61) 

 3 .   (8.61) ϕ′(t) < 0   

 [α, β]   , , ϕ′(t)  [α, β] . 

)

ρ = ρ(ϕ),  ϕ ∈ [ϕ1 ,ϕ2 ]. , ρ(ϕ) – 

-   [ϕ1 ,ϕ2 ]  ,

, -

   (  = ρ cosϕ, y = ρ sinϕ):

 = ρ(ϕ) cosϕ, y = ρ(ϕ) sinϕ,

ϕ – .

x′ϕ= ρ′ϕcosϕ – ρsinϕ, y′ϕ= ρ′ϕ sinϕ +ρ cosϕ

 (8.61) -

ϕϕρ′+ϕρ=
ϕ

ϕ
ϕ dl

2

1

)()( 22
.     (8.62) 

 31.

y = 2/2  (  >0) (0;

0)  ( , 2/2 ) ( .8.16).

. y′ = / ,

 (8.60) 

y

x0

f(x)

M

. 8.16        
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dxpx
p

dxyl

aa

+=′+=
0

22

0

2 1
1 .                 (8.63) 

, dxpxI += 22  = 

=

==
+

=+=

xvdxdv

px

xdx
dupxu

22

22

= +=− 22 pxxvduuv –

–

+ 22

2

px

dxx
=[

2]=
+

−+−+ dx

px

ppx
pxx

22

222
22 )(

= +−+ dxpxpxx 2222

+

+ 22

2

px

dx
p =[ . .7.1]= +++−+ 22222 ln pxxpIpxx .

, I

+++−+= 22222 ln pxxpIpxxI ,

++++= 22222 ln
2

1
pxxppxxI .         (8.64) 

 (8.64)  (8.63), 

( )( )apxxppxx
p

l
0

22222 ln
2

1 ++++=  = 

p

paap
pa

p

a
22

22 ln
22

++
++=   .  #

 32. x = a cos3t , y = a sin3t

( ; 0) (0; ) (  > 0) ( .8.17). 

.
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t1 = 0 t2 = π/2; 

x′t = – 3acos2t sint , y′t = 3asin2t cost . (8.65) 

 (8.61)  dtyxl tt

π
′+′=

2/

0

22

= [  (8.65) ] = 

= dttta

π 2/

0

222 cossin9 =

π 2/

0

cossin3 dttta  =  

= [  sint ≥ 0  cost ≥ 0 
t∈[0; π/2], ] = 

=

2

0

2/

0

2sin
2

3
sinsin3

ππ
= t

a
ttda  = a

2

3
 .               #

 33. ρ = 1 – cosϕ, ϕ∈[–π;π]
( ).

.  (8.62) 

)cos1(2sin)cos1( 222222 ϕ−=ϕ+ϕ−=ρ′+ρ=ϕρ′+ρ=
π

π−

dl =

= )2/(sin4 2 ϕ = ϕϕ=ϕϕ
π

π−

π

π−

dd )2/sin(2)2/(sin4 2  = [ -

 (8.26): 

π

π−

π

=
0

2 ] = 

= 4)10(4)2/cos(4)2/sin(2

0
0

=−−=ϕ−=ϕϕ
π

π
d   .  #

-

.

1. -
– .

y

x0

. 8.17        

B(0,a)

A(a,0)
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2. ?
3. -

: ) -
; )

; )
; ) , -

: ) [ ] ( )baba <,

; ) .
4.

. ?
5.

.
6.

.
7. -

?
8. -

 ( ). 
9. ?
10. ? -

 (  – 1, -
, -

). –1.
11.  ( )

?
12. 

(  – 2, ).
–2? 

13. 
.

14. -
.

15. -
, , -

.
16. .
17. ,

) ; )
; ) .
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 9. 

1
0. .

( ), ,

, ,

, , -

,  ( ) -
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.

.

, -
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.
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: ,

( )xfy =′ -

 – -

,  – 

,

.
-

.
 I. , -

-

.

, -

t ;

t0,

Q
0

.

. t -

Q, dQ/dt – ; -

,kQ
dt

dQ −=  (9.1)  

k > 0 – . -

, Q .

 (9.1) – . # 

 « »

,  (9.1). 

, y, -

 – . -

 ( ) -

;
dt

dy

)0(0, <>= kkky
dt

dy
kyy =′
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, ,

:

) , 0<k ; ) -

y, , 0>k ; )

, y (t) – 

, 0<k ; )

 ( -

), y – , 0<k ;

) , -

; ) ,

, y – ,

, ; ) -

, y – , t – , 0<k ;

) , y – , 0>k .

.

 2. ,

O , -

.

.

. O ,

– Ox  ( . 9.1).

t -

x 0>x  – .

 ( ) F
O , 0,|| >= kkxF  – -

.

Ox  (m – )

.
2

2

kx

dt

xd
m −=

A

0 x

F

x

. 9.1
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,2ω=
m

k

02
2

2
=ω+ x

dt

xd
 (9.2) 

– -

.     # 

2
0. . ,

-

 ( )

0),...,,,,( )( =′′′ nyyyyxF  (9.3) 

x, y

)(,...,, nyyy ′′′  (

 (9.3)).  (9.3) -

.

. -

 n- ,

 n. 
,

),...,,,( )1()( −′= nn yyyxfy , (9.4) 

n- -

.

.

(9.3) ( (9.4)) -

( )ba,  x 

)(xy ϕ= , -

0),...,,,,(
2

2

=
n

n

dx

yd

dx

yd

dx

dy
yxF



110

(  n)

(9.3) ( (9.4)) ,

),( bax∈∀ .

.  (9.3), (9.4) F f -

.

,  f

)(xfy =′ , , , f

x
0
,

.

.  " " -

 " ": -

, ,

, - , , -

 ( . . -

).

 )(xy ϕ= .

. ,

)(xy ϕ= ,

.

 3. ,
ktCeQ −=

 (9.1) [ )∞+∈ ,0tt , -

, , -

. C

.

0t 0Q  ( . -

 1), , ktCeQ −= 0t 0Q ,

0

0
kt

CeQ
−= 0

0
kt

eQC = , ,

)(
0

0ttk
eQQ

−−= .

,

tx ω= sin tx ω= cos   (9.2), . . -

. ,

 ,sincos 21 tCtCx ω+ω=  (9.5)  
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C1 C2 – , -

.   # 

-

, -

. -

, .

3
0
. , . -

n- -

, x, y n -

C Cn1,.. . ,

( ) 0...,,,,, 21 =Φ nCCCyx    ,                          (9.6) 

 (9.3), -

, y

.
,

, , -
. .

. (
)  n- -

 n 
(9.6), .

. ( -
) , -

, -
.

,

0)...,,,,( 1 =Φ nCCyx  , 

 – ,

:

)....,,,,( 1 nCCyxy ϕ=

1. -

? ?
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, ?

2.

? -

?

3. ?

 4. ?

?

 5.  « »? -

?

6.

? ?

§ 9.1. 

9.1.1. 

.

0),,( =
dx

dy
yxF                     (9.7)

– ,

dx

dy
),( yxf=      (9.8)

– .

y – , );(xyy = F f – 

-

.

 (9.8)  « -

»

),(

1

yxfdy

dx =  (9.9)  
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, ( )yxf , -

.
),(

1

yxf

 (9.8). 

,  (9.8)

 f 
f

1
.

 4.
1

32

−
+=′

x

x
y -

Oxy .

,
1

3
),(

2

−
+=

x

x
yxf

 – 1 = 0, 
3

1

),(

1
2 +
−=

x

x

yxf
-

, Oxy -

. #

9.1.2. 

 (9.7) .

 (9.7) y′, . . -

  (

y : y′ = tgα , α – ,

) , ,

, -

-

 ( ) .

 (9.8) 

),( yxfy =′ .
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 ),( yx  ),( yxf

 (9.8) 

),( yxfy =′ . ,  (9.8) 

.  )(xy ϕ=
 (9.8), 

:

),(tg yxf=α .

, -

: , -

, -

.

 5. -

′ = +y x y2 2 .

. , -

 ( ).

x y C2 2+ = .

, ,

γ: x y2 2 1+ = Ox

 45°, 1)(
),(

22

),(
=+=′

γ∈γ∈ yxyx
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,  2k

,cos...,,cos,cos 1 bxexbxxebxe axkaxax −
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.
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,  (9.72): 

 .1
1

10 mm
mm bxbxbxby ++++= −
−  (9.72') 



173

)(,,, nyyy ′′′
y (9.72')  (9.70) 

x ,
mx ,

,)1()1(

,

,

021122

0111

00

bpmmbpmbpa

bmpbpa

bpa

nnn

nn

n

⋅−+⋅−+⋅=
⋅+⋅=

⋅=

−−

−

,  0≠np ,

0b , 1b , 2b . .

) pn = 0 , -

, ,
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4321.

.

) )(1)( 1 xQxxf =+=   (m = 1)  0 – 

, ,  (9.74), -

y  (s = 2): 
232 )( BxAxBAxxy +=+= .

:

0;6;26,23 IV2 ==′′′+=′′+=′ yAyBAxyBxAxy

y -

,

46212 +=++ xAxBA .
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 )(
~

),( xQxQ lk , ,

.
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 2. 1IV +=′′+′′′+ xyyy . )(1)( 1 xPxxf =+=  . 

λ λ λ4 3 2 0+ + = .
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 (7)-(9)  (1) -

 ( . (9.97)): 
ttt eCeCeCxCxCxCx 6

3
3

2
2

1332211 ++−=++= ,
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tt eCeCyCyCyCy 6
3

3
2332211 2−=++= ,                     

(10)
ttt eCeCeCzCzCzCz 6

3
3

2
2

1332211 ++=++=  . 

 (10) -

 (2): t  = 0, (0) = 0, 4)0(,5)0( == zy ; -

1,

2, 3 : 

=++
=−
=++−

,4

;52

;0

321

32

321

CCC

CC

CCC

 ( , ): 1 = 2, 

2 = 3, 3 = – 1. 

:

−+=
+=

−+−=

ttt

tt

ttt

eeez

eey

eeex

632

63

632

32

,23

,32

. #

 29.

zyx +=′ , zxy +=′ 3 , yxz +=′ 3 ,                 (1) 

( ) ( ) ( )tzztyytxx === ,, , t .

.  (9.93): 

ttt ezeyex λλλ γ=β=α= ,, .                          (2) 

 (2)  (1), 

 (9.94): 

=λγ−β+α
=γ+λβ−α
=γ+β+λα−

.03

;03

;0

                                        (3) 

a  (9.95) – -

 (3): 
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067,0

13

13

11
3 =−λ−λ=

λ−
λ−

λ−
,

3,2,1 321 =λ−=λ−=λ .

 (3) 321 ,, λλλ
α, β, γ.

 1. 1−=λ  (3) :

=γ+β+α
=γ+β+α
=γ+β+α

.03

;03

;0

, -

,

1,1,0 −=γ=β=α .

2. 2−=λ

=γ+β+α
=γ+β+α
=γ+β+α

.023

;023

;02

1,1,1 =γ=β−=α .

3. 3=λ

=γ−β+α
=γ+β−α
=γ+β+α−

033

;033

;03

,2=α  3=γ=β .

 (9.93) 
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ttt eYeYeY 3

3

2

21

3

3

2

;

1

1

1

;

1

1

0

=
−

=
−

= −−

tt eCeCx 3

3

2

2 2+−= −
;

ttt eCeCeCy 3

3

2

21 3++= −−
;

ttt eCeCeCz 3

3

2

21 3++−= −−

– .

 30.

zy
dx

dz
zy

dx

dy
2;2 +=−= .                       (1) 

.
tt ezey λλ β=α= ,  .                                  (2) 

 (2)  (1), 

( . (9.94)): 

( )
( ) =βλ−+α

=β−αλ−
.02

,02
                                         (3) 

054,0
21

12
2 =+λ−λ=

λ−
−λ−

i±=λ 2 .

, λ = +2 i ,

.; )2()2( xixi ezey ++ β=α=

 (3) λ = +2 i

=β−α
=β−α−

0

,0

i

i
.

1=α , , i−=β  – -
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xiey )2( += ,
xiiez )2( +−= .

 [ 12 −=i ;

( )xixeeee xixxxi sincos22)2( +==+ ]: 

y = ( )xixe x sincos2 + ;
xiiez )2( +−= = ( )xixe x cossin2 −

,  ( )

.
cos

sin
,

sin

cos
2

2

2

1

xx e
x

x
Ye

x

x
Y

−
==

-

 (1) , ,

)cossin(),sincos( 21

2

21

2 xCxCezxCxCey xx −=+=

– .

 31. :

zyx
dt

dz
zyx

dt

dy
zyx

dt

dx −+=+−=++−= ;; .     (1) 

. :

ttt ezeyex λλλ γ=β=α= ,, .                          (2) 

 (2)  (1) -

=γλ+−β+α
=γ+βλ+−α
=γ+β+αλ+−

.0)1(

,0)1(

,0)1(

                             (3)
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043,0

111

111

111
23 =−λ+λ=

λ−−
λ−−

λ−−

2,1 321 −=λ=λ=λ .

1=λ  –  –  (3) :

02;02 =γ+β−α=γ+β+α− , 02 =γ−β+α ,

 1,1,1 =γ=β=α ,

, -

,

ttt ezeyex === 111 ;; teY =
1

1

1

1  .          (4) 

2−=λ k = 2, -

 ( . (9.99)) 

(5),)(;)(;)( 2
21

2
21

2
21

ttt eCtCzeBtByeAtAx −−− +=+=+=
Ai, Bi, Ci ( i = 1, 2) .

, -

−++−+=++−
+−++−=++−
++−++−=++−

.)()(2

;)()(2

;)()(2

222111121

222111121

222111121

CBAtCBACCtC

CBAtCBABBtB

CBAtCBAAAtA

  (6) 

 (6) t

, :

=−−+−=−−−
=−−+−=−−−
=−−+−=−−−

.0;0

;0;0

;0;0

2212111

2212111

2212111

BACCBAC

CABBCAB

CBAACBA
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,

, :

=++
=−=−=++

,

;0;0;0

1222

1111111

BCBA

CBBACBA

:

),(;0 222111 BACCBA +−====

2A 2B :

ttt eBAzeByeAx 2

22

2

2

2

2 )(;; −−− +−=== .

2 = 1, 2 = 0, 2 = 0, 2 = 1 

.

1

1

0

;

1

0

1
2

3
2

2
tt eYeY −−

−
=

−
=

, Y1, Y2, Y3

,

, , .

:

ttttttt eCeCeCzeCeCyeCeCx 2

3

2

21

2

31

2

21 ;; −−−− −−=+=+=
#

9.5.4. 

 (9.80) 

 ( ), -

,  )(xf i

.

-

, , -

-
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ijp  (9.80), -

.

 ( ,

-

).

 32.

 )(tx   )(ty :

=−+

+=++

(2)
2

3

(1),4142

2tyx
dt

dy

tyx
dt

dx

 . 

. -

.

t -

, , (1): 

.442
2

2

=++
dt

dy

dt

dx

dt

xd

dt

dy

 (2): 

.64442 2

2

2

txy
dt

dx

dt

xd −=−++                         (3) 

 (1)  (3); -
 )(tx

.6436 2

2

2

ttx
dt

dx

dt

xd −−=−+                           (4) 

 (4) 

oo)( xxtx += ,                                       (5) 

 –  06 =−′+′′ xxx ,

, tex λ= ;
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 062 =−λ+λ  3,2 21 −=λ=λ
tt eCeCx 3

2
2

1oo
−+= , 1 2 – .

,  (5), -

,  ( . . 2,   I.1) 

,2 CBtAtx ++=
AxBAtx 2,2 =′′+=′ . , xx ′ x ′′  (4) 

t

:

,63)(622 222 ttCBtAtBAtA −−≡++−++

0C362

1B,462

1,A,66

0

1

2

==−+
=−=−
=−=−

CBA

BA

A

t

t

t

 .2 ttx +=

tteCeCtx tt +++= − 23
2

2
1)( .                        (6) 

 (1),  (6), 

                        23
2

2
1

2

1

4

1
)( teCeCty tt −+−= −  .               #

1. -

? ? -

.

2. ?

 3. -

 ( ). 

.

. .

 4. 

.

 5. – -

 ( ) ? -
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( )njiyij ,1, = ,

( )ba, ? 

 6. -

– ( )ba, .

 7. 

n- .

.

, – nYYY ,...,, 21 ?

 8.  n-

. -

? -

-

?
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 10. 

, ,

,

. ,

, , , , -

.

§10.1. 

10.1.1. 

 (x,y),

 ( ),

:  (x,y)

Oxy.

, -

:
2 {( , )}R x y= –

 (x,y);
3 {( , , )}R x y z= –

 (x,y,z);

1 2{( , ,..., )}n
nR x x x=  – -

n 1 2( , ,... )nx x x ;

S 2 {( , )}R x y= -

( , )M x y , M S, . .

S K(M,r), -

 ( , )M x y′ ′ ′
2 2( ) ( )x x y y r′ ′− + − ≤ 0r ≥ ; , K(M,r)

( ) ( ) ( ) ( )2 2
' ', , : .K M r x y x x y y r= − + − ≤
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,

.

N – S,

, S, , -

S. . 10.1 -

N, S.

S

.

S -

S S .

,

S

, S, . . -

S.

. 10.1 -

, A B

S , -

S.

 ( -

S, D, E . .),  –  ( -

, ,S D E . .). ,

2R 2S R⊂ , 2S R⊂ . .
2S R⊂ ,

 (0;0) R ,

S.

δ - 0 0 0( , )M x y  (

0( , )U M δ ) M(x,y),

0M δ , . . x,y M

2 2
0 0( ) ( )x x y y− + − < δ .

δ - 0 0 0( , )M x y ( -

0( , )U M δ ) 0( , )U M δ

. 10.1 

x

y

0

N

M

M

B

A

S

M
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0M , . . 0( , ) ( , )M x y U M∈ δ

2 2
0 00 ( ) ( )x x y y< − + − < δ .

10.1.2. 

2D R⊂ E R⊂  ( R – 

), 

(x,y) D

( ) z E; , -

D .

, , -

, f, z = f (x,y), ( , )x y D∈ .

D , E – -

, x,y – ,

z = f (x,y) .

 (x,y)

M Oxy, , -

, x y

M , ,

z = f (x,y) z = f (M).

 { }D M= .

M

. 0z , 0 0 0( , )M x y , -

0M 0( )f M

0 0( , )f x y .

, , ,

 (x,y) , -

, , -

.

. -
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 ( ) -

 ( , -

. .) -

.

 1. V -

, r h:
2V r h= π . D V -

r>0, h>0  {( , ) : 0, 0}D r h r h= > > .

{( , ) : , }D r h r h= −∞ < < ∞ −∞ < < ∞ .

,

n ;

(x,y) M(x,y), 2R , -
3( , , )x y z D R∈ ⊂ , ... 1 2( , ,..., ) n

nx x x D R∈ ⊂ ,

M(x,y,z), ...., 1 2( , ,..., )nM x x x .   # 

10.1.3. 

Oxyz,

Oxy D –

x y.  ( , )M x y D∈ -

f(x,y) -

,  (x,y,z), z=f(x,y); -

,

 ( -

), z=f(x,y)

.

 2. 1. 2 2z x y= + , 2( , )x y R∈ -

 ( ),

. 10.2. 

2. 2 2 2z R x y= − − , 2 2 2{( , ) : }D x y x y R= + ≤
 “ ”  ( . 10.3). 
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§10.2. 

10.2.1. 

.

f(M) D

0M , , , 0M .

.  A 

f(M)  0 0 0( , )M x y , 

ε
δ ,  M(x,y), 

δ - 0( , )U M δ , -

2 2
0 00 ( ) ( )x x y y< − − − < δ , -

( )f M A− < ε .

A f(M)

0 0 0( , )M x y ,

0

lim ( )
M M

f M A
−

=
0

0

lim ( , )
x x
y y

f x y A
→
→

= ,  (10.1) 

. 10.2 

x

y

z

0

. 10.3 

z

x

y0
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, 0M M→ f  A 

D.

-

,

. ,

0M M , -

.

f(M) 0M , -

M 0M .

 3. :

)
2 20

0

2
lim
x
y

xy

x y→
→

+
, )

2

4 20
0

lim
x
y

x y

x y→
→

+
.

. ) ,

M(x,y) 0 (0,0)M

0M y = kx ( 0M M).  

0x→  0y→

2 2 2 2 2 20 0
0

2 2 2
lim lim

1x x
y

xy xkx k

x y x k x k→ →
→

= =
+ + +

.

k

A,
2 2

2
( , )

xy
f x y

x y
=

+
-

, M(x,y) -

0 (0,0)M .

0 (0,0)M .

( )

( )

( )
( ) ( )

2

4 20
0

0

 ,

)  lim
0(0,0)  0 :

0, 0

k
x
y

M x y

x y

y x kx y

M M x y

→
→

=
= >+

→ ⇔ → →

 = 
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=
2

4 20
lim

k

kx

x x

x x→

⋅ =
+

2

2 40
lim

1

k

kx

x

x

−

−→ +
.

: 1) k=2
0

1 1
lim

1 1 2x→
=

+
;

2) k>2 (k=2+m, m>0)
20

lim 0
1

m

mx

x

x→
=

+
.

 0<k<2, -

, O(0,0) -

.   #

 ( . .)  ( . .) .

. f(x,y) -

0 0 0( , ) ( , )M x y M x y→ D,
0

lim ( ) 0
M M

f M
→

= .

. f(x,y)

0M M→ D,

N -

δ , 0( , ) ( , )M x y U M∈ δ ,

2 2
0 00 ( ) ( )x x y y< − + − < δ ,

( , )f x y N> .

0

0

lim ( , )
x x
y y

f x y
→
→

= +∞   (
0

0

lim ( , )
x x
y y

f x y
→
→

= −∞ ).

. .,

, , . . -

 ( ) .

 ( )o α . . 0M

β , . . α :

0 0

( ) ( )
lim lim 0

( )M M M M

M o

M→ →

β α= =
α α

.
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 10.2.2. 

 ( , )f x y -

x y 0x 0y

 ( ) . -

. y -

( , )f x y (

x):
0

lim ( , ) ( )
x x

f x y y
→

= ϕ .

0 0 0

lim ( ) lim lim ( , )
y y y y x x

y f x y
→ → →

ϕ =           (10.2) 

– . ,

0

lim ( , ) ( )
y y

f x y x
→

= ψ ,

0 0 0

lim ( ) lim lim ( , )
x x x x y y

x f x y
→ → →

ψ =                   (10.3) 

– .

. , -

 (

).

 (10.2)  (10.3) .

, , -

, .

.

 10.1.

0

0

lim ( , )
x x
y y

f x y A
→
→

=  y 

0 0( , )x y
0

lim ( , ) ( )
x x

f x y y
→

= ϕ . -

0

lim ( )
y y

y
→

ϕ -
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0 0 0

0

lim lim ( , ) lim ( , )
y y x x x x

y y

f x y f x y A
→ → →

→

= = .            (10.4) 

 4.
2 2

( , )
x y x y

f x y
x y

− + +=
+

, -

 {( , ) : 0, 0}D x y x y= > > 0 0 0x y= = .

:
2

0
( ) lim ( , ) 1

x

y y
y f x y y

y→

− +ϕ = = = − ,

0 0 0 0
lim lim ( , ) lim ( ) lim ( 1) 1
y x y y

f x y y y
→ → → →

= ϕ = − = − ; ,

( ) ( )
2

0
lim , 1 ,
y

x x
x f x y x

x→

+ψ = = = +

0 0 0. 0
lim lim ( , ) lim ( ) lim (1 ) 1
x y x x

f x y x x
→ → → →

= ψ = + = , –   

.  10.1 ,

 (0,0) .

10.2.3. .

 ( , )f x y ( )0 0 0,M x y -

.

.  f  -

( )0 0,x y ,  f
0

0

lim
x x
y y
→
→

,

( )
0 0 0

0

lim , lim , lim 
x x x x y y
y y

f x y f x y
→ → =
→

= = f ( )0 0,x y ,  (10.5) 

, , ε
δ,

(x, y),
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( ) ( )2 2
0 00 x x y y< − + − < δ ,

( ) ( )0 0, ,f x y f x y− < ε .

 (10.5) 

( ) ( )
0

0

0 0lim , , 0
x x
y y

f x y f x y
→
→

− =     (10.5') 

( ) ( )0 0 0 0,    ,    , ,x x x y y y f f x y f x y∆ = − ∆ = − ∆ = − .

( , )f x y ( )0 0,x y -

,

0

0

lim 0
x x
y y

f
→
→

∆ =    .                (10.5") 

. , -

( )0 0,x y , ,

, ( )0 0,x y

( , )f x y .

 5. ) ,  ( , )f x y  = 2 2x y+ -

( )0 0,x y , 0 0,x y< ∞ < ∞ .

,  (10.5' ),  
( ) ( ) ( ) ( )0 0 0 0 0 0, , , ,f f x y f x y f x x y y f x y∆ = − = + ∆ + ∆ − =

( ) ( ) ( )2 2 2 2
0 0 0 0x x y y x y= + ∆ + + ∆ − + =

= ( ) ( )2 2
0 02 2x x y y x y∆ + ∆ + ∆ + ∆ .

, 0f∆ →  0, 0x y∆ → ∆ → , , -

 ( , )f x y   = 2 2x y+ ( )0 0,x y .

)

( )
2 2,   1, 2;    

,
0,     1, 2.

x y x y
f x y

x y

+ ≠ ≠=
= =
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,  = 1, y = 2 ( . ));

 (1; 2) , ( )
1
2

lim , 5
x
y

f x y
→
→

= , -

f (1; 2) = 0 , ,  (10.5) . # 

.  f  

 D , -

.

:

( , )f x y ( ),g x y D

( )0 0 0,M x y D∈ , ( ) ( ), ,f x y g x yα +β ,

 ( , )f x y · ( ),g x y ,  ( , )f x y / ( ),g x y ,

( ) ( )( ), 0  ,g x y x y D≠ ∀ ∈ D -

( )0 0 0,M x y .

 10.2. ( ).

( , )f x y  ( )0 0,x y . ( ),x u v= ϕ

( ),y u v= ψ ( )0 0,u v , ( )0 0 0,u v xϕ = ,

( )0 0 0,u v yψ = ,   ( )

( ) ( )( ), , ,f u v u vϕ ψ ( )0 0,u v . 

, ( ) ( )2 2
0u v∆ + ∆ →

( ) ( )2 2
0x y∆ + ∆ →  0f∆ → .   # 

,

, -

, .

.

 10.3. ( , )f x y  -

D . :
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1) D ;

2) , D ,

, , , -

;

3) D -

, -

.

§10.3. 

10.3.1. 

x∆ y∆ -

.  ( , )M x y , 1( , )M x x y+ ∆ , 2 ( , )M x y y+ ∆ ,

3( , )M x x y y+ ∆ + ∆ D – 

f.

.

( , ) ( , )x f x x y f x y∆ + ∆ − ( , ) ( , )y f f x y y f x y∆ = + ∆ − -

,
( , ) ( , )f f x x y y f x y∆ = + ∆ + ∆ −

–  f ( , )M x y , -

x∆  y∆ .

,  “ ”

“ ” .

,

f∆ x f∆ y f∆ .

, -

 (10.5) 0 0 0( , )M x y

0 0
0
0

lim ( , ) 0
x
y

f x y
∆ →
∆ →

∆ = .                 (10.5") 
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 10.3.2. 

 ( , )M x y  – 

D f. ,

x f∆ y f∆
x∆ y∆ .

.

0

( , )
lim x

x

f x y

x∆ →

∆
∆

,

f  x ( , )M x y ( , )
f

x y
x

∂
∂

( , )xf x y′  [ ( )
f

M
x

∂
∂

; ( )xf M′ ].

y:

( , )
f

x y
y

∂
∂

 ( , )yf x y′ .

, -

∂  ( d -

).

0 0( , )xf x y x ,

, 0 0( , )x y

.

, xf ′ -

y  ( , -

, )

x∆ . , ,

f x – -

f , y – .

xf ′ yf ′ -

 ( .

 7.1  7.2). 

 6. .

) 2 3( , ) 3f x y x xy y= − + ;
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2 3( , ) ( 3 ) =x x

y

f x y x xy y′ ′= − + =

2 3 3( ) (3 ) ( ) 2 3 ( ) 0x x x xx xy y x y x′ ′ ′ ′= − + = − + = 32 3x y− ;

2 2( , ) ( 3 )y yf x y x xy y x′ ′= − + = =

= 2 3( ) (3 ) ( )y y yx xy y′ ′ ′− + = 3 20 3 ( ) 1 9 1yx y xy′= − + = − + .

) ( , ) yf x y x= ;

( ) ( )''

,

,

 16   7.1. 

y
x

x

y

f x y x= = =

= 1yyx − ;

, ,

( , ) ( ) ,- ,

 9   7.1

y
y y

x

f x y x′ ′= = =

= lnyx x .

10.3.3. 

 ( , )f x y . , -

z=f(x,y) . , -

0 0( , )xf x y′

0( , )f x y x -

0
0 0 0 0: ( , ) ( ( , ))x x x

x f x y f x y =′= .

0( , )f x y 1γ -

 ( , )z f x y= 0y y=  ( . 10.4 AP -
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1γ ). , -

, ,

0 0( , )xf x y′ α , 1K

0( , )z f x y= ( 0y y= ) -

0 0 0 0( , , ( , ))P x y f x y , A′

0M  ( 0y y= )

, Ox:

( )'
0 0, tg .xf x y = α

, ( )'
0 0, tg ,yf x y = β β  – -

2K 0( , )z f x y=  ( -

0x x= ) P 0B M′  ( -

0x x= ) ,

Oy ( . . 10.4). 

. 10.4 

x

y

z

0

A

B

P

A’

B’

α

β
M0

γ1

γ2

K1 K2
s2

s1
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10.3.4. 

f  ( , )M x y .

.  f  M, 

-

( , ) ( , ) ( , )f x y A x B y x y x x y y∆ = ∆ + ∆ + α ∆ ∆ ∆ +β ∆ ∆ ∆ ,        (10.6) 

 A  B x∆  y∆ ,

( , )x yα ∆ ∆ , ( , )x yβ ∆ ∆ – x∆
y∆ .

 (10.6) 

. 2 2x yρ = ∆ + ∆ , ρ  – . .

0x∆ → , 0y∆ → . 1
x∆
≤

ρ
, 1

y∆
≤

ρ
,

x y
x y

∆ ∆
α∆ +β∆ ≤ ρ α + β ≤

ρ ρ
( )ρ α + β , ,

x yα∆ +β∆  – . . . . ρ :

( )x y oα∆ +β∆ = ρ .  (10.6) :

 ( , ) ( )f x y A x B y o∆ = ∆ + ∆ + ρ .              (10.7) 

 10.4 (

).

 f 

( , )M x y , : ) -

, ) ( )xf M′ ( )yf M′ .

. f

 ( , )M x y , , , -

 (10.6). 
0
0

lim ( , ) 0
x
y

f x y
∆ →
∆ →

∆ = , . . -

 ( , )M x y . -

 (10.6)  0y∆ = ,
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( , ) ( ,0)x f x y A x x x∆ = ∆ + α ∆ ∆ . x∆ -

0x∆ → ,

0 0

( , )
lim lim ( ( ,0)x

x x

f x y
A x A

x∆ → ∆ →

∆
= + α ∆ =

∆
( , )xf x y A′ = . ,  ( , )yf x y B′ = . -

. #
,

f

( , ) ( , )x yf f x f y x y x x y y′ ′∆ = ∆ + ∆ + α ∆ ∆ ∆ +β ∆ ∆ ∆ =

( )x yf x f y o′ ′= ∆ + ∆ + ρ                     (10.8) 

,

 – .

,

. ,

.

 10.5  ( ). 

 f(x,y)  M(x,y) -

,

M(x,y).  f .

.  ( , )f x y∆  (

 ( , )f x y y+ ∆ ):

( , )f x y∆ = [ ]( , ) ( , )f x x y y f x y y+∆ +∆ − +∆ + [ ]( , ) ( , )f x y y f x y+ ∆ − .

, y y+ ∆ ,

 – -

x;

( ) ( ), ,xf x y f x y y∆ = ∆ + ∆ ( , )y f x y+∆ .             (10.9) 

 (10.9) -

 (

),  ( -

):



219

1 2( , ) ( , )x yf f x x y y x f x y y y′ ′∆ = + θ ∆ + ∆ ∆ + + θ ∆ ∆

1 2(0 , 1)< θ θ < .                          (10.10) 

xf ′ yf ′ -

M(x,y), : 1
0
0

lim ( , ) ( , )x x
x
y

f x x y y f x y
∆ →
∆ →

′ ′+ θ ∆ + ∆ =

2
0
0

lim ( , ) ( , )y y
x
y

f x y y f x y
∆ →
∆ →

′ ′+ θ ∆ = .

       

1( , ) ( , ) ( , )x xf x x y y f x y x y′ ′+ θ ∆ + ∆ = + α ∆ ∆ ,

                   2( , ) ( , ) ( , )y yf x y y f x y x y′ ′+ θ ∆ = +β ∆ ∆ ,              (10.11) 

 ( , )x yα ∆ ∆ , ( , )x yβ ∆ ∆  – -

x∆ y∆ .  (10.10)  (10.11) :

( , ) ( , ) ( , ) ( , ) ( , )x yf x y f x y x f x y y x y x x y y′ ′∆ = ∆ + ∆ +α ∆ ∆ ∆ +β ∆ ∆ ∆ . (10.8′)

, f M(x,y).#

10.3.5. 

.  (  df ) 

 M(x,y)  f 

f∆ ,

x∆  y∆ :

( , ) ( , ) ( , )x ydf x y f x y x f x y y′ ′= ∆ + ∆

  ( ) ( ) ( )x ydf M f M x f M y′ ′= ∆ + ∆  .          (10.12) 

 (10.8)  (10.12)    ( ) ( ) ( )f M df M o∆ = + ρ ,

 ( , ) ( , )f x y df x y∆ ≈                       (10.13) 

,

,

.

 (10.12) ( , )f x y x= .  1xf ′ = ,

0yf ′ = ,  ( , )df x y x= ∆ , dx x= ∆ ; -
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dy y= ∆ . , -

.

 ( , ) ( , ) ( , )x ydf x y f x y dx f x y dy′ ′= +     (10.14, )

f f
df dx dy

x y

∂ ∂= +
∂ ∂

.               (10.14, )

 (10.14) -

xd f yd f : ( , )x xd f f x y dx′= ,

( , )y yd f f x y dy′= ;

x ydf d f d f= +                            (10.15) 

df .  (10.15) 

,

 ( f

,  (10.15), ).

, -

,

,

.

, ,  (10.14) 

, -

,

( , , ) x y zdf x y z f dx f dy f dz′ ′ ′= + + .      (10.14, )

10.3.6. 

-

σ .

-

.

.

σ -

 P -

τ , - . 10.5 

P

τ
σ
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,

P ( . 10.5). 

 ( , )z f x y= -

f, 0 0 0( , )M x y -

; 0 0( )z f M= , 0 0 0( , , )P x y z  – -

. τ -

f 0M .

z=f(x,y) 0x x= 0y y= ;

1γ 2γ 1K 2K

P ( . . 10.4). 1K 2K -

τ 1S 2S . -

1S Ox, Oy,Oz

, / 2, / 2α π γ = α − π , 2S  –  / 2, , ( / 2)π β π −β . -

, :
0

1 {cos ,cos( / 2),cos( / 2)}S = α π α−π = {cos ,0,sin } cos {1,0, tg }α α = α α
0
2 {cos( / 2),cos ,cos( / 2 )}S = π β π −β = {0,cos ,sin } cos{0,1, tg }β β = β .

( 0 0tg ( , )xf x y′α = , 0 0tg ( , )yf x y′β =  ( . .10.3.3)) -

1K 2K

1 0 0{1,0, ( , )}xS f x y′= 2 0 0{0,1, ( , )}yS f x y′= . N ,

τ :

1 2 0 0 0

0

1 0 ( ) { ( ), ( ),1}

0 1 ( )

x x y

y

i j k

N S S f M f M f M

f M

′ ′ ′= × = = − −
′

.

τ , 0 0 0( , , )P x y z ,

N

0 0 0 0 0 0 0( , )( ) ( , )( ) ( ) 0x yf x y x x f x y y y z z′ ′− + − − − = .  (10.16) 

 7.    -

σ: z = x2 + y2  (1; 2; 5). 
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. ' 2 ,xz x= ' 2 ,yz y= ( )' 1,2 2,xz = =

( )' 1,2 4.yz = = τ  ( .

(10.16))  2(  – 1) + 4(y – 2) – (z – 5) = 0   2  + 4 y – z – 5 = 0 .    #

§10.4 

, z t c -

x y: ( , )z f x y= , ( )x x t= ,

( )y y t= , ( )0 0y y t=  ( ) ( ( ), ( ))z z t f x t y t= = , . . ( )z t  – 

 ( ).

 10.6 ( ). -

 f 0 0 0( , )M x y ,

( )x t ( )y t  0t t= , ( )z t  -

0t , 

0 0 0 0 0( ) ( ) ( ) ( ) ( )x yz t f M x t f M y t′ ′ ′ ′ ′= +            (10.16) 

dz z dx z dy

dt x dt y dt

∂ ∂= +
∂ ∂

.

. -

0t 0t t+ ∆ :

0 0 0 0 0( ) ( ( ), ( )) ( ( ), ( ))z t f x t t y t t f x t y t∆ = + ∆ + ∆ − =

0 0 0 0( ( ) , ( ) ) ( ( ), ( ))f x t x y t y f x t y t= + ∆ + ∆ − =       (10.17) 

0 0 0 0( , ) ( , )f x x y y f x y= + ∆ + ∆ − .

f, x(t), y(t) -

:

0( )x x t t′∆ = ∆ + α , 0( )y y t t′∆ = ∆ +β ,         (10.18) 

0 0 0 0 0 0 0( ) ( , ) ( , ) ( ) ( )x yf M f x x y y f x y f M x f M y′ ′∆ = + ∆ +∆ − = ∆ + ∆ + γ ,

 , ( )o tα β = ∆ , 2 2( ( ) ( )o x yγ = ∆ + ∆ .

 (10.18) 0( )z t∆

0 0 0 0 0( ) [ ( ) ( ) ( ) ( )]x yz t f M x t f M y t t′ ′ ′ ′∆ = + ∆ + δ ,     (10.19) 
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( ) ( )' '
0 0 ,x yf M f Mδ = α + β + γ , , ( )o tδ = ∆ .

, z -

t 0t 0t t+ ∆

0 0( ) ( ) ( )tz t z t t o t′∆ = ∆ + ∆ .                 (10.20) 

 (10.19)  (10.20) -

f dx f dy
dz dt

x dt y dt

∂ ∂= +
∂ ∂

.       (10.21) 

. #
x y – u

v,  10.6 (

) ,  ( )

z z x z y

u x u y u

∂ ∂ ∂ ∂ ∂= +
∂ ∂ ∂ ∂ ∂

,
z z x z y

v x v y v

∂ ∂ ∂ ∂ ∂= +
∂ ∂ ∂ ∂ ∂

.

,  (10.14, ) , -

x y , ,

. ,

( , )x x u v= , ( , )y y u v=
z z z x x z y y

dz dx dy du dv du dv
x y x u v y u v

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= + = + + + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

=
z x z y

du
x u y u

∂ ∂ ∂ ∂⋅ + ⋅
∂ ∂ ∂ ∂

 + 
z x z y

dv
x v y v

∂ ∂ ∂ ∂⋅ + ⋅
∂ ∂ ∂ ∂

 = .
z z

du dv
u v

∂ ∂+
∂ ∂

(10.22)

§10.5. 

, f -

x y  ( , , ) 0F x y z = ; ( , )z f x y=  – 

. , F -

. , -

 ( , )xf x y′  ( , )yf x y′ F.

,



224

 ( , , ( , )) 0F x y f x y ≡            (10.23) 

x y f(x,y).

F  (10.23)  0dF ≡
 (10.14, )

( , , ) ( , , ) ( , , ) 0x y zF x y z dx F x y z dy F x y z dz′ ′ ′+ + = ,

yx

z z

FF
dz dx

F F dy

′′
= − −

′ ′
.          (10.24) 

,  ( , )z f x y=

x ydz f dx f dy′ ′= + .              (10.25) 

 (10.24)  (10.25) 

( , , )
( , )

( , , )

x
x

z

F x y z
f x y

F x y z

′
′ = −

′
,            (10.26) 

( )' , , 0zF x y z ≠ .

, f(x) -

 ( , ) 0F x y =  ( )y f x= -

,  ( , ) 0yF x y′ ≠
( , )

( )
( , )

x

y

F x y
f x

F x y

′
′ = −

′
.          (10.27) 

 8. y = y(x)

1yy xe+ = .  (0)y′ .

.  ( , ) 1yF x y y xe= + − . -

 (10.27) 

( 1)( , )
( )

( , ) 1( 1) 1

y y y
x xx

yy y
y y y

F y xe eF x y e
y x

F x y xeF y xe xe

′ ′= + − =′
′ = − = = −

′ ′ ′ += + − = +
.

x = 0, 
0

(0, ) ( 1) 1y

x
F y y xe y

=
= + − = −  (0, ) 0F y =

y = 1, . . M (0;1) .
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0
1

(0)
1

y

y
x
y

e
y e

xe =
=

′ = − = −
+

. #

§10.6. -

10.6.1. 

, f x y -

M(x,y) ,

g. g

M(x,y) h, h -

f.

 ( !): 
2

2

f f

x xx

∂ ∂ ∂=
∂ ∂∂

,              
2 f f

x y x y

∂ ∂ ∂=
∂ ∂ ∂ ∂

,

2 f f

y x y x

∂ ∂ ∂=
∂ ∂ ∂ ∂

,              
2

2

f f

y yy

∂ ∂ ∂=
∂ ∂∂

,

( )xx x xf f′′ ′ ′= ,          ( )yx y xf f′′ ′ ′= ,... 
2

yx
f

f
x y

∂ ′′=
∂ ∂

,           
2

xy
f

f
y x

∂ ′′=
∂ ∂

.

xyf ′′ yxf ′′ -

, , , -

:  – f -

x, y;

 – .

 9.
3 2( , )f x y x y= .

. 3 2 2 2( ) 3x xf x y x y′ ′= = , 3 2 3( ) 2y yf x y x y′ ′= = ,

2 2 2( ) (3 ) 6xx x x xf f x y xy′′ ′ ′ ′= = = , 2 2 2( ) (3 ) 6xy x y yf f x y x y′′ ′ ′ ′= = = ,
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3 2( ) (2 ) 6yx y x xf f x y x y′′ ′ ′ ′= = = , 3 3( ) (2 ) 2yy y yf f x y x′′ ′ ′= = = . #

; ,

.

 10.7. xyf ′′

yxf ′′ , -

.

 10. ( , ) arctg
y

f x y
x

= xyf ′′ .

.
' ' 2

'

2 2 2 2 2 2

1
arctg ,

1

x
x x

y y x y y
f

x x x y x x yy

x

= = ⋅ = ⋅ − = −
+ +

+

( ) ( )
( ) ( )

2 2' 2 2'
" '

2 2 2 2
2 2 2 2

2
.xy x

y
y

x y y yy y x
f f

x y x y x y

+ − ⋅ −= = − = − =
+ + +

10.6.2. 

-

3 2

3 2

f f

xx x

∂ ∂ ∂=
∂∂ ∂

,

3 2

2

f d f

x x yx y

∂ ∂=
∂ ∂ ∂∂ ∂

,...
3 f f

x y x x y x

∂ ∂ ∂=
∂ ∂ ∂ ∂ ∂ ∂

,...     ( )xxx xx xf f′′′ ′′ ′= ,

( )yxx yx xf f′′′ ′′ ′= , ( )xyx xy xf f′′′ ′′ ′= , ... 

.

m , -

-

x y ( )
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m

k m k

f

x y −
∂

∂ ∂
.                  (10.28) 

.  m 

, -

 m .

10.6.3. 

df ,

x y -

dx dy ( . (10.14, )).  -

1( )m md f d d f−= , m>1,

1( ) 0k kd x d dx−= = , 1( ) 0k kd y d dy−= = k>1.

f – M(x,y) ,

-

f

2 ( , ) ( ( , )) ( ( , )) ( ( , ))d f x y d df x y df x y dx df x y dy
x y

∂ ∂= = + =
∂ ∂

( ( , ) ( , ) ) ( ( , ) ( , ) )x y x yf x y dx f x y dy dx f x y dx f x y dy dy
x y

∂ ∂′ ′ ′ ′= + + + =
∂ ∂

2 2( , ) 2 ( , ) ( , )xx xy yyf x y dx f x y dxdy f x y dy′′ ′′ ′′= + + .   (10.29) 

f M(x,y) m ,
md f

1 2
1 2

...
, ...

m

m
m

f
dz dz dz

z z z

∂
∂ ∂ ∂

,       (10.30) 

iz x, y

dz1⋅ dz2 ⋅⋅⋅⋅⋅ dzm = dxk dym-k ,    (10.31) 

 (10.31) 
( )

!

! !

k
m

m
C

k m k
=

−
-

 (10.30). 
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, f

m , m -

 (10.28) 

( ) ( )
0

,
,

mm
m k k m k

m k m k
k

f x y
d f x y C dx dy

x y

−
−

=

∂
= =

∂ ∂

0 1 1

1
...

m m m
m m m m

m m mm m m

f f f
C dy C dxdy C dx

y x y x

−
−

∂ ∂ ∂= + + +
∂ ∂ ∂ ∂

, 1m ≥ .

(10.32)

 d -

,

d dx dy
x y

∂ ∂= +
∂ ∂

,

f
f f

dx dy
x y

∂ ∂+
∂ ∂

:

f f
dx dy f dx dy

x y x y

∂ ∂ ∂ ∂+ = +
∂ ∂ ∂ ∂

.

2 ( ) ( )d d
d dd dx dy d dx dy dx dx dx

x y x y x x x

∂ ∂ ∂ ∂ ∂ ∂ ∂= = + = + = + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

22 2 2
2 2

2 2

2
dx dy dy dx dxdy dy dx dy

y x y x y x yx y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + = + + = +
∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂

,

2

2x x x

∂ ∂ ∂⋅ =
∂ ∂ ∂

,
2

x y y x x y

∂ ∂ ∂ ∂ ∂⋅ = ⋅ =
∂ ∂ ∂ ∂ ∂ ∂

,

2

2y y y

∂ ∂ ∂⋅ =
∂ ∂ ∂

.



229

2 2 2 2
2 2 2

2 2

2f f f
d f dx dy f dx dxdy dy

x y x yx y

∂ ∂ ∂ ∂ ∂= + = + +
∂ ∂ ∂ ∂∂ ∂

( . (10.29)). 

,  2m ≥
m

md dx dy
x y

∂ ∂= +
∂ ∂

 (10.32) :

( , ) ( , )

m
md f x y dx dy f x y

x y

∂ ∂= +
∂ ∂

.      (10.33) 

§10.7. 

-

-

, -

.

 g t, -

0t ,

:

2
0 0 0 0 0

1 1
( ) ( ) ( )( ) ( )( ) ...

1! 2!
g t g t g t t t g t t t′ ′′= + − + − +

( )( ) ( )
( ) ( )( ) 11( )

0 0 0
1 1

! 1 !

n nnng t t t g t t
n n

+++ − + ξ −
+

,    (10.34) 

0 0( )t t tξ = + θ − ,  0 1< θ < .

( )
0 0 0( )( ) ( )m m mg t t t d g t− =  – 

g(t) m 0t ,  (10.34) 

0( ( ) ( ) )g t g t g− = ∆ :

2 1
0 0 0( ) ( ) ( ) ( )

...
1! 2! ! ( 1)!

n ndg t d g t d g t d g
g

n n

+ ξ∆ = + + + +
+

.          (10.35) 
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g t

x,y, . .

( , )g f x y= , 0x x t x= + ∆ , 0y y t y= + ∆ , 0 1≤ θ ≤

0 0( ) ( , )g g t f x t x y t y= = + ∆ + ∆ ,           (10.36) 

f – 

0 0 0( , )M x y n+1 , x∆ y∆  – .

g(t) n+1 t

 (10.21) 

0

0
( , ) ( , )

( )

t t

f x y dx f x y dy
dg t dt

t dt y dt =

∂ ∂= + =
∂ ∂

=
0

0

,

,

x x t x

y y t y

= + ∆
= + ∆

dx
x

dt
= ∆ ,

dy
y

dt
= ∆ =

0 0 0 0( , )f x t x y t y
x

x

∂ + ∆ + ∆
= ∆ +

∂
0 0 0 0( ,f x t x y t y

y dt
y

∂ + ∆ + ∆
∆

∂
.

 ( . (10.33) m =  1) 

0 0 0 0( ) ( , )dg t x y f x t x y t y dt
x y

∂ ∂= ∆ + ∆ + ∆ + ∆
∂ ∂

.

t 0x t x+ ∆ 0y t y+ ∆
 ( (10.33)): 

0 0 0 0 0( ) ( , )

m
m md g t x y f x t x y t y dt

x y

∂ ∂= ∆ + ∆ + ∆ + ∆
∂ ∂

,  1 m n≤ ≤ ,

(10.37)
1

1 1
0 0 0 0( ) ( ( ) , ( ) )

n
n nd g x y f x t dt x y t dt y dt

x y

+
+ +∂ ∂ξ = ∆ + ∆ + +θ ∆ + +θ ∆ ⋅

∂ ∂
.

0 0t =  1dt t= ∆ = , 0 0( ) ( )g g t t g t∆ = + ∆ − =
= (1) (0)g g− = [ . (10.36)] = 0 0 0 0( , ) ( , )f x x y y f x y f+ ∆ + ∆ − = ∆ ,

 (10.37)  (  (10.33)): 
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0 0 0 0(0) ( , ) ( , )

m
m md g x y f x y d f x y

x y

∂ ∂= ∆ + ∆ =
∂ ∂

, 1 m n≤ ≤ ,

1
1

0 0( ) ( , )

n
nd g x y f x x y y

x y

+
+ ∂ ∂ξ = ∆ + ∆ + θ∆ + θ∆ =

∂ ∂
1

0 0( , )nd f x x y y+= + θ∆ + θ∆ ,              (10.38) 

 (10.35) ( 0 0t = )

f x y:
2

0 0 0 0 0 0( , ) ( , ) ( , )
...

1! 2! !

ndf x y d x y d f x y
f

n
∆ = + + + +

1
0 0( , )

( 1)!

nd f x x y y

n

+ + θ∆ + θ∆
+

+
, 0 1< θ < .      (10.39) 

nR , . . -

 (10.39), 0x x x∆ = − , 0y y y∆ = − . -

 (10.38) 

0 0 0 0 0 0
1

( , ) ( , ) ( ) ( ) ( , )
1!

f x y f x y x x y y f x y
x y

∂ ∂= + − + − +
∂ ∂

2

0 0 0 0
1

( ) ( ) ( , ) ...
2!

x x y y f x y
x y

∂ ∂+ − + − + +
∂ ∂

  (10.40) 

0 0 0 0
1

( ) ( ) ( , )
!

n

nx x y y f x y R
n x y

∂ ∂+ − + − +
∂ ∂

.

,

( )n
nR o= ρ , 2 2

0 0( ) ( )x x y yρ = − + − .    (10.41) 

 (  (10.40)  (10.39)) 

,

,

-
2 3, ,df d f d f ,... . 

. x0 = y0 = 0  (10.40) 
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.

 11. n = 3 :

) ( , ) cos cosf x y x y= , ) ( , ) x yf x y e += .

.

 (10.40) 0 0 0x y= =

1 (0,0) (0,0)
( , ) (0,0)

1!

f f
f x y f x y

x y

∂ ∂= + + +
∂ ∂

2 2 2
2 2

2 2

1 (0,0) (0,0) (0,0)
2

2!

f f f
x xy y

x yx y

∂ ∂ ∂+ + + +
∂ ∂∂ ∂

3 3 3 3
2 2 2 3

3 2 2 3

1 (0,0) (0,0) (0,0) (0,0)
3 3

3!

f f f f
x x y xy y

x x y x y y

∂ ∂ ∂ ∂+ + + +
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) ( , ) cos cosf x y x y= , (0,0) 1f = ,

sin cosxf x y′ = − ,   (0,0) 0xf ′ = ,

cos sinyf x y′ = − ,  (0,0) 0yf ′ = ,

cos cosxxf x y′′ = − , (0,0) 1xxf ′′ = − ,

sin sinxyf x y′′ = ,  (0,0) 0xyf ′′ = ,

cos cosyyf x y′′ = − , (0,0) 1yyf ′′ = − .

      (10.43, )

 (0;0) -

 ( ).

(10.43)  (10.42) 2 2 31
cos cos 1 ( ) ( )

2!
x y x y o= − + + ρ .

) ( , ) x yf x y e += . , m k

( 1, 0 )m k m> ≤ ≤

( )m x y
m

x y

k m k k m k

ef
e

x y x y

+
+

− −

∂∂ = =
∂ ∂ ∂ ∂
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 (10.43, )  (10.42) 

( ) ( ) ( )2 2 3 2 2 3 31 1
1 2 3 3

2 6

x ye x y x xy y x x y xy y o+ = + + + + + + + + + = ρ .

§10.8. 

10.8.1 

.   f(x, y) 

( )  (x0, y0),

(x0, y0) ,   (x, y) 

∆ f(x0, y0) = f(x, y) – f(x0, y0) < 0   (∆ f(x0, y0) > 0).  (10.44) 

 ( )

z = f (x, y)  « » (« ») ( .10.6, , ).

,

  (x0, y0),

, ,

z = f (x, y)   ,

. 10.6 

) )

z

x

y0

(x0,y0)

z

x

y

(x0,y0)
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, , -

.

.   (x0, y0) -

∆ f (x0, y0) ≤ 0           (∆ f (x0, y0) ≥ 0), 

 (x0, y0)  ( )

 ( ).

10.8.2. 

 10.8. ,

(x0, y0)  f (x, y)   , ,

:

( ) ( )0 0 0 0, 0;      , 0.x yf x y f x y′ ′= =           (10.45) 

:  (x0, y0) f( x, y)

, . .  (10.44). -

, f (x, y0) < f (x0, y0)

(f(x, y0) > f(x0, y0)) , 0, -

, f (x, y0) 0

.  (10.45). 

. #
. , f (x, y) -

, , -

,

, .

; , -

, -

.

.

 f(x, y)  (10.45) 

: z = f(x, y)    

(x0, y0, f (x0, y0)) ,

y.

 12. ) f (x,y) = x2 + y2  (10.45): 

2 0;   2 0x yf x f y′ ′= = = =
 (0; 0). ,
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f > 0.         #
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2
2 23
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x
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x y

=
+

 , 

( )
'

2
2 23

2

3

y
y

f

x y

=
+

.

, « » , -

 (0;0), 

. :

( ) ( ) ( ) 3 2
'

0 0

;0 0;0 0
0;0 lim lim ,

0 0
x

x x

f x f x
f

x x→ →

− −= = = ∞
− −

( ) ( ) ( ) 23
'

0 0

0; 0;0 0
0;0 lim lim .

0 0
y

y y

f y f y
f

y y→ →

− −
= = = ∞

− −
, ,

, f (0;0) = 0, 

f > 0.      #

10.8.3. 

f

0 0 0( , )M x y , 0M

. -

0( )xxf M A′′ = , 0( )xyf M B′′ = , 0( )yyf M C′′ = , 2B AC∆ = − .

.

 10.9. 0M  –  f . -

:

1)  A>0 0∆ < , 0M  –  f ;  

2) <0 0∆ < , 0M  –  f ;  

3) 0∆ > , 0M .

. -

Oxyz. 0M
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Oxy.  ( , )f x y σ , -

 ( , )z f x y= . π ,

0 0( )y y k x x= + −

0M

Oxy,

σ -

γ  ( . 10.7) 

-

π ,

0M P -

γ ,

0 0 0( , , )P x y z , 0 0 0( , )z f x y= .

 ( , )f x y 0 0( )y y k x x= + −

0 0( ) ( ; ( ))g x f x y k x x= + − .  ( )g x x

x

γ σ π . 0x x=

0y y=  ( 0 0( )y y k x x= + − ), 0 0 0( , )M x y

f, 0x -

g(x). -

-

.

0 0( , )x y f, -

 ( )g x′′ 0x -

k, . . γ  , σ -

π P  ( ).

 (10.16) t = x

( ) ( , ) ( , )x y
f dx f dy

g x f x y kf x y
x dx y dx

∂ ∂′ ′ ′= + = +
∂ ∂

,     (10.46, )

. 10.7

x

y

z

M0

P

π
0

M3
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( ) ( ) ( ) ( ) ( )x y x x y y
dx dy

g f g g f kf k f kf
x dx y dx

∂ ∂′′ ′ ′ ′ ′ ′ ′ ′ ′= + = + + + =
∂ ∂

2( ) 2 ( , ) ( , )xx xy yyf xy kf x y k f x y′′ ′′ ′′= + + .      (10.46, )

0x x= , 0y y=  (10.46, , )  (10.45) 0( ) 0g x′ = ,

( )" 2
0 2g x A kB Ck= + + . , 0( )g x′′

k , -
22A kB k C+ + , . .

2 0B AB− < . f 0M -

 (10.39), (10.40) n = 2: 

2 2
0 0

1
( ) ( ) ( )

2!
f df M d f M o∆ = + + ρ =

= 2
0 0 0

1
( ) ( ) ( )

2
x y xxf M x f M y f M x′ ′ ′′∆ + ∆ + ∆ +

2 2
0 02 ( ) ( ) ( )xy yyf M x y f M y o′′ ′′+ ∆ ∆ + ∆ + ρ

 (10.45) ( 0 – ) -

2 2 21
( 2 ) ( )

2
f A x B x y C y o∆ = ∆ + ∆ ∆ + ∆ + ρ =

=

2 2
2

2

1
( )

2

B B AC
A x y o

A A

−∆ + ∆ − + ρ .    (10.47) 

2 2x yρ = ∆ + ∆ , 2( )o ρ
 (10.47). 

A > 0  0∆ < ,  0f∆ > 0 0( , )x y f

, A<0 0∆ < , 0 0( , )x y

. 0∆ > 0( )g x′′ k ( . .

π γ P -

, ), 0M

g(x), f(x,y). . #
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 13.
3 3( , ) 3f x y x y xy= + −

.

. ,

( )
( )

' 2

' 2

, 3 3 0,

, 3 3 0.

x

y

f x y x y

f x y y x

= − =

= − =

1(0;0)M 2(1;1)M .

1M 2M -

. 2(3 3 ) 6xx xf x y x′′ ′= − = , 2(3 3 ) 3xy yf x y′′ ′= − = − ,

2(3 3 ) 6yy yf y x y′′ ′= − = . 1(0;0)M  (0;0) 0xxA f ′′= = ,

(0;0) 3xyB f ′′= = − , (0;0) 0yyC f ′′= = , 2 9 0B AC∆ = − = >  – -

. 2 (1;1)M =6, = –3, =6, 9 36 27 0∆ = − = − < ,

2M  – f, , ,

. . A > 0; 2( ) (1;1) 1f M f= = − .

10.8.4. 

 10.3 -

D
.

D ,

, -

f

.

 14. 1) -

z = xy + 50/x + 20/y D , y ≥ 1, 

≤ 6, y ≤ 2x; 2) z(x,

y) , -

; 3) D . 

.  2) f(x, y) -

 10.8  10.9. 

D(f)

R2 = {(x, y)}
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 = 0 y = 0, D(f) = ( ){ }2, , 0, 0x y R x y∈ ≠ ≠ .

( )'' 250/ 20/ 50/x x
z xy x y y x= + + = − ( )'' 250/ 20/ 20/y y

z xy x y x y= + + = − ;

:

2

3

50 ,

(125 ) 0;

x y

x x

−=

− =
,  = 5, y = 2, -

1(5; 2). 

1 .

( ) ( )' '
" ' 2 350 100 ,xx x

x x
z z y x x− −= = − =

( ) ( )' '
" ' 2 350 40 ,yy y

y y
z z x y y− −= = − =

( ) ( )' '
" ' 250 1.xy x

y y
z z y x−= = − =

1: = " 3
1

5
( ) 100 100 /125 4 / 5 0,xx

x
z M x−

=
= = = >

 = " 3
1

2
( ) 40 40 /8 5,yy

y
z M y−

=
= = =  = "

1( ) 1,xyz M =

( ) 2
1 3M B AC∆ = − = − .

,  10.9, 1(5; 2) – 

( )min 5, 2
50/ 20/ 5 2 50/5 20/ 2 30.

x y
z xy x y = == + + = ⋅ + + =

1)

f(x, y) D , Γ
= γ1 ∪ γ2 ∪...∪ γn : ) D; )

γk f fk -

γk , -

fk ; ) f

), ) γ1 ∪ γ2 ∪...∪ γn
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.

D , -

y = 1,  = 6, y = 2x ( -

. 10.8). ,

,

, (4; 4), -

y ≥ 1, ≤ 6, 

y ≤ 2x. y = 1, y = 2x

(0,5; 1),  = 6, 

y = 1 – (6;1),  = 6, 

y = 2x – (6;12). ) -

1(5; 2)∈ D. )

: y = 2x, x ∈ [0,5; 6] z(x, y)

z1(x) = z(x,2x) = x⋅2x + 50/x + 20/(2x) = 2x2 + 

+ 60/x. z1: ( )' 2
1 4 60/ 0z x x x= − =

( x ≠ 0) 4x3 – 60=0, x  = [ ]3 15 0,5;6∈ ,

32 2 15
x x

y x == = , , ( )3 3
2 15;2 15M .

: y = 1 , x ∈ [0,5; 6] z(x, y)

z2(x) = z(x,1) = x + 50/x + 20. z2(x):

( )' 2
2 1 50 / 0z x x= − = , x2 = 50, x1,2 = [ ]5 2 0,5;6± ∉  ( x1,2

 0,5 ≤ ≤ 6), – .

:  = 6, y∈ [1; 12] z(x, y)

z3 (y) = z(6, y) = 6y + 50/6 + 20/y.

z3(x): ' 26 20 / 0yz y= − = , y2 = 20/6 = 10/3, y  = [ ]10 /3 1;12 ,+ ∈

y2 = [ ]10 /3 1;12 ,− ∉ , ( )3 6; 10 / 3M .

) z = xy + 50/x + 20/y , ,

, 1, 2, 3: z( ) = z(0,5; 1) = 120,5; z( ) = z(6; 1) = 103/3; z( ) = 

=z(6;12)=246/3; z( 1) = z(5;2)=30; z( 2) = z ( )3 315;2 15  = 90/ 3 15 , 

z( 3) = z ( )6; 10 / 3 = 12 10 /3 25/3+ . , -

 sup z = 120,5,  inf z = 30. 

.10.8

0 2 4 6

1

12

x
A B

C

D

M2

M1
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