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1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé ÍÃÒÓ

1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåí-

íîé

Äèôôåðåíöèàëüíîå èñ÷èñëåíèå: ïî çàäàííîé ôóíêöèè

y = f (x) íàéòè å¼ ïðîèçâîäíóþ f ′(x) (èëè äèôôåðåíöèàë).

Èíòåãðàëüíîå èñ÷èñëåíèå: íàéòè ôóíêöèþ F (x), çíàÿ å¼ ïðî-

èçâîäíóþ F ′(x) = f (x) (èëè äèôôåðåíöèàë dF (x) = f (x)dx).

1.1 Íåîïðåäåë¼ííûé èíòåãðàë

Îïðåäåëåíèå 1. Ôóíêöèÿ F (x) íàçûâàåòñÿ ïåðâîîáðàçíîé ôóíê-

öèè f (x) íà èíòåðâàëå (a; b), åñëè äëÿ ∀x ∈ (a; b) âûïîëíåíî

F ′(x) = f (x) (èëè dF (x) = f (x)dx).

Òåîðåìà 1. Åñëè ôóíêöèÿ F (x) ÿâëÿåòñÿ ïåðâîîáðàçíîé ôóíê-

öèè f (x) íà (a; b), òî ìíîæåñòâî âñåõ ïåðâîîáðàçíûõ äëÿ f (x)

çàäà¼òñÿ ôîðìóëîé F (x) + C, ãäå C � êîíñòàíòà.

Îïðåäåëåíèå 2. Ìíîæåñòâî âñåõ ïåðâîîáðàçíûõ ôóíêöèé

F (x) + C äëÿ f (x) íàçûâàåòñÿ íåîïðåäåë¼ííûì èíòåãðàëîì îò

ôóíêöèè f (x), è îáîçíà÷àåòñÿ ñèìâîëîì
∫
f (x)dx, ò. å.∫

f (x)dx = F (x) + C.

Îïåðàöèÿ íàõîæäåíèÿ F (x) � èíòåãðèðîâàíèå.

Òåîðåìà 2. Âñÿêàÿ íåïðåðûâíàÿ íà (a; b) ôóíêöèÿ èìååò íà

ýòîì ïðîìåæóòêå ïåðâîîáðàçíóþ, à ñëåäîâàòåëüíî è íåîïðå-

äåë¼ííûé èíòåãðàë.

Çàìå÷àíèå. Íå âñÿêàÿ ïåðâîîáðàçíàÿ âûðàæàåòñÿ ñ ïîìîùüþ

ýëåìåíòàðíûõ ôóíêöèé.

Ãðàôèê ïåðâîîáðàçíîé � èíòåãðàëüíàÿ êðèâàÿ. Ìíîæåñòâî

ïåðâîîáðàçíûõ � ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ.

5



ÍÃÒÓ 1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé
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Äèôôåðåíöèðîâàíèå
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Ðèñ. 1. Ôóíêöèÿ è å¼ ïðîèçâîäíàÿ
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y = 2x

-

6

y = x2 + C

Èíòåãðèðîâàíèå

−→

Ðèñ. 2. Ôóíêöèÿ è ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ

1.2 Ñâîéñòâà íåîïðåäåë¼ííîãî èíòåãðàëà

1. d
(∫

f (x)dx
)
= f (x)dx,

(∫
f (x)dx

)′
= f (x).

Ïðàâèëüíîñòü èíòåãðèðîâàíèÿ ïðîâåðÿåòñÿ äèôôåðåíöèðî-

âàíèåì.

2.
∫
dF (x) = F (x) + C.

3.
∫
af (x)dx = a

∫
f (x)dx.

4.
∫
(f (x)± g(x))dx =

∫
f (x)dx±

∫
g(x)dx.

5. Èíâàðèàíòíîñòü ôîðìóëû èíòåãðèðîâàíèÿ.

Åñëè
∫
f (x)dx = F (x) + C, òî è

∫
f (u)du = F (u) + C, ãäå

u = φ(x).

6



1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé ÍÃÒÓ

1.3 Òàáëèöà îñíîâíûõ íåîïðåäåë¼ííûõ èíòåãðàëîâ

1)

∫
xαdx =

xα+1

α + 1
+ C, α ̸= −1

(∫
dx = x + C

)
;

2)

∫
dx

x
= ln |x| + C;

3)

∫
axdx =

ax

ln a
+ C;

4)

∫
exdx = ex + C;

5)

∫
sinxdx = − cosx + C;

6)

∫
cosxdx = sin x + C;

7)

∫
tg xdx = − ln | cosx| + C;

8)

∫
ctg xdx = ln | sinx| + C;

9)

∫
dx

cos2 x
= tg x + C;

10)

∫
dx

sin2 x
= −ctg x + C;

11)

∫
dx

sinx
= ln

∣∣∣tgx
2

∣∣∣ + C;

12)

∫
dx

cosx
= ln

∣∣∣tg(x
2
+
π

4

)∣∣∣ + C;

13)

∫
dx√
a2 − x2

= arcsin
x

a
+ C;

14)

∫
dx√
x2 ± a2

= ln |x +
√
x2 ± a2| + C;
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ÍÃÒÓ 1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé

15)

∫
dx

a2 + x2
=

1

a
arctg

x

a
+ C;

16)

∫
dx

a2 − x2
=

1

2a
ln

∣∣∣∣a + x

a− x

∣∣∣∣ + C;

17)

∫ √
a2 − x2dx =

x

2

√
a2 − x2 +

a2

2
arcsin

x

a
+ C;

18)

∫ √
x2 ± a2dx =

x

2

√
x2 ± a2 ± a2

2
ln
∣∣∣x +√

x2 ± a2
∣∣∣ + C.

1.4 Îñíîâíûå ìåòîäû èíòåãðèðîâàíèÿ

1.4.1 Ìåòîä íåïîñðåäñòâåííîãî èíòåãðèðîâàíèÿ

Îñíîâàí íà òîæäåñòâåííûõ ïðåîáðàçîâàíèÿõ ïîäûíòåãðàëü-

íîé ôóíêöèè � ñâåäåíèå ê òàáëè÷íûì èíòåãðàëàì.

Èñïîëüçóþòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ äèôôåðåíöèàëà:

du = d(u + a), du =
1

a
d(au), a � êîíñòàíòà, a ̸= 0.

Ïðèìåðû

1)

∫
(2x4 + x

√
x + x + 5)dx;

2)

∫
x + 1

x
dx;

3)

∫
x2

x2 + 1
dx;

4)

∫
dx

x + 3
;

5)

∫
ctg2xdx.
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1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé ÍÃÒÓ

1.4.2 Ìåòîä èíòåãðèðîâàíèÿ ïîäñòàíîâêîé

Îáùèõ ìåòîäîâ ïîäáîðà ïîäñòàíîâîê íå ñóùåñòâóåò.∫
f (φ(x))φ′(x)dx =

∫
f (φ(x))dφ(x) =

∫
f (t)dt.

Ïðèìåðû

1)

∫
e
x
4dx;

2)

∫
cos(3x + 5)dx;

3)

∫
x
√
x− 3dx;

4)

∫
dx

ex + 1
dx;

5)

∫
tg xdx.

1.4.3 Ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì

Ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîçâîëÿåò ñâåñòè èñõîäíûé

íåîïðåäåëåííûé èíòåãðàë ê áîëåå ïðîñòîìó âèäó ëèáî ê òàá-

ëè÷íîìó èíòåãðàëó. Ýòîò ìåòîä íàèáîëåå ÷àñòî ïðèìåíÿåòñÿ, åñ-

ëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ ñîäåðæèò ìíîãî÷ëåí n-îé ñòåïåíè

è ëîãàðèôìè÷åñêèå, ïîêàçàòåëüíûå, îáðàòíûå òðèãîíîìåòðè÷å-

ñêèå, òðèãîíîìåòðè÷åñêèå ôóíêöèè, à òàêæå èõ êîìáèíàöèè.

Âîñïîëüçóåìñÿ ðàâåíñòâàìè

d(uv) = udv + vdu,∫
d(uv) =

∫
udv +

∫
vdu,

uv =

∫
udv +

∫
vdu,
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ÍÃÒÓ 1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé∫
udv = uv −

∫
vdu.

Ïîñëåäíåå ñîîòíîøåíèå íàçûâàåòñÿ ôîðìóëîé èíòåãðèðîâà-

íèÿ ïî ÷àñòÿì.

Òèïû èíòåãðàëîâ äëÿ êîòîðûõ ïðèìåíèìà ôîðìóëà èíòåãðè-

ðîâàíèÿ ïî ÷àñòÿì.

1)
∫
P (x)ekxdx,

∫
P (x) sin kxdx,

∫
P (x) cos kxdx,

P (x) � ìíîãî÷ëåí, P (x) = u, îñòàëüíàÿ ÷àñòü ïîäûíòåãðàëü-

íîé ôóíêöèè � dv;

2)
∫
P (x) ln xdx,

∫
P (x) arcsin xdx,

∫
P (x) arccos xdx,∫

P (x)arctg xdx,
∫
P (x)arcctg xdx, òîãäà P (x)dx = dv;

3)
∫
eax sin bxdx,

∫
eax cos bxdx, u = eax.

Ïðèìåðû

1)

∫
(2x + 1)e3xdx;

2)

∫
lnxdx;

3)

∫
x2exdx;

4)

∫
arctg xdx;

5)

∫
ex sinxdx.

1.4.4 Èíòåãðèðîâàíèå äðîáíî-ðàöèîíàëüíûõ ôóíêöèé

Pn(x) = a0+ a1x+ a2x
2+ . . .+ anx

n � ìíîãî÷ëåí n-îé ñòåïåíè

(öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ).

x0 � êîðåíü ìíîãî÷ëåíà, åñëè Pn(x0) = 0. Â îáùåì ñëó÷àå

x ∈ C.
10



1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé ÍÃÒÓ

Åñëè x0 � êîðåíü ìíîãî÷ëåíà, òî Pn(x) äåëèòñÿ áåç îñòàòêà íà

x− x0, ò. å.

Pn(x) = (x− x0)Pn−1(x).

Pn(x) = an(x− x0)(x− x1)(x− x2) . . . (x− xn).

Äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ f (x) =
Pm(x)

Qn(x)
.

Äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ
Pm(x)

Qn(x)
íàçûâàåòñÿ ïðàâèëüíîé,

åñëè ñòåïåíü ìíîãî÷ëåíà, ñòîÿùåãî â ÷èñëèòåëå, íèæå ñòåïåíè

ìíîãî÷ëåíà â çíàìåíàòåëå (m < n), è íåïðàâèëüíîé â ïðîòèâ-

íîì ñëó÷àå (m ≥ n).

Íàïðèìåð, äðîáíî-ðàöèîíàëüíûå ôóíêöèè x2+4x+5
2x3+3x2−7x−8

,
1

x2+3x−4
� ïðàâèëüíûå, à x4−8x3+x2+4x−3

x3+7x2−5
, x

2+4x−5
x2+x−7

, � íåïðàâèëüíûå.

Â ñëó÷àå, åñëè m ≥ n,
Pm(x)

Qn(x)
= L(x)+

R(x)

Qn(x)
, ãäå L(x) �öåëàÿ

ðàöèîíàëüíàÿ ôóíêöèÿ, à
R(x)

Qn(x)
� ïðàâèëüíàÿ äðîáü.

P (x)

Q(x)
=
x4 − 5x + 9

x− 2
= x3 + 2x2 + 4x + 3 +

15

x− 2
.

Òåîðåìà 3. Âñÿêóþ ïðàâèëüíóþ ðàöèîíàëüíóþ äðîáü
Pm(x)

Qn(x)
,

çíàìåíàòåëü êîòîðîé ðàçëîæåí íà ìíîæèòåëè

Qn(x) = (x−x1)k1(x−x2)k2 . . . (x2+p1x+q1)s1 . . . (x2+pmx+qm)sm

ìîæíî ïðåäñòàâèò, è ïðèòîì åäèíñòâåííûì îáðàçîì, â âèäå

ñóììû ïðîñòûõ äðîáåé:

Pm(x)

Qn(x)
=

A1

x− x1
+

A2

(x− x1)2
+ . . . +

Ak1

(x− x1)k1
+

+
B1

x− x2
+

B2

(x− x2)2
+ . . . +

Bk2

(x− x2)k2
+ . . .

+
C1x +D1

x2 + p1x + q1
+

C2x +D2

(x2 + p1x + q1)2
+ . . . +

Cs1x +Ds1

(x2 + p1x + q1)s1
+ . . .

11



ÍÃÒÓ 1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé

+
M1x +N1

x2 + pmx + qm
+

M2x +N2

(x2 + pmx + qm)2
+ . . . +

Msmx +Nsm

(x2 + pmx + qm)sm
.

Ïðèìåðû

Ðàçëîæèòü íà ýëåìåíòàðíûå äðîáè.

1)
25x2 + 37x− 8

−x4 + x3 + 12x2 + 4x− 16
;

2)
5x2 − 10x + 27

x3 − 2x2 + 7x + 10
;

3)
2x4 − 7x3 − 4x2 + 22x− 5

x2 − 5x + 6
.

Ïðè èíòåãðèðîâàíèè íåïðàâèëüíîé äðîáè ñëåäóåò ïðåäâàðè-

òåëüíî ïåðåéòè ê ïðàâèëüíîé äðîáè ïóòåì âûäåëåíèÿ öåëîé ÷à-

ñòè.

Àëãîðèòì:

1. Åñëè äðîáü íåïðàâèëüíàÿ � âûäåëèòü öåëóþ ÷àñòü. Ïîëó÷èì

èíòåãðàë îò öåëîé ÷àñòè (èíòåãðèðóåòñÿ íåïîñðåäñòâåííî) è

èíòåãðàë îò ïðàâèëüíîé äðîáè.

2. Åñëè ÷èñëèòåëü ðàâåí äèôôåðåíöèàëó çíàìåíàòåëÿ (èëè îò-

ëè÷àåòñÿ îò íåãî ïîñòîÿííûì ìíîæèòåëåì), òî èñïîëüçîâàòü

çàìåíó ïåðåìåííîé z = çíàìåíàòåëü.

3. Åñëè ÷èñëèòåëü ðàâåí äèôôåðåíöèàëó íåêîãî ìíîãî÷ëåíà

(èëè îòëè÷àåòñÿ îò íåãî ïîñòîÿííûì ìíîæèòåëåì), à çíàìå-

íàòåëü ðàâåí ñòåïåíè òîãî æå ìíîãî÷ëåíà, òî èñïîëüçîâàòü

çàìåíó ïåðåìåííîé z =çíàìåíàòåëü.

4. Â îñòàëüíûõ ñëó÷àÿõ íóæíî ðàçëîæèòü äðîáü íà ñóììó ïðî-

ñòåéøèõ.

Èíòåãðèðîâàíèå ïðîñòåéøèõ ðàöèîíàëüíûõ äðîáåé

1)

∫
A

x− a
dx = A

∫
d(x− a)

x− a
= A ln |x− a| + C;

12
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2)

∫
A

(x− a)k
dx = A

∫
d(x− a)

(x− a)k
= A

(x− a)−k+1

−k + 1
+ C;

3)

∫
Mx +N

x2 + px + q
dx � âûäåëèòü â çíàìåíàòåëå ïîëíûé êâàäðàò

è ñäåëàòü çàìåíó: x2 + px + q = x2 + 2
p

2
x +

p2

4
− p2

4
+ q =

(x +
p

2
)2 + q − p2

4
=

∣∣∣∣x + p

2
= t, q − p2

4
= a2

∣∣∣∣;
4)

∫
dx

(a2 + x2)n
(n = 1, 2, 3, . . .).

Ââåäåì îáîçíà÷åíèå Ik =

∫
dx

(a2 + x2)k
.

Èíòåãðèðóåì ïî ÷àñòÿì:

Ïîëîæèì u =
1

(a2 + x2)n
, dv = dx.

Òîãäà du = −n(a2 + x2)−n−1 · 2x dx = − 2nx dx

(a2 + x2)n+1
, v = x.

Èìååì:

In =

∫
dx

(a2 + x2)n
=

x

(a2 + x2)n
+ 2n

∫
x2 dx

(a2 + x2)n+1
.

Ïðåîáðàçóåì èíòåãðàë, ñîäåðæàùèéñÿ â ïðàâîé ÷àñòè ïî-

ñëåäíåãî ðàâåíñòâà, ñëåäóþùèì îáðàçîì:∫
x2 dx

(a2 + x2)n+1
=

∫
(a2 + x2)− a2

(a2 + x2)n+1
dx =

=

∫
dx

(a2 + x2)n
− a2

∫
dx

(a2 + x2)n+1
= In − a2In+1.

Ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â ôîðìóëó äëÿ In:

In =
x

(a2 + x2)n
+ 2n(In − a2In+1).

Èç ýòîãî ðàâåíñòâà íàõîäèì:

In+1 =
2n− 1

2na2
In +

1

2na2
· x

(a2 + x2)n
.

13
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Ïîëó÷åííàÿ ðåêóððåíòíàÿ ôîðìóëà ïîçâîëÿåò ñâåñòè âû÷èñ-

ëåíèå èíòåãðàëà ñ èíäåêñîì n + 1 ê âû÷èñëåíèþ èíòåãðàëà

ñ ìåíüøèì èíäåêñîì n.

Ïóñòü, íàïðèìåð, íóæíî âû÷èñëèòü èíòåãðàë

∫
dx

(a2 + x2)2
.

Âîñïîëüçóåìñÿ ðåêóððåíòíîé ôîðìóëîé. Â äàííîì ñëó÷àå

n + 1 = 2, ñëåäîâàòåëüíî, n = 1. Èìååì:

I2 =
1

2a2
I1 +

1

2a2
· x

a2 + x2
,

òî åñòü

I2 =

∫
dx

(a2 + x2)2
=

1

2a2

∫
dx

a2 + x2
+

1

2a2
· x

a2 + x2
=

=
1

2a2

(
1

a
arctg

x

a
+

x

a2 + x2

)
+ C.

Ïðèìåðû

1)

∫
3x + 1

x2 + 2x + 10
dx =

3

2
ln((x + 1)2 + 9)− 2

3
arctg

x + 1

3
+ C;

2)

∫
x4 − 4x3 + 3x2 + 6x− 1

x3 − 5x2 + 6x
dx;

3)

∫
x3 + x2

x2 − 6x + 5
dx;

4)

∫
x2

(x− 1)5
dx, |çàìåíà x− 1 = t|.

1.4.5 Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

I.

∫
R(sinx; cos x)dx

1) Óíèâåðñàëüíàÿ ïîäñòàíîâêà: tgx2 = t,

sinx =
2tgx2

1 + tg2x2
=

2t

1 + t2
, cosx =

1− tg2x2
1 + tg2x2

=
1− t2

1 + t2
,

x = 2arctg x, dx =
2

1 + t2
dt;

14
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2) R(− sinx; cos x)dx = −R(sin x; cos x)dx,
cosx = t, sinx =

√
1− t2, dx = − dt√

1− t2
;

3) R(sin x;− cosx)dx = −R(sin x; cos x)dx,
sinx = t, cosx =

√
1− t2, dx =

dt√
1− t2

;

4) R(− sinx;− cosx)dx = R(sin x; cos x)dx,

tg x = t, sinx =
t√

1 + t2
, cosx =

1√
1 + t2

, dx =
dt

1 + t2
.

Ïðèìåðû

1)

∫
dx

3 + sin x + cos x
, |çàìåíà tgx

2
= t|;

2)

∫
dx

sinx
, |çàìåíà cosx = t|;

3)

∫
dx

cosx
, |çàìåíà sinx = t|;

4)

∫
dx

1 + sin2 x
, |çàìåíà tgx = t|.

II.

∫
sinm x cosn xdx

1) m = 2k + 1 (èëè n = 2k + 1)∫
sin2k+1 x cosn xdx =

∫
sin2k x cosn x sinxdx =

= −
∫

sin2k x cosn xd cosx |çàìåíà cosx = t|;

2) m, n � ÷¼òíûå ïîëîæèòåëüíûå.

Ïîíèæåíèå ñòåïåíè

cos2 x =
1 + cos 2x

2
, sin2 x =

1− cos 2x

2
, sinx cosx =

sin 2x

2
.

15
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Ïðèìåðû

1)

∫
sin10 x cos3 xdx;

2)

∫
sin2 x cos2 xdx.

III.

∫
sinmx cosnxdx,

∫
sinmx sinnxdx,

∫
cosmx cosnxdx

sinmx cosnx =
1

2
(sin(m + n)x + sin(m− n)x);

sinmx sinnx =
1

2
(cos(m− n)x− cos(m + n)x);

cosmx cosnx =
1

2
(cos(m− n)x + cos(m + n)x).

IV.

∫
tgmxdx,

∫
ctgmxdx

tg2x = sec2 x− 1, ctg2x = cosec2x− 1.

1.4.6 Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

∫
dx√

ax2 + bx + c
,

∫ √
ax2 + bx + cdx,

∫
mx + n√
ax2 + bx + c

dx

Âûäåëåíèå ïîëíîãî êâàäðàòà ñâîäèò ê òàáëè÷íûì èíòåãðàëàì:

13)

∫
dx√
a2 − x2

= arcsin
x

a
+ C;

14)

∫
dx√
x2 ± a2

= ln |x +
√
x2 ± a2| + C;

17)

∫ √
a2 − x2dx =

x

2

√
a2 − x2 +

a2

2
arcsin

x

a
+ C;

16
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18)

∫ √
x2 ± a2dx =

x

2

√
x2 ± a2 ± a2

2
ln
∣∣∣x +√

x2 ± a2
∣∣∣ + C.

Òðèãîíîìåòðè÷åñêèå ïîäñòàíîâêè

1)

∫
R(x,

√
m2 − x2)dx,

çàìåíà: x = m sin t èëè x = m cos t, èëè x = m tg t;

2)

∫
R(x,

√
m2 + x2)dx,

çàìåíà: x = m tg t èëè x = m sh t;

3)

∫
R(x,

√
x2 −m2)dx,

çàìåíà: x = m sec t èëè x = m ch t.

Ïðèìåðû

1)

∫ √
4− x2

x2
dx, çàìåíà: x = 2 sin t;

2)

∫
dx

x
√
a2 + x2

, çàìåíà: x = a tg t;

3)

∫ √
x2 − 1dx

x
, çàìåíà: x = ch t.

1.4.7 Èíòåãðàëû îò äèôôåðåíöèàëüíûõ áèíîìîâ

Â ìàòåìàòè÷åñêîì àíàëèçå äèôôåðåíöèàëüíûì áèíîìîì èëè

áèíîìèàëüíûì äèôôåðåíöèàëîì íàçûâàåòñÿ äèôôåðåíöèàë

âèäà

I = xm(a + bxn)p dx,

ãäå a, b � äåéñòâèòåëüíûå ÷èñëà, a m, n, p � ðàöèîíàëüíûå

÷èñëà.

Äèôôåðåíöèàëüíûé áèíîì âûðàæàåòñÿ â ýëåìåíòàðíûõ ôóíê-

öèÿõ òîëüêî â òð¼õ ñëó÷àÿõ:

17
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• p � öåëîå ÷èñëî. Èñïîëüçóåòñÿ ïîäñòàíîâêà x = ts, s � îá-

ùèé çíàìåíàòåëü äðîáåé m è n;

• m + 1

n
� öåëîå ÷èñëî. Èñïîëüçóåòñÿ ïîäñòàíîâêà a+bxn = ts,

s � çíàìåíàòåëü äðîáè p;

• p +
m + 1

n
� öåëîå ÷èñëî. Èñïîëüçóåòñÿ ïîäñòàíîâêà

ax−n + b = ts, s � çíàìåíàòåëü äðîáè p.

Ñëó÷àè âûðàçèìîñòè äèôôåðåíöèàëüíîãî áèíîìà â ýëåìåí-

òàðíûõ ôóíêöèÿõ áûëè èçâåñòíû åù¼ Ë. Ýéëåðó. Îäíàêî, íåâû-

ðàçèìîñòü äèôôåðåíöèàëüíîãî áèíîìà â ýëåìåíòàðíûõ ôóíêöè-

ÿõ âî âñåõ îñòàëüíûõ ñëó÷àõ áûëà äîêàçàíà Ï. Ë. ×åáûøåâûì â

1853 ãîäó.

Ïðèìåðû

1)

∫
dx√

x( 4
√
x + 1)10

dx,

p = −10, p ∈ Z, m = −1

2
, n =

1

4
(1-é ñëó÷àé), çàìåíà: x = t4;

2)

∫
x3 dx

(a2 − x2)
√
a2 − x2

, p = −3

2
, m = 3, n = 2,

m + 1

n
=

3 + 1

2
= 2 ∈ Z (2-é ñëó÷àé), çàìåíà: a2 − x2 = t2;

3)

∫
dx

x4
√
1 + x2

, p = −1

2
, m = −4, n = 2,

m + 1

n
+ p =

−4 + 1

2
− 1

2
= −2 ∈ Z (3-é ñëó÷àé), çàìåíà:

x−2 + 1 = t2.
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1.5 Îïðåäåë¼ííûé èíòåãðàë

Ïóñòü y = f (x) îïðåäåëåíà íà [a; b]. Ðàçîáü¼ì îòðåçîê [a; b]

òî÷êàìè xi, i = 0, n íà n ÷àñòåé

x0 = a < x1 < x2 < . . . < xn = b.

ci ∈ [xi;xi+1], f (ci), xi+1 − xi = ∆xi, λ = max
i

∆xi.

Sn = f (c1)∆x1 + f (c2)∆x2 + . . . + f (cn)∆xn.

Sn � èíòåãðàëüíàÿ ñóììà.

Îïðåäåëåíèå 3. Åñëè èíòåãðàëüíàÿ ñóììà Sn èìååò ïðåäåë

lim
n→ ∞
λ→ 0

n∑
i=1

f (ci)∆xi = I,

êîòîðûé íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ îòðåçêà [a; b] íà ÷à-

ñòè÷íûå îòðåçêè, íè îò âûáîðà òî÷åê ci â íèõ, òî ÷èñëî I íà-

çûâàåòñÿ îïðåäåë¼ííûì èíòåãðàëîì (ïî Ðèìàíó) îò ôóíêöèè

y = f (x) íà îòðåçêå [a; b] è îáîçíà÷àåòñÿ

b∫
a

f (x)dx, ò. å.

lim
n→ ∞
λ→ 0

n∑
i=1

f (ci)∆xi =

b∫
a

f (x)dx.

Ôóíêöèÿ y = f (x) äëÿ êîòîðîé íà îòðåçêå [a; b] ∃ îïðåäåë¼í-

íûé èíòåãðàë

b∫
a

f (x)dx íàçûâàåòñÿ èíòåãðèðóåìîé íà ýòîì îò-

ðåçêå.
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Ðèñ. 3. Ãåîìåòðè÷åñêèé ñìûñë îïðåäåë¼ííîãî èíòåãðàëà � ïëîùàäü êðèâî-

ëèíåéíîé òðàïåöèè

1.5.1 Ôîðìóëà Íüþòîíà�Ëåéáíèöà

Òåîðåìà 4 (Íüþòîíà�Ëåéáíèöà). Åñëè ôóíêöèÿ y = f (x)

íåïðåðûâíà íà îòðåçêå [a; b] è F (x) � êàêàÿ-ëèáî å¼ ïåðâîîá-

ðàçíàÿ íà [a; b] (F ′(x) = f (x)), òî èìååò ìåñòî:
b∫

a

f (x)dx = F (x)|ba = F (b)− F (a).

Äîêàçàòåëüñòâî

Ðàññìîòðèì òîæäåñòâî

F (b)− F (a) = F (xn)− F (x0) =

= (F (xn)− F (xn−1) + (F (xn−1)− F (xn−2) + . . .

+(F (x2)− F (x1) + (F (x1)− F (x0).

Âîñïîëüçóåìñÿ òåîðåìîé Ëàãðàíæà:

F (xi+1)− F (xi) = F ′(ci)(xi+1 − xi), òîãäà

F (b)− F (a) =

n∑
i=1

F ′(ci)(xi+1 − xi) =

n∑
i=1

f (ci)∆xi.

20



1 Èíòåãðàëüíîå èñ÷èñëåíèå ôóíêöèè îäíîé ïåðåìåííîé ÍÃÒÓ

Ïîëó÷èëàñü èíòåãðàëüíàÿ ñóììà. Ïåðåéä¼ì ê ïðåäåëó

n→ ∞, λ→ 0. Â ðåçóëüòàòå:

b∫
a

f (x)dx = F (b)− F (a), ÷. ò. ä..

1.6 Îñíîâíûå ñâîéñòâà îïðåäåë¼ííîãî èíòåãðàëà

1)

b∫
a

cf (x)dx = c

b∫
a

f (x)dx;

2)

b∫
a

(f1(x) + f2(x))dx =

b∫
a

f1(x)dx +

b∫
a

f2(x)dx;

3)

b∫
a

f (x)dx = −
a∫
b

f (x)dx;

4) àääèòèâíîñòü îïðåäåë¼ííîãî èíòåãðàëà

äëÿ ∀ c ∈ [a; b]

b∫
a

f (x)dx =

c∫
a

f (x)dx +

b∫
c

f (x)dx;

5) òåîðåìà î ñðåäíåì, ñëåäóåò èç òåîðåì Íüþòîíà�Ëåéáíèöà è

Ëàãðàíæà:

∃ c ∈ [a; b]

b∫
a

f (x)dx = f (c)(b− a);

6) åñëè f (x) ≥ 0 ïðè x ∈ [a; b], òî

b∫
a

f (x)dx ≥ 0;
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7) åñëè f1(x) ≤ f2(x) ïðè x ∈ [a; b], òî

b∫
a

f1(x)dx ≤
b∫

a

f2(x)dx;

8) åñëè m èM � íàèìåíüøåå è íàèáîëüøåå çíà÷åíèÿ ôóíêöèè

y = f (x) íà îòðåçêå [a; b], òîm(b−a) ≤
b∫

a

f (x)dx ≤M(b−a);

9)

∣∣∣∣∣∣
b∫

a

f (x)dx

∣∣∣∣∣∣ ≤
b∫

a

|f (x)|dx;

10)

 x∫
a

f (t)dt

′

x

= f (x),

ñëåäîâàòåëüíî,

x∫
a

f (t)dt � îäíà èç ïåðâîîáðàçíûõ.

1.7 Âû÷èñëåíèå îïðåäåë¼ííîãî èíòåãðàëà

Òåîðåìà 5.

1) Åñëè x = φ(t) è å¼ ïðîèçâîäíàÿ x′ = φ′(t) íåïðåðûâíû íà

[α; β];

2) ìíîæåñòâîì çíà÷åíèé ôóíêöèè x = φ(t) ïðè t ∈ [α; β] ÿâ-

ëÿåòñÿ îòðåçîê [a; b];

3) φ(α) = a, φ(β) = b,

òî

b∫
a

f (x)dx =

β∫
α

f (φ(t))φ′(t)dt.

Çàìå÷àíèå. Ïðè âû÷èñëåíèè îïðåäåë¼ííîãî èíòåãðàëà âîç-

âðàùàòüñÿ ê ñòàðîé ïåðåìåííîé íå òðåáóåòñÿ.
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Ïðèìåð.

2∫
0

x2
√

4− x2dx, çàìåíà: x = 2 sin t, x = 0, t = 0, x = 2, t = π/2.

Èíòåãðèðîâàíèå ïî ÷àñòÿì

b∫
a

udv = uv|ba −
b∫

a

vdu.

Èíòåãðèðîâàíèå ÷¼òíûõ è íå÷¼òíûõ ôóíêöèé â

ñèììåòðè÷íûõ ïðåäåëàõ

a∫
−a

f (x)dx =


2

a∫
0

f (x)dx, f (x)� ÷¼òíàÿ,

0, f (x)� íå÷¼òíàÿ.

1.8 Ïðèìåíåíèå îïðåäåë¼ííîãî èíòåãðàëà ê âû÷èñëåíèÿì ðàç-

ëè÷íûõ âåëè÷èí

Îáùàÿ ñõåìà âû÷èñëåíèÿ âåëè÷èíû u

1. Ðàçáèòü u íà áîëüøîå ÷èñëî n ìàëûõ ñëàãàåìûõ: ýëåìåíòîâ

∆ui

u = ∆u1 +∆u2 + . . . +∆un =
n∑
i=1

∆ui.

2. Íàéòè ïðèáëèæ¼ííîå çíà÷åíèå ýëåìåíòà ∆ui â âèäå ïðîèçâå-

äåíèÿ ∆ui = f (xi)∆xi è çàòåì íàéòè ïðèáëèæ¼ííîå çíà÷åíèå

â âèäå èíòåãðàëüíîé ñóììû:

u ≈
n∑
i=1

f (xi)∆xi,
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x � ïàðàìåòð âåëè÷èíû u, a ≤ x ≤ b; f (x) � çàäàííàÿ èëè

îïðåäåëÿåìàÿ èç óñëîâèÿ çàäà÷è ôóíêöèÿ.

Èñïîëüçóþòñÿ óïðîùåíèÿ:

à) ìàëûå êðèâîëèíåéíûå îòðåçêè çàìåíèòü ñòÿãèâàþùèìè

õîðäàìè;

á) ïåðåìåííóþ ñèëó (èëè ñêîðîñòü) íà ìàëîì ó÷àñòêå ïóòè

ìîæíî çàìåíèòü ïîñòîÿííîé;

â) ïåðåìåííóþ òåìïåðàòóðó â òå÷åíèå ìàëîãî ïðîìåæóòêà

âðåìåíè � ïîñòîÿííîé;

ã) . . .

3. Åñëè èç óñëîâèÿ çàäà÷è ñëåäóåò, ÷òî ïðè n → +∞ ïîãðåø-

íîñòü âû÷èñëåíèÿ âåëè÷èíû u ñ ïîìîùüþ ôîðìóëû:

u ≈
n∑
i=1

f (xi)∆xi → 0, òî âåëè÷èíà u ðàâíà îïðåäåë¼ííîìó

èíòåãðàëó

u =

b∫
a

f (x)dx.
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1.8.1 Ïëîùàäü ïëîñêîé ôèãóðû â äåêàðòîâîé ñèñòåìå êîîðäèíàò

Ïëîùàäü ïëîñêîé ôèãóðû, îòíåñ¼ííîé ê ïðÿìîóãîëüíîé ñè-

ñòåìå êîîðäèíàò, ìîæåò áûòü ñîñòàâëåíà èç ïëîùàäåé êðèâîëè-

íåéíûõ òðàïåöèé, ïðèìûêàþùèõ ê îñè OX èëè îñè OY .

-

6

y = f(x)

∆xa b
-

6

x = φ(y)
∆y

c

d

-

6

a b

y = f2(x)

y = f1(x)

Ðèñ. 4. Ïëîùàäü ïëîñêîé ôèãóðû

S =

b∫
a

f (x)dx, S =

d∫
c

φ(y)dy, S =

b∫
a

f2(x)− f1(x)dx.

Çàìå÷àíèå. Ôîðìóëà S =

b∫
a

f2(x)− f1(x)dx ïðèìåíèìà äëÿ

âû÷èñëåíèÿ ïëîùàäåé ôèãóð ïðàâèëüíûõ â íàïðàâëåíèè îñèOX

èëè îñè OY . Åñëè ôèãóðà íå ÿâëÿåòñÿ ïðàâèëüíîé â íàïðàâëå-

íèè îäíîé èç îñåé, òî å¼ âñåãäà ìîæíî ðàçáèòü íà êîíå÷íîå ÷èñëî

ôèãóð ïðàâèëüíûõ â íàïðàâëåíèè îñè OX èëè îñè OY .

Çàìå÷àíèå. Åñëè ãðàôèêè ôóíêöèé y = f1(x) è y = f2(x)

ïåðåñåêàþòñÿ íà îòðåçêå [a; b] êîíå÷íîå ÷èñëî ðàç, òî ïëîùàäü,

çàêëþ÷¼ííàÿ ìåæäó íèìè:

S =

b∫
a

|f2(x)− f1(x)|dx.
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1.8.2 Ïëîùàäü ïëîñêîé ôèãóðû â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Ïëîùàäü âñÿêîé ïëîñêîé ôèãóðû, îòíåñ¼ííîé ê ïîëÿðíîé ñè-

ñòåìå êîîðäèíàò, ìîæåò áûòü ñîñòàâëåíà èç ïëîùàäåé êðóãîâûõ

ñåêòîðîâ.

Ðèñ. 5. Ïëîùàäü ïëîñêîé ôèãóðû â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Sñåêòîð =
ρ2

2
∆φ.

Èíòåãðàëüíàÿ ñóììà

Sn =

n∑
i=1

ρ2(φi)

2
∆φi.

S =
1

2

β∫
α

ρ2(φ)dφ.

1.8.3 Ïëîùàäü ïëîñêîé ôèãóðû, çàäàííîé ïàðàìåòðè÷åñêè

{
x = φ(t), φ(t1) ≤ φ(t) ≤ φ(t2),

y = ψ(t).
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A(φ(t1);ψ(t1)), B(φ(t2);ψ(t2)).

x = φ(t) ⇒ dx = φ′(t)dt.

S =

b∫
a

f (x)dx =

t2∫
t1

f (φ(t))φ′(t)dt =

t2∫
t1

ψ(t)φ′(t))dt.

-

6

A

B

a b

Ðèñ. 6. Ïëîùàäü ïëîñêîé ôèãóðû, çàäàííîé ïàðàìåòðè÷åñêè

Ïðèìåðû

1. Íàéòè ïëîùàäü, çàêëþ÷¼ííóþ ìåæäó ëèíèÿìè: y = 4 − x2,

y = x2 − 2x.

2. Íàéòè ïëîùàäü, çàêëþ÷¼ííóþ ìåæäó ëèíèÿìè: y = sinx,

y = cos x,
π

4
≤ x ≤ 5π

4
.

3. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé êàðäèîèäîé:

ρ(φ) = a(1 + cosφ).

4. Íàéòè ïëîùàäü ýëëèïñà:{
x = a cos t,

y = b sin t.

1.8.4 Äëèíà äóãè ïëîñêîé êðèâîé â äåêàðòîâîé ñèñòåìå êîîðäèíàò

∆Li � äëèíà i-ãî çâåíà ëîìàíîé.

Ln = ∆L1 +∆L2 + . . . +∆Ln =

n∑
i=1

∆Li.
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Ðèñ. 7. Äëèíà äóãè ïëîñêîé êðèâîé

Îïðåäåëåíèå 4. Äëèíà äóãè AB � ïðåäåë, ê êîòîðîìó ñòðå-

ìèòñÿ ïåðèìåòð âïèñàííîé â ýòó äóãó ëîìàííîé, ïðè íåîãðà-

íè÷åííîì óâåëè÷åíèè ÷èñëà å¼ çâåíüåâ è ñòðåìëåíèè ê íóëþ

íàèáîëüøåé èç äëèí çâåíüåâ (λ = max
i

∆Li)

l = lim
n→ ∞
λ→ 0

n∑
i=1

∆Li

Ïðåäïîëàãàåòñÿ, ÷òî ïðåäåë ñóùåñòâóåò è íå çàâèñèò îò âû-

áîðà òî÷åê Mk.

Êðèâûå, äëÿ êîòîðûõ ïðåäåë ñóùåñòâóåò, íàçûâàþòñÿ ñïðÿì-

ëÿåìûå.

Òåîðåìà 6. Åñëè ôóíêöèÿ y = f (x) íåïðåðûâíà âìåñòå ñî ñâî-

èìè ïðîèçâîäíûìè f ′(x) íà îòðåçêå [a; b], òî êðèâàÿ AB ñïðÿì-

ëÿåìà è äëèíà å¼ âûðàæàåòñÿ ôîðìóëîé:

l =

b∫
a

√
1 + (f ′(x))2dx.

Äîêàçàòåëüñòâî

∆Lk =
√

(xk − xk−1)2 + (f (xk)− f (xk−1))2 =
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= |èç òåîðåìû Ëàãðàíæà: f (xk)− f (xk−1) = f ′(ck)(xk − xk−1)| =

=
√

(xk − xk−1)2 + (f ′(ck)(xk − xk−1))2 =
√
1 + (f ′(ck))2∆xk.

λ = max
i

∆Li, Ln =

n∑
k=1

∆Lk.

l = lim
n→ ∞
λ→ 0

n∑
k=1

√
1 + (f ′(ck))2∆xk =

b∫
a

√
1 + (f ′(x))2dx.

1.8.5 Äëèíà äóãè ïëîñêîé êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè

Êðèâàÿ AB: {
x = φ(t), t1 ≤ t ≤ t2,

y = ψ(t).

a = φ(t1), b = φ(t2), y
′
x =

y′t
x′t

=
ψ′(t)

φ′(t)
.

l =

b∫
a

√
1 + (y′(x))2dx =

t2∫
t1

√
1 +

(
ψ′(t)

φ′(t)

)2

φ′(t)dt =

=

t2∫
t1

√
(φ′(t))2 + (ψ′(t))2dt

1.8.6 Äëèíà äóãè ïëîñêîé êðèâîé â ïîëÿðíûõ êîîðäèíàòàõ

ρ = f (φ), α ≤ φ ≤ β.{
x = ρ cos(φ) = f (φ) cos(φ),

y = ρ sin(φ) = f (φ) sin(φ).
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Ýòî óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê ïàðàìåòðè÷åñêîå çà-

äàíèå êðèâîé AB ñ ïàðàìåòðîì φ.

l =

β∫
α

√(
dx

dφ

)2

+

(
dy

dφ

)2

dt =

=

β∫
α

√
(f ′ cosφ− f sinφ)2 + (f ′ sinφ + f cosφ)2dφ =

=

β∫
α

√
(f ′(φ))2 + (f (φ))2dφ

Ïðèìåðû

1. Íàéòè äëèíó äóãè: y =
√
1− x2 + arccos x, 0 ≤ x ≤ 8/9.

2. Íàéòè äëèíó äóãè îäíîé àðêè öèêëîèäû:{
x = a(t− sin t),

y = a(1− cos t).

3. Âû÷èñëèòü äëèíó êàðäèîèäû: ρ = a(1 + cosφ).

1.8.7 Äèôôåðåíöèàë äóãè

M � ïðîèçâîëüíàÿ òî÷êà íà äóãå AB. Äëèíà äóãè AM

l(x) =

x∫
a

√
1 + (f ′(t))2dt = F (x)− F (a).

dl

dx
=

 x∫
a

√
1 + (f ′(t))2dt

′

= F ′(x) =
√
1 + (f ′(x))2.

Âûðàæåíèå äëÿ äèôôåðåíöèàëà äóãè:

dl =
√
1 + (f ′(x))2dx èëè dl =

√
dx2 + dy2,

dl =
√

(φ′(t))2 + (ψ′(t))2dt,

dl =
√

(f ′(φ))2 + (f (φ))2dφ.
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1.8.8 Âû÷èñëåíèå îáú¼ìà òåëà ïî èçâåñòíûì ïëîùàäÿì ïîïåðå÷íûõ ñå÷åíèé

Ïóñòü çàäàíà ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ òåëà ïëîñêîñòÿìè

ïåðïåíäèêóëÿðíûìè îñè OX , êàê ôóíêöèÿ ïåðåìåííîé x: S(x).

Ðèñ. 8. Âû÷èñëåíèå îáú¼ìà òåëà ïî èçâåñòíûì ïëîùàäÿì ïîïåðå÷íûõ

ñå÷åíèé

a = x0 < x1 < x2 < . . . < xk < . . . < xn = b.

Vn =

n∑
k=1

S(ck)∆xk.

V = lim
n→ ∞
λ→ 0

n∑
k=1

S(ck)∆xk =

b∫
a

S(x)dx.
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1.8.9 Îáú¼ìà òåëà âðàùåíèÿ

Ðèñ. 9. Âû÷èñëåíèå îáú¼ìà òåëà âðàùåíèÿ

y = f (x), a ≤ x ≤ b.

Ëþáîå ñå÷åíèå òåëà ïëîñêîñòüþ ïåðïåíäèêóëÿðíîé îñè OX :

S(x) = πf 2(x).

Vox = π

b∫
a

f 2(x)dx.

x = φ(y), c ≤ y ≤ d.

Ëþáîå ñå÷åíèå òåëà ïëîñêîñòüþ ïåðïåíäèêóëÿðíîé îñè OY :

S(y) = πφ2(y).

Voy = π

d∫
c

φ2(y)dy.

Ïðèìåðû

1. Íàéòè îáú¼ì òð¼õîñíîãî ýëëèïñîèäà:
x2

a2
+
y2

b2
+
z2

c2
= 1.

2. Âû÷èñëèòü îáú¼ì òåëà, ïîëó÷åííîãî â ðåçóëüòàòå âðàùåíèÿ

ëèíèé y = x è y = x2 à) âîêðóã îñè OX ; á) âîêðóã îñè OY .
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1.8.10 Ïëîùàäü áîêîâîé ïîâåðõíîñòè òåëà âðàùåíèÿ

Ðèñ. 10. Ïëîùàäü áîêîâîé ïîâåðõíîñòè òåëà âðàùåíèÿ

Áîêîâàÿ ïîâåðõíîñòü óñå÷¼ííîãî êîíóñà Sáîê = π(R + r)l.

lk =
√

(xk+1 − xk)2 + (yk+1 − yk)2 = ∆xk
√
1 + (f ′(x))2.

∆Sk = π(yk+1 + yk)
√

1 + (f ′(x))2∆xk.

Sn =

n∑
k=1

π(yk+1 + yk)
√

1 + (f ′(x))2∆xk.

S = lim
n→ ∞
λ→ 0

Sn = 2π

b∫
a

f (x)
√

1 + (f ′(x))2dx.

Äëÿ êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè. Êðèâàÿ AB:{
x = φ(t), t1 ≤ t ≤ t2,

y = ψ(t).

S = 2π

t2∫
t1

ψ(t)
√
(φ′(t))2 + (ψ′(t))2dt.
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Ïëîùàäü áîêîâîé ïîâåðõíîñòè òåëà âðàùåíèÿ êðèâîé â ïîëÿð-

íûõ êîîðäèíàòàõ.

ρ = f (φ), α ≤ φ ≤ β.{
x = ρ cos(φ) = f (φ) cos(φ),

y = ρ sin(φ) = f (φ) sin(φ).

Ýòî óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê ïàðàìåòðè÷åñêîå çà-

äàíèå êðèâîé AB ñ ïàðàìåòðîì φ.

S = 2π

β∫
α

f (φ) sin(φ)

√(
dx

dφ

)2

+

(
dy

dφ

)2

dφ =

= 2π

β∫
α

f (φ) sin(φ)
√
(f ′ cosφ− f sinφ)2 + (f ′ sinφ + f cosφ)2dφ =

= 2π

β∫
α

f (φ) sin(φ)
√

(f ′(φ))2 + (f (φ))2dφ

Ïðèìåðû

1. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âî-

êðóã îñè OX ÷àñòè êðèâîé y =
√
2x, 0 ≤ x ≤ 3/2.

2. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì àñò-

ðîèäû x = a cos3 t, y = a sin3 t âîêðóã îñè àáñöèññ.

3. Íàéòè ïëîùàäü ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êàð-

äèîèäû ρ = a(1 + cosφ) âîêðóã ïîëÿðíîé îñè.
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1.8.11 Ðàáîòà ïåðåìåííîé ñèëû

F = F (x), x ∈ [a; b]. A = F · S.

∆A = F (ck)∆xk, An =

n∑
k=1

F (ck)∆xk.

A = lim
n→ ∞
λ→ 0

n∑
k=1

F (ck)∆xk =

b∫
a

F (x)dx.

Ïðèìåð. Íàéòè âåëè÷èíó äàâëåíèÿ æèäêîñòè íà èëëþìèíà-

òîð ïîäâîäíîé ëîäêè. Öåíòð èëëþìèíàòîðà íàõîäèòñÿ íà ãëó-

áèíå h îò ïîâåðõíîñòè, èëëþìèíàòîð èìååò ôîðìó ýëëèïñà ñ

ïîëóîñÿìè a è b, h > b.

Ðåøåíèå

Ïóñòü îñü Ox íàïðàâëåíà âäîëü ïîâåðõíîñòè âîäû, îñü Oy �

âíèç. Âåëè÷èíà äàâëåíèÿ æèäêîñòè P íà ãîðèçîíòàëüíóþ ïëî-

ùàäêó çàâèñèò îò ãëóáèíû å¼ ïîãðóæåíèÿ y, ò. å. îò ðàññòîÿíèÿ

ïëîùàäêè äî ïîâåðõíîñòè æèäêîñòè: P = ρsy, ρ � óäåëüíûé âåñ

æèäêîñòè, s � ïëîùàäü.

Ðèñ. 11.
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Âûäåëèì íà ãëóáèíå y ãîðèçîíòàëüíóþ ïîëîñêó (ðèñ. 11). Äàâ-

ëåíèå � ôóíêöèÿ ïåðåìåííîé y: P = P (y). Íàéä¼ì äèôôåðåí-

öèàë ýòîé ôóíêöèè dP ïðè èçìåíåíèè ãëóáèíû íà dy.

Äîïóñòèì, ó÷èòûâàÿ ìàëîñòü dy, ÷òî âñå òî÷êè ïîëîñû íàõî-

äÿòñÿ íà ãëóáèíå y, ò. å. ÷òî îíà ðàñïîëîæåíà íà ãëóáèíå y â ãîðè-

çîíòàëüíîé ïëîñêîñòè. Òîãäà ïðèáëèæ¼ííàÿ âåëè÷èíà äàâëåíèÿ

âîäû íà ýòó ïîëîñêó áóäåò ðàâíà âåñó ñòîëáà âîäû, èìåþùåãî

îñíîâàíèåì ýòó ïîëîñêó è âûñîòîé ãëóáèíó y.

Óðàâíåíèå ýëëèïñà ñ ïîëóîñÿìè a è b è ñ öåíòðîì â òî÷êå

(0, h):

x2

a2
+

(y − h)2

b2
= 1,

x = ±a
√
1− (y − h)2

b2
.

Äëèíà ïîëîñêè: 2a

√
1− (y − h)2

b2
.

dP = 2a

√
1− (y − h)2

b2
ρydy.

Ïî óñëîâèþ ãëóáèíà y èçìåíÿåòñÿ íà îòðåçêå [h − b;h + b]. Â

ðåçóëüòàòå äàâëåíèå íà èëëþìèíàòîð:

P =

h+b∫
h−b

2a

√
1− (y − h)2

b2
ρydy = πabhρ.

1.9 Íåñîáñòâåííûå èíòåãðàëû

1.9.1 Íåñîáñòâåííûå èíòåãðàëû 1-ãî ðîäà

Îïðåäåë¼ííûé èíòåãðàë ñ áåñêîíå÷íûì ïðîìåæóòêîì èíòå-

ãðèðîâàíèÿ � íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà.
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Ïóñòü y = f (x) íåïðåðûâíà íà [a;∞). Ðàññìîòðèì:

∞∫
a

f (x)dx = lim
b→∞

b∫
a

f (x)dx.

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë, òî

∞∫
a

f (x)dx � ñõîäèòñÿ.

Åñëè ïðåäåë íå ñóùåñòâóåò èëè áåñêîíå÷íûé, òî

∞∫
a

f (x)dx �

ðàñõîäèòñÿ.

∞∫
−∞

f (x)dx = lim
α→−∞

c∫
α

f (x)dx + lim
β→∞

β∫
c

f (x)dx.

Äëÿ ñõîäèìîñòè ýòîãî íåñîáñòâåííîãî èíòåãðàëà äîëæíû ñó-

ùåñòâîâàòü îáà ïðåäåëà.

Ïðèìåðû

1.

∞∫
1

dx

x2
.

2.

∞∫
0

e−axdx, a > 0.

3.

0∫
−∞

cosxdx.

4.

∞∫
1

dx

x
.
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5.

∞∫
0

dx

1 + x2
.

6.

∞∫
1

dx

xα
.

Òåîðåìà 7 (Ïðèçíàê ñðàâíåíèÿ). Åñëè íà ïðîìåæóòêå [a;∞)

íåïðåðûâíûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèþ 0 ≤ f (x) ≤ φ(x),

òî èç ñõîäèìîñòè èíòåãðàëà

∞∫
a

φ(x)dx ñëåäóåò ñõîäèìîñòü èí-

òåãðàëà

∞∫
a

f (x)dx, à èç ðàñõîäèìîñòè èíòåãðàëà

∞∫
a

f (x)dx ñëå-

äóåò ðàñõîäèìîñòü èíòåãðàëà

∞∫
a

φ(x)dx.

Òåîðåìà 8 (Ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ). Åñëè ñóùå-

ñòâóåò ïðåäåë lim
x→∞

f (x)

φ(x)
= k, 0 < |k| < ∞, òî èíòåãðàëû

∞∫
a

f (x)dx è

∞∫
a

φ(x)dx îäíîâðåìåííî èëè îáà ñõîäÿòñÿ, èëè îáà

ðàñõîäÿòñÿ.

Òåîðåìà 9. Åñëè èíòåãðàë

∞∫
a

|f (x)|dx ñõîäÿòñÿ, òî èíòåãðàë

∞∫
a

f (x)dx íàçûâàåòñÿ àáñîëþòíî ñõîäÿùèìñÿ.
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Èññëåäîâàíèå ñ ïîìîùüþ ïðèçíàêà ñðàâíåíèÿ

Åñëè f (x) ≥ 0 è lim
x→∞

(f (x)xm) = A <∞, A ̸= 0, ò. å. f (x) ∼ A

xm
ïðè x→ ∞, òî

1) ïðè m > 1 èíòåãðàë

∞∫
a

f (x)dx ñõîäèòñÿ;

2) ïðè m ≤ 1 � ðàñõîäèòñÿ.

Ïðèìåðû

1.

∞∫
1

dx

x2(1 + 3x)

(
1

x2(1 + 3x)
<

1

x2

)
.

2.

∞∫
1

ln
x2 + 2

x2 + 1
dx

(
f (x) = ln

x2 + 2

x2 + 1
= ln

(
1 +

1

x2 + 1

)
, φ(x) =

1

x2
, ln

x2 + 2

x2 + 1
<

1

x2

)
.

3.

∞∫
1

dx

1 + x3
.

4.

∞∫
1

x + 2

x
√
x
dx.

5.

∞∫
1

xarctgx

3x3 + 1
dx.

6.

∞∫
1

sinx

x2
dx (àáñîëþòíî ñõîäÿùèéñÿ èíòåãðàë).
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1.9.2 Íåñîáñòâåííûå èíòåãðàëû 2-ãî ðîäà

Èíòåãðàë îò íåîãðàíè÷åííîé ôóíêöèè � íåñîáñòâåííûå èí-

òåãðàë 2-ãî ðîäà.

Ïóñòü ôóíêöèÿ y = f (x) íåïðåðûâíà íà [a; b) è èìååò áåñêî-

íå÷íûé ðàçðûâ (ðàçðûâ 2-ãî ðîäà) ïðè x = b.
b∫

a

f (x)dx � íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà.

b∫
a

f (x)dx = lim
ε→0

b−ε∫
a

f (x)dx.

Åñëè ïðåäåë â ïðàâîé ÷àñòè ñóùåñòâóåò è êîíå÷íûé, òî íåñîá-

ñòâåííûé èíòåãðàë ñõîäèòñÿ.

Åñëè ïðåäåë íå ñóùåñòâóåò èëè áåñêîíå÷íûé, òî

b∫
a

f (x)dx �

ðàñõîäèòñÿ.

Åñëè y−f (x) òåðïèò áåñêîíå÷íûé ðàçðûâ âî âíóòðåííåé òî÷êå
c ∈ [a; b], òî

b∫
a

f (x)dx =

c∫
a

f (x)dx +

b∫
c

f (x)dx.

Ïðèìåðû

1.

1∫
0

dx

x2
� ðàñõîäèòñÿ.

2.

1∫
0

dx√
x
� ñõîäèòñÿ.
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Ïðèçíàê ñðàâíåíèÿ

f (x) ≥ 0, lim
x→c

(f (x)|c− x|m) = A, A ̸= 0, A <∞,

ò. å. f (x) ∼ A

|c− x|m
, ïðè x→ c, òî

1) m < 1, èíòåãðàë

b∫
a

f (x)dx = lim
ε→0

 c−ε∫
a

f (x)dx +

b∫
c+ε

f (x)dx

 � ñõîäèòñÿ;

2) m ≥ 1 � ðàñõîäèòñÿ.

Ïðèìåðû

1.

4∫
2

dx√
4− x

.

2.

1∫
0

x2dx
3
√

(1− x)5
.

Ðàññìîòðèì ïðèìåð:

2∫
0

x3dx√
4− x2

= |íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà| =

çàìåíà: x = 2 sin t, dx = 2 cos tdt, x = 0, t = 0, x = 2, t = π/2

=

π/2∫
0

sin3 tdt =
16

3
.

Â ðåçóëüòàòå çàìåíû ïåðåìåííûõ íåñîáñòâåííûé èíòåãðàë ïðå-

îáðàçîâàëñÿ â ñîáñòâåííûé. Âîçìîæíî îáðàòíîå.
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1.10 Ïðèáëèæ¼ííîå âû÷èñëåíèå èíòåãðàëîâ

1.

b∫
a

f (x)dx ≈ h
n−1∑
i=0

f (xi) � ôîðìóëà ëåâûõ ïðÿìîóãîëüíèêîâ,

h =
b− a

n
, xi = a + hi, |R| ≤ (b− a)h

2
M1.

2.

b∫
a

f (x)dx ≈ h

n∑
i=1

f (xi) � ôîðìóëà ïðàâûõ ïðÿìîóãîëüíè-

êîâ, h =
b− a

n
, xi = a + hi, |R| ≤ (b− a)h

2
M1.

3.

b∫
a

f (x)dx ≈ h

n∑
i=1

f ((xi−1 + xi)/2) � ôîðìóëà ñðåäíèõ ïðÿ-

ìîóãîëüíèêîâ, h =
b− a

n
, xi = a + hi, |R| ≤ (b− a)h2

24
M2.

4.

b∫
a

f (x)dx ≈ h

2

n−1∑
i=0

(f (xi) + f (xi+1)) � ôîðìóëà òðàïåöèé,

h =
b− a

n
, xi = a + hi, |R| ≤ (b− a)h2

12
M2.

5.

b∫
a

f (x)dx ≈ h

3

2n−2∑
k=0,2

(f (xk) + 4f (xk+1) + f (xk+2)) =

=
h

3
(y0 + 4y1 + 2y2 + . . . + 2y2n−2 + 4y2n−1 + y2n) �

ôîðìóëà Ñèìïñîíà, h =
b− a

2n
, xi = a+hi, |R| ≤ (b− a)h4

180
M4.

ÇäåñüR� ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà,Mk = max
x∈[a;b]

|f (k)(x)|.
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