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1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ÍÃÒÓ

1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

1.1 Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Îïðåäåëåíèå 1. Óðàâíåíèå, ñâÿçûâàþùåå íåçàâèñèìóþ ïåðå-

ìåííóþ, èñêîìóþ ôóíêöèþ è å¼ ïðîèçâîäíûå, íàçûâàåòñÿ äèô-

ôåðåíöèàëüíîå óðàâíåíèå1:

F (x, y, y′, y′′, . . . , y(n)) = 0.

Çàìå÷àíèå. Åñëè èñêîìàÿ ôóíêöèÿ y = y(x), òî èìååì îáûêíî-

âåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, åñëè ðàññìàòðèâàåòñÿ ôóíê-

öèÿ íåñêîëüêèõ ïåðåìåííûõ w = f (x, y, z) è ðàññìàòðèâàåòñÿ

óðàâíåíèå ñâÿçûâàþùåå ïåðåìåííûå è ÷àñòíûå ïðîèçâîäíûå, òî

òàêîå óðàâíåíèå íàçûâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñò-

íûõ ïåðåìåííûõ.

Îïðåäåëåíèå 2. Íàèâûñøèé ïîðÿäîê ïðîèçâîäíîé � ïîðÿäîê

äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

y′ − 2xy2 + 5 � äèôôåðåíöèàëüíîå óðàâíåíèå 1 ïîðÿäêà;

y′′+ky′+by−sinx = 0� äèôôåðåíöèàëüíîå óðàâíåíèå 2 ïîðÿäêà.

Îïðåäåëåíèå 3. Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà-

çûâàåòñÿ âñÿêàÿ ôóíêöèÿ y = f (x), êîòîðàÿ, áóäó÷è ïîäñòàâ-

ëåííîé â óðàâíåíèå, ïðåâðàùàåò åãî â òîæäåñòâî.

Ïðîöåññ îòûñêàíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ �

èíòåãðèðîâàíèå, ãðàôèê ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ � èíòåãðàëüíàÿ êðèâàÿ.

1.2 Çàäà÷è, ïðèâîäÿùèå ê äèôôåðåíöèàëüíûì óðàâíåíèÿì

1. Ìàòåðèàëüíàÿ òî÷êà ìàññû m çàìåäëÿåò ñâî¼ äâèæåíèå ïîä

äåéñòâèåì ñèëû ñîïðîòèâëåíèÿ ñðåäû ïðîïîðöèîíàëüíî êâàä-

ðàòó ñêîðîñòè V . Íàéòè çàâèñèìîñòü ñêîðîñòè îò t. Íàéòè

V (t) ïðè t = 3ñ, åñëè V (0) = 100ì/ñ, V (1) = 50ì/ñ.
1Òåðìèí ¾äèôôåðåíöèàëüíîå óðàâíåíèå¿ áûë ïðåäëîæåí â 1676 ãîäó Ëåéáíèöåì.
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ÍÃÒÓ 1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

Èç âòîðîãî çàêîíà Íüþòîíà m ·a = F , a′ = V ′(t), m ·V ′ = F ,

íî F = −k · V 2, k > 0 � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè.

Â ðåçóëüòàòå ïîëó÷èì: m · V ′ = −k · V 2 èëè

V ′ = − k

m
V 2,

V (0) = 100, V (1) = 50.

2. Íàéòè êðèâóþ, ïðîõîäÿùóþ ÷åðåç òî÷êó (4; 1), çíàÿ, ÷òî îò-

ðåçîê ëþáîé êàñàòåëüíîé ê íåé, çàêëþ÷¼ííûé ìåæäó îñÿìè

êîîðäèíàò äåëÿòñÿ â òî÷êå êàñàíèÿ ïîïîëàì.

AM =MB, y′ = tg β, tg α = −y′;MC

CB
=
MC

OC
=
y

x
= −y′.

Â ðåçóëüòàòå: y′ = −y
x
, y(4) = 1.

1.3 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

F (x, y, y′) = 0.

y′ = f (x, y) � äèôôåðåíöèàëüíîå óðàâíåíèå ðàçðåø¼ííîå îòíî-

ñèòåëüíî y′.
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1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ÍÃÒÓ

Äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà óñòàíàâëèâà-

åò ñâÿçü ìåæäó êîîðäèíàòàìè òî÷êè (x, y) è óãëîâûì êîýôôèöè-

åíòîì y′ êàñàòåëüíîé ê èíòåãðàëüíîé êðèâîé, ïðîõîäÿùåé ÷åðåç

ýòó òî÷êó. Ñëåäîâàòåëüíî äèôôåðåíöèàëüíîå óðàâíåíèå

y′ = f (x, y) äà¼ò ñîâîêóïíîñòü íàïðàâëåíèé, ïîëå íàïðàâëåíèé

íà ïëîñêîñòè Oxy.

Îïðåäåëåíèå 4. Êðèâàÿ, âî âñåõ òî÷êàõ êîòîðîé íàïðàâëåíèå

ïîëÿ îäèíàêîâî, íàçûâàåòñÿ èçîêëèíîé.

Óðàâíåíèå èçîêëèí: y′ = c, ò. å. f (x, y) = c.

Ïðèìåð. Íà÷åðòèòü èçîêëèíû, çàäàâàåìûå äèôôåðåíöèàëü-

íûì óðàâíåíèåì: y′ = 2x.

Òåîðåìà 1 (Êîøè). Åñëè â óðàâíåíèè y′ = f (x, y) ôóíêöèÿ

f (x, y) è å¼ ÷àñòíàÿ ïðîèçâîäíàÿ
∂f

∂y
ïî y íåïðåðûâíû â íåêîòî-

ðîé îáëàñòè D íà ïëîñêîñòè Oxy, ñîäåðæàùåé òî÷êó (x0, y0),

òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ýòîãî óðàâíåíèÿ

y = φ(x), óäîâëåòâîðÿþùåå óñëîâèþ ïðè: y|x=x0 = y0.

Ò. å. ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ y = φ(x) ãðàôèê êî-

òîðîé ïðîõîäèò ÷åðåç òî÷êó (x0, y0).

Óñëîâèå: y(x = x0) = y|x=x0 = y0 � íà÷àëüíûå óñëîâèÿ èëè

äàííûå Êîøè.

Çàäà÷à äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ:{
F (x, y, y′) = 0

y|x=x0 = y0
èëè

{
y′ = f (x, y)

y|x=x0 = y0

íàçûâàåòñÿ çàäà÷à Êîøè.

Îïðåäåëåíèå 5.Îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ ïåðâîãî ïîðÿäêà íàçûâàåòñÿ ôóíêöèÿ

y = φ(x,C),

êîòîðàÿ çàâèñèò îò îäíîãî ïðîèçâîëüíîãî ïàðàìåòðà C è óäî-

âëåòâîðÿþùåé ñëåäóþùèì óñëîâèÿì:
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ÍÃÒÓ 1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

à) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ ïðè ∀ C;

á) êàêîâî áû íè áûëî íà÷àëüíîå óñëîâèå y|x=x0 = y0 ∃ òàêîå

C = C0, ÷òî y = φ(x,C0) óäîâëåòâîðÿåò äàííîìó íà÷àëü-

íîìó óñëîâèþ.

Åñëè ðåøåíèå ïîëó÷åíî â íåÿâíîì âèäå: Φ(x, y, C) = 0 � îá-

ùèé èíòåãðàë.

Îïðåäåëåíèå 6. ×àñòíûì ðåøåíèåì äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ïåðâîãî ïîðÿäêà íàçûâàåòñÿ ∀ ôóíêöèÿ,

y = φ(x,C0),

ïîëó÷àþùàÿñÿ èç îáùåãî ðåøåíèÿ, åñëè C = C0.

Φ(x, y, C0) =) � ÷àñòíûé èíòåãðàë.

Îáùèé èíòåãðàë � ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ.

×àñòíûé èíòåãðàë � îäíà èç ýòîãî ñåìåéñòâà.

Äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, ðàçðåø¼ííîå

îòíîñèòåëüíî ïðîèçâîäíîé ìîæåò áûòü çàïèñàíî â ôîðìå:

P (x, y)dx +Q(x, y)dy = 0.

1.3.1 Óðàâíåíèÿ ñ ðàçäåëÿþùèìåñÿ ïåðåìåííûìè

Äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà êîòîðîå ìîæ-

íî ïðåäñòàâèòü â âèäå:

P1(x)Q1(y)dx + P2(x)Q2(y)dy = 0, Q1(y)P2(x) ̸= 0,

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè.
P1(x)

P2(x)
dx +

Q2(y)

Q1(y)
dy = 0,

ˆ
P1(x)

P2(x)
dx +

ˆ
Q2(y)

Q1(y)
dy = C, � îáùèé èíòåãðàë.
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1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ÍÃÒÓ

Ïðèìåðû.

1. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

(y + xy)dx + (x− xy)dy = 0.

2. Íàéòè ðåøåíèå çàäà÷è Êîøè: y′ = −y
x
, y(4) = 1.

3. Íàéòè çàâèñèìîñòü ñêîðîñòè îò âðåìåíè, óäîâëåòâîðÿþùóþ

äèôôåðåíöèàëüíîìó óðàâíåíèþ è íà÷àëüíûì óñëîâèÿì:

V ′ = − k

m
V 2,

V (0) = 100, V (1) = 50.

1.3.2 Îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Îïðåäåëåíèå 7. Ôóíêöèÿ f (x, y) íàçûâàåòñÿ îäíîðîäíîé ôóíê-

öèåé n-ãî èçìåðåíèÿ (ïîðÿäêà) îòíîñèòåëüíî ïåðåìåííûõ x è

y, åñëè ïðè ∀ λ ñïðàâåäëèâî:

f (λx, λy) = λf (x, y).

Ïðèìåðû.

1. f (x, y) = 3
√
x3 + y3,

f (λx, λy) = 3
√
λ3x3 + λ3y3 = λ 3

√
x3 + y3, � îäíîðîäíàÿ ôóíê-

öèÿ ïåðâîãî èçìåðåíèÿ.

2. f (x, y) = x3 + y3, � îäíîðîäíàÿ ôóíêöèÿ èçìåðåíèÿ 3.

3. f (x, y) = x3 + y3 + 1, � íåîäíîðîäíàÿ ôóíêöèÿ.

Îïðåäåëåíèå 8. Äèôôåðåíöèàëüíîå óðàâíåíèå y′ = f (x, y) íà-

çûâàåòñÿ îäíîðîäíûì, åñëè f (x, y) îäíîðîäíàÿ ôóíêöèÿ íó-

ëåâîãî ïîðÿäêà (èçìåðåíèÿ) èëè çàâèñèò îò
y

x
.

9



ÍÃÒÓ 1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

Îïðåäåëåíèå 9. Äèôôåðåíöèàëüíîå óðàâíåíèå

P (x, y)dx +Q(x, y)dy = 0

áóäåò îäíîðîäíûì, åñëè P (x, y) è Q(x, y) � îäíîðîäíûå ôóíê-

öèè îäèíàêîâîãî ïîðÿäêà.

Îäíîðîäíîå óðàâíåíèå ïðåîáðàçóåòñÿ â óðàâíåíèå ñ ðàçäåëÿ-

þùèìåñÿ ïåðåìåííûìè ïðè ïîìîùè çàìåíû ïåðåìåííûõ:

y

x
= t èëè y = t · x.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ: (x2 − y2)dx + 2xydy = 0.

1.3.3 Óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê îäíîðîäíûì

Ê îäíîðîäíûì óðàâíåíèÿì ïðèâîäÿòñÿ óðàâíåíèÿ âèäà:

dy

dx
= f

(
ax + by + c

a1x + b1y + c1

)
.

Åñëè c = c1 = 0 ⇒ óðàâíåíèå îäíîðîäíîå.

Çàìåíà x = x1 + h, y = y1 + k,
dy

dx
=
dy1
dx1

.

dy1
dx1

= f

(
ax1 + by1 + ah + bk + c

a1x1 + b1y1 + a1h + b1k + c1

)
.

Ïîäáåð¼ì h è k òàê, ÷òîáû{
ah + bk + c = 0,

a1h + b1k + c1 = 0.

Â ýòîì ñëó÷àå äèôôåðåíöèàëüíîå óðàâíåíèå ñòàíîâèòñÿ îäíî-

ðîäíûì.

Åñëè

∣∣∣∣ a b

a1 b1

∣∣∣∣ ̸= 0, ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå.

10



1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ÍÃÒÓ

Åñëè

∣∣∣∣ a b

a1 b1

∣∣∣∣ = 0, ñèñòåìà íå èìååò ðåøåíèÿ.

ab1 = a1b ⇒ a1
a

=
b1
b
= λ ⇒ a1 = λa, b1 = λb.

Çàìåíà z = ax + by � óðàâíåíèå ïðèâîäèòñÿ ê óðàâíåíèþ ñ

ðàçäåëÿþùèìåñÿ ïåðåìåííûìè.

Ïðèìåðû. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâ-

íåíèé:

1) y′ =
x + y − 3

x− y − 1
;

2) y′ =
2x + y − 1

4x + 2y + 5
.

1.3.4 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Îïðåäåëåíèå 10 Ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèåì

ïåðâîãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå ëèíåéíîå îòíîñèòåëüíî

íåèçâåñòíîé ôóíêöèè è å¼ ïðîèçâîäíîé:

y′ + p(x)y = g(x),

ãäå p(x), g(x) � çàäàííûå íåïðåðûâíûå ôóíêöèè.

Ìåòîä Áåðíóëëè

Ðåøåíèå èùåòñÿ â âèäå y = u(x)v(x), ïðè÷¼ì îäíà èç íèõ

ïðîèçâîëüíà, íî íå ðàâíà íóëþ.

y′ = u′v + v′u,

u′v + v′u + p(x)uv = g(x),

u′v + u(v′ + p(x)v) = g(x).

Ïîäáåð¼ì ôóíêöèþ v(x) òàê, ÷òîáû v′ + p(x)v = 0.

dv

v
= −p(x)dx, ⇒ ln |v| = −

ˆ
p(x)dx + ln |C|.
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Â ñèëó ñâîáîäû âûáîðà v ïîëîæèì C = 1, òîãäà

v = e−
´
p(x)dx.

Ïîäñòàâèì â èñõîäíîå óðàâíåíèå

u′e−
´
p(x)dx = g(x),

u′ = g(x)e
´
p(x)dx,

u =

ˆ
g(x)e

´
p(x)dxdx + C.

Â ðåçóëüòàòå:

y = u · v =

(ˆ
g(x)e

´
p(x)dxdx + C

)
· e−

´
p(x)dx.

Ìåòîä âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé

(ìåòîä Ëàãðàíæà)

Ðàññìîòðèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′ + p(x)y = 0,

dy

y
= −p(x)dx, ⇒ ln |y| = −

ˆ
p(x)dx + ln |C1|,∣∣∣∣ yC1

∣∣∣∣ = e−
´
p(x)dx,

y = ±C1e
−
´
p(x)dx èëè y = Ce−

´
p(x)dx, C = ±C1.

Ðåøåíèå óðàâíåíèÿ èùåì â âèäå:

y = C(x) · e−
´
p(x)dx.

Äèôôåðåíöèðóåì:

y′ = C ′(x) · e−
´
p(x)dx + C(x) · e−

´
p(x)dx(−p(x)).

Ïîäñòàâèì â èñõîäíîå óðàâíåíèå

C ′(x)e−
´
p(x)dx = g(x),

12



1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ ÍÃÒÓ

C(x) =

ˆ
g(x)e

´
p(x)dxdx + C.

Â ðåçóëüòàòå:

y =

(ˆ
g(x)e

´
p(x)dxdx + C

)
· e−

´
p(x)dx.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ: y′ + 2xy = 2x2.

1.3.5 Óðàâíåíèå Áåðíóëëè

Îïðåäåëåíèå 11. Äèôôåðåíöèàëüíîå óðàâíåíèå

y′ + p(x) · y = g(x) · yn, n ̸= 0, n ̸= 1,

íàçûâàåòñÿ óðàâíåíèåì Áåðíóëëè.

yn ̸= 0 ⇒ y−ny′ + p(x) · y−n+1 = g(x),

Çàìåíà: z = y−n+1, z′ = (1− n)y−n · y′, y−n · y′ = z′

1− n
.

Â òåðìèíàõ ïåðåìåííîé z óðàâíåíèå ïðèìåò âèä:

1

1− n
z′ + p(x) · z = g(x) � ëèíåéíîå óðàâíåíèå.

Ñëåäîâàòåëüíî, óðàâíåíèå Áåðíóëëè ñ ïîìîùüþ çàìåíû

z = y−n+1 ìîæåò áûòü ñâåäåíî ê ëèíåéíîìó äèôôåðåíöèàëü-

íîìó óðàâíåíèþ.

Çàìå÷àíèå. Óäîáíåå ðåøåíèå èñêàòü ìåòîäîì Áåðíóëëè.

Ïðèìåðû. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâ-

íåíèé:

1) y′ − 2

x + 1
· y = (x + 1)3;

2) y′ + x · y = x3 · y3.
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1.3.6 Óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

Îïðåäåëåíèå 12. Äèôôåðåíöèàëüíîå óðàâíåíèå

P (x, y)dx +Q(x, y)dy = 0

íàçûâàåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ, åñëè

P (x, y)dx +Q(x, y)dy = du(x, y).

Â ýòîì ñëó÷àå u(x, y) = C � îáùèé èíòåãðàë.

Èíòåãðèðîâàíèå ýòîãî óðàâíåíèÿ ôàêòè÷åñêè ñâîäèòñÿ ê íà-

õîæäåíèþ ôóíêöèè ïî å¼ ïîëíîìó äèôôåðåíöèàëó.

Òåîðåìà 2. Äëÿ òîãî ÷òîáû âûðàæåíèå

∆ = P (x, y)dx +Q(x, y)dy,

ãäå ôóíêöèè P (x, y) è Q(x, y è èõ ÷àñòíûå ïðîèçâîäíûå
∂P

∂y
è

∂Q

∂x
íåïðåðûâíû â íåêîòîðîé îáëàñòè D ïëîñêîñòè Oxy, áûëî

ïîëíûì äèôôåðåíöèàëîì, íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå

óñëîâèÿ
∂P

∂y
=
∂Q

∂x
.

Íåîáõîäèìîñòü. Ïðåäïîëîæèì, ÷òî ∆ = P (x, y)dx+Q(x, y)dy

ïîëíûé äèôôåðåíöèàë íåêîòîðîé ôóíêöèè:

P (x, y)dx +Q(x, y)dy = du =
∂u

∂x
dx +

∂u

∂y
dy,

òîãäà P (x, y) =
∂u

∂x
è Q(x, y) =

∂u

∂y
.

Äèôôåðåíöèðóÿ ýòè ñîîòíîøåíèÿ ïî y è x ñîîòâåòñòâåííî,

èìååì:
∂P

∂y
=

∂2u

∂x∂y
,
∂Q

∂y
=

∂2u

∂y∂x
.
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Èç íåïðåðûâíîñòè âòîðûõ ïðîèçâîäíûõ èìååì:

∂P

∂y
=
∂Q

∂x
.

Äîñòàòî÷íîñòü. Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ
∂P

∂y
=
∂Q

∂x
âûðàæåíèå ∆ = P (x, y)dx+Q(x, y)dy � ïîëíûé äèô-

ôåðåíöèàë íåêîòîðîé ôóíêöèè.

Èç ñîîòíîøåíèÿ P (x, y) =
∂u

∂x
íàõîäèì:

u(x, y) =

xˆ

x0

P (x, y)dx + φ(y), (∗)

ãäå x0 � àáñöèññà ëþáîé òî÷êè èç îáëàñòè ñóùåñòâîâàíèÿ ðåøå-

íèÿ.

Ïîäáåð¼ì ôóíêöèþ φ(y) òàê, ÷òîáû âûïîëíÿëîñü ñîîòíîøå-

íèå:
∂u

∂y
= Q(x, y).

Çàìå÷àíèå. Ôîðìóëà Ëåéáíèöà äèôôåðåíöèðîâàíèÿ èíòåãðà-

ëà ïî ïàðàìåòðó:

∂

∂α

 b(α)ˆ

a(α)

f (x, α)dx

 =

b(α)ˆ

a(α)

f ′(x, α)dx+f (b(α), α)
db

dα
−f (a(α), α)da

dα
.

Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (∗) ïî ïåðåìåííîé y è ïðèðàâ-
íÿåì ê ôóíêöèè Q(x, y).

∂u

∂y
=

xˆ

x0

∂

∂y
P (x, y)dx + φ′(y) = Q(x, y).

Ïî óñëîâèþ òåîðåìû
∂P

∂y
=
∂Q

∂x
. Â ðåçóëüòàòå èìååì:

xˆ

x0

∂

∂x
Q(x, y)dx + φ′(y) = Q(x, y)−Q(x0, y) + φ′(y) = Q(x, y).
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Ñëåäîâàòåëüíî: Q(x0, y) = φ′(y) è φ(y) =
ý

y0

Q(x0, y)dy.

Â ðåçóëüòàòå ôóíêöèÿ u(x, y) áóäåò èìåòü âèä:

u(x, y) =

xˆ

x0

P (x, y)dx +

yˆ

y0

Q(x0, y)dy. (∗∗)

Ñëåäîâàòåëüíî, âûðàæåíèå ∆ = P (x, y)dx +Q(x, y)dy � ïîë-

íûé äèôôåðåíöèàë ôóíêöèè (∗∗), ÷. ò. ä.
Ïðèðàâíèâàÿ ôóíêöèþ (∗∗) ê ïîñòîÿííîìó C, ïîëó÷èì îáùèé

èíòåãðàë óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ:

u(x, y) =

xˆ

x0

P (x, y)dx +

yˆ

y0

Q(x0, y)dy = C.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ: y′ =
5− 2xy

3y2 + x2
.

1.3.7 Óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê óðàâíåíèÿì â ïîëíûõ äèôôåðåíöèàëàõ.
Èíòåãðèðóþùèé ìíîæèòåëü

Ðàññìîòðèì ñëó÷àé, êîãäà ëåâàÿ ÷àñòü óðàâíåíèÿ

P (x, y)dx +Q(x, y)dy = 0

íå ÿâëÿåòñÿ ïîëíûì äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè ò. å.
∂P

∂y
̸= ∂Q

∂x
. Ýòî óðàâíåíèå èíîãäà ìîæíî ïðèâåñòè ê óðàâíåíèþ

â ïîëíûõ äèôôåðåíöèàëàõ óìíîæèâ åãî íà íåêîòîðóþ ôóíêöèþ

t(x, y), íàçûâàåìóþ èíòåãðèðóþùèé ìíîæèòåëü.

Äîëæíî áûòü âûïîëíåíî:

∂

∂y
(t(x, y)P (x, y)) =

∂

∂x
(t(x, y)Q(x, y))
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èëè
∂t

∂y
· P − ∂t

∂x
·Q = t ·

(
∂Q

∂x
− ∂P

∂y

)
Íàõîæäåíèå èíòåãðèðóþùåãî ìíîæèòåëÿ ìîæåò áûòü óïðî-

ùåíî, åñëè ïðåäïîëîæèòü ñóùåñòâîâàíèå t êàê ôóíêöèè ëèáî x,

ëèáî y. Â ýòîì ñëó÷àå èìååì:

− ∂t

∂x
·Q = t ·

(
∂Q

∂x
− ∂P

∂y

)
èëè

∂t

∂y
· P = t ·

(
∂Q

∂x
− ∂P

∂y

)
.

Îòñþäà:

t(x) = exp

ˆ ∂P

∂y
− ∂Q

∂x

Q
dx.

Ïðè ýòîì

∂P

∂y
− ∂Q

∂x

Q
äîëæíà çàâèñåòü òîëüêî îò x.

Àíàëîãè÷íî:

t(y) = exp

ˆ ∂Q

∂x
− ∂P

∂y

P
dy.

Ïðè ýòîì

∂Q

∂x
− ∂P

∂y

P
äîëæíà çàâèñåòü òîëüêî îò y.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ: (x2 − y)dx + (x2y2 + x)dy = 0.

1.4 Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

Äèôôåðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà:

F (x, y, y′, y′′) = 0, y′′ = f (x, y, y′).

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ � âñÿêàÿ ôóíêöèÿ

y = φ(x), êîòîðàÿ ïðè ïîäñòàíîâêå â óðàâíåíèå îáðàùàåò åãî â

òîæäåñòâî.
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Îïðåäåëåíèå 13.Îáùèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ âòîðîãî ïîðÿäêà íàçûâàåòñÿ ôóíêöèÿ y = φ(x,C1, C2),

ãäå C1, C2 ∈ R, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

1) φ(x,C1, C2) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ äëÿ ∀ C1, C2 ∈ R;

2) êàêîâî áû íè áûëè íà÷àëüíûå óñëîâèÿ (ÍÓ)

y|x=x0 = y0, y
′|x=x0 = y1 (ÍÓ)

ñóùåñòâóþò åäèíñòâåííûå C1 = C0
1 è C2 = C0

2 òàêèå ÷òî

y = φ(x,C0
1 , C

0
2) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ è óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì.

Âñÿêîå ðåøåíèå y = φ(x,C0
1 , C

0
2), ïîëó÷àåìîå èç îáùåãî ðåøå-

íèÿ � ÷àñòíîå ðåøåíèå.

Φ(x, y, C1, C2) = 0 � îáùèé èíòåãðàë.

Φ(x, y, C0
1 , C

0
2) = 0 � ÷àñòíûé èíòåãðàë.

Äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà óñòàíàâëèâà-

åò ñâÿçü ìåæäó êîîðäèíàòàìè òî÷êè (x, y) èíòåãðàëüíîé êðè-

âîé, óãëîâûì êîýôôèöèåíòîì k = y′ êàñàòåëüíîé è êðèâèçíîé

K =
y′′

(1 + y′2)3/2
â òî÷êå (x, y) (R = 1/K � ðàäèóñ êðèâèçíû).

Çàäà÷à íàõîæäåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ,

óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì � çàäà÷à Êîøè:
F (x, y, y′, y′′) = 0,

y|x=x0 = y0,

y′|x=x0 = y1.


y′′ = f (x, y, y′),

y|x=x0 = y0,

y′|x=x0 = y1.

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè

Òåîðåìà 3. Åñëè â äèôôåðåíöèàëüíîì óðàâíåíèè âòîðîãî ïî-

ðÿäêà ôóíêöèÿ f (x, y, y′) è å¼ ÷àñòíûå ïðîèçâîäíûå f ′y(x, y, y
′) è

f ′y′(x, y, y
′) íåïðåðûâíû â íåêîòîðîé îáëàñòè D èçìåíåíèÿ ïåðå-

ìåííûõ x, y, y′, òî äëÿ âñÿêîé òî÷êè (x, y, y′) ∈ D ñóùåñòâóåò
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åäèíñòâåííîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y = φ(x),

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì.

Àíàëîãè÷íûå ïîíÿòèÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé n-

ãî ïîðÿäêà.

Çàäà÷à Êîøè 

F (x, y, y′, y′′, . . . , y(n)) = 0,

y|x=x0 = y0,

y′|x=x0 = y1,

. . .

y(n−1)
∣∣
x=x0

= yn−1.

y = φ(x,C1, C2, . . . , Cn) � îáùåå ðåøåíèå.

Φ(x, y, C1, C2, . . . , Cn) = 0 � îáùèé èíòåãðàë.

Φ(x, y, C0
1 , C

0
2 , . . . , Cn) = 0 � ÷àñòíûé èíòåãðàë.

Îäèí èç ìåòîäîâ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé n-ãî

ïîðÿäêà � ìåòîä ïîíèæåíèÿ ïîðÿäêà.

1.4.1 Óðàâíåíèÿ äîïóñêàþùèå ïîíèæåíèå ïîðÿäêà

1. Óðàâíåíèÿ âèäà: y(n) = f (x). Èíòåãðèðóÿ åãî ïîñëåäîâàòåëü-

íî n ðàç íàõîäèì îáùåå ðåøåíèå.

2. Óðàâíåíèå íå ñîäåðæàùåå èñêîìîé ôóíêöèè:

F (x, y′, y′′, . . . , y(n)) = 0.

Çàìåíà y′ = p(x) ïðèâîäèò ê ïîíèæåíèþ ïîðÿäêà íà åäèíèöó.

F (x, y(k), y(k+1), . . . , y(n)) = 0.

Çàìåíà y(k) = p(x) ïðèâîäèò ê ïîíèæåíèþ ïîðÿäêà íà k åäè-

íèö.

3. Óðàâíåíèå íå ñîäåðæàùåå íåçàâèñèìîé ïåðåìåííîé:

F (y, y′, y′′, . . . , y(n)) = 0.
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Çàìåíà y′ = p(y), y′′ =
d

dx
p(y) =

dp(y)

dy
· dy
dx

= p′ · p ïðèâîäèò
ê ïîíèæåíèþ ïîðÿäêà íà åäèíèöó.

Ïðèìåðû.

1) Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ 4-ãî

ïîðÿäêà:

y(4) = sin 2x;

2) íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

y′′ − y′

x
= 0;

3) íàéòè ðåøåíèå çàäà÷è Êîøè:
y′′ − (y′)2 + y′(y − 1) = 0,

y|x=0 = 2,

y′|x=0 = 2.

1.5 Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèÿ n-ãî ïîðÿäêà

bn(x)y
(n)+ bn−1(x)y

(n−1)+ . . .+ b1(x)y
′+ b0(x)y = g(x), bn(x) ̸= 0,

bi(x), i = 0, n � êîýôôèöèåíòû óðàâíåíèÿ, g(x) � ñâîáîäíûé

÷ëåí.

Åñëè g(x) ≡ 0 � ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâ-

íåíèå (ËÎÄÓ); g(x) ̸= 0 � ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöè-

àëüíîå óðàâíåíèå (ËÍÄÓ).

ai(x) =
bi(x)

bn(x)
, i = 0, n, . . . , f (x) =

g(x)

bn(x)
, (bn(x) ̸= 0),

y(n) + an−1(x)y
(n−1) + . . . + a0(x)y = f (x), ïðèâåä¼ííîå ËÄÓ .

Áóäåì ñ÷èòàòü, ÷òî êîýôôèöèåíòû è ñâîáîäíûé ÷ëåí ÿâëÿ-

þòñÿ íåïðåðûâíûìè ôóíêöèÿìè íà íåêîòîðîì èíòåðâàëå (a, b).

Ïðè ýòèõ óñëîâèÿõ ñïðàâåäëèâà òåîðåìà ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
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1.5.1 Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Óñòàíîâèì íåêîòîðûå îñíîâíûå ñâîéñòâà ËÎÄÓ äëÿ óðàâíå-

íèé âòîðîãî ïîðÿäêà:

y′′ + a1(x)y
′ + a0(x)y = 0.

Òåîðåìà 4. Åñëè y1 = y1(x) è y2 = y2(x) ÿâëÿþòñÿ ÷àñòíûìè

ðåøåíèÿìè óðàâíåíèÿ y′′ + a1(x)y
′ + a0(x)y = 0, òî ðåøåíèåì

ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ òàêæå ôóíêöèÿ

y = C1 · y1(x) + C2 · y2(x), ãäå C1, C2 ∈ R.

Îïðåäåëåíèå 14. Ôóíêöèè y1 = y1(x) è y2 = y2(x) íàçûâàþòñÿ

ëèíåéíî íåçàâèñèìûìè íà èíòåðâàëå (a, b), åñëè ðàâåíñòâî

α1y1(x) + α2y2(x) = 0,

ãäå α1, α2 ∈ R âûïîëíÿþòñÿ ⇔ α1 = α2 = 0.

Î÷åâèäíî, ÷òî ôóíêöèè y1 = y1(x) è y2 = y2(x) ëèíåéíî çàâè-

ñèìûìè ⇔ äëÿ ∀ x ∈ (a, b) âûïîëíåíî
y1(x)

y2(x)
= λ èëè y1 = λy2.

Ïðèìåð. Ôóíêöèè y1 = 3ex è y2 = ex � ëèíåéíî çàâèñèìû.

Ñðåäñòâîì èçó÷åíèÿ ëèíåéíîé çàâèñèìîñòè ñèñòåìû ôóíêöèé

ÿâëÿåòñÿ îïðåäåëèòåëü Âðîíñêîãî2 (âðîíñêèàí).

Äëÿ äâóõ äèôôåðåíöèðóåìûõ ôóíêöèé y1 = y1(x) è y2 = y2(x)

âðîíñêèàí èìååò âèä:

W (x) =

∣∣∣∣ y1 y2
y′1 y′2

∣∣∣∣

2Þçåô Ìàðèÿ Âðîíüñêèé (ïîëüñê. Jozef Maria Hoene-Wronski), íàñòîÿùàÿ ôàìèëèÿ � Õ¼íå èëè Ã¼íå
(ïîëüñê. Hoene) (24 àâãóñòà 1776, Âîëüøòûí, Ïîëüøà � 9 àâãóñòà 1853, Ïàðèæ, Ôðàíöèÿ), ïîëüñêèé
ìàòåìàòèê è ôèëîñîô-ìèñòèê.
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Òåîðåìà 5. Åñëè äèôôåðåíöèðóåìûå ôóíêöèè y1 = y1(x) è

y2 = y2(x) ëèíåéíî çàâèñèìûå íà (a, b), òî îïðåäåëèòåëü Âðîí-

ñêîãî íà ýòîì èíòåðâàëå òîæäåñòâåííî ðàâåí íóëþ.

Äîêàçàòåëüñòâî

Èç ëèíåéíîé çàâèñèìîñòè èìååì: α1y1(x) + α2y2(x) = 0,

ïóñòü α1 ̸= 0 ⇒ y1 = −α2

α1
y2 ⇒ W (x) =

∣∣∣∣∣∣
−α2

α1
y2 y2

−α2

α1
y′2 y′2

∣∣∣∣∣∣ = 0.

Òåîðåìà 6. Åñëè ôóíêöèè y1 = y1(x) è y2 = y2(x) ëèíåéíî íåçà-

âèñèìûå ðåøåíèÿ óðàâíåíèÿ y′′ + a1(x)y
′ + a0(x)y = 0 íà (a, b),

òî îïðåäåëèòåëü Âðîíñêîãî íà ýòîì èíòåðâàëå íèãäå íå îáðùà-

åòñÿ â íóëü.

Îïðåäåëåíèå 15. Ñîâîêóïíîñòü ëþáûõ äâóõ ëèíåéíî íåçàâè-

ñèìûõ íà èíòåðâàëå (a, b) ÷àñòíûõ ðåøåíèé y1 = y1(x),

y2 = y2(x) ËÎÄÓ âòîðîãî ïîðÿäêà îïðåäåëÿåò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé ýòîãî óðàâíåíèÿ. Ëþáîå ïðî-

èçâîëüíîå ðåøåíèå ìîæåò áûòü ïîëó÷åíî êàê êîìáèíàöèÿ:

y = α1y1(x) + α2y2(x).

Ñòðóêòóðà îáùåãî ðåøåíèÿ ËÎÄÓ âòîðîãî ïîðÿäêà

Òåîðåìà 7. Åñëè äâà ÷àñòíûõ ðåøåíèÿ y1 = y1(x) è y2 = y2(x)

ËÎÄÓ îáðàçóþò íà èíòåðâàëå (a, b) ôóíäàìåíòàëüíóþ ñèñòå-

ìó, òî îáùèì ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ

y = C1 · y1(x) + C2 · y2(x),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Äîêàçàòåëüñòâî

Èç òåîðåìû 4 ⇒ y = C1 · y1(x) + C2 · y2(x) � ðåøåíèå ËÎÄÓ.
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Ýòî ðåøåíèå áóäåò îáùèì ðåøåíèåì (ïî îïðåäåëåíèþ), åñëè

èç íåãî ìîæíî âûäåëèòü åäèíñòâåííîå ÷àñòíîå ðåøåíèå, óäîâëå-

òâîðÿþùåå íà÷àëüíûì óñëîâèÿì:{
y|x=x0 = Y0,

y′|x=x0 = Y1.{
C1 · y1(x0) + C2 · y2(x0) = Y0,

C1 · y′1(x0) + C2 · y′2(x0) = Y1.

∆ =

∣∣∣∣ y1(x0) y2(x0)

y′1(x0) y′2(x0)

∣∣∣∣
∆ = W (x) � âðîíñêèàí, ñîãëàñíî òåîðåìû 6 W (x) ̸= 0 ⇒ ïî

òåîðåìå Êðàìåðà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå C1 è C2.

Ïîëó÷åííûå ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà ËÎÄÓ

n-ãî ïîðÿäêà

y(n) + an−1(x)y
(n−1) + . . . + a0(x)y = 0.

1. y1 = y1(x), y2 = y2(x), . . . , yn = yn(x) � ÷àñòíûå ðåøåíèÿ, òî

y = C1 · y1(x) + C2 · y2(x) + . . . + Cn · yn(x)

ðåøåíèå ËÎÄÓ.

2. Ôóíêöèè y1 = y1(x), y2 = y2(x), . . . , yn = yn(x) áóäóò ëèíåé-

íî íåçàâèñèìûå íà èíòåðâàëå (a, b), åñëè

α1 · y1(x)+α2 · y2(x)+ . . .+αn · yn(x) = 0 ⇔ αi = 0, i = 1, n.

3. Îïðåäåëèòåëü Âðîíñêîãî

W (x) =

∣∣∣∣∣∣∣∣∣
y1 y2 . . . yn
y′1 y′2 . . . y′n
... ... . . . ...

y
(n−1)
1 y

(n−1)
2 . . . y

(n−1)
n

∣∣∣∣∣∣∣∣∣
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4. ×àñòíûå ðåøåíèÿ y1 = y1(x), y2 = y2(x), . . . , yn = yn(x)

îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé íà (a, b), åñëè

W (x) ̸= 0.

5. Îáùåå ðåøåíèå ËÎÄÓ n-ãî ïîðÿäêà

y = C1 · y1(x) + C2 · y2(x) + . . . + Cn · yn(x),

yi(x), i = 1, n � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé.

Ïðèìåð. Ôóíêöèè y1 = ex, y2 = xex, y3 = x2ex � îáðàçóþò

ôóíäàìåíòàëüíóþ ñèñòåìó.

1.5.2 Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè

Ðàññìîòðèì ËÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè

y′′ + p · y′ + q · y = 0, p, q � const.

Áóäåì èñêàòü ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ â âèäå: y = ekx

(ìåòîä Ýéëåðà).

Ïîäñòàâèì â óðàâíåíèå

y = ekx, y′ = k · ekx, y′′ = k2 · ekx,

ekx(k2 + p · k + q) = 0.

k2 + p · k + q = 0 � õàðàêòåðèñòè÷åñêîå óðàâíåíèå.

1. D = p2− 4q > 0, k1 ̸= k2 ∈ R, y1 = ek1x, y2 = ek2x � ÷àñòíûå

ðåøåíèÿ.

W (x) =

∣∣∣∣ ek1x ek2x

k1e
k1x k2e

k2x

∣∣∣∣ ̸= 0 ⇒

y1 = ek1x, y2 = ek2x � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé.

y = C1e
k1x + C2e

k2x � îáùåå ðåøåíèå.
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2. D = p2−4q = 0, k1 = k2 ∈ R, y1 = ek1x � ðåøåíèå óðàâíåíèÿ.

Ó÷èòûâàÿ, ÷òî k1 = k2 = −p
2
ìîæíî ïîêàçàòü, ÷òî y2 = xek1x

òàêæå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

W (x) =

∣∣∣∣ ek1x xek1x

k1e
k1x ek1x + k1xe

k1x

∣∣∣∣ ̸= 0 ⇒

y1 = ek1x, y2 = xek1x � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé.

y = C1e
k1x + C2xe

k1x � îáùåå ðåøåíèå.

3. D = p2 − 4q < 0, k1 = α + iβ, k2 = α − iβ, α, β ∈ R,

k1, k2 � êîìïëåêñíî ñîïðÿæ¼ííûå êîðíè.

y1 = e(α+iβ)x, y2 = e(α−iβ)x � êîìïëåêñíûå ÷àñòíûå ðåøåíèÿ

èëè {
y1 = eαx cos βx + ieαx sin βx,

y2 = eαx cos βx− ieαx sin βx.

Íàéä¼ì äåéñòâèòåëüíûå ÷àñòíûå ðåøåíèÿ.
y1 + y2

2
= eαx cos βx = ỹ1,

y1 − y2
2i

= eαx sin βx = ỹ2,

W (x) ̸= 0.

ỹ1 = eαx cos βx, ỹ2 = eαx sin βx � ôóíäàìåíòàëüíàÿ ñèñòåìà

ðåøåíèé.

y = eαx(C1 cos βx + C2 sin βx) � îáùåå ðåøåíèå.

Ïðèìåðû

1. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

y′′ − 5y′ + 6y = 0.

2. Íàéòè ðåøåíèå çàäà÷è Êîøè:
y′′ − 6y′ + 9y = 0,

y(0) = 1,

y′(0) = 4.
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3. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

y′′ − 2y′ + 10y = 0.

Àíàëîãè÷íî äëÿ ËÎÄÓ n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè.

ËÎÄÓ n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

y(n)+pn−1y
(n−1)+pn−2y

(n−2)+. . .+p1y
′+p0y = 0, pi, i = 0, n � const.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

kn + pn−1k
n−1 + pn−2k

n−2 + . . . + p1k + p0 = 0.

1. ki ∈ R, ki ̸= kj, i ̸= j,

y = c1e
k1x + c2e

k2x + . . . + cne
knx � îáùåå ðåøåíèå.

2. ki ∈ R, åñòü êîðíè èìåþùèå êðàòíîñòü m > 1. Òîãäà êàæäî-

ìó ïðîñòîìó êîðíþ k ñîîòâåòñòâóþò ÷àñòíûå ðåøåíèÿ âèä:

ekx, à êàæäîìó êðàòíîìó êîðíþ êðàòíîñòè m > 1 ñîîòâåò-

ñòâóþò m ÷àñòíûõ ðåøåíèé ekx, xekx, . . . , xm−1ekx.

3. Ñðåäè êîðíåé åñòü êîìïëåêñíî-ñîïðÿæ¼ííûå. Òîãäà êàæäîé

ïàðå êîìïëåêñíî-ñîïðÿæ¼ííûõ ÷èñåë α ± iβ ñîîòâåòñòâóþò

äâà ÷àñòíûõ ðåøåíèÿ: eαx cos βx, eαx sin βx. Êàæäîé ïàðå

êîìïëåêñíî-ñîïðÿæ¼ííûõ êîðíåé êðàòíîñòè m > 1 ñîîòâåò-

ñòâóåò 2m ðåøåíèé: eαx cos βx, xeαx cos βx, . . . , xm−1eαx cos βx,

eαx sin βx, xeαx sin βx, . . . , xm−1eαx sin βx.

Ïðèìåðû. Íàéòè îáùåå ðåøåíèå îäíîðîäíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé.

1) yIV − y′′′ − 3y′′ + 5y′ − 2y = 0;

2) yV + yIV + 2y′′′ + 2y′′ + y′ + y = 0.
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1.5.3 Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Ðàññìîòðèì, â êà÷åñòâå ïðèìåðà, ëèíåéíîå íåîäíîðîäíîå äèô-

ôåðåíöèàëüíîå óðàâíåíèå (ËÍÄÓ) âòîðîãî ïîðÿäêà:

y′′ + a1(x)y
′ + a2(x)y = f (x).

y′′ + a1(x)y
′ + a2(x)y = 0 � ñîîòâåòñòâóþùåå îäíîðîäíîå ÄÓ

(ïðèâåä¼ííîå).

Òåîðåìà 8 (ñòðóêòóðà îáùåãî ðåøåíèÿ ËÍÄÓ). Îáùèì

ðåøåíèåì ËÍÄÓ ÿâëÿåòñÿ ñóììà åãî ïðîèçâîëüíîãî ÷àñòíîãî

ðåøåíèÿ y∗ è îáùåãî ðåøåíèÿ ŷ = C1 · y1+C2 · y2 ñîîòâåòñòâó-
þùåãî îäíîðîäíîãî óðàâíåíèÿ, ò. å.

y = y∗ + ŷ = y∗ + C1 · y1 + C2 · y2.

Äîêàçàòåëüñòâî

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ìîæíî óáåäèòüñÿ, ÷òî y = y∗ +

ŷ = y∗ + C1 · y1 + C2 · y2 ÿâëÿåòñÿ ðåøåíèåì ËÍÄÓ.

Ïîêàæåì, ÷òî y = y∗+ ŷ = y∗+C1 ·y1+C2 ·y2 ÿâëÿåòñÿ îáùèì
ðåøåíèåì ËÍÄÓ, ò. å. èç íåãî ìîæíî âûäåëèòü åäèíñòâåííîå

ðåøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:{
y(x0) = y0,

y′(x0) = y′0.

Èìååì: {
y∗(x0) + C1 · y1(x0) + C2 · y2(x0) = y0,

y∗′(x0) + C1 · y′1(x0) + C2 · y′2(x0) = y′0,

èëè {
C1 · y1(x0) + C2 · y2(x0) = y0 − y∗(x0),

C1 · y′1(x0) + C2 · y′2(x0) = y′0 − y∗′(x0).

∆ = W (x) ̸= 0 ⇒ ïî òåîðåìå Êðàìåðà ñèñòåìà èìååò åäèíñòâåí-

íîå ðåøåíèå ⇒ ðåøåíèå ÿâëÿåòñÿ îáùèì ðåøåíèåì.
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1.5.4 Íàõîæäåíèå ÷àñòíîãî ðåøåíèÿ ËÍÄÓ

ÍËÄÓ: y′′ + a1(x)y
′ + a2(x)y = f (x).

Îáùåå ðåøåíèå: y = y∗+ ŷ = y∗+C1 · y1+C2 · y2. Ðàññìîòðèì
çàäà÷ó íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ ÍËÄÓ y∗.

Ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ (Ìåòîä Ëàãðàíæà)

×àñòíîå ðåøåíèå y∗ ìîæíî íàéòè, åñëè èçâåñòíî ŷ � ðåøåíèå

ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ.

Áóäåì èñêàòü y∗ â âèäå:

y∗ = C1(x) · y1 + C2(x) · y2,
C1(x), C2(x) � íåèçâåñòíûå ôóíêöèè. Ïîäáåð¼ì ýòè ôóíêöèè

òàê, y∗ áûëî ðåøåíèåì ËÍÄÓ.

Èìååì:

(y∗)′ = C ′
1(x) · y1 + C1(x) · y′1 + C ′

2(x) · y2 + C2(x) · y′2.
Ïóñòü òåïåðü ôóíêöèè C1(x) è C2(x) òàêèå, ÷òî

C ′
1(x) · y1 + C ′

2(x) · y2 = 0,

ò. å. âûðàæåíèå äëÿ (y∗)′ èìååò òàêîé æå âèä êàê è â ñëó÷àå, åñëè

C1 è C2 � êîíñòàíòû.

Òîãäà

(y∗)′ = C1(x) · y′1 + C2(x) · y′2.
(y∗)′′ = C ′

1(x) · y′1 + C1(x) · y′′1 + C ′
2(x) · y′2 + C2(x) · y′′2 .

Ïîäñòàâèì y∗, (y∗)′, (y∗)′′ â äèôôåðåíöèàëüíîå óðàâíåíèå

C ′
1(x) · y′1 + C1(x) · y′′1 + C ′

2(x) · y′2 + C2(x) · y′′2 +
+a1(x)(C1(x) · y′1 + C2(x) · y′2) +

+a2(x)(C1(x) · y1 + C2(x) · y2) = f (x)

èëè

C1(x)(y
′′
1 + a1(x) · y′1 + a2(x) · y1) +

+C2(x)(y
′′
2 + a1(x) · y′2 + a2(x) · y2) +

+C ′
1(x) · y′1 + C ′

2(x) · y′2 = f (x).
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Â ðåçóëüòàòå ïîëó÷èì:

C ′
1(x) · y′1 + C ′

2(x) · y′2 = f (x).

Òàêèì îáðàçîì ôóíêöèÿ y∗ = C1(x) · y1 + C2(x) · y2 � áóäåò

÷àñòíûì ðåøåíèåì ËÍÄÓ, åñëè{
C ′

1(x) · y1 + C ′
2(x) · y2 = 0

C ′
1(x) · y′1 + C ′

2(x) · y′2 = f (x)
� ñèñòåìà Ëàãðàíæà.

∆ = W (x) ̸= 0 ⇒ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå.

∆ =

∣∣∣∣ y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣ = W (x),

∆1 =

∣∣∣∣ 0 y2(x)

f (x) y′2(x)

∣∣∣∣ = −y2(x)f (x),

∆2 =

∣∣∣∣ y1(x) 0

y′1(x) f (x)

∣∣∣∣ = y1(x)f (x).

C ′
1(x) = −y2(x)f (x)

W (x)
, C1(x) = −

ˆ
y2(x)f (x)

W (x)
dx,

C ′
2(x) =

y1(x)f (x)

W (x)
, C2(x) =

ˆ
y1(x)f (x)

W (x)
dx.

Òåîðåìà 9 (î íàëîæåíèè ðåøåíèé). Åñëè ïðàâàÿ ÷àñòü

ËÍÄÓ

y′′ + a1(x)y
′ + a2(x)y = f (x)

èìååò âèä: f (x) = f1(x) + f2(x), à y
∗
1 è y

∗
2 � ÷àñòíûå ðåøåíèÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé

y′′ + a1(x)y
′ + a2(x)y = f1(x) è y

′′ + a1(x)y
′ + a2(x)y = f2(x),

òî ôóíêöèÿ y∗ = y∗1+y
∗
2 ÿâëÿåòñÿ ðåøåíèåì äàííîãî óðàâíåíèÿ.

Ñïðàâåäëèâîñòü òåîðåìû ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîä-

ñòàíîâêîé.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå ËÍÄÓ: y′′ + y =
1

cosx
.
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Èíòåãðèðîâàíèå ËÍÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ ñïå-

öèàëüíîãî âèäà (ìåòîä íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ)

Ïî âèäó ïðàâîé ÷àñòè çàïèñûâàåòñÿ îæèäàåìàÿ ôîðìà ÷àñòíî-

ãî ðåøåíèÿ ñ íåîïðåäåë¼ííûìè êîýôôèöèåíòàìè, çàòåì ðåøåíèå

ïîäñòàâëÿåòñÿ â óðàâíåíèå è íàõîäÿòñÿ êîýôôèöèåíòû.

Ïðàâàÿ ÷àñòü ËÍÄÓ èìååò ñïåöèàëüíûé âèä:

1. f (x) = Pn(x)e
αx.

Â ýòîì ñëó÷àå ÷àñòíîå ðåøåíèå èùåì â âèäå: y∗ = xrQn(x)e
αx,

ãäå r � ÷èñëî, ðàâíîå êðàòíîñòè êîðíÿ õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ k = α (r ≥ 0) (r = 0, åñëè íè îäèí èç êîðíåé

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íå ñîâïàäàåò ñ α);

Qn(x) = A0 +A1x+A2x
2 + . . .+Anx

n, Ai, i = 0, n � íåîïðå-

äåë¼ííûå êîýôôèöèåíòû.

2. f (x) = eαx(Pn(x) cos βx +Qm(x) sin βx).

×àñòíîå ðåøåíèå y∗ èùåòñÿ â âèäå:

y∗ = xreαx(M1(x) cos βx +N1(x) sin βx),

ãäå r � ÷èñëî ðàâíîå êðàòíîñòè êîðíÿ α + βi, êàê êîðíÿ

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ,M1(x) è N1(x) � ìíîãî÷ëåí

ñòåïåíè l = max(m,n).

Çàìå÷àíèå. Âèä ÷àñòíîãî ðåøåíèÿ ñîõðàíÿåòñÿ â ñëó÷àå

êîãäà Pn(x) ≡ 0 èëè Qm(x) ≡ 0, ò. å. èìååì ïîëíûé òðèãîíî-

ìåòðè÷åñêèé ïîëèíîì.

Åñëè ïðàâàÿ ÷àñòü � åñòü ñóììà ôóíêöèé ïåðâîãî èëè âòîðîãî

âèäà, òî ñëåäóåò èñïîëüçîâàòü òåîðåìó î íàëîæåíèè ðåøåíèé.

Ïðèìåðû. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâ-

íåíèé.

1) y′′ − 3y′ + 2y = 5 + ex;

2) y′′ − 2y′ + y = x− 4;
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3) y′′ − 4y′ + 13y = 40 cos 3x;

4) y′′ − 2y′ + y = 2;

5) y′′ + 4y = sin 2x + cos 7x;

6) y′′ + y = 5 cos 2x− x sin 2x;

7) y′′ − 3y′ = x2 − 1 + cosx.

1.6 Ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÄÓ) â îáùåì âèäå:

Fi(x, y1, y
′
1, . . . , y

(k1)
1 ; y2, y

′
2, . . . , y

(k2)
2 ; . . . ; ym, y

′
m, . . . , y

(km)
m ) = 0,

i = 1,m.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÄÓ) â êàíîíè÷å-

ñêîì âèäå:

y
(k)
i = fi(x, y1, y

′
1, . . . , y

(k1−1)
1 ; . . . ; ym, y

′
m, . . . , y

(km−1)
m ) = 0, i = 1,m.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÄÓ) â íîðìàëüíîé

ôîðìå:

dyi
dx

= fi(x, y1, y2, . . . , yn), i = 1, n, n = k1 + k2 + . . . + km.

Îïðåäåëåíèå 16. Ðåøåíèåì ÑÄÓ â èíòåðâàëå (a, b) íàçûâà-

åòñÿ ñîâîêóïíîñòü n ôóíêöèé îïðåäåë¼ííûõ è íåïðåðûâíî äèô-

ôåðåíöèðóåìûõ â (a, b) è îáðàùàþùèõ âñå óðàâíåíèÿ â òîæäå-

ñòâà.

Îïðåäåëåíèå 17. Êðèâàÿ â (n + 1)-ìåðíîì ïðîñòðàíñòâå

x, y1, y2, . . . , yn � èíòåãðàëüíàÿ êðèâàÿ.

Îïðåäåëåíèå 18. Çàäà÷à Êîøè äëÿ ÑÄÓ: íàéòè ðåøåíèå

y1, y2, . . . , yn, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

y1 = y1,0, y2 = y2,0, . . . , yn = yn,0 ïðè x = x0.
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Òåîðåìà 10. Äëÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ

çàäà÷è Êîøè äëÿ ÑÄÓ, çàäàííîé â íîðìàëüíîé ôîðìå, äîñòà-

òî÷íî, ÷òîáû f1, f2, . . . , fn è
∂fi
∂yj

, (i, j = 1, n) áûëè íåïðåðûâíû.

Îïðåäåëåíèå 19. Ñîâîêóïíîñòü n ôóíêöèé

y1 = φ1(x,C1, C2, . . . , Cn),

y2 = φ2(x,C1, C2, . . . , Cn),

. . .

yn = φn(x,C1, C2, . . . , Cn)

(∗ ∗ ∗)

îïðåäåë¼ííûõ â íåêîòîðîé îáëàñòè èçìåíåíèÿ ïåðåìåííûõ

x,C1, C2, . . . , Cn è èìåþùèõ ÷àñòíûå ïðîèçâîäíûå ïî x íàçûâà-

åòñÿ îáùèì ðåøåíèåì ÑÄÓ â îëáëàñòè D(x, y1, y2, . . . , yn),

â êàæäîé òî÷êå êîòîðîé ∃ åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè,
åñëè:

1) ñèñòåìà (∗ ∗ ∗) ðàçðåøèìà îòíîñèòåëüíî Ci â D;

Ci = ψi(x, y1, . . . , yn) i = 1, n;

2) (∗ ∗ ∗) � ÿâëÿåòñÿ ðåøåíèåì ÑÄÓ ïðè ∀ Ci = C̃i, i = 1, n.

Îïðåäåëåíèå 20. Ðåøåíèå ÑÄÓ, ïîëó÷åííîå èç îáùåãî ðåøå-

íèÿ, ïðè êîíêðåòíûõ çíà÷åíèÿõ Ci � ÷àñòíîå ðåøåíèå.

Îïðåäåëåíèå 21. Îñîáîå ðåøåíèå � ðåøåíèå ÑÄÓ â êàæ-

äîé òî÷êå êîòîðîãî íàðóøåíà åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è

Êîøè.

1.6.1 Ïðèâåäåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ n-ãî ïîðÿäêà ê ñèñòåìå äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è îáðàòíî

Ðàññìîòðèì ÄÓ n-ãî ïîðÿäêà:

y(n) = f (x, y, y′, y′′, . . . , y(n−1)).

Ââåä¼ì íîâûå íåèçâåñòíûå ôóíêöèè:

y1(x) = y(x), y2(x) = y′(x), y3(x) = y′′(x), . . . , yn(x) = y(n−1)(x).
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Â ðåçóëüòàòå èìååì

y′1 = y2,

y′2 = y3,

. . .

y′n−1 = yn,

y′n = f (x, y1, y2, . . . , yn).

Ïîëó÷èëè íîðìàëüíóþ ñèñòåìó ÄÓ, ñîîòâåòñòâóþùóþ óðàâíå-

íèþ n-ãî ïîðÿäêà.

Ïðèìåð. Ïðèâåcòè äèôôåðåíöèàëüíîå óðàâíåíèÿ 3-ãî ïîðÿä-

êà ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

y′′′ + 3y′′ − 4y′ − 12y = x2.

Ââåä¼ì ôóíêöèè:

y1 = y, y2 = y′ = y′1, y3 = y′′ = y′2.

Â ðåçóëüòàòå ïîëó÷èì íîðìàëüíóþ ñèñòåìó ÄÓ:
y′1 = y2,

y′2 = y3,

y′3 = −3y3 + 4y2 + 12y1 + x2.

Îáðàòíàÿ îïåðàöèÿ.

Åñëè ÑÄÓ ðàçðåøèìà îòíîñèòåëüíî y1, y2, . . . , yn, òî ñèñòåìà

ìîæåò áûòü ïðèâåäåíà ê îäíîðîäíîìó óðàâíåíèþ n-ãî ïîðÿäêà.

Ïðèìåð. 
dy

dx
=
y2

z
,

dz

dx
=
y

2
.

Èç ïåðâîãî óðàâíåíèÿ: z =
y2

y′
.

z′ =
2y(y′)2 − y2y′′

(y′)2
� ïîäñòàâèì âî âòîðîå óðàâíåíèå.
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y

2
=

2y(y′)2 − y2y′′

(y′)2
èëè 2yy′′ = 3(y′)2.

Ïîëó÷èëè ÄÓ 2-ãî ïîðÿäêà íå ñîäåðæàùåå íåçàâèñèìîé ïåðå-

ìåííîé.

Îáøèå ìåòîäû èíòåãðèðîâàíèÿ ÑÄÓ

1. ÑÄÓ âèäà: 
y′1 = f1(x),

y′2 = f2(x, y1),

. . .

y′n = fn(x, y1, y2, . . . , yn−1).

Ïîñëåäîâàòåëüíîå èíòåãðèðîâàíèå óðàâíåíèé.

2. Ñâåäåíèå ê ÄÓ n-ãî ïîðÿäêà.

1.6.2 Ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Åñëè â íîðìàëüíîé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé âñå

ïðàâûå ÷àñòè ëèíåéíû îòíîñèòåëüíî yk, k = 1, n � èìååì ñèñòå-

ìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑËÄÓ).
y′1 = p1,1(x)y1 + p1,2(x)y2 + . . . + p1,n(x)yn + f1(x),

y′2 = p2,1(x)y1 + p2,2(x)y2 + . . . + p2,n(x)yn + f2(x),

. . .

y′n = pn,1(x)y1 + pn,2(x)y2 + . . . + pn,n(x)yn + fn(x).

Ìàòðè÷íàÿ ôîðìà çàïèñè:

Y =


y1
y2
. . .

yn

 , F =


f1
f2
. . .

fn

 ,
dY

dx
=


y′1
y′2
. . .

y′n

 ,
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P =


p1,1 p1,2 . . . p1,n
p2,1 p2,2 . . . p2,n
· · · · · · · · · · · ·
pn,1 pn,2 . . . pn,n

 .

dY

dx
= P · Y + F.

Çàìå÷àíèå. Äëÿ ÑËÄÓ èìåþò ìåñòî òåîðåìû î ñòðóêòóðå

îáùåãî ðåøåíèÿ è òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-

øåíèÿ.

1.6.3 Cèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè

Â ñëó÷àå, åñëè fi ̸= 0, íåîäíîðîäíûå ñèñòåìû ëèíåéíûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

(ÍÑËÄÓ):
dY

dx
= A · Y + F, A = {ai,j} ∈ R.

Åñëè fi ≡ 0, îäíîðîäíûå ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè (ÎÑËÄÓ):

dY

dx
= A · Y, A = {ai,j} ∈ R.

Äëÿ ðåøåíèÿ ÎÑËÄÓ äîñòàòî÷íî íàéòè ñèñòåìó ôóíäàìåí-

òàëüíûõ ðåøåíèé. Áóäåì å¼ èñêàòü â âèäå:

y1 = α1e
λx, y2 = α2e

λx, . . . , y1 = αne
λx.

Ïîäñòàâèì â ÎÑËÄÓ:
(a1,1 − λ) · α1 + a1,2 · α2 + . . . + a1,n · αn = 0,

a2,1 · α1 + (a2,2 − λ) · α2 + . . . + a2,n · αn = 0,

. . .

an,1 · α1 + an,2 · α2 + . . . + (an,n − λ) · αn = 0.
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Äëÿ òîãî, ÷òîáû îäíîðîäíàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷å-

ñêèõ óðàâíåíèé èìåëà íåòðèâèàëüíîå ðåøåíèå íåîáõîäèìî è äî-

ñòàòî÷íî ÷òîáû îïðåäåëèòåëü ìàòðèöû ñèñòåìû áûë ðàâåí íóëþ:

|A− λ · E| = 0 � õàðàêòåðèñòè÷åñêîå óðàâíåíèå.

1. Ðàññìîòðèì ñëó÷àé, êîãäà êîðíè õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ ðàçëè÷íûå è äåéñòâèòåëüíûå.

Ïóñòü λ1, λ2, . . . , λn ∈ R � ñîáñòâåííûå ÷èñëà,
α1,1

α2,1

. . .

αn,1

 ,


α1,2

α2,2

. . .

αn,2

 , . . . ,


α1,n

α2,n

. . .

αn,n

 � ñîáñòâåííûå âåêòîðû.

Òîãäà ôóíêöèè

Y1 =


α1,1

α2,1

. . .

αn,1

 eλ1x, Y2 =


α1,2

α2,2

. . .

αn,2

 eλ2x, . . . , Yn =


α1,n

α2,n

. . .

αn,n

 eλnx

îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé.

Îáùåå ðåøåíèå:

Y = C1Y + C2Y2 + . . . + CnYn

èëè
y1(x) = C1α1,1e

λ1x + C2α1,2e
λ2x + . . . + Cnα1,ne

λnx,

y2(x) = C1α2,1e
λ1x + C2α2,2e

λ2x + . . . + Cnα2,ne
λnx,

. . .

yn(x) = C1αn,1e
λ1x + C2αn,2e

λ2x + . . . + Cnαn,ne
λnx.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå ÎÑËÄÓ:
x′(t) = y + z,

y′(t) = 3x + z,

z′(t) = 3x + y.
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:∣∣∣∣∣∣
−λ 1 1

3 −λ 1

3 1 −λ

∣∣∣∣∣∣ = 0 èëè λ3 − 7λ− 6 = 0.

Ñîáñòâåííûå ÷èñëà: λ1 = −1, λ2 = −2, λ3 = 3.

Ñîîòâåòñòâåííûå ñîáñòâåííûå âåêòîðû:

p⃗1 =

 0

1

−1

 , p⃗2 =

 −1

1

1

 , p⃗3 =

 2

3

3

 .

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé:

Y1 =

 0

1

−1

 e−t, Y2 =

 −1

1

1

 e−2t, Y3 =

 2

3

3

 e3t.

Îáùåå ðåøåíèå:
x(t) = −C2e

−2t + 2C3e
3t,

y(t) = C1e
−t + C2e

−2t + 3C3e
3t,

z(t) = −C1e
−t + C2e

−2t + 3C3e
3t.

2. Ñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ åñòü êîìïëåêñ-

íî-ñîïðÿæ¼ííûå λ = α ± iβ. Âèä ÷àñòíûõ ðåøåíèé â ýòîì

ñëó÷àå òàêîé æå êàê è â ïðåäûäóùåì ñëó÷àå. Ïðèìåíÿÿ ôîð-

ìóëó Ýéëåðà è âûäåëÿÿ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè

â íàéäåííûõ êîìïëåêñíûõ ÷àñòíûõ ðåøåíèÿõ, ïîëó÷èì äâà

äåéñòâèòåëüíûõ ÷àñòíûõ ðåøåíèÿ (ìîæíî ïîêàçàòü, ÷òî îíè

òîæå ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (êîìïëåêñíî-ñîïðÿæ¼í-

íûé êîðåíü λ = α− iβ íå äà¼ò íîâûõ ëèíåéíî íåçàâèñèìûõ

ðåøåíèé).

Ïðèìåð. Íàéòè ðåøåíèå çàäà÷è Êîøè ÎÑËÄÓ:
x′(t) = x + y,

y′(t) = −x + y − z,

z′(t) = 3y + z,

x(0) = 7,

y(0) = 2,

z(0) = 1.
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:∣∣∣∣∣∣
1− λ 1 0

−1 1− λ −1

0 3 1− λ

∣∣∣∣∣∣ = 0.

Ñîáñòâåííûå ÷èñëà: λ1 = 1, λ2,3 = 1± 2i.

Ñîáñòâåííûå âåêòîðû è ñîîòâåòñòâóþùåå ÷àñòíîå ðåøåíèå:

Äëÿ λ1 = 1, p⃗1 =

 1

0

−1

 , Y1 =

 1

0

−1

 et;

λ2 = 1 + 2i, p⃗2 =

 1

2i

3

 , Y =

 1

2i

3

 e(1+2i)t =

=

 1

2i

3

 et(cos 2t + i sin 2t) =

 et cos 2t + iet sin 2t

−2et sin 2t + 2iet cos 2t

3et cos 2t + 3iet sin 2t

 .

Äåéñòâèòåëüíûå ÷àñòíûå ðåøåíèÿ:

Y2 =

 et cos 2t

−2et sin 2t

3et cos 2t

 , Y3 =

 et sin 2t

2et cos 2t

3et sin 2t

 .

Îáùåå ðåøåíèå:
x(t) = C1e

t + C2e
t cos 2t + C3e

t sin 2t,

y(t) = −2C2e
t sin 2t + 2C3e

t cos 2t,

z(t) = −C1e
t + 3C2e

t cos 2t + 3C3e
t sin 2t.

Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ îïðåäåëèì C1, C2, C3.
x(0) = C1 + C2 = 7,

y(0) = 2C3 = 2,

z(0) = −C1 + 3C2 = 1.

C1 = 5, C2 = 2, C3 = 1.
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Â ðåçóëüòàòå ðåøåíèå çàäà÷è Êîøè:
x(t) = 5et + 2et cos 2t + et sin 2t,

y(t) = −4et sin 2t + 2et cos 2t,

z(t) = −5et + 6et cos 2t + 3et sin 2t.

3. Ñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ åñòü äåé-

ñòâèòåëüíûå êîðíè êðàòíîñòè m . Â ýòîì ñëó÷àå ÷àñòíûå

ðåøåíèÿ ìîæíî èñêàòü ìåòîäîì íåîïðåäåë¼ííûõ êîýôôèöè-

åíòîâ. Äëÿ ýòîãî ñëåäóåò âûïèñàòü ïðåäïîëàãàåìûé âèä ðå-

øåíèÿ äëÿ êàæäîé êîìïîíåíòû ñ íåîïðåäåë¼ííûìè êîýô-

ôèöèåíòàìè, ïðè ýòîì êîýôôèöèåíòû ïðè ðàçëè÷íûõ êîì-

ïîíåíòàõ ðåøåíèÿ äîëæíû áûòü ðàçëè÷íû:

à) åñëè m = 2, òî y1 = (A + Bx)eλx, y2 = (C + Dx)eλx,

y3 = (E + Fx)eλx, . . . ;

á) åñëè m = 3, òî y1 = (A + Bx + Cx2)eλx,

y2 = (D + Ex + Fx2)eλx, y3 = (G +Hx + Ix2)eλx, . . .

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ â çàäàííóþ îäíîðîäíóþ

ñèñòåìó óðàâíåíèé è ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíà-

êîâûõ ôóíêöèÿõ îò x, ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ íà-

õîæäåíèÿ êîýôôèöèåíòîâ.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå ÎËÑÄÓ.
x′(t) = −2x + y − 2z,

y′(t) = x− 2y + 2z,

z′(t) = 3x− 3y + 5z.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:∣∣∣∣∣∣
−2− λ 1 −2

1 −2− λ 2

3 −3 5− λ

∣∣∣∣∣∣ = 0.

Ñîáñòâåííûå ÷èñëà: λ1 = 3, λ2,3 = −1.

Äëÿ ñîáñòâåííîãî ÷èñëà λ = 3 ðåøåíèå áóäåì èñêàòü â âèäå:

x(t) = Ae3t, y(t) = Be3t, z(t) = Ce3t.
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Ïîäñòàâèì â èñõîäíóþ ñèñòåìó è ñîêðàòèì íà e3t, ïîëó÷èì:
5A−B + 2C = 0,

A− 5B + 2C = 0,

3A− 3B + 2C = 0.

Ðàíã ìàòðèöû ñèñòåìû ðàâåí 2, å¼ íåíóëåâîå ÷àñòíîå ðåøå-

íèå; A = −1, B = 1, C = 3. Ñîîòâåòñòâóþùåå ÷àñòíîå

ðåøåíèå ÎËÑÄÓ:

x(t) = −e3t, y(t) = e3t, z(t) = 3e3t èëè Y1 =

 −1

1

3

 e3t.

Äëÿ ñîáñòâåííîãî ÷èñëà λ = −1 (m = 2) ðåøåíèå áóäåì

èñêàòü â âèäå:

x(t) = (A +Bt)e−t, y(t) = (C +Dt)e−t, z(t) = (E + Ft)e−t.

Ïîäñòàâèì â èñõîäíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíå-

íèé. Ïîñëå ñîêðàöåíèÿ íà e−t ïðèðàâíÿåì êîýôôèöèåíòû

ïðè îäèíàêîâûõ ñòåïåíÿõ t, ïîëó÷èì îäíîðîäíóþ ñèñòåìó

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

A +B − C − 2E = 0,

A− C −D + 2E = 0,

3A− 3C + 6E − F = 0,

−B +D − 2F = 0,

B −D + 2F = 0,

3B − 3D + 6F = 0.

Ðàíã ìàòðèöû ñèñòåìû ðàâåí 4, ÷èñëî ïåðåìåííûõ � 6. Ôóí-

äàìåíòàëüíàÿ ñèñòåìà ðåøåíèé ñîñòîèò èõ äâóõ ðåøåíèé:

A = 1, C = 1, B = D = E = F = 0

è

A = −2, E = 1, B = C = D = F = 0.
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Â ðåçóëüòàòå èìååì åù¼ äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ

ÎËÑÄÓ:

x(t) = e−t, y(t) = e−t, z(t) = 0 èëè Y2 =

 1

1

0

 e−t

è

x(t) = −2e3t, y(t) = 0, z(t) = e−t èëè Y3 =

 −2

0

1

 e−t.

Îáùåå ðåøåíèå ÎËÑÄÓ:
x(t) = −C1e

3t + C2e
−t − 2C3e

−t,

y(t) = C1e
3t + C2e

−t,

z(t) = 3C1e
3t + C3e

−t.

Çàìå÷àíèå. Çàäà÷à íàõîæäåíèÿ îáùåãî ðåøåíèÿ íåîäíîðîä-

íîé ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÍÑË-

ÄÓ) ìîæåò áûòü ðåøåíà ìåòîäîì ïðèâåäåíèÿ ê îäíîìó óðàâ-

íåíèþ âûñøåãî ïîðÿäêà.
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1.6.4 Ïðèáëèæ¼ííûå ìåòîäû ðåøåíèÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé

Àíàëèòè÷åñêèå ìåòîäû

1. Ðàçëîæåíèå â ðÿä Òåéëîðà{
y′ = f (x, y),

y(x0) = y0.

Äëÿ çíà÷åíèé x, äîñòàòî÷íî áëèçêèõ ê x0, ðåøåíèå çàäà÷è

Êîøè ìîæåò áûòü ïðåäñòàâëåíî ðÿäîì Òåéëîðà (ôîðìóëîé

Òåéëîðà):

y(x) =

∞∑
k=0

y(k)(x0)

k!
(x− x0)

k.

Ïðèìåð. {
y′ = x2 + y2,

y(0) = 0.

y(0) = 0, y′(0) = 0.

y′′ = 2x + 2yy′, y′′(0) = 0.

y′′′ = 2 + 2(y′)2 + 2yy′′, y′′′(0) = 2.

y(4) = 4y′y′′ + 2y′y′′ + 2yy′′′, y(4)(0) = 0.

y(5) = 6(y′′)2 + 8y′y′′′ + 2yy(4), y(5)(0) = 0.

y(6) = 20y′′y′′′ + 10y′y(4) + 2yy(5), y(6)(0) = 0.

y(7) = 20(y′′′)2 + 30y′′y(4) + 12y′y(5) + 12yy(6), y(7)(0) = 80.

Â ðåçóëüòàòå:

y(x) ≈ 2

3!
x3 +

80

7!
x7 =

x3

3
+
x7

63
.

2. Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé{
y′ = f (x, y),

y(x0) = y0.

Èíòåãðèðóåì ÄÓ â ïðîìåæóòêå [x0, x].
xˆ

x0

y′(t)dt =

xˆ

x0

f (t, y(t))dt,
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y(x)− y(x0) =

xˆ

x0

f (t, y(t))dt,

y(x) = y(x0) +

xˆ

x0

f (t, y(t))dt.

Ïîëó÷èëè èíòåãðàëüíîå óðàâíåíèÿ Âîëüòåððà 2-ãî ðîäà.

Ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ñòðîÿòñÿ ïî ôîðìóëå:

yn(x) = y(x0) +

xˆ

x0

f (t, yn−1(t))dt.

Âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ áåçðàçëè÷åí, ìîæíî âçÿòü

÷èñëî y0 = y(x0).

Ïðèìåð. {
y′ = x2 + y2,

y(0) = 0.

y1(x) = 0 +

xˆ

0

(t2 + 02)dt =
x3

3
.

y2(x) = 0 +

xˆ

0

(
t2 +

(
t3

3

)2
)
dt =

x3

3
+
x7

63
.

y3(x) =

xˆ

0

(
t2 +

(
t3

3
+
t7

63

)2
)
dt =

x3

3
+
x7

63
+

2x11

2079
+

x15

59535
.

×èñëåííûå ìåòîäû {
y′ = f (x, y),

y(x0) = y0.
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Ðåøåíèå ñòðîèòñÿ â âèäå òàáëèöû ïðèáëèæ¼ííûõ ðåøåíèé:

Çíà÷åíèÿ x � óçëû: x0, x1, x2, . . . , xn, xk < xk+1, y(xk) = yk.

yn+1 = y0 +

xn+1ˆ

xn

f (t, y(t))dt.

èëè

yn+1 = yn +∆y.

×èñëåííûå ìåòîäû îòëè÷àþòñÿ ïîäõîäîì ê âû÷èñëåíèþ ∆y.

1. Ìåòîä Ýéëåðà

hn = xn+1 − xn, yn+1 = yn + hnf (xn, yn).

2. Ìåòîä Ðóíãå-Êóòòà 4-ãî ïîðÿäêà3

h = xi+1 − xi, yn+1 = yn +
1

6
(K1 + 2K2 + 2K3 +K4),

K1 = hf (xn, yn), K2 = hf

(
xn +

h

2
, yn +

K1

2

)
,

K3 = hf

(
xn +

h

2
, yn +

K2

2

)
, K4 = hf (xn + h, yn +K3).

3. È äð . . .

3Ðàçðàáîòàíû îêîëî 1900 ãîäà íåìåöêèìè ìàòåìàòèêàìè Ê. Ðóíãå è Ì. Â. Êóòòîé
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