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HI'TY 1 @Dyskmnun ogHOH HMEepeMeHHOIH

1 ®yHKIUU OAHOI IIepeMeHHOI

Buanne npouspoaHoil f'(x) Hekoropoit bynkuun f(x) yacto mos-
BOJISIET IeJIATh 3aKJIOUEHIe U O ToBemeHnn camoii dpynknnu f(x)

2]

1.1 IIpousBomnHasa (pyHKIUM OIHOM MEPEeMEHHOM

Paccmorpum dyHKIMIO 0T 0jHON Tepementoit y = f(x) u 1Ba
3HAUEHMs apryMeHTa T = Xo, £ = o LUPUHAJJIEXKale 00J1acTu
e€ onpejenenus, npuaeMm r1 = o + Azx. Bennunny Az Oyrgem Ha-
3BIBATH NPUPAUEHUE AP2YMENMA, 8 PA3HOCTb 3HAYEHUH QYHKIINT B
srox Toukax — Ay = f(xg+ Ax) — f(xg) — npupariuenue GyHKIMM.

[lycts S(t) — 3akon apmkenus. Vi, = Ny CPesis CKOpOCTb.

C S{t+AH)—S({t) . AS
V = lim = lim —— — MIrHOBeHHasl CKOPOCTb.
At—0 At At—0 At
Q) = Q(t) — KOJIMIECTBO HJIEKTPHIECTBA.
I = lim — — cuia ToKa.
At—0 At
m = m(x) — Macca HEOJHOPOIHOTO CTEPIKHSA MEXKY TOUKAMMU
(0,0) u (z,0).
. Am
p = lim —— — yimHeliHad MJIOTHOCT.
Az—0 Az

Puc. 1. Cekymas u kacarenbias K rpaduxy dynxipn y = f(x)



1 @ymrmnum omHON TEepeMeHHO HI'TY

Onpegenenne 1. Kacamenavnot x dannoti xpucoti 6 danroti mowke
M mnasweaemcea npedeavroe nososcenue MT cexyuieti M My, npo-
rodauwets wepes mouky M, xozda emopas mowka My neoepanuveno
npubsudicaemcs no kpusot x mowke M.

Ompenenenne 2. [Ipouzsodnoti grnruyuu y = f(x) 6 mouke x
HA3BIBAEMCA NPedes OMHOUEHUS NPUPGUEHUA OYNKUUL K NPUPaQ-
ULEHUIO AP2YMEHMA, K020 NPUPAUEHUE APLYMENMAE CMPEMUMCA K

HYNI0
dy . flr+Ax) — f(x)
— _— =
YT dr Alalcrgo Az '
d
d—y — Jle#tonui; vy — Jlarpamx; D,y — Komn.
x

Sameuanue. [ponssomuasa Gyakmun y = f(x) — ecTh HEKOTOPasT
bysximst y = f'(x).

DusnuecKuil CMbICJ IPOU3BOAHOM — CKOPOCTH U3MeHeHUs (DYHK-
i, eoMeTpruyeckuii ¢MBICI — TaHTEHC yIyla HAaKJIOHA KacaTelb-
HOTI.

DOyukius y = f(x), uMerorias MPOU3BOAHYIO0 B KaXKJI0i TOUKe WH-
TepBaJia (a;b) HasbiBaeTca nud epeHnnpyeMoil B 9ToM HHTepBAJIe;
oIepalis HaXoXKIeHWs TPOU3BOAHON — nuddepeHupoBaHueM.

[Ipoussomuast dynkimn B T09ke: Y |pmpy = f/()]2zz, = f'(20).

VpaBHeHUe KacaTeIbHON K KpuBoil B Touke (X, Yo = f(x0)):

y —yo = f'(z0)(z — ).

YpaBHeHne HOPMaJId K KPUBOi B TOUKe (T, Yo ):

1
Y—Yo = —m(x — p).

1.2 CsBa3p MeK/1y HeIIpepbIBHOCTHIO 1 ud pepeHImpyeMocTbio pyHK-
E8% 0%

Teopema 1 (Heobxoaumoe ycioBue jauddepeHnpyeMocTn)
Ecau pymruus duppepenuyupyema 6 Hexomopoti mouxe, mo oHa nenpe-
pueHa 6 net (obpammoe ymeepocdenue nesepho).
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1.3 IIpasmaa muddepennupoBanus

[Iycrs v = u(x) m v = v(x) — nBe nuddepeHnUpyeMbie B HEKO-
TopoM uHTepBaje (a;b) pyHKIIHN.

Teopema 2. (u £ v) =u' £

JlokazaTeabCTBO
Yy = uztw,
' . u(r+ Az) £o(r + Ax) — (u(z) £ v(z))
y = lim =
Az—0 Az
A A
= lim —ui—v:u’:tfu’.

Ar—0 Az Ax

Teopema 3. (u-v) =u"-v+u-v.

JloKazaTeIbCTBO
y = u-v,
J/ = lim u(x + Az) - v(r+ Az) —u(z) - v(x) _
Azx—0 Ax
— Im (u+Au) - (v+ Av) —u-v _
Azx—0 Ax
o urv+tAurv+Av-ut+Au-Av—u v
= lim =
Ax—0 Ax
o Au N Av N Au Av) oo ,
= Ao Ax ! Ax “ Ax vy Rrmene
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w\' u-v—u-v
Teopema 4. (—) = 5 .
v v
JIloKazaTeabCTBO
u
y = —,
v
u(z +Az)  u(z) u+Au  u
J = lm v(@+Av)  w(z) _ oy VAU v
Az—0 Ax Az—0 Ax
o urv+Aurv—u-v—u-Av
= lim =
Az—0 v-(v+ Av) - Az
Au Av
_ U —— u ¢« —
_ iy Az Ax:u’-v—u-v’
Ar—0 V240 Av v2 '

Teopema 5 (IIpouszBoguas cioxuoii dpyukiun). Eciuu = ¢o(x)
umeem npoussodnyto v 6 mouke x, a y = f(u) umeem npoussoo-
nyto 6 mouke u = (), moy = f(p(x)) umeem npoussodnyio 6

mouke x: Y. =y -u..

JIloKazaTeabCTBO
Ay Y
1. _— = / _— = / .
s R = Yo e T =l o
Au— 0, a — 0= Ay =y, Au+ aAu.
. Au Au
AI;;IBOE = u/,, IMeeM v ul, + 5.

Ar — 0, 8 — 0= Au=u, Az + fAx.
Ay =y, (UL Az + BAz) + a(u Az + BAz), T. €.

Ay =y u Az + 1y, AT + ul aAx + afAx.

Pazmesmv va Az u Ax — 0. Toayuuwm v, =y, - u!

€T
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Teopema 6 (IIpousBojnasi o6parHoit byHKIUN).
Ecau y = f(x) — monomonna na (a;b) u f'(x) # 0, mo obpam-

nas Pynxuus = (y) umeem npouscodnyio @' (y): ¢'(y) = ()
T

, 1
uau Ty, = y_;
JloKazaTeaIbCTBO
Ax 1
— . Ay — 0= Az — 0 B cujIy HEIPEePHIBHOCTH.
Ay 2y
Ax
| Ax 1 1 'ty) 1
im = = —, T ¢€ =
Ay—0 Ay lim % f Y f'(x)
Ay—0 Ax
, 1 dy 1
I Y, x’ WJIN e

1.4 Tabsmna mpou3BOIHBIX
[IpaBuna quddepennnrpopanus
1) (utv) =u £+

2) (w-v) =u-v+u-

w\’ u-v—u-v
3) (-) = :

v V2

[
5
=

4) Yo =y, - uy, ecm y = f(u), u

1
5) Y = s ecan Y = f(x), x = p(y).
)

[TpousBoaHbIe 31eMeHTaAPHBIX (DYHKITHIT

1) (C) =0
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3) (a*) =a"-Ina, (") =€
1
4) (1 1 —:
) (log, 2)' = ——, (na) =
5) (sinz)" = cos x;
6) (cosx) = —sinx;
1
7) (t
) (g ) = —
, 1
8) (ctg x)' = ——
sin” x
9) (arcsin ) = ——
arcsin :
V1— 22
10) (arccosz)’ = ———
arccos T :
)
1
11) (arctg x)" = st
1
12) (arcctg 7)) = ————:
) (arcctg x) T

13) (sh x)" = ch x;
14) (ch x)" = sh x;

15) (th 2) = —o—:

16) (cth ) = ————.
>(C z) sh’z

1.5 IIpou3BogHas HEABHO 33aJIaHHOU (pyHKIIUN

B ciyuae negBroro samanua Gyukmuu F(x,y) = 0 ajist Haxox e-
HIA Npou3BOAHON ¢ nocrarouno npoauddepeHnupoBaTh JIeByI0 I
mpaByto dacTu ypasHenus F'(z,y) = 0 1o mepeMeHHoO# x, paccMar-
puBas IIPU 9TOM Y KaK PYHKIMIO T, U IOJIYyUYeHHOe 3aTeM yPaBHEHUe
pa3peNInTb OTHOCUTEILHO Y .



HI'TY 1 @Dyskmnun ogHOH HMEepeMeHHOIH

ITpumep.

F(z,y) =241y’ — 3zy = 0,
322 +3y* -y — 3y —3x -y =0,
,:3y—3x2:y—x2

3y2 —3x  yr—=x

Y

1.6 IIpousBognasi hpyHKIIMM 3aAaHHON MapaMeTPUYeCKN

(2=t
y =y(t).
1
x = x(t) — obparnast K t = p(x), t, = —
x

/
t
Pacemorpum cioxkuyto dyukimo y = y(t), rme t = p(x). Umeem

1y
I — oyt /:/._:_t'
T Yy g WA Y, Yy .fl?; ZE;
IIpumep.
T =1,
y = t2.
/ 2 / 2t 2
:Ut:3t , yt:2t7 TOPﬂayngzg.

1.7 Jlorapudmuueckoe nuddepeHnmpoBaHue

IlepBrIil cayvaii.

[Tui(z)
" o)

Bropoii cirydaii.

F(x) = (u(x))"") — nokasaresbHo-creneHHas QyHKIHS.

10
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1.8 IIpou3BogHBIE BBICIINX IMOPSIKOB

y' = f'(x) — bynknua nepemennoit x. Ecim f/(x) — nuddepen-
IIpyeMa, TO

() = d(dy\ _ oy

dr \ dz

IMPpOnU3BOJHAA BTOPOT'O IIOPATKA.

TTPOM3BOIHAS N-TO TTOPSIIKA.

Mexanndeckuit CMbICJI TPOU3BOAHOM BTOPOTO MOPSIKa — YCKOpe-
HUE.

KpuBnsny KpuBoit MOXKHO ONpeaeSnTh KaK OTHOINEHNEe YTJIa TI0-
BOpOTa KacaregbHoil A K aiaumHe mpoiigenHoit ayru As = M M.
Takoe orHomenne Aw/As HasblBaeTCs CpejHell KPUBU3HON JIyTH
kpupoii. Korga Touka M mpubankaercd K Touke M, MBI IToJTydaeM
KPUBU3HY KpuBOii B Touke M:

Kpupusna k B obiieM ciydae MOXKeT ObITh KaK I0JI0XKUTEJIbHOI,
TaK U OTPULATENbHON, B 3aBUCUMOCTH OT HAIIPABJIEHUS BPALCHUSI
KacaTeJbHOIA.

—
Ecnn xpupas 3aaHa CBOUM pajnycoM BeKTopoM 1 (1), ee Kpu-
BU3HA OIpejiesistercss hopMyJIoi
7 x T
k= ——,
‘ r /’3

—>/ 7>//

riae 17, 1epBad U BTOPasd MPOU3BOIHbIE PaJINyC-BeKTOpa. B 310l

dopMysie B YncIUTENIe 3aIICAHO BEKTOPHOE [IPOU3BEIEHIE BEKTOPOB
7T

[Ipn mapamerpudeckoM 3aJaHuu KOOpAWHAT Kpupoit x(t) u y(t)

11
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dopMmyita 1 pacdeTa KpUBU3HBI IPUHIMAET B
az’y” . y’:c”
()2 + ()2)**

Ecnmn miockas kpuBag 3afana siBHO#H dyHKImMeir y = f(x), Kpu-

BI3HA KPUBOI BRIYUCIISETCS 10 (DOPMYJIE

1

y .
(1))

B CJIy4dae, KOT'la KpruBad 3aJdaHa B IIOJIAPHBIX KOOPANHATAX B BUIE

p = p(yp), ee KpuBnsHa k OyIeT ONpeenaTbCs BblparKeHeM
k( ) B ,02‘|‘20/—,0,0”
(02 + (o))"

[lon KpuBMU3HON KPUBOIl YacTO MHOHUMAETCsl abCOJIIOTHOE 3HaUe-

HIle KPUBU3HBI, 6€3 yUueTa HallpaB/IeHNs BpallleHns KacaTeabHo. B
TAKOM CJIydae IPUBEJIEHHBIE BbIIe (GOPMYJIbI OCTAIOTCS BEPHBIMU,
HO B 9UCJIUTEIE MOsIBJIsieTcst MOLyJib. Hampumep, dhopmMysia KpuBus-
HBI TIPY [APaMETPUIeCKOM 3aJaHul KOOPAUHAT Kpueoit x(t) u y(t)
Oy/IeT BBINJISIETH TAK:

!x'y” . y’x”|
()2 + (1))

Bejmmauna, obparHasd KpUBHU3HE, Ha3bIBAETCS PaJyCOM KPUBU3-

HBbI:

1
R=—.
K]

OKpy»KHOCTb C TaKUM PaJIUYyCOM U IIEHTPOM, PACTIOJIOKEHHOM Ha
TJIAaBHOM HOpMaJi, OyJeT HAWIYUIIIM 00pa3oM alllpoOKCUMUPOBATD
IIJIOCKYIO KPUBYIO B JaHHOW TOYKE.

ITpumep. [IponsBogHBIE PA3TNTIHBIX TTOPSIIKOB OT HESIBHBIX (DYHK-
it 1 GYHKIUN, 3aJaHHBIX I1apaMeTPUIECKH.

1562 y° L0 o vr v

'_2+?_ VY =""5Y =55

a a=y a=y
12
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1.9 uddepentmman byHKIMM

[Iycrs dyukima y = f(x) uMeer B TOYKE T OTIUYIHYIO OT HYyJIsI
[IPON3BOHYIO

lim 2y = f'(x) #0.

Az—0 Ax
A

Torma MOXKHO 3ammcaThb =7 f(x)+a, tne @« — 0 mipu Az — 0
x
wim Ay = f'(x)Ax + aAzx.
f'(x)Ax — rnaBHasg JacTh mpupanieHus GyHKININ.

Omnpeaenenne 3. Judidepernyuanom dynwuyuu y = f(x) 6 mouke
T HA3VGACMCA 2AA6HAA YACTL CE NPUPAULEHUA, AUNECTHAA OMHOCU-
MENLHO NPUPAULEHUA AP2YMEHMA,

O6oznavaercs dy, dy = f'(z)dx (yaurbiBas y = x, ¢y = 2’ = 1,
dy = dr = Ax).

Teomempuveckuti cmoicn dupdepenyuana yrwkyuy — Tpupaie-
HIE OPAMHATHI KACATEJIHLHOI.

3ajada HaxoxkaeHnd auddepenimasia pyHKIMT paBHOCHIbLHA Ha-
XOXKJIEHHUIO MTPOM3BOIHOM, T. €. YMHOXKHUB IIPOU3BOHYIO Ha andde-
peHIaJl IIepeMeHHoM, nojyunm auddepenHnnal QyHKIUI. Bojib-
IIMHCTBO TEOpeM U POPMYJI OCTAIOTCs, HAIIPUMED:

d(u+v) =du+dv, d(u-v) =udv + vdu.
Haiiném muddepennnan cioxuoit dyukuun y = f(u), u = p(x)
nm y = f(p(x)).

Y _ ) o) = dy = ) (@)de

13
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Vunteisas ¢ (x)dx = du, nmeem: dy = f'(u)du.

Hundpdepenimal cIoXKHOM PYHKIINN IMEET TOT Ke BIJ, KaKoil OH
nMeJs1 Obl B TOM CJydae, ecu Obl IIPOMEXKYTOYHBIN apryMeHT U ObLI
HezaBuCcUMOIl mepeMennoit. Popma guddepeHiraia He 3aBUCUT OT
TOTO, SIBJIAETCA apryMeHT (PYHKIMU HE3aBUCUMOI IepeMeHHON MIn
byHKIMENR JIPyroro apryMeHTa. JTo CBOHCTBO — UHBAPUAHMHOCTD
dopmu, duppepenuuana.

[Tpumenenne mudpdepentmana QYHKINNT K NPUOAUNCEHHBM Gbl-
YUCACHUAM.

y(z) = y(xo) + Ay ~ y(xo) + dy = y(xo) + f'(xo)dx.

1.10 HexkoTropsie Teopembl 0 quddepeHTUpPyeMbIX (DYHKINAX

Jlemma 1. [Tycmv dynruua f(x) umeem xoneunyio npouscodnyio
6 mouke xo. Eeau ama npoussoduan f'(xg) > 0 [f'(xg) < 0], mo das
suavwenutd x, docmamouno OaudKur K Ty cnpasa, Oydem
f(z) > f(xo) [f(x) < f(x0)], a dna snavenui x, docmamouno baus-
Kux K To caesa, oydem f(x) < f(xo) [f(z) > flxo)].

Nubivu cioBamu: yuKIws f(z) B Touke xy Bo3pacraeT (yObiBa-
er). Ecim numeercs B BULy OJIHOCTOPOHHSAST TPOU3BOIHASI, HAIIPUMED
CIIpaBa, TO COXPAHSAET CUJIY JIUIIb YTBEPIKICHNE O 3HAYCHUAX X, JIe-
JKAIlUX CIIpaBa OT .

JloKazaTeaIbCTBO

Crenyer u3 omnpejie/leHls TPON3BOIHOM

o) =t L A7) = fa)

Axz—0 Ax

Teopema 7 (®epma). [Tycmo dpynxuyus f(x) onpedesena 6 nexo-
mopom npomescymre (a,b) u 60 euympenned mouke ¢ ImMo2o nNpo-
MEHCYMKEQ NpuHUMaem waubosvwee (Haumenvuee) snavenue. Eoau
cyugecmeyem dsycmoponts Koneunas npouscodua f'(c) e amot
mouke, mo neobxodumo f'(c) = 0.

14
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JloKazaTeIbCTBO

[Tycrs muia onpegenéuroctu f(c) npuHUMaeT Hauboblee 3Haue-
Hue B Touke c. llpenmosoxkenne, aro f'(c) # 0, mpuBOIUT K TIPO-
ruBopeunto: jymbo f'(¢) > 0 u Torga mo semme f(x) > f(c), ecin
x > ¢, mbo f'(¢) < 0 u rorma f(x) > f(c), ecim x < ¢. B oboux
caydasax f(c) He MOXKeT OBITH HAMOOJIBIITIM.

[Tosrygennoe poTUBOpeYne JIOKA3bIBAET TEOPEMY.

Teopema 8 (Ponst). Ilycmv: 1) ¢ynxuyua f(x) onpedeaena u
HENPEPLIGHA 6 3aMKHYMOM npomedcymre [a, b); 2) cyuecmeyem Ko-
neunas npoussodnas f'(x), no xpained mepe 6 omKEPLIMOM NPOME-
orcymuxe (a,b); 3) Ha KOHUAT NPOMENCYMKA GYHKUUA NPUHUMAEIN,
pasnvie snauenus: f(a) = f(b).

Tozda meocdy a u b natidémes makas mouxa ¢ (a < ¢ < b), wmo

f(e) =0,
JloKazaTeabCTBO

T. K. QyHKIMS HelpepbiBHA B 3aMKHYTOM IIPOMEXKYTKe |a, b], To
OHa JIOCTUTAET CBOEro HamOOJIbIIEr0 U HauMeHbInero 3uHadennii: M
nm.

e Eciim m = M, 1o f(x) = const =m = f'(x) =0.

o M # m = QyHKIUA JOCTUTAET XOTsI OBl OJHOTO U3 STUX 3Ha-
JeHWil BO BHYTpEHHeH Touke naTepBasa (a,b).

[Tycrs, Hanpumep, f(c¢) = M, ¢ € (a,b), f(c) > f(z).

Axz—0 Ax

fle+ Ax) — f(c)

Ax
flc+ Ax) — f(c)
Ax

OroBpemenno B Touke ¢ f'(¢) < 0u f'(¢) > 0. CiemoBareibHo

() = 0.

, fle+Az) = fle) < 0.

Ecim Az > 0, <0, fl(c) <0,

ecn Ax < 0, >0, f'(c) >0.

15
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Teopema 9 (Komm). Ecau dynwyuu f(x) u p(x) nenpepvisno 6

samrrymom npomescymse |a,b], dudgpepervupyemv na (a,b), npu-

wém @' (x) £ 0 das x € (a,b), mo natidémes zoma v, 0dna mouka
fb) - fla) S0

p(b) —pla)  ¢'(c)

JloKazaTeaIbCTBO

c € (a,b), wmo svmornsemcs

©(b) — p(a) # 0 (1. k. Torga 66 cylecTBoBajia To4Ka ¢ € (a,b),
aro ¢'(¢) = 0 — 370 NPOTUBOPEUUT YCIOBHUIO).
PaccMmorpum dpyHKITIIO

_ oty fg) JO = fle)
Fla) =0, F9) = 0 - fa) = L= 000 - pla) =0
CiregoBare/ibHO 110 Teopeme Pojuist 3 ¢ € (a, b), aro F'(c) = 0.
/ _ /C—f(b)_f(a>lcz
Pl = 0 - L1000 0 -
FO) - 5@ _ o)

p(b) —pla)  ¢'(c)

Teopema 10 (Jlarpanxk). Ecau dynryus f(x) nenpepwiena na |a, b|,
duppepenyupyemv, wa (a,b), mo natdémes vomsa Ov 0dna mouka

b) —
c € (a,b), wmo svinoansemcs / 1)7— Z:(a) = f'(c).
JloKazaTeabcTBO

Yacrueiit caydait Teopembl Ko B ciydae Korma o(x) = .

16
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Teopema 11. Ecau ynwuus f(x) 6o scex mowkax unmepsana (a, b)
uMeem. OmpUYAMesLHy0 emopyto npouseoduyro, m. e. f(x) < 0,
mo epagpur; Gynryul sunyKAl (6unyKkAbl 66€ptT).

Ecau f"(x) > 0 — soenymuoit (6vnykivit 61us).

JloKazaTeIbCTBO

[Tycre f"(x) < 0 npu Vx € (a,b). BosbMmém Ha rpaduke QyHKIMNI
Touky M c abcimccoit xy 1 npoBeaéM KacaTeabHyto. [Tokarkem, 9To
rpadpuk yHKINN JIEXKUT HUXKE KacaTeJIbHOM.

A

M (o, f(x0))

Y

Puc. 2. Kacaresnbnasi k rpaduky Bbinykjioi ¢yukuun y = f(z)

YpaBHeHne KacaTeabHON Yae = f(x0) + f'(x0)(x — ).
Paccmorpum pastnoctb MexXay ¥y = f(T) U Ygac:

Y = Ywac = [(2) = fz0) — f'(20)(T — 20).
[To Teopeme Jlarpanxka f(x) — f(xo) = f'(¢)(x — z¢). B pesynbrare:
Y = Yxac = (f'(c) = ['(@0))(x — @0).
[Tpmmennm Teopemy Jlarpam:ka emeé pas:
Y = Yxac = f"(c)(c = @) (x — x0).
Vcenemyem mocieHee paBeHCTBO:

1) eciux > xp, oz —x9 >0, mc—x9 >0, 1K f'(r)<0, 10
y_yKac<O;
17
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2)ecmn x < xg, Toux —x9 < 0, mc—xy <0, T k. f(x) <0, 10
y_yKac<O-

= rpaduk QYHKINHT JEXKUT HIDKe KacareabHOil. OYyHKINI BbI-
IyKJIa.

0
IIpasuno Jlonumans PacKpbITHS HeONIpeaeEHHOCTEN BUIa {—

0

00
u {—} ['mitom @pancya Jlonurans (bp. Guillaume Francois Antoine,
00

marquis de L’Hopital, 1661-1704) — dpaniry3ckuit MaTeMaTuK, aB-
TOP [IEPBOr0 yUeOHMKA 10 MATEMATUIECKOMY aHAJIU3Y.

Teopema 12 (Jlonurans). [Tycmo dynxuuu f(x) u p(x) ydosae-
MEOPAIOM, CACOYIOULUM YCAOGUAM:

1) amu Pynruyuu duddepenyupyemv, 6 OKPECMHOCTIU MOYKY T,
KpOMeE, MONHCEM, OBMb CAMOT, MOYUKYU X,

2) p(x) #0 u ¢'(x) # 0 6 amot oxpecmuocmu;
3) lim f(x) =0, lim p(x)=0;

T—X() T—X()
- fz) ) .
4) lim ——= cywecmeyem wonewnvid wa beckone L.
e @' (1)
/
Tozda cywecmsyem u lim M, npuvém lim /(@) = lim / (x)
S5 (@) S ol@) o (@)
JloKazaTeabCTBO

[Tockoabky MBI paccmaTpuBaeM byHKINN f(x) 1 @(r) TOIBKO B
IPABOM MTPOKOJIOTOH OKPECTHOCTH TOUKU T, Mbl MOXKEM HEIIPEPHIB-
HBIM ~ 00pa3oM WX  JIOONpEJeUTbh B 9TOH  TOUKE:  IMYCTh
f (o) = plzo) = 0.

[Tpumennm teopemy Kommm s [xg, ).
fl@) = flxg) _ f'(c)

p(z) —p(z)  ¢'(0)
18
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z) _ f'(e)
VuaurbiBas, aro f(xg) = p(xo) = 0 mosydnm = .
p(z) (o)
Ilpu x — x9 ¢ — x.
/
Nmeem lim @ = lim flx) 9. T. I
T—X() gp( ) T—X() gp ( )
Ecmm z — oo, 3amena z = 1/x, z — 0.
1
lim —( Y gy J2)
Samevwanue. Ipn {2} MCIIO/IB3YEeM CBA3bL O€CKOHEYTHO OOJIBIIONMN
00

byHKIINN ¢ OECKOHETHO MaJjIol (PyHKITHEH.

Ecmm f/(x) n ¢'(z) ynoBaeTBopstioT TeM ke yeaoBuam, 9to u f(x)
1 (), TO TEOpeMy MOXKHO NPUMEHATD ellé pas.

ITpumepsr

33—1_

li
1) xl—% rlnx’

1 —cosbx
2) lim ———;
x—0 23}2

tg 3x

3) i
) a;—1>r7l;l/2 tg ba’

. 1/22.
4) }}11)%((308 2x) "

1 tg x
5) lim (—) ;
=0 \ T

6) lim /n.
n—oo

19
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1.11 Teopema Teitmopa

Teopema Teitnopa maér nmpubamkenne K pyHKIun, muddepeH-
nupyemMoit k pas, BOIM3M JTaHHON TOUKM C IOMOIIBIO MHOTOUJIEHA,
Teitnopa k-ro nopsaxa. s anaanTrndecKux (GyHKIUNA MHOIOYIEH
Teftiopa B JaHHOM TOUKe ABIAETCAI KOHETHO ITOCIEI0BATENHHOCTHIO
X HEMOJIHOTO pAda Teitmopa, KOTOPHIH, B CBOIO 0UePeb, TTOJTHOCTHIO
ornpejenderT PYHKINIO B HEKOTOPON OKPECTHOCTH TOYKU. TeopeMma,
Teitopa 1mo3BOJIAET OBIAIETh MPUEMAMH BBIYUCIEHNN HAYATILHOTO
YPOBHSI, I OHA ABJIAETCA OTHUM U3 IeHTPAJIbHBIX 3JIeMEHTapHbIX NH-
CTPYMEHTOB B MaTeMaTUieCKOM aHaJIu3e.

OTa Teopema Ha3BaHa B 4ecTh MaTeMaruka bpyka Teitmopa (Teii-
70p (1685-1731) — aHTIUiCKUl MAaTeMATHK ), KOTOPBIH cHOPMYIN-
poBaJI OJIHy U3 e€ Bepcuii B 1712 roay. fBHOE BhIparkeHue J1Jis OIIio-
K1 IpubIn:KeHns ObLIO JIaHO HaMHOro mo3xke 2Kosedom Jlarpan-
>xkeM. Panee, B 1671 romy, xxeiimcom ['peropn y»ke OBLIO yITOMSHYTO
CJIEJICTBUE U3 TEOPEMBI.

Teopema 13 (Teiinopa).

1. ITycmo dynxuyua f(x) umeem 6 mouke T = Ty U HeKomMopol ee
OKPECTHOCTIU NPOU3B0dHBIE NopAdka do (n+ 1) ekatouumesvHo.
(T.e. u 6ce npedvdyuue do nopadka n GYHKUYUL U UL NPOU3GO0-
HoLe HenPepuLetbl U duddepenyupyemv, 6 9Mot OKPECIHOCTIU).

2. Ilycmv x — ar0boe 3navenue us Mot OKPeCMHOCTU, HO T F X.

Tozda meotcdy moukamu T u Ty Hatidemcs maxas Mouka C
c=x9+0(x—1x0), 0< 0 <1, wmo cnpasedausa Ppopmyaa:

f(x) = f(xy) + @(aj — x0) + @(az —x0)% + ...
) () (417
_|_f n<' 0)(x_x0)n_|_{n+1()|>(x x)n—i—l’

amo ewipascenue nazveaemcs opmyaoti Tetinopa, a svipasice-

20
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nue: fo(g
(n+1)!

HA3BIBAEMCA OCTNAMOYHBIM YaeHom 6 dopme Jlazparorca.

(x —29)" = Rja()

JlokazaTeabCTBO

[Ipencrasum pyHkumio f(x) B BUIe HeKOTOporo MuorodsieHa P, (),
3HAUEHNE KOTOPOTO B TOUKE T = T paBHO 3HaUeHM0 hyHKIWN f(x),
a 3HAYEHM ero IIPOU3BOAHBIX PABHO 3HAYEHUSM COOTBETCTBYIONIIX
IPOU3BOJIHLIX (DYHKIMK B TOUKE T = .

Py(wo) = f(x0), Pé(xo) = f’(%)» o :qun)(fo) = f(n)(xo)-

Muoroanen P,(z) 6ymer 6iusok k dyakmun f(x). Yem Gosbiire
SHAUEHUE 1, TeM OJINYKe 3HAUEHNS MHOTOUIeHA K 3HAUEHUsIM (DyHK-
[UK, TeM TOYHEe OH MOBTOPSAET (DYHKIHIO.

Bynem nckaTh 9T0T MHOTOUIEH B (hOpMe MHOTOUJIEHA, TIO CTETIeHSIM
(x — xp) ¢ HEOIpeeIEHHBIMI KOIDPUIUEHTAMN

P,(x) = A0+A1(a:—a:o)+A2(az—azo)2+A3(x—x0)3+. AL (r—x0)".

Onpegennm kodddunmenter Ay, Ay, Ao, Az, ..., A,
[Tomoxkum x = g, Torma P,(zg) = f(xg) = Ay.

Pl(x) = Ay +2As(x — z0) + . . .,
(o)

1 J
P;KSU):2A2+1'2'3A3($—5130)—|—...,

f//<£U()>
1-2°7

P (x0) = f'(x0) = A1, A1 =

P/l/(l’o) = f//(ZE()) =1- 2A2, AQ =

f(n)(x()).

n!

P?”(Ln)(x) - n‘Any An —

21
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HO,ZLCT&BI[HH ITOJIYHEHHBIC SHAYCHUA Az B BbIPpazK€HUEC IJIAd MHOI'O-
YJICHAQ, TIOJIYyYa€EM:

Pu) = fGao) + D — ) + D0 e
) (g |
VLT

Muorodsien #He ToUHO coBmajaer ¢ dyuknueir f(x), T. e. oTIHU-
JaeTcd OT Hee Ha HeKOTOpylo BejuunHy. O003HAYNM 3Ty BEJIMIUHY
R, 1(x). Torma:

f(z) = Py(z) + Ry1(x).

[Tosryamm BeIpaxkenune mia Ry, q(x) = f(x) — Py(x).

/(o) f" (o)

Ry(x) = f(x) — f(xo) — 1 (x — xg) — o (x — z0)* — ...
A - .
O4YeBUIHO UMEEM:
Rn+1(5€0) - Oa
ni1(®) = f(x) = f(@o) — f'(wo)(x — 20) — .. -,
R;Hl(x()) =0,

Ryth(w) =0,
Paccmorpum Ha mpomexyre [xg, x| (nm [x, xg]) nBe dyHKINMI
y = Ryp(z) my = (z — x)""

pembl Komm. Torma:

Rpp(x) Rpn(2) = Rpp(zo) iy
(x —zo)" ™t (2 — )"t — (g — xo)"™t (n+1)(cy — x)

, YAOBJIETBOPAOIINE YCJIOBUAM TEO-

AHaJIorm4aHO
R;H—l(cl) _ g+1(c2)
(n+1)(c1 —z0)”  (n+ 1D)n(cy — xo)"
22
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uT. ]I,
Rea(r) _ RU(0)
(z — )"t (n+ 1)
Ru(2) = f(x) = Pu(x) = R (@) = (f(2) = Pafa) "+
u P,(z)"*Y = 0 1. k. nosmuom =
f(n+1)(c)
(n+1)!

OcTaTodHbIl WieH, 3amuchiBaloT B Buje: R, 1(x) = o(x — )" —

(x — x)" ™, w1 1.

Rn—l—l(x) =

B (popme [learno. 3amuce osradaet, 9To o(xr — xo)" — BETMIUHA BHIC-
Iero mopsijika MajoCTH OTHOCTHENIBHO (X — Xg)", T. €.

o(x — xo)"

= 0.

I
xl—>na}0 (1‘ — xo)”

[pn x¢g = 0 dpopmyna Teitnopa npumer Bu;

/ " (n)
f@) = 10+ L0 S0y S0

1 HocuT HazBauue (opmyna Maxmopena. Kémmn Makiadpen (anrir.

z" 4 o(x"),

Colin Maclaurin; 1698, Apraiti u Berot, LloTnanmus — 1746, D auH-
Oypr) — IMOTIAHICKUI MaTeMATHK.
Dopwmynbl MakaopeHa HEKOTOPBIX dJIeMEHTAPHBIX (DYHKIINIA

. X 2 x> x" n n g n
2 3 n
1n(1+x)=x—%+%— + ( 1>n+1x_+0<5’7n):
n
(—1)k_1ZUk

513'3 5135 (_Dn )
— o - n+1 ny __
sinz = — + g + <2n+1)!x + o(z")
S Gt ) A SR
=) — +o(x"),
kz:_o (2k +1)! ( )

23
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$2 CE4 (_1)71 2n 2n
COS$:1_§+E_'”+W$ + o(x™") =
k
:Z(_l) 22 4+ o(z?")
i=0 (2k)! ’
333 $5 (_1)n
tor =0 — — 4+ ... 20+l | (g2l —
arctg & =2 — - (5 N ot 17 oz )
:%2k+1$2k+1+0(x2n+1)’
2’ 1 9
_ - - n+1 2n+1y
she =o + !+5!+ +(2n+1)!az + o(x*")
_ ]{;2_:0 o 1)‘x2k+1 +o(x2m ),
1;2 5174 1 2n 2n
noo1
_ 2k 2n
—1
(1+x)a:1+aaz+%x2+...
ala—1)---(a—n+1)
+ ( ) n'( " + o(z"),
1 2 3 n n - k n
=l+ax+a°+2°+---F+2"+o(z") =) 2"+ o(x"),
l—= =
A S (—1)"(2n)!
Vidr=14=-"+=——... "=

I A T R TRy T
_ Z (_1)k(2k)!
20 (1= 2k)k124F
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1.11.1 ITpumenenme popmysibl Teiisiopa mpu BeIrvucjeHnn npeaeaa PyHK-
1470

BrrancanTs npeen:

1 1 —1
hme—: {g} = lim +z+o(@) = lim <1+@> = 1.

x—0 s x—0 x x—0 x
IIpumepsl
2 3 4
LTI o
1) lim _ ; :
z—0 sine — x + %
. In(14+2x) — ze”
2) lim ;
z—0 xQ
et — g —
3) lim ;
r—1 (x — 1)

1.12 MHNccnenoBanme (pyHKIIIN

1.12.1 DkKcTpeMyMbl (PYHKIIUU: HEOOXOANMOE yCJIOBHE

Omnpenenenune 4. Qynryus f(x) umeem 6 mouke ry MAKCUMYM
(UAU MUHUMYM), €CAlU 60KPY2 IMOT MOUKU MOHCHO GBLIEAUMD
makyro oxpecmuocms (g — 6, g + ), npunadiescauyyro obaacmu
onpedesenus PYHKUUL, YUMo OA% GCET €€ MOoUeK T GbNONHACTICA
HePacenCcmaeo

flx) < flxo)

Eciu cymecrByer Takast OKpECTHOCTD, B TIpeieIax KOTOPOi (mpu
T # xy) BBITOJHsIETCsT cTporoe HepaBeHCTBO f(x) < f(xg) (mmm
f(z) > f(zg)), To ToBOpAT, 4TO (DYHKIIMA UMEET B TOUKE Ty COO-
CTBEHHBI, UM CTPOrHi, MAaKCUMyM (MUHUMYM ), B TIPDOTUBHOM CJIy-
yae — HeCOOCTBEHHBIN, MJIM HECTPOTHIA.

3aMeTuM, 4To J1d 0003HAYEeHUA MAKCAMYyMa NI MUHUMYMA, Cy-
ECTBYET 00beIUHAIONII X TEPMUH — IKCTPEMYM.
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[TocTaBuM 331y 0 HaX0XKIEHNN BCEX 3HAYUEHUI apryMeHTa, ITpu
KOTOPBIX (PYHKITUS MMEEeT SKCTpeMyM. [Ipm e€ peleHnn oCHOBHYIO
poJib OyJeT UrpaTh IPOU3BOIHAS.

[Ipenmonoxknum cHagasa, 910 Jjisd GyHKIun f(x) B IpOMEXKyTKe
(a,b) cymecTByeT KOHEeUHasI TPOM3BOIHASA. KCau B ToUKe g (DyHK-
IUsT IMEeT SKCTPEMYM, TO, IIPUMEHssE K IIPOMEKYTKY (xg — &, g + 0)
treopemy Pepma, 3axarodaem, uto f'(zg) = 0. B arom cocront HEob-
XOAMMOE yCJIOBHE 3KCTPEMYyMa. DKCTPEMYM CJIEIyeT UCKATh TOJIb-
KO B TeX TOYKaX, e IPOU3BOAHAA PABHA HYJIIO; TAKKE TOYKHU Oy1eM
Ha3bIBATH CTAIMOHAPHBIMU.

He crnenmyer mymaTh, ogHako, 9TO KaxKHad CTallMOHapHAas TOYKa,
JI0CTaBJIsIeT PYHKIMN SKCTPEMYM: YKa3aHHOEe HeOOX0IMMOe YCJIOBUE
He fBJIAETCS I0CTATOUHBIM. Hampumep, 11 GYHKINN T° TPOU3BOI-
Hasg 322 obpalmaeTca B Hy/Ib IpH & = (), HO B 9TOi Touke DYHKINA

He UMeeT SKCTPEMyMa: OHa BCE BpeMs BO3PACTAET.

Ecan pacumputs Kiace paccmaTpuBaeMbix dyHKui f(z) u mo-
IYCTUThH, YTO B OTAEJbHBIX TOYKAX JBYCTOPOHHEH KOHEYHOH IIpo-
W3BOJIHOM HE CYIIECTBYET, TO HE UCKJIIOYeHA BO3MOYKHOCTE TOTO, 9TO
SKCTPEMYM IPUIETCA Ha KaKyI0-Inb0 U3 TaKUX TOYEK, BEJlb TEOPEMA
Depma yrep:kaaer paeHcTBo f'(x) = 0 JuIlb B MPEIIOI0KEHIH,
4T0 CYLIECTBYET JABYCTOPOHHsIS KOHeYHAas Ipou3BoaHasi. Hampumep,
byHKIS a:%, OYeBHJIHO, uMeeT MUHUMYM pu £ = 0, B TO BpeMs
KaK B 3TO TOUKe eé IPOM3BOIHAS CJIEBA PABHA — 00, & CIpaBa +00;
TOYHO Tak ke B Touke x = () nuMeeT MUHUMYM (DYHKINS ||, XOTs
JIBYCTOPOHHE! IIPON3BOAHOI y Heé B 9Toi Touke HeT. CiieoBaTesb-
HO, ¥ TOYKHM, B KOTOPBLIX HE CYIIECTBYET JBYCTOPOHHEH KOHEYHOIl
IIPOM3BOJIHOMN, TaKyKe MOTYT JOCTABJIATHL (PYHKIMNA SKCTpeMyM. Pa-
3yMEETCs, I B 9TOM CJIy4ae He MOXKeT ObITh TapaHTUPOBAHO HAIIINE

SKCTPEMYMa BO BCEX TaKMX TOoUKaX. IIpmMepamu ciaykar (pyHKIIH
1
T
[lepBas w3 HuUX MMeeT OECKOHEUHYIO MPOU3BOJHYIO B Touke T = (),

1 .
y =23 uy = sin = (¢ gonosHUTEIbHBIM yesoBueM y = 0 mpu x = ().

BTOpPad 2KE€ BOBCE HE MMEET HpOHSBO,[LHOfI B 9TOI TOYKE, HO TOYKa
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x = (0 He JocTaBIgeT dKCTPEMyMa HH TOWH, HU APYToil (pyHKIIH
(T. K. B JTI00071 €€ oKpecTHOCTH 00e (DbYHKIUN TPUHUMAIOT U T10J10-
JKATEJIbHBIE, 1 OTPUIATEIbHbIE 3HAUEHUSI.

Touky, B KOTOPBIX IPON3BOAHAA PaBHA HYJIIO WU He OIpeJIesieHa,
OyzeM HasbIBaTh KPUTHYIECKUMIL.

1.12.2 MakcuMyMbl 1 MUHUMYMBI (DYHKITAU: JTOCTATOYHBIE yCJIOBUS

ITepBoe npaBmiio. MTak, eciy ToUKa Ty €CTh CTAIlMOHAPHAA TOY-
Ka JJI (byHKIWN f () WU eCI B 3TOH TOUKE He CYIIECTBYET JJIsT Heé
JBYCTOPOHHEN KOHEYHOU IPOU3BOJIHON, TO TOUYKA T HPEACTABIACTCA
JIUIID <II0JI03PUTEILHONY [0 SKCTPEMYMY U MOJJIEXKUT JajIbHeliie-
MY UCCJIeIOBAHUIO.

D10 UCCae0BaHIe COCTOUT B IIPOBEPKE JOCTATOYHBIX yCJIOBUIi
JJIA CYIIECTBOBAHUA SKCTpeMyMa. IpeinoiosKum, 4To B HEKOTOPOTi
OKPECTHOCTH (g — 0, Xo+0) TOUKM x( (10 KpaiiHei Mepe g T # T)
CcylecTByeT KoHedHast IpousBoiHad f'(x) u Kak cjesa or Iy, TaK 1
cripaBa 0T Xy (B OTIEJBHOCTH) COXPAHSIETCS OTPEIeEHHBIN 3HAK.
Torma BO3MOXKHBI CJIEIYIOIINE TPU CJIydasl.

[. fllx) >0mpu z < zpu f'(x) <0 npu x > xg, T. €. TPOU3BOJI-
wast f'(x) mpu mepexozie Uepes TOUKY Xy MEHseT 3HaK ILIH0C Ha
MuHyc. B 9TOM ciiyuae B mpomMexkyTke [xg— 0, xo| byHknug f(x)
BO3PACTAET, & B IPOMEKYTKE [T, Lo + 0] yOBIBAET, TaK UTO 3HA-
aerne f(xg) Oymer HanbOBIIM B TPOMEXYTKE (Lo — 0, T+ ),
T. €. B TOUKe Xy (PYHKIUs UMeeT cOOCTBEHHBINT MAKCHAMYM.

Il fl(x) <Oupu xz < zpu f'(x) >0 upu x > xg, T. €. IPOU3BOJI-
wasa f'(x) mpu nepexozie uepes TOUKY Ty MEHsIeT 3HAK MIHYC Ha
wioc. B aToM ciiydae aHaJIoTHYHO YOEXKIaeMcs, YTO B TOUKE X
dyHKIIMA nMeeT cOOCTBEHHbII MIHIMYM.

1. f'(x) > 0 xak pu & < ¢, TaK u Ipu T > xg, 1100 ke f'(x) < 0
¥ CJIEBA, 1 CIIPaBa OT T, T. €. IIpH liepexojie uepes xg f'(x) He Me-
HsieT 3HakKa. Torma pyHKIUS aub0 BCE BpeMs BO3pacTaeT, Jubo
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BCE BpeMd yOBIBaET; B JIt0OO#l OJIM30CTH OT Xy C OJIHON CTOPOHEI
Hall Iy TCs TOUKHN Z, B KOTOphixX f(x) < f(x0), a ¢ Apyroit — Tod-
K1 , B KOTOpbIX f(x) > f(xp), Tak 9T0 B TOUYKE T( HUKAKOIO
9KCTPEMyMa HeT.

Bropoe npaBuJjio. [Ipn HaxoXIeHNN 3KCTPEMYMOB HCCIET0BA-
HII€ 3HaKa IIPOU3BOJHON BOJIM3U MCIBITYEMON TOYKM MOYKHO 3aMe-
HUTDH UCCJIEI0BAHNEM 3HAaKa BTOPOU IIPOU3BOIHON B CAMOU 3TON TOY-
ke. Vtak, mycrb gyHkiums f () He TObKO MMeeT mpoussoanyio f/(x)
B OKPECTHOCTU TOYKH T(, HO U BTOPYIO MIPOU3BOIHYIO B CAMOil TOU-
ke xo: f"(xg). Touka xy — crammonapuas, T. e. f'(xg) = 0. Ecim
f(xg) > 0, 0 f'(x) B TOUKE T = x( BO3paACTaeT, T. e. BOJIM3M TOUKH
xg cneBa f'(x) < f'(zg) = 0, a cipasa f'(z) > f'(xy) = 0. Urak,
npousBojHas f'(x) MeHseT 3HAK MUHYC Ha ILIIOC, CJIeJ0BATE/bHO,
f(z) umeer B Touke r = o MuanmyMm. Ecmm f7(xg) < 0, To f'(x)
B TOUKE T = Iy yOLIBAET, MEHsd 3HAK ILIIOC HA MUHYC, TaK 4TO B
TOUKE & = T() MAKCHMYM.

Taxum 06pazoM, MOXKHO CPOPMYJIHPOBATE BTOPOE IIPABUJIO JJIsi
UCIIBITAHUA <II0J03PUTEILHOIO» 3HAYEHUA Xo: IOJCTABJIAEM T( BO
sropyto npoussomuyto f(x); ecia f’(xy) > 0, To pyHKIMA MMeeT
MuHEMYM, ecin ke f”(xg) < 0, — MakcuMyM.

1.12.3 AcwumnToTrsl rpaduka QyHKITUN

Onpenenenue 5. Acumnmoma x Kpusot — NPAMAA, PACMOAHUE
do Komopoti om mouku, AedHcau,ets Ha Kpuoti CMPeMuUmbCs K HyA10
NPU HEOZPAHUNEHHOM YOANCHUL OM HAYAAL KOOPIUHAM, IMOTE MOUKU
no Kpueot.

AcuMIITOTBI MOI'YT OBITH GEPMUKAALHBLE, 20PUIOHMANDHBLE, Ha-

KAOHHDLE.
[Ipsamast & = a gBjsgeTcs BePTUKAJILHON acuMnToToil rpaduka
byukiun y = f(x), ecin lim f(x) = oo, mmm  lim  f(z) = oo, win
T—a r—a—0
lim f(z) = oo.
x—>a—i—0f( )
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YpaBHEeHHe HAKJIOHHO acuMITOTH iy = kx + .

. Jlx
Ecan  cymecTByloT KoHeWHBIE Tpemeabl lim =) = k
T—0Q €T

lim f(x) — kx = b, To npamasg y = kx + b gBjisiercd acCUMIITOTOM
T—r00

byHKIMM Ipu x — 00, aHAJOIUYHO IIpU T — —OO.,

Samevanue. Ilpn k = 0 — ropm3oHTaIbHAA ACHMIITOTA.
[Ipy x — 00 m £ — —00 ACUMIITOTHI MOTYT OBITH Pa3HBIE.

IIpumepsl
2
Dy= x + 1;
2) y = 2/,
@yzﬁfy
4) y = 1?—2’33‘

1.12.4 O6maga cxema mccjeaoBaHusd (PYHKIIINA U IIOCTPOeHUs rpadpuKa
1. Haittu obsacTh onpenenerns (QyHKITIH.

2. Toukn repecedecHd € OCAMU KOOPAWHAT, MHTEPBaAJIbl 3HAKOIIO-
CTOAHCTBA.

YéTHOCTH, HEUETHOCTD, MEPUOINIHOCTDL (DYHKIIIH.
HemnpepbIBHOCTH, TOUKN pa3pbIBa.

AcuMITOTHI.

DKCTPEMYMBbI, THTEPBaJIbI MOHOTOHHOCTH.

Toukn nepernba, MHTEPBAJIB BBITYKJIOCTH, BOI'HYTOCTH.

JlomosiHrTe IbHBIE TOYUKY (ecsin TpebyeTcs).

© 0 N o Otk W

['paduk pyHKIIN.
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ITpumepsr

x
1)y = 3 + arctg x;

2) y =

y_x—'—lj
3
x

3 —

)Y x2 —4

1.13 HawmbGoJsbniee n HamMeHbIIlee 3HaYeHNEe (PYHKIIMU HA OTPE3Ke

Haubosvwum suagennem dyuximm y = f(x) Ha orpeske [a; b

Ha3bIBAIOT Takoe 3HadeHnme max y = f(xg), 4ro Juis Jjroboro r €
x€|a;b|

la;b], x # ¢ cipaBemBo HepasencTBo f(x) < f(xo).
Haumenvwum sunavenunem Gyukuun y = f(x) Ha orpeske [a; b

HA3bIBAIOT TAKOE 3HAUEHUE m[in]y = f(xg), aT0 151 JTEOGOTO T €
r€|a;b

la; b], x # xy cupaBejymBo HepaBeHcTBo f(x) > f(xg).

AJITOpuTM HaXO0XKIEHUS HANOOJILIIIEr0 M HAMMEHBIIIEro
3HAYEHNs HEMPEepPbIBHON (byHKIMI Ha OTpe3Ke |a; b]

1. Haxomum obacTh onpeenenns (DyHKIIUU U IIPOBEPsEM, COJIep-
JKUTCS JIN B Helt BeCh 0TPe3oK [a; bl.

2. HaxommMm Bce TOYKHM, B KOTOPBIX HE CYINECTBYET IIepBas Ipo-
M3BOJIHAS U KOTOPBIE cojlepKarcsa B orpeske [a;b]. Ecin Taknx
TOYEK HeT, TO IIePEeXOUM K CJIeIyIONeMy ITyHKTY.

3. Ompenesnisiem Bce cTaliioHApPHBIE TOYKM, MTOTATAIOIIIE B OTPE30K
la;b]. Eciu cranuoHapHbIX TOYEK HET WJIM HU OJIHA U3 HUX He
II0IIa1aeT B OTPE30K, TO IIePeXOAUM K CIeAyIOIeMy IIyHKTY.

4. BorancisieM 3Hadenust byHKIMKE B OTOOPAHHBIX CTAIMOHAPHBIX
TOYKAX (eCM TaKhe MMEIOTCS), B TOUKaX, B KOTOPHIX HE CYIIe-
CTBYET IIepBasi MIPOU3BOJHASA (€C/IM TaKhe MMEIOTCs), a TaKyKe
nmpu r =au x =b.
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5. VI3 mosydeHHBbIX 3HAYeHUil (DYHKIINKM BBIOMpaeM HauOOJIbINee 1
HaMeHbITlee — OHM U OYIYyT MCKOMBIMU HanOOJBIIUM U HaU-
MEHBIINM 3HAaUYEeHUsAME (PYHKIUU COOTBETCTBEHHO.

ITpumepsr

1) Hafitu wnambosibliiee W HAWMEHbIee 3HAUEHUsT (DYHKIIUN
f(z) = 3x* + 427 + 1 na orpeske [—2;1];

2) Haiitu  HamboJiblllee ¥ HAUMEHbINee 3HaueHusd YHKIUN

T3 + 4

flx) = —5—

e na orpeske [1;4];

2

e Ha orpeske [—1; —4].
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