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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

1 Îïåðàöèîííîå èñ÷èñëåíèå

1.1 Ïðåîáðàçîâàíèå Ëàïëàñà

Îïðåäåëåíèå 1.Îðèãèíàë � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f (t)

äåéñòâèòåëüíîãî àðãóìåíòà t, êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþ-

ùèì óñëîâèÿì:

1) f (t) = 0, t < 0;

2) f (t) ëîêàëüíî èíòåãðèðóåìà, òî åñòü íà ëþáîì êîíå÷íîì

ïðîìåæóòêå [a, b], 0 ≤ a < b ñóùåñòâóåò èíòåãðàë
b∫
a

f (t)dt

(èëè íà ëþáîì êîíå÷íîì îòðåçêå [a, b] f (t) óäîâëåòâîðÿåò

óñëîâèÿì Äèðèõëå, ò. å. a) îãðàíè÷åíà; b) ëèáî íåïðåðûâ-

íà, ëèáî èìååò êîíå÷íîå ÷èñëî ðàçðûâîâ 1-ãî ðîäà; c) èìååò

êîíå÷íîå ÷èñëî ýêñòðåìóìîâ);

3) f (t) èìååò îãðàíè÷åííûé ðîñò, ò. å. âîçðàñòàåò íå áûñò-

ðåå ïîêàçàòåëüíîé ôóíêöèè: ñóùåñòâóþò òàêèå ïîñòîÿí-

íûå M > 0 è σ ≥ 0, ÷òî

|f (t)| < M · eσt, t > 0.

Çàìå÷àíèå

Âåëè÷èíà σ0 = inf σ íàçûâàåòñÿ ïîêàçàòåëåì ðîñòà ôóíêöèè

f (t). Äëÿ ëþáîé îãðàíè÷åííîé ôóíêöèè, ÿâëÿþùåéñÿ îðèãèíà-

ëîì, ìîæíî ïðèíÿòü σ0 = 0.

Åñëè ôóíêöèÿ ϕ(t) 6= 0 ïðè t < 0, òî å¼ ìîæíî ñ÷èòàòü óìíî-

æåííîé íà ôóíêöèþ Õýâèñàéäà η(t):

η(t) =

{
1, t > 0

0, t ≤ 0

ò. å. ôóíêöèþ�îðèãèíàë ìîæíî ñ÷èòàòü äîìíîæåííîé íà ýòó

ôóíêöèþ:

f (t) = ϕ(t) · η(t).
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1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

Òàêæå èñïîëüçóåòñÿ çàïèñü:

η(t− τ ) =

{
1, t > τ

0, t ≤ τ

ãäå τ � òî÷êà ïðèëîæåíèÿ. Òàê êàê âî ìíîãèõ ïðàêòè÷åñêèõ

çàäà÷àõ àðãóìåíò t èìååò ñìûñë âðåìåíè, òî τ òàêæå íàçûâà-

åòñÿ ìîìåíòîì ïðèëîæåíèÿ åäèíè÷íîé ñòóïåíüêè. Â ñèñòåìàõ

àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ è óïðàâëåíèÿ ôóíêöèÿ η(t− τ )

ðàññìàòðèâàåòñÿ êàê òèïîâîé âõîäíîé ñèãíàë.

Ñîâîêóïíîñòü âñåõ îðèãèíàëîâ íàçûâàåòñÿ ïðîñòðàíñòâîì îðè-

ãèíàëîâ.

Ïðèìåðû

Ïðîâåðèòü, ÿâëÿþòñÿ ëè ôóíêöèè îðèãèíàëàìè:

a) f1(t) =

{
2e5t, t ≥ 0

0, t < 0

Äà. M = 2, σ = 5, óñëîâèÿ 1) � 3) âûïîëíåíû;

b) f2(t) =


1

t− 2
, t ≥ 0

0, t < 0

Íåò. t = 2 òî÷êà ðàçðûâà 2-ãî ðîäà.

c) f3(t) =

{
34

t
, t ≥ 0

0, t < 0

Íåò. 34
t
> Meσt äëÿ ∀ M è σ.

Îïðåäåëåíèå 2.Èçîáðàæåíèå ôóíêöèè f (t) � ôóíêöèÿ F (p)

êîìïëåêñíîãî ïåðåìåííîãî p, îïðåäåëÿåìàÿ ðàâåíñòâîì:

F (p) =

∞∫
0

e−ptf (t)dt. (1)

Îáëàñòü ñóùåñòâîâàíèÿ ýòîé ôóíêöèè îïðåäåëÿåòñÿ îáëàñòüþ

ñõîäèìîñòè èíòåãðàëà Ëàïëàñà, ñòîÿùåãî â ïðàâîé ÷àñòè ðà-

âåíñòâà.
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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Òåîðåìà 1. Åñëè ôóíêöèÿ f (t) ÿâëÿåòñÿ îðèãèíàëîì, òî èí-

òåãðàë Ëàïëàñà ñõîäèòñÿ àáñîëþòíî â îáëàñòè Re p = σ > σ0,

ãäå σ0 � ïîêàçàòåëü ðîñòà îðèãèíàëà. Âíóòðè ýòîé îáëàñòè

(ðèñ. 1), ò. å. íà ëþáîì çàìêíóòîì ïîäìíîæåñòâå

Re p = σ ≥ a > σ0, èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî è îïðåäå-

ëÿåò àíàëèòè÷åñêóþ ôóíêöèþ F (p).

-
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σ0 σ Re p

Im p

Ðèñ. 1. Îáëàñòü ñõîäèìîñòè èíòåãðàëà Ëàïëàñà

Çàìå÷àíèÿ

1. Óòâåðæäåíèå òåîðåìû 1 àíàëîãè÷íî ñâîéñòâàì ñòåïåííûõ

ðÿäîâ, ñõîäÿùèõñÿ â êðóãå è ðàâíîìåðíî ñõîäÿùèõñÿ âíóòðè

ýòîãî êðóãà, ãäå ñóììà ðÿäà ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíê-

öèåé.

2. Ñâîéñòâî àíàëèòè÷íîñòè èçîáðàæåíèÿ èìååò âàæíîå çíà÷å-

íèå â òåîðèè è ïðàêòèêå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëà-

ñà, òàê êàê ïîçâîëÿåò èñïîëüçîâàòü â ïðîñòðàíñòâå èçîáðà-

æåíèé ìåòîäû òåîðèè àíàëèòè÷åñêèõ ôóíêöèé, â ÷àñòíîñòè

ðàçëîæåíèÿ ôóíêöèé â ðÿäû è òåîðèþ âû÷åòîâ.

3. Ñîâîêóïíîñòü âñåõ èçîáðàæåíèé F (p) íàçûâàåòñÿ ïðîñòðàí-

ñòâîì èçîáðàæåíèé.

4. Ïåðåõîä, îïðåäåëÿþùèé èçîáðàæåíèå F (p) ïî îðèãèíàëó f (t),
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1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà:

F (p) = L [f (t)] =

∞∫
0

e−ptf (t)dt.

Çàïèñü F (p) = L [f (t)] îçíà÷àåò, ÷òî îðèãèíàëó f (t) ñîîòâåò-

ñòâóåò èçîáðàæåíèå F (p).

5. Îðèãèíàë ïî èçîáðàæåíèþ íàõîäèòñÿ ñ ïîìîùüþ îáðàòíîãî

ïðåîáðàçîâàíèÿ Ëàïëàñà ïî ôîðìóëå îáðàùåíèÿ:

f (t) = L−1 [F (p)] =
1

2πi

σ+i∞∫
σ−i∞

eptF (p)dp, (2)

ãäå ïóòü èíòåãðèðîâàíèÿ � ëþáàÿ ïðÿìàÿ Re p = σ, ïàðàë-

ëåëüíàÿ ìíèìîé îñè è ëåæàùàÿ ïðàâåå ïðÿìîé Re p = σ0
(ðèñ. 1).

6. Äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà èñïîëüçóþòñÿ ðàçëè÷íûå îáî-

çíà÷åíèÿ, íàïðèìåð f (t) : F (p) è F (p) ; f (t), ÷òî îçíà÷àåò:

îðèãèíàëó f (t) ñîîòâåòñòâóåò èçîáðàæåíèå F (p) è èçîáðàæå-

íèþ F (p) ñîîòâåòñòâóåò îðèãèíàë f (t).

7. Ôóíêöèÿ F (p), ÿâëÿþùàÿñÿ èçîáðàæåíèåì, óäîâëåòâîðÿåò

íåîáõîäèìîìó óñëîâèþ: åñëè F (p) åñòü èçîáðàæåíèå, òî

F (p)→ 0 ïðè Re p = σ →∞.

Ïîýòîìó ôóíêöèè F1(p) = 1, F2(p) = p, F3(p) = sin p,

F4(p) =
p

p− 1
íå ÿâëÿþòñÿ èçîáðàæåíèÿìè. Îäíàêî â ïðàê-

òè÷åñêèõ çàäà÷àõ ôóíêöèè òèïà F1(p) = 1, F2(p) = p è äðó-

ãèå âñòðå÷àþòñÿ. Ýòî òðåáóåò ðàñøèðåíèå ïîíÿòèÿ îðèãèíà-

ëà è èçîáðàæåíèÿ.

Êëàññ îðèãèíàëîâ ìîæíî ðàñøèðèòü, âêëþ÷èâ â íåãî ôóíê-

öèè, êîòîðûå ìîãóò áûòü íå îãðàíè÷åíû â îêðåñòíîñòè íåêî-

òîðûõ êîíå÷íûõ òî÷åê, íî òàêèå, ÷òî èíòåãðàë Ëàïëàñà îò
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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

íèõ, òåì íå ìåíåå, ñõîäèòñÿ â íåêîòîðîé ïîëóïëîñêîñòè

Re p > σ0. Ê ÷èñëó òàêèõ îáîáù¼ííûõ îðèãèíàëîâ îòíîñÿòñÿ

ñòåïåííàÿ ôóíêöèÿ f (t) = tµ ïðè µ > −1, ln t è íåêîòîðûå

äðóãèå.

8. Âî âñÿêîé òî÷åê t0, ÿâëÿþùåéñÿ òî÷êîé ðàçðûâà ôóíêöèè

f (t), ïðàâàÿ ÷àñòü ôîðìóëû (2) ðàâíà
1

2
[f (t0 − 0) + f (t0 + 0)].

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå ôóíêöèè Õýâèñàéäà f (t) = η(t).

Ôóíêöèÿ η(t) îãðàíè÷åíà, ïîêàçàòåëü ðîñòà σ0 = 0.

F (p) = L [η(t)] =

+∞∫
0

η(t)e−ptdt = lim
A→∞

A∫
0

η(t)e−ptdt =
1

p
.

2. Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = eat, ãäå a ∈ R.
Ïîêàçàòåëü ðîñòà σ0 = a.

F (p) =

+∞∫
0

eate−ptdt =

+∞∫
0

e(a−p)tdt =
1

p− a
.

1.2 Ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà

1. Ëèíåéíîñòü. Åñëè f1(t), . . . , fn(t) � îðèãèíàëû, F1(p), . . . ,

Fn(p) � ñîîòâåòñòâóþùèå èì èçîáðàæåíèÿ, òî äëÿ ëþáûõ êîì-

ïëåêñíûõ ÷èñåë ci, i = 1, . . . , n, ôóíêöèÿ
n∑
k=1

ckfk(t) ÿâëÿåòñÿ

îðèãèíàëîì è ñïðàâåäëèâî ðàâåíñòâî:

L

[
n∑
k=1

ckfk(t)

]
=

n∑
k=1

ckL [fk(t)] =

n∑
k=1

ckFk(p), (3)

Re p > max(σ1, . . . , σn)
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1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

èëè
n∑
k=1

ckfk(t) :
n∑
k=1

ckFk(p), Re p > max(σ1, . . . , σn).

Ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå: åñëè F1(p), . . . , Fn(p) �

èçîáðàæåíèÿ, òî

L−1 [c1F1(p) + . . . + cnFn(p)] = c1f1(t) + . . . + cnfn(t).

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = 3 + 2e−t.

f (t) = 3 · η(t) + η(t) · 2e−t, η(t) :
1

p
, e−t :

1

p + 1
.

3 + 2e−t : 3 · 1

p
+ 2 · 1

p + 1
.

2. Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = cos(t).

cos(t) =
eit + e−it

2
=

1

2
eit +

1

2
e−it.

cos(t) :
1

2

1

p− i
+

1

2

1

p + i
=

p

p2 + 1
.

2. Ïîäîáèå (òåîðåìà ïîäîáèÿ). Äëÿ ëþáîãî a > 0 èç

F (p) = L [f (t)] ñëåäóåò

L [f (at)] =
1

a
F
(p
a

)
, Re p > aσ0, (4)

è îáðàòíî

L−1 [F (ap)] =
1

a
f

(
t

a

)
.

Ïðèìåð

Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = cos(at).

L [cos(at)] =
1

a
·

p

a(p
a

)2
+ 1

=
p

p2 + a2
.
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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

3. Ñìåùåíèå (òåîðåìà ñìåùåíèÿ). Ïðè ëþáîì êîìïëåêñíîì

a èç F (p) = L [f (t)] ñëåäóåò

L
[
eatf (t)

]
= F (p− a), Re(p− a) > σ0, (5)

ò. å. óìíîæåíèå îðèãèíàëà íà eat ñîîòâåòñòâóåò ñìåùåíèþ èçîá-

ðàæåíèÿ íà a.

Ïðèìåð

Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = eat cos(bt).

Èç ïðåäûäóùåãî ïðèìåðà L [cos(bt)] =
p

p2 + b2
. Òîãäà ïî òåî-

ðåìå ñìåùåíèÿ:

L
[
eat cos(bt)

]
=

p− a
(p− a)2 + b2

.

4. Çàïàçäûâàíèå (òåîðåìà çàïàçäûâàíèÿ). Äëÿ ëþáîãî τ > 0

èç F (p) = L [f (t)] ñëåäóåò

L [f (t− τ )] = e−pτF (p), Re p > σ0, (6)

ãäå f (t− τ ) = f (t− τ ) · η(t− τ ), ò. å. çàïàçäûâàíèå îðèãèíàëà íà

τ > 0 ñîîòâåòñòâóåò óìíîæåíèþ èçîáðàæåíèÿ íà e−pτ .

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = cos(t− 3).

Ïî òåîðåìå çàïàçäûâàíèÿ ïðè τ = 3

L [cos(t− 3)] = e−3p · p

p2 + 1
.

2. Íàéòè îðèãèíàë ïî èçîáðàæåíèþ F (p) =
p− 1

(p− 1)2 + 4
e−4p.

Èìååì: L [eat cos(bt)] =
p− a

(p− a)2 + b2
, a = 1, b = 2, ò. å.

p− 1

(p− 1)2 + 4
; et cos 2t.

Äàëåå ïî òåîðåìå çàïàçäûâàíèÿ ïðè τ = 4

p− 1

(p− 1)2 + 4
e−4p ; et−4 cos 2(t− 4) · η(t− 4).
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1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

3. Íàéòè îðèãèíàë ïî èçîáðàæåíèþ F (p) =
e−p

p2
.

Íàéä¼ì èçîáðàæåíèå äëÿ ôóíêöèè f (t) = η(t) · t:

L [t] =

+∞∫
0

t · e−ptdt =
1

p2
,

ò. å. L−1
[

1

p2

]
= t. Ïî òåîðåìå çàïàçäûâàíèÿ ïðè τ = 1 ïîëó-

÷àåì:

f (t) = L−1
[
e−p

p2

]
= (t− 1) · η(t− 1).

4. Òåîðåìó óäîáíî ïðèìåíÿòü ïðè îòûñêàíèè èçîáðàæåíèé ôóíê-

öèé, êîòîðûå íà ðàçíûõ ó÷àñòêàõ çàäàþòñÿ ðàçëè÷íûìè àíà-

ëèòè÷åñêèìè âûðàæåíèÿìè.

Íàéòè èçîáðàæåíèå ôóíêöèè

δh(t) =

{ 1

h
, 0 < t ≤ h

0, t < 0, t > h.

-

6δh
1

h

h

t

Ôóíêöèþ δh(t) ïðåäñòàâèì â âèäå:

δh(t) =
η(t)− η(t− h)

h
.

Èìååì: L [η(t)] =
1

p
. Äàëåå, ïðèìåíÿÿ ñâîéñòâî ëèíåéíîñòè è

çàïàçäûâàíèÿ, ïîëó÷èì:

L [δh(t)] =
1

h
L [η(t)]−1

h
L [η(t− h)] =

1

h
·1
p
−1

h
·1
p
e−ph =

1− e−ph

ph
.

11



ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Ïåðåõîäÿ ê ïðåäåëó ïðè h → 0 â ïîñëåäíåì âûðàæåíèè,

ìîæíî ïîëó÷èòü èçîáðàæåíèå δ�ôóíêöèè1 δ(t) = lim
h→0

δh(t):

L [δ(t)] = lim
h→0

1− e−ph

ph
=
pe−ph

p
= 1.

Èçîáðàæåíèå äåëüòà�ôóíêöèè íå óäîâëåòâîðÿåò íåîáõîäè-

ìîìó óñëîâèþ (ñì. çàìå÷àíèå íà ñòð. 8).

5. Íàéòè èçîáðàæåíèå ñòóïåí÷àòîé ôóíêöèè:

-

6f (t)

A

2A

3A

4A

τ 2τ 3τ 4τ

t

f (t) = A(η(t) + η(t− τ ) + η(t− 2τ ) + η(t− 3τ ) + . . .)

Ñëåäîâàòåëüíî ïðèìåíÿÿ ñâîéñòâî ëèíåéíîñòè è çàïàçäûâà-

íèÿ, ïîëó÷èì:

f (t) : A

(
1

p
+

1

p
e−pτ +

1

p
e−2pτ + . . .

)
=
A

p
· 1

1− e−pt
.

1δ�ôóíêöèÿ ÷àñòî âñòðå÷àåòñÿ â èíæåíåðíûõ ïðèëîæåíèÿõ êàê èäåàëèçàöèÿ èìïóëüñà êîíå÷íîé äëè-

òåëüíîñòè. Â òåîðèè àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ è óïðàâëåíèÿ δ�ôóíêöèÿ âìåñòå ñ åäèíè÷íîé ñòó-

ïåíüêîé ÿâëÿåòñÿ òèïîâûìè âõîäíûìè âîçäåéñòâèÿìè.

Äåëüòà�ôóíêöèÿ îòíîñèòñÿ ê îáîáù¼ííûì ôóíêöèÿì è çàäà¼òñÿ ñîîòíîøåíèåì

b∫
a

f(t)δ(t− τ)dt =
{
f(τ + 0), a ≤ τ < b,
0, τ < a, τ ≥ b.

12



1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

6. Íàéòè èçîáðàæåíèå ôóíêöèè:

-

6
f (t)

A

−A

τ

Ôóíêöèþ f (t) ìîæíî çàïèñàòü â âèäå:

f (t) = A(η(t)− 2η(t− τ ) + 2η(t− 2τ )− 2η(t− 3τ ) + . . .)

Äàëåå ïðèìåíÿÿ ñâîéñòâî ëèíåéíîñòè è çàïàçäûâàíèÿ, ïîëó-

÷èì:

f (t) : A

(
1

p
− 2

p
e−pτ +

2

p
e−2pτ − . . .

)
=

=
A

p

(
1− (2e−pτ − 2e−2pτ + . . .)

)
=
A

p

(
1− 2e−pτ

1 + e−pt

)
=
A

p
th (pτ ).

5. Äèôôåðåíöèðîâàíèå îðèãèíàëà. Åñëè f (t), f ′(t), . . . , f (n)(t)

ÿâëÿþòñÿ îðèãèíàëàìè è F (p) ; f (t), òî

f ′(t) : pF (p)− f (+0),

f ′′(t) : p2F (p)− pf (+0)− f ′(+0),
...

f (n)(t) : pnF (p)− pn−1f (+0)− . . .− f (n−1)(+0),

(7)

ãäå f (k)(+0) = lim
t→+0

f (k)(t), k = 0, 1, 2, . . . , n− 1.

Äîêàçàòåëüñòâî

Ïåðåõîäÿ ê èçîáðàæåíèþ, è èíòåãðèðóÿ åãî ïî ÷àñòÿì, ïîëó÷èì:

f ′(t) :

∞∫
0

f ′(t)e−ptdt = f(t)e−pt
∣∣∞
0
+ p ·

∞∫
0

f(t)e−ptdt.

13



ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Â ñèëó òîãî,÷òî Re p = σ > σ0, èìååì: |f(t)e−pt| ≤ Me(σ−σ0)t è ïðåäåëüíûé
ïåðåõîä t→∞ â ïðàâîé ÷àñòè ðàâåíñòâà äà¼ò íóëü. Ñëåäîâàòåëüíî:

f ′(t) : −f(+0) + p ·
∞∫
0

f(t)e−ptdt = p · F (p)− f(+0).

Ïðèìåíèâ ýòîò ïðè¼ì äâàæäû, ïîëó÷èì:

f ′′(t) : p2F (p)− pf(+0)− f ′(+0), è ò. ä.

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå f ′(t), åñëè f (t) = e−t cos 3t.

Ïî òåîðåìå ñìåùåíèÿ èìååì:

f (t) :
p + 1

(p + 1)2 + 9
.

f (+0) = lim
t→+0

e−t cos 3t = 1.

Â ðåçóëüòàòå ïîëó÷èì:

f ′(t) : p · p + 1

(p + 1)2 + 9
− 1.

2. Íàéòè èçîáðàæåíèå âûðàæåíèÿ x′′+3x′+2x+1 ñ íà÷àëüíûìè

óñëîâèÿìè x(+0) = 1, x′(+0) = 4.

Îáîçíà÷èì X(p) ; x(t), òîãäà x′(t) : pX(p) − 1,

x′′ = p2X(p)− p · 1− 4.

Èñïîëüçóÿ ñâîéñòâî ëèíåéíîñòè, èìååì

L [x′′ + 3x′ + 2x + 1] = L [x′′] + 3L [x′] + 2L [x] + L [1] =

= p2X(p)− p · 1− 4 + 3pX(p)− 3 + 2X(p) +
1

p
=

= (p2 + 3p + 2)X(p)− p− 7 +
1

p
.

14



1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

Åñëè, òåïåðü, ðàññìàòðèâàòü çàäà÷ó Êîøè:

x′′ + 3x′ + 2x + 1 = 0, x(+0) = 1, x′(+0) = 4,

òî èçîáðàæåíèå ÷àñòíîãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî íà-

÷àëüíûì óñëîâèÿì:

X(p) =
p2 + 7p− 1

p(p2 + 3p + 2)
.

6. Èíòåãðèðîâàíèå îðèãèíàëà. Åñëè f (t) ÿâëÿåòñÿ îðèãè-

íàëîì è F (p) ; f (t), òî

t∫
0

f (τ )dτ :
F (p)

p
, Re p > σ0, (8)

ò. å. èíòåãðèðîâàíèå îðèãèíàëà ñîîòâåòñòâóåò äåëåíèå èçîáðàæå-

íèÿ íà p.

Äîêàçàòåëüñòâî

Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ g(t) =
t∫
0

f(τ)dτ âìåñòå ñ f(t) ÿâëÿåòñÿ

îðèãèíàëîì.

Èñïîëüçóÿ òåîðåìó î äèôôåðåíöèðîâàíèè îðèãèíàëà, èìååì:

f(t) = g′(t) : pG(p) , ò. ê. g(0) = 0. Â ðåçóëüòàòå F (p) = pG(p), ⇒

G(p) =
F (p)

p
.

Ïðèìåð

Íàéòè èçîáðàæåíèå èíòåãðàëà
t∫
0

f (τ )dτ îò ôóíêöèè

f (t) = cos t.

Èìååì L [cos t] =
p

p2 + 1
. Òîãäà:

L

 t∫
0

cos(τ )dτ

 =
p

p(p2 + 1)
=

1

p2 + 1
.

15



ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Â ðåçóëüòàòå ïîëó÷èëè: sin t :
1

p2 + 1
.

7. Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ. Åñëè ôóíêöèÿ f (t)

ÿâëÿåòñÿ îðèãèíàëîì è F (p) ; f (t), òî

F (n)(p) ; (−1)ntnf (t). (9)

×àñòíûé ñëó÷àé: tf (t) : −F ′(p).

Äîêàçàòåëüñòâî

Ò. ê. ôóíêöèÿ F (p) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé â ïîëóïëîñêîñòè
Re p > σ0, òî å¼ ìîæíî äèôôåðåíöèðîâàòü ïî p. Âîñïîëüçóåìñÿ ôîðìóëîé
äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó (ôîðìóëîé Ëåéáíèöà): β(y)∫

α(y)

f(x, y)dx


′

y

=

β(y)∫
α(y)

f ′y(x, y)dx+ β′(y)f(β(y), y)− α′(y)f(α(y), y).

F ′(p) =

 ∞∫
0

f(t)e−ptdt

′
p

= −
∞∫
0

tf(t)e−ptdt,

ò. å. F ′(p) ; −tf(t).

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå ôóíêöèè f (t) = t cos 3t.

Èç ïðåäûäóùåãî ïðèìåðà: L [cos 3t] =
p

p2 + 9
. Ïðè n = 1 èç

ôîðìóëû (9) ïîëó÷àåì: L [−t cos 3t] =

(
p

p2 + 9

)′
= − p2 − 9

(p2 + 9)2
.

Â ðåçóëüòàòå: L [t cos 3t] =
p2 − 9

(p2 + 9)2
.

2. Íàéòè èçîáðàæåíèÿ ôóíêöèé

f1(t) = t, f2(t) = t2, . . . , fn(t) = tn.
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Ó÷èòûâàÿ L [η(t)] =
1

p
= F (p) è (9) ïðè n = 1 ïîëó÷àåì

L [−t] = F ′(p) = − 1

p2
èëè L [t] =

1

p2
. Ïðè n = 2 èìååì

L
[
t2
]

= F ′′(p) =
2

p3
. Àíàëîãè÷íî L [tn] =

n!

pn+1
.

8. Èíòåãðèðîâàíèå èçîáðàæåíèÿ. Åñëè
f (t)

t
ÿâëÿåòñÿ îðè-

ãèíàëîì è F (p) ; f (t), òî

L

[
f (t)

t

]
=

∞∫
p

F (z)dz. (10)

Äîêàçàòåëüñòâî

Èìååì:
∞∫
p

F (z)dz =

∞∫
p

dz

∞∫
0

f(t)e−ztdt =

∞∫
0

f(t)dt

∞∫
p

e−ztdz =

∞∫
0

f(t)

t
e−ptdp.

Ïðèìåð

Íàéòè èçîáðàæåíèå ôóíêöèè f (t) =
sin t

t
.

Èìååì: sin t :
1

p2 + 1
= F (p). Â ðåçóëüòàòå:

sin t

t
:

∞∫
p

dz

p2 + 1
= arctg z|∞p =

π

2
− arctg p.

9. Óìíîæåíèå èçîáðàæåíèé (òåîðåìà Áîðåëÿ). Ïðîèçâåäå-

íèå äâóõ èçîáðàæåíèé F1(p) è F2(p) òàêæå ÿâëÿåòñÿ èçîáðàæå-

íèåì, ïðè÷¼ì:

F1(p) · F2(p) ; f1(t) ∗ f2(t). (11)

Îïðåäåëåíèå 3. Ôóíêöèÿ f1(t) ∗ f2(t), îïðåäåëÿåìàÿ ôîðìóëîé

f1(t) ∗ f2(t) =

t∫
0

f1(τ )f2(t− τ )dτ =

t∫
0

f1(t− τ )f2(τ )dτ, (12)
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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

íàçûâàåòñÿ ñâ¼ðòêîé ôóíêöèé.

Òåîðåìà Áîðåëÿ óòâåðæäàåò, ÷òî óìíîæåíèå èçîáðàæåíèé ðàâ-

íîñèëüíî ñâ¼ðòêå îðèãèíàëîâ: f (t) ∗ g(t) : F (p) ·G(p).

Ïðèìåð

Íàéòè îðèãèíàë, ñîîòâåòñòâóþùèé èçîáðàæåíèþ F (p) =
p

(p2 + 1)2
.

Ôóíêöèþ F (p) ïðåäñòàâèì â âèäå: F (p) =
1

p2 + 1
· p

p2 + 1
. Ó÷è-

òûâàÿ, ÷òî
1

p2 + 1
; sin t è

p

p2 + 1
; cos t, èìååì:

p

(p2 + 1)2
;

t∫
0

sin τ cos(t− τ )dτ =
1

2

t∫
0

(sin t + sin(2τ − t))dτ =

=
1

2

(
sin t · τ − cos(2τ − t)

2

)∣∣∣∣t
0

=
t

2
· sin t.

10. Äèôôåðåíöèðîâàíèå ñâ¼ðòêè (èíòåãðàë Äþàìåëÿ).

pF1(p)F2(p) ; f1(0)f2(t) + f ′1 ∗ f2 = f2(0)f1(t) + f ′2 ∗ f1 =

= f1(0)f2(t) +
t∫
0

f ′1(τ )f2(t− τ )dτ =

= f2(0)f1(t) +
t∫
0

f1(t− τ )f ′2(τ )dτ.

(13)

Äîêàçàòåëüñòâî

Èñïîëüçóÿ ôîðìóëû (7) (äèôôåðåíöèðîâàíèå îðèãèíàëà) è (11) (òåîðåìà
Áîðåëÿ) èìååì:

L−1
[
(f1(t) ∗ f2(t))′

]
= p · F1(p) · F2(p).

Ïîëó÷èì âûðàæåíèÿ äëÿ (f1(t) ∗ f2(t))′, ïðèìåíÿÿ ôîðìóëó äèôôåðåíöèðî-
âàíèÿ ïî ïàðàìåòðó.

(f1(t) ∗ f2(t))′ =
d

dt

t∫
0

f1(τ)f2(t− τ)dτ =

18
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= f2(0)f1(t) +

t∫
0

f1(τ)f
′
2(t− τ)dτ = f2(0)f1(t) +

t∫
0

f1(t− τ)f ′2(τ)dτ,

(f1(t) ∗ f2(t))′ =
d

dt

t∫
0

f1(t− τ)f2(τ)dτ =

= f1(0)f2(t) +

t∫
0

f ′1(t− τ)f2(τ)dτ = f1(0)f2(t) +

t∫
0

f ′1(τ)f2(t− τ)dτ.

Èíòåãðàë Äþàìåëÿ (13) ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ äèôôåðåí-

öèàëüíûõ óðàâíåíèé (ñì. äàëåå).

Ïðèìåðû

Íàéòè îðèãèíàëû, ñîîòâåòñòâóþùèå èçîáðàæåíèÿì,

1. F (p) =
p

(p− 1)(p− 2)
. Â äàííîì ñëó÷àå íåëüçÿ íåïîñðåä-

ñòâåííî âîñïîëüçîâàòüñÿ òåîðåìîé Áîðåëÿ, òàê êàê â ïðî-

èçâåäåíèè F (p) =
p

p− 1
· 1

p− 2
ìíîæèòåëü F1(p) =

p

p− 1
íå

ÿâëÿåòñÿ èçîáðàæåíèåì (íå âûïîëíÿåòñÿ íåîáõîäèìîå óñëî-

âèå). Ïðåäñòàâèì èçîáðàæåíèå â âèäå ïðîèçâåäåíèÿ

F (p) = p · 1

p− 1
· 1

p− 2
. Èìååì

1

p− 1
; f1(t) = et,

1

p− 2
; f2(t) = e2t, â ðåçóëüòàòå ïî ôîðìóëå (13):

p · 1

p− 1
· 1

p− 2
; f1(0)f2(t)+f ′1∗f2 = 1 ·e2t+

t∫
0

eτ ·e2(t−τ)dτ =

= e2t + e2t
t∫

0

e−τdτ = −e−t + e2t.

Ýòîò æå ðåçóëüòàò ìîæíî ïîëó÷èòü ïðåäñòàâèâ èçîáðàæåíèå

â âèäå:

F (p) =
p− 1 + 1

(p− 1)(p− 2)
=

1

p− 2
+

1

p− 1
· 1

p− 2
,
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äàëåå âîñïîëüçóåìñÿ ëèíåéíîñòüþ è òåîðåìîé Áîðåëÿ.

2. F (p) =
p3

(p2 + 1)(p2 + 4)
.

11. Ñâÿçü ¾íà÷àëüíûõ¿ è ¾êîíå÷íûõ¿ çíà÷åíèé îðè-

ãèíàëà è èçîáðàæåíèÿ.

Íà÷àëüíûå çíà÷åíèÿ îðèãèíàëà íàõîäÿòñÿ ïî ôîðìóëå

f (+0) = lim
p→∞

pF (p). (14)

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
t→+∞

f (t) = f (+∞), òî

f (+∞) = lim
p→0

pF (p). (15)

Ñîîòíîøåíèÿ (14), (15) ïîçâîëÿþò íàõîäèòü íà÷àëüíûå è êî-

íå÷íûå çíà÷åíèÿ îðèãèíàëà òîëüêî çíàÿ ñîîòâåòñòâóþùåå èçîá-

ðàæåíèå. Íàïðèìåð, (15) ïðèìåíÿåòñÿ äëÿ íàõîæäåíèÿ óñòàíî-

âèâøåãîñÿ çíà÷åíèÿ âûõîäíîãî ñèãíàëà â ñèñòåìàõ àâòîìàòè÷å-

ñêîãî ðåãóëèðîâàíèÿ.

1.3 Íàõîæäåíèå èçîáðàæåíèÿ ïî îðèãèíàëó

Èñïîëüçóþ ðàññìîòðåííûå ñâîéñòâà è ïðèìåðû ìîæíî ñôîð-

ìèðîâàòü òàáëèöó ïðåîáðàçîâàíèÿ Ëàïëàñà.
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1.3.1 Òàáëèöà ïðåîáðàçîâàíèÿ Ëàïëàñà

� f(t) F (p) � f(t) F (p)

1 η(t)
1

p
10 t sinωt

2pω

(p2 + ω2)2

2 C
C

p
11 t cosωt

p2 − ω2

(p2 + ω2)2

3 t
1

p2
12 eλt sinωt

ω

(p− λ)2 + ω2

4 tn
n!

pn+1
13 eλt cosωt

p− λ
(p− λ)2 + ω2

5 δ(t) 1 14 t eλt sinωt
2ω(p− λ)

((p− λ)2 + ω2)2

6 eλt
1

p− λ
15 t eλt cosωt

(p− λ)2 − ω2

((p− λ)2 + ω2)2

7 tneλt
n!

(p− λ)n+1
16 shωt

ω

p2 − ω2

8 sinωt
ω

p2 + ω2
17 chωt

p

p2 − ω2

9 cosωt
p

p2 + ω2
18 t shωt

2pω

(p2 − ω2)2
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� f(t) F (p) � f(t) F (p)

19 t chωt
p2 + ω2

(p2 − ω2)2
28

1

λ2
(eλt − 1− λt) 1

p2(p− λ)

20 tn sinωt
Im(p+ iω)n+1

(p2 + ω2)n+1
n! 29

(
t+

λt2

2

)
eλt

p

(p− λ)3

21 tn cosωt
Re(p+ iω)n+1

(p2 + ω2)n+1
n! 30 (1 + λt) eλt

p

(p− λ)2

22 eλtshωt
ω

(p− λ)2 − ω2
31 cos2 ωt

p2 + 2ω2

p(p2 + 4ω2)

23 eλtchωt
p− λ

(p− λ)2 − ω2
32 sin2 ωt

2ω2

p(p2 + 4ω2)

24
1

λ
e
−
t

λ
1

1 + λp
33

1

2
(shωt− sinωt)

ω3

p4 − ω4

25
1

λ
(eλt − 1)

1

p(p− λ)
34

1

2
(chωt− cosωt)

ω2p

p4 − ω4

26
eλt − eµt

λ− µ
1

(p− λ)(p− µ)
35

1

2
(shωt+ sinωt)

ωp2

p4 − ω4

27
1

ω2
(1− cosωt)

1

p(p2 + ω2)
36

1

2
(chωt+ cosωt)

p3

p4 − ω4
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1.3.2 Ïðèìåíåíèå òàáëèöû è ñâîéñòâ ïðåîáðàçîâàíèÿ Ëàïëàñà

Äëÿ íàõîæäåíèÿ èçîáðàæåíèÿ ïî îðèãèíàëó òðåáóåòñÿ ïðèìå-

íèòü ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà òàê, ÷òîáû ê ôóíêöèè

èëè å¼ ñîñòàâëÿþùèì ìîæíî áûëî ïðèìåíèòü òàáëèöó îñíîâíûõ

îðèãèíàëîâ è èçîáðàæåíèé (ïðåîáðàçîâàíèé Ëàïëàñà).

Ïðèìåðû

Íàéòè èçîáðàæåíèÿ ôóíêöèé.

1. f (t) =
5

2
t2e4t.

Èñïîëüçóÿ ñâîéñòâî ëèíåéíîñòè è ôîðìóëó (7) òàáëèöû ïî-

ëó÷àåì

f (t) : F (p) =
5

2

2!

(p− 4)3
.

2. f (t) = 2e−t cos 2t− 1

2
e−t sin 2t.

Ïðèìåíèì ëèíåéíîñòü è ôîðìóëû (12), (13):

F (p) = 2
p + 1

(p + 1)2 + 4
− 1

2

2

(p + 1)2 + 4
.

3. f (t) = sin4 t.

f (t) = sin4 t =
1

4
(1− cos 2t)2 =

1

4
(1− 2 cos 2t + cos2 2t) =

=
1

4
(1− 2 cos 2t +

1

2
(1 + cos 4t)) =

1

8
(cos 4t− 4 cos 2t + 3).

Äàëåå ïðèìåíèì ëèíåéíîñòü è ôîðìóëû (1), (9):

F (p) =
1

8

(
p

p2 + 16
− 4

p

p2 + 4
+

3

p

)
.

4. f (t) = te2t sin 3t.

Èçîáðàæåíèå ýòîé ôóíêöèè ìîæíî íàéòè ïî ôîðìóëå (14)

òàáëèöû. Ïîëó÷èì ýòó ôîðìóëó. Ñîãëàñíî ôîðìóëå (13) èìå-

åì: e2t sin 3t :
3

(p− 2)2 + 9
. Äàëåå äèôôåðåíöèðîâàíèå èçîá-
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ðàæåíèÿ: t · f (t) : −F ′(p). Â ðåçóëüòàòå:

te2t sin 3t : −
(

3

(p− 2)2 + 9

)′
=

6(p− 2)

((p− 2)2 + 9)2
.

Äðóãîé ñïîñîá. Èç ôîðìóëû (10) òàáëèöû t sin 3t :
6p

(p2 + 9)2

è ñâîéñòâà ñìåùåíèÿ eatf (t) : F (p − a), Re(p − a) > σ0
ïîëó÷àåì:

te2t sin 3t :
6(p− 2)

((p− 2)2 + 9)2
.

5. f (t) =
2

t
(1− cos t).

Ïðèìåíÿåì ëèíåéíîñòü è ôîðìóëû (1), (9) òàáëèöû èìååì:

1 − cos t :
1

p
− p

p2 + 1
, äàëåå èíòåãðèðîâàíèå èçîáðàæåíèÿ:

f (t)

t
:
∞∫
p

F (z)dz è â ðåçóëüòàòå ïîëó÷èì:

f (t) : 2

∞∫
p

1

z
− z

z2 + 1
dz = ln

p2 + 1

p2
.

6. f (t) =

{
cos 4(t− 2), t > 2,

0, t ≤ 2.
Ôóíêöèþ f (t) ìîæíî çàïèñàòü â âèäå:

f (t) = cos 4(t− 2)η(t− 2).

Ïðèìåíèì òåîðåìó çàïàçäûâàíèÿ è ôîðìóëó (9) òàáëèöû:

cos 4(t− 2)η(t− 2) : e−2p
p

p2 + 16
.

7. f (t) =
t∫
0

sh τ

τ
dτ . Ôîðìóëà (16) òàáëèöû sh t :

1

p2 − 1
, èíòå-
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ãðèðîâàíèå èçîáðàæåíèÿ
f (t)

t
:
∞∫
p

F (z)dz.

sh t

t
:

∞∫
p

dz

z2 − 1
=

1

2
ln
p + 1

p− 1
.

Èíòåãðèðîâàíèå îðèãèíàëà:
t∫
0

f (τ )dτ :
F (p)

p
, Re p > σ0.

t∫
0

sh τ

τ
dτ :

1

2p
ln
p + 1

p− 1
.

1.3.3 Íàõîæäåíèå èçîáðàæåíèé ôóíêöèé, çàäàííûõ ãðàôè÷åñêè

Ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ îðèãèíàë ÷àñòî çàäà¼òñÿ ãðà-

ôèêîì. Ýòî ìîæåò áûòü, íàïðèìåð, âõîäíîé ñèãíàë, äåéñòâóþ-

ùèé íà ñèñòåìó àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ. Â ýòîì ñëó÷àå

ñíà÷àëà çàïèñûâàåòñÿ àíàëèòè÷åñêîå âûðàæåíèå îðèãèíàëà ñ ïî-

ìîùüþ åäèíè÷íîé ñòóïåí÷àòîé ôóíêöèè, ïðèâåñòè ïîëó÷åííîå

âûðàæåíèå ê âèäó, óäîáíîìó äëÿ ïðèìåíåíèÿ òàáëèöû è ñâîéñòâ

ïðåîáðàçîâàíèÿ Ëàïëàñà.

Ïðèìåðû

1. Çàïèñàòü àíàëèòè÷åñêîå âûðàæåíèå ñòóïåíüêè.

-

6
f(t)

1
1 t

f (t) = η(t)− η(t− 1).

Â ìîìåíò âðåìåíè t = 0 ¾âêëþ÷åíèå¿, â ìîìåíò âðåìåíè

t = 1 ¾âûêëþ÷åíèå¿.
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2. Íàéòè èçîáðàæåíèÿ ôóíêöèè, çàäàííîé ãðàôèêîì.

-

6

@
@
@
@@

f(t)
1

1 t

Ïðåäñòàâèì ôóíêöèþ â âèäå: f (t) = (1 − t)η(t − 1) =

= −(t− 1)η(t− 1).

Ïðèìåíèì ôîðìóëó (3) òàáëèöû è òåîðåìó çàïàçäûâàíèÿ:

F (p) = − 1

p2
e−p.

3. Íàéòè èçîáðàæåíèÿ ôóíêöèè, çàäàííîé ãðàôèêîì.

-

6

@
@
@

f(t)

1
1 t

f (t) = (1− t)(η(t)− η(t− 1)) = (1− t)η(t) + (t− 1)η(t− 1).

Ïðèìåíèì: ñâîéñòâî ëèíåéíîñòè, òåîðåìó çàïàçäûâàíèÿ è

ôîðìóëû (1), (3) òàáëèöû: F (p) =
1

p
− 1

p2
+

1

p2
e−p.

4. Íàéòè èçîáðàæåíèÿ ôóíêöèè, çàäàííîé ãðàôèêîì.

-6

@
@
@
@@

@
@
@
@@

f(t) 1 t

Ïðåäñòàâèì ôóíêöèþ â âèäå: f (t) = −tη(t − 1) =

= −(t + 1− 1)η(t− 1) = −(t− 1)η(t− 1)− η(t− 1).
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Ïðèìåíèì ôîðìóëó (3) òàáëèöû, ëèíåéíîñòü è òåîðåìó çà-

ïàçäûâàíèÿ: F (p) = − 1

p2
e−p − 1

p
e−p.

5. Íàéòè èçîáðàæåíèÿ ôóíêöèè, çàäàííîé ãðàôèêîì.

-

6

�
�
�@

@
@

f(t)

1

1 2 3

t

f (t) = (t− 1)(η(t− 1)−η(t− 2)) + (3− t)(η(t− 2)−η(t− 3)) =

= (t−1)η(t−1)−(t−2+1)η(t−2)−(t−3)η(t−2)+(t−3)η(t−3) =

= (t−1)η(t−1)− (t−2)η(t−2)−η(t−2)− (t−2−1)η(t−2)+

+(t− 3)η(t− 3) = (t− 1)η(t− 1)− (t− 2)η(t− 2)− η(t− 2)−

−(t− 2)η(t− 2) + η(t− 2) + (t− 3)η(t− 3) =

= (t− 1)η(t− 1)− 2(t− 2)η(t− 2) + (t− 3)η(t− 3).

Ïðèìåíèì: ñâîéñòâî ëèíåéíîñòè, òåîðåìó çàïàçäûâàíèÿ è

ôîðìóëó (3) òàáëèöû: F (p) =
e−p

p2
− 2

e−2p

p2
+
e−3p

p2
.

6. Íàéòè èçîáðàæåíèÿ ôóíêöèè, çàäàííîé ãðàôèêîì.

-

6
f(t) = e−t

1

1

t

f (t) = e−t(η(t)− η(t− 1)) = e−tη(t)− e−(t−1)

e
η(t− 1).

Ïðèìåíèì: ñâîéñòâî ëèíåéíîñòè, òåîðåìó çàïàçäûâàíèÿ è

ôîðìóëó (6) òàáëèöû: F (p) =
1

p + 1
− 1

e
· e

−p

p + 1
.
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1.3.4 Íàõîæäåíèå èçîáðàæåíèé ïåðèîäè÷åñêèõ ôóíêöèé

Ïóñòü f (t) � îðèãèíàë ñ ïåðèîäîì T , îáðàçîâàííûé ïîâòîðå-

íèåì ôóíêöèè f0(t).

f0(t) =


0, t ≤ 0,

ϕ(t), 0 < t ≤ T,

0, t > T.

Àëãîðèòì íàõîæäåíèÿ èçîáðàæåíèÿ F (p) ïåðèîäè÷åñêîé ôóíê-

öèè f (t).

1. Íàéòè èçîáðàæåíèå ôóíêöèè f0(t):

f0(t) : F0(p).

2. Íàéòè èçîáðàæåíèå F (p) ïî ôîðìóëå:

F (p) =
F0(p)

1− e−Tp
.

Ïðèìåðû

1. Íàéòè èçîáðàæåíèå ïåðèîäè÷åñêîé ôóíêöèè.

-

6

�
�
��

�
�
��

�
�
��

f(t), T = 1

1

1

t

f0(t) = t(η(t)− η(t− 1)) = tη(t)− (t− 1 + 1)η(t− 1) =

= tη(t)− (t− 1)η(t− 1)− η(t− 1).

Ïðèìåíèì: ñâîéñòâî ëèíåéíîñòè, òåîðåìó çàïàçäûâàíèÿ è

ôîðìóëû (1), (3) òàáëèöû: F0(p) =
1

p2
− e−p

p2
− e−p

p
.

Îêîí÷àòåëüíî:

F (p) =
1− e−p − pe−p

p2 (1− e−p)
.
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2. Íàéòè èçîáðàæåíèå ïåðèîäè÷åñêîé ôóíêöèè.

-

6f(t), T = 2c
h

−h

c 2c

t

f0(t) = h(η(t)− η(t− c))− h(η(t− c)− η(t− 2c)) =

= hη(t)− 2hη(t− c) + hη(t− 2c).

F0(p) =
h

p
− 2h

p
e−pc +

h

p
e−2pc.

Îêîí÷àòåëüíî:

F (p) =
h(1− 2e−pc + e−2pc)

p (1− e−2pc)
.

1.4 Íàõîæäåíèå îðèãèíàëà ïî èçîáðàæåíèþ

Òåîðåìà 2. (Ïåðâàÿ òåîðåìà ðàçëîæåíèÿ) Åñëè ôóíêöèÿ F (p)

àíàëèòè÷íà â íåêîòîðîé îêðåñòíîñòè áåñêîíå÷íî óäàë¼ííîé òî÷-

êè (â êîëüöå R < |p| < ∞) è å¼ ðàçëîæåíèå â ðÿä Ëîðàíà ïî

ñòåïåíÿì
1

p
èìååò âèä:

F (p) =

∞∑
n=0

cn
pn+1

,

òî ôóíêöèÿ

f (t) =

∞∑
n=0

cn
tn

n!
=

∞∑
n=1

cn
tn−1

(n− 1)!
(16)

ÿâëÿåòñÿ îðèãèíàëîì, ñîîòâåòñòâóþùèì èçîáðàæåíèþ F (p).
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Òåîðåìà 3. (Âòîðàÿ òåîðåìà ðàçëîæåíèÿ) Åñëè èçîáðàæåíèå

F (p) ÿâëÿåòñÿ îäíîçíà÷íîé ôóíêöèåé è èìååò ëèøü êîíå÷íîå

÷èñëî îñîáûõ òî÷åê p1, p2, . . . , pn, ëåæàùèõ â êîíå÷íîé ÷àñòè

ïëîñêîñòè, â ÷àñòíîñòè, åñëè èçîáðàæåíèå F (p) ÿâëÿåòñÿ

äðîáíî�ðàöèîíàëüíîé ôóíêöèåé, ïðè÷¼ì ñòåïåíü ÷èñëèòåëÿ

ìåíüøå ñòåïåíè çíàìåíàòåëÿ è p1, p2, . . . , pn � ïîëþñû ýòîé

ôóíêöèè, òî åãî îðèãèíàëîì ñëóæèò ôóíêöèÿ:

f (t) =

n∑
k=1

res
pk

(eptF (p)). (17)

Ôîðìóëà (17) ïðèíèìàåò íàèáîëåå ïðîñòîé âèä â ñëó÷àå

F (p) = R(p) =
Pm(p)

Qn(p)
, ãäå Pm(p), Qn(p) � ìíîãî÷ëåíû ñòåïåíè m

è n ñîîòâåòñòâåííî, íå èìåþùèå îáùèõ êîðíåé. Åñëè âñå ïîëþñû

p1, p2, . . . , pn ôóíêöèè F (p) ïðîñòûå (ò. å. Π(1)), òî ñïðàâåäëèâà

ôîðìóëà:

res
pk

Pm(p)

Qn(p)
ept =

Pm(pk)

Q′n(pk)
epkt

è ôîðìóëà (17) ïðèìåò âèä:

f (t) =

n∑
k=1

Pm(pk)

Q′n(pk)
epkt. (18)

Çàìå÷àíèå

Êîìïëåêñíûå êîðíè ïîëèíîìà Qn(p) ÿâëÿþòñÿ ïîïàðíî ñîïðÿ-

æ¼ííûìè, â ýòîì ñëó÷àå ñóììó âû÷åòîâ â òàêèõ òî÷êàõ ìîæíî

çàìåíèòü íàõîæäåíèåì äåéñòâèòåëüíîé ÷àñòè âû÷åòà â îäíîé èç

íèõ.

res
pk

Pm(p)

Qn(p)
ept =

Pm(pk)

Q′n(pk)
epkt =

Pm(pk)

Q′n(pk)
epkt =

(
Pm(pk)

Q′n(pk)
epkt
)
.

Â ðåçóëüòàòå ñóììà âû÷åòîâ â êîìïëåêñíî ñîïðÿæ¼ííûõ òî÷êàõ:

res
pk

Pm(p)

Qn(p)
ept + res

pk

Pm(p)

Qn(p)
ept = 2 Re

(
res
pk

Pm(p)

Qn(p)
ept
)
.
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Ïðèìåðû

1. Íàéòè îðèãèíàë ôóíêöèè: F (p) =
1

p
ep
−2
.

Âîñïîëüçóåìñÿ ïåðâîé òåîðåìîé ðàçëîæåíèÿ.

Èñïîëüçóÿ ðàçëîæåíèå

ez = 1 +
z

1!
+
z2

2!
+ . . . =

∞∑
n=0

zn

n!
,

ïðåäñòàâëÿÿ F (p) â âèäå F (p) =
∞∑
n=0

cn
pn+1

èìååì:

F (p) =
1

p

∞∑
n=0

1

p2nn!
=

∞∑
n=0

1

p2n+1n!
, c2n =

1

n!
.

Â ðåçóëüòàòå:

f (t) =

∞∑
n=0

1

n!

t2n

(2n)!
.

2. Íàéòè îðèãèíàë ôóíêöèè: F (p) =
1

p
cos

1

p
.

Àíàëîãè÷íî ïðåäûäóùåìó ïðèìåðó:

cos z =

∞∑
n=0

(−1)nz2n

(2n)!
,

F (p) =
1

p
cos

1

p
=

1

p

∞∑
n=0

(−1)n

p2n(2n)!
=

∞∑
n=0

(−1)n

p2n+1(2n)!
, c2n =

(−1)n

(2n)!
.

Â ðåçóëüòàòå:

f (t) =

∞∑
n=0

(−1)nt2n

((2n)!)2
.

3. Íàéòè îðèãèíàë ôóíêöèè: F (p) =
1
√
p

sin
1
√
p
.

sin z =

∞∑
n=0

(−1)nz2n+1

(2n + 1)!
,
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F (p) =
1
√
p

sin
1
√
p

=

∞∑
n=0

(−1)n

pn+1(2n + 1)!
, cn =

(−1)n

(2n+)!
.

Â ðåçóëüòàòå:

f (t) =

∞∑
n=0

(−1)ntn

(2n + 1)!n!
.

4. Íàéòè îðèãèíàë ôóíêöèè: F (p) =
p

p2 + 4p + 5
.

Âîñïîëüçóåìñÿ âòîðîé òåîðåìîé ðàçëîæåíèÿ.

F (p) =
P1(p)

Q2(p)
=

p

(p− (−2 + i)(p− (−2− i))
.

Â òî÷êàõ p = −2 ± i ïðîñòûå ïîëþñû, âîñïîëüçóåìñÿ ôîð-

ìóëîé (18):

f (t) =

2∑
k=1

Pm(pk)

Q′n(pk)
epkt =

2∑
k=1

pk
2pk + 4

epkt =

=
−2 + i

−4 + 2i + 4
e(−2+i)t+

−2− i
−4− 2i + 4

e(−2−i)t = e−2t(cos t−2 sin t).

5. Íàéòè îðèãèíàë ôóíêöèè: F (p) =
p + 2

(p + 1)(p− 2)(p2 + 4)
.

Ôóíêöèÿ èìååò ÷åòûðå ïðîñòûõ ïîëþñà: p = −1, p = 2,

p = ±2i.

res
pk
F (p) = lim

p→pk
F (p)(p− pk).

Â ðåçóëüòàòå:

f (t) =

4∑
k=1

res
pk

(F (p)ept) =

= lim
p→−1

p + 2

(p− 2)(p2 + 4)
ept + lim

p→2

p + 2

(p + 1)(p2 + 4)
ept+

+ lim
p→2i

p + 2

(p + 1)(p− 2)(p + 2i)
ept+ lim

p→−2i

p + 2

(p + 1)(p− 2)(p− 2i)
ept =
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= − 1

15
e−t +

1

6
e2t +

2 + 2i

8− 24i
e2it +

2− 2i

8 + 24i
e−2it =

= − 1

15
e−t +

1

6
e2t − 1

10
cos 2t− 1

5
sin 2t.

Ðàññìîòðèì ïðèìåíåíèå òàáëèöû è ñâîéñòâ ïðåîáðàçîâàíèÿ

Ëàïëàñà äëÿ íàõîæäåíèÿ îðèãèíàëà ïî èçîáðàæåíèþ.

1. Åñëè èçîáðàæåíèå îòëè÷àåòñÿ îò òàáëè÷íîãî íà ïîñòîÿííûé

ìíîæèòåëü, òî ñëåäóåò óìíîæèòü è îäíîâðåìåííî ïîäåëèòü

íà ýòîò ìíîæèòåëü, à çàòåì âîñïîëüçîâàòüñÿ ñâîéñòâîì ëè-

íåéíîñòè.

a) F (p) =
3

(p + 2)3

Çàïèøåì èçîáðàæåíèå â âèäå: F (p) =
3

2!

2!

(p + 2)3
, äàëåå

âîñïîëüçóåìñÿ ôîðìóëîé (7) òàáëèöû ïðè n = 2, λ = −2.

f (t) =
3

2!
t2e−2t.

b) F (p) =
5

p2 − 7
.

F (p) =
5√
7
·

√
7

p2 − (
√

7)2
, äàëåå âîñïîëüçóåìñÿ ôîðìóëîé

(16) òàáëèöû:

f (t) =
5√
7
sh (
√

7t).

2. Èçîáðàæåíèå, çàäàííîå â âèäå äðîáè
a± b
c

ðàçëàãàåòñÿ íà

ñóììó äðîáåé.

a) F (p) =
3p

(p + 5)2
.

F (p) =
3p

(p + 5)2
=

3(p + 5)− 15

(p + 5)2
=

3

p + 5
− 15

(p + 5)2
.

33



ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Âîñïîëüçóåìñÿ ñâîéñòâîì ëèíåéíîñòè, òåîðåìîé ñìåùå-

íèÿ è ôîðìóëàìè (6) è (7) òàáëèöû:

f (t) = 3e−5t − 15te−5t.

b) F (p) =
3p− 2

(p + 5)2
.

F (p) =
3p− 2

(p + 5)2
=

3p

(p + 5)2
− 2

1!

1!

(p + 5)2
,

f (t) = 3e−5t − 15te−5t − 2te−5t = e−5t(3− 17t).

c) F (p) =
p3 + 2p + 2

p3(p + 1)
.

F (p) =
p3 + 2(p + 1)

p3(p + 1)
=

1

p + 1
+

2

p3
,

ëèíåéíîñòü è ôîðìóëû (4) è (6) òàáëèöû:

f (t) = e−t + t2.

3. Åñëè çíàìåíàòåëü äðîáè ñîäåðæèò êâàäðàòíûé òð¼õ÷ëåí, òî

â í¼ì âûäåëÿåòñÿ ïîëíûé êâàäðàò: ap2 + bp + c =

= a(p±α)2±ω2. Ïðè ýòîì ÷èñëèòåëü äðîáè ïðåäñòàâëÿåòñÿ

â âèäå ìíîãî÷ëåíà îò p± α.

a) F (p) =
3

p2 + 4p + 7
.

F (p) =
3

p2 + 4p + 7
=

3

p2 + 4p + 4 + 3
=

3

(p + 2)2 + (
√

3)2
,

äàëåå òåîðåìà ñìåùåíèÿ è ôîðìóëà (12) òàáëèöû:

f (t) =
√

3 sin(
√

3t)e−2t.

b) F (p) =
3p + 2

2(p2 − 4p + 3)
.

F (p) =
1, 5p + 1

2(p2 − 4p + 4− 1)
=

1, 5p + 1

(p− 2)2 − 1
=
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= 1, 5
p− 2

(p− 2)2 − 1
+ 4

1

(p− 2)2 − 1
.

Äàëåå âîñïîëüçóåìñÿ ëèíåéíîñòüþ, òåîðåìîé ñìåùåíèÿ è

ôîðìóëàìè (16), (17) òàáëèöû:

f (t) =
3

2
ch t · e2t + 4sh t · e2t =

11

4
e3t − 5

4
et.

Íàéä¼ì îðèãèíàë ýòîé ôóíêöèè, èñïîëüçóÿ âòîðóþ òåî-

ðåìó ðàçëîæåíèÿ.

F (p) =
P1(p)

Q2(p)
=

3p + 2

2(p2 − 4p + 3)
=

3p + 2

2(p− 1)(p− 3)
.

Â òî÷êàõ p = 1 è p = 3 ïðîñòûå ïîëþñû:

f (t) = res
1
F (p)ept+res

3
F (p)ept = lim

p→1

(3p + 2)

2(2p− 4)
+lim
p→3

(3p + 2)

2(2p− 4)
=

=
1

2
· 5et

2− 4
+

1

2
· 11e3t

6− 4
=

11

4
e3t − 5

4
et.

4. Åñëè èçîáðàæåíèå ïðåäñòàâëÿåò ñîáîé ïðàâèëüíóþ ðàöèî-

íàëüíóþ äðîáü, ñëåäóåò ðàçëîæèòü å¼ íà ïðîñòåéøèå äðîáè

è äëÿ êàæäîé èç íèõ íàéòè îðèãèíàë. Òàê æå ìîæíî âîñ-

ïîëüçîâàòüñÿ âòîðîé òåîðåìîé ðàçëîæåíèÿ è òåîðåìîé Áî-

ðåëÿ (òåîðåìîé î ñâ¼ðòêå).

a) F (p) =
3p2 + 3p− 13

p(p2 + 4p + 13)
.

F (p) =
3p2 + 3p− 13

p(p2 + 4p + 13)
= −1

p
+4

p + 2

(p + 2)2 + 32
−1

3

3

(p + 2)2 + 33
.

Äàëåå âîñïîëüçóåìñÿ ëèíåéíîñòüþ, òåîðåìîé ñìåùåíèÿ è

ôîðìóëàìè (1), (12), (13) òàáëèöû:

f (t) = −1 + 4 cos 3t · e−2t − 1

3
sin 3t · e−2t.
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b) F (p) =
p

(p2 + 1)(p2 + 4)
.

F (p) =
p

(p2 + 1)(p2 + 4)
=

p

p2 + 4
· 1

p2 + 1
= F1(p) · F2(p).

F1(p) ; cos 2t, F2(p) ; sin t.

Âîñïîëüçóåìñÿ òåîðåìîé Áîðåëÿ (òåîðåìîé î ñâ¼ðòêå):

F1(p) · F2(p) ; f1(t) ∗ f2(t).

f (t) =

t∫
0

cos(2τ ) sin(t−τ )dτ =
1

2

t∫
0

(sin(t+τ )−sin(3τ−t))dτ =

=
1

2
(− cos 2t + cos t +

1

3
cos 2t− 1

3
cos t).

1.5 Ïðèìåíåíèå îïåðàöèîííîãî èñ÷èñëåíèÿ

1.5.1 Ðåøåíèå çàäà÷è Êîøè äëÿ ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ËÎÄÓ: an
dnx

dtn
+ an−1

dn−1x

dtn−1
+ . . . + a0x = f (t),

x(0) = x0, x
′(0) = x1, . . . , x

(n−1)(0) = xn−1
(19)

èëè {
~
x = A~x + ~f (t),

~x(0) = ~x0,
(20)

A � ìàòðèöà êîýôôèöèåíòîâ, ~x � âåêòîð íåèçâåñòíûõ ôóíêöèé,
~f � çàäàííàÿ âåêòîð�ôóíêöèÿ.

Çäåñü áóäåì ïðåäïîëàãàòü, ÷òî çàäàíàÿ ôóíêöèÿ f (t) è èñêî-

ìàÿ ôóíêöèÿ x(t) ïðèíàäëåæàò êëàññó îðèãèíàëîâ.
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Àëãîðèìò ðåøåíèÿ çàäà÷è Êîøè

1. Ïðèìåíèòü ïðåîáðàçîâàíèå Ëàïëàñà: îò íåèçâåñòíûõ è èç-

âåñòíûõ ôóíêöèé ïåðåéòè ê èõ èçîáðàæåíèÿì, çàïèñàòü óðàâ-

íåíèå (ñèñòåìó) â èçîáðàæåíèÿõ, ñîîòâåòñòâóþùåå ðåøàåìîé

çàäà÷è.

2. Ðåøèòü ïîëó÷åííîå óðàâíåíèå (ñèñòåìó): íàéòè èçîáðàæåíèå

èñêîìîãî ðåøåíèÿ.

3. Ïðèìåíèòü îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà: íàéòè îðèãè-

íàë äëÿ ïîëó÷åííîãî â ï.2 èçîáðàæåíèÿ.

Çàìå÷àíèå

• Ïðåèìóùåñòâî îïåðàöèîííîãî ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî
ïðè åãî ïðèìåíåíèè ôóíêöèè èç ïðîñòðàíñòâà îðèãèíàëîâ è

ïðîèçâîäèìûå íàä íèìè îïåðàöèè çàìåíÿþòñÿ ôóíêöèÿìè è

îïåðàöèÿìè â ïðîñòðàíñòâå èçîáðàæåíèé, êîòîðûå îêàçûâà-

þòñÿ áîëåå ïðîñòûìè. Òàê, âìåñòî äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ðåøàþòñÿ àëãåáðàè÷åñêèå óðàâíåíèÿ.

• Íà÷àëüíûå óñëîâèÿ ïðè çàïèñè ðåøåíèÿ â èçîáðàæåíèÿõ ó÷è-
òûâàþòñÿ àâòîìàòè÷åñêè.

• Îïåðàöèîííûé ìåòîä ïîçâîëÿåò íàéòè íå òîëüêî ÷àñòíîå, íî
è îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Äëÿ ýòîãî

äîñòàòî÷íî ïîëîæèòü x(k)(0) = Ck, k = 0, . . . , n− 1.

Ïðèìåðû

1. Ðåøèòü çàäà÷ó Êîøè:

x′ + x = η(t),

x(0) =
1

2
.
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Ïåðåéä¼ì ê èçîáðàæåíèÿì:

x(t) : X(p), x′(t) : pX(p)− x(0) = pX(p)− 1

2
, η(t) :

1

p
.

Â òåðìèíàõ èçîáðàæåíèé èìååì:

pX(p) + X(p)− 1

2
=

1

p
.

X(p) =
2 + p

2p(p + 1)
=

1

p
− 1

2(p + 1)
.

Äàëåå èñïîëüçóÿ ëèíåéíîñòü è ôîðìóëû (1) è (6) òàáëèöû

çàïèøåì ðåøåíèå çàäà÷è Êîøè:

x(t) = 1− 1

2
e−t.

2. Ðåøèòü çàäà÷ó Êîøè äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ âòîðîãî ïîðÿäêà:

x′′ − 3x′ + 3x = 2e3t,

x(0) = 1,

x′(0) = 3.

Ïåðåéä¼ì ê èçîáðàæåíèÿì:

x(t) : X(p),

x′(t) : pX(p)− x(0),

x′′(t) : p2X(p)− px(0)− x′(0),

e3t :
1

p− 3
.

p2X(p)− p · 1− 3− 3(pX(p)− 1 + 2X(p) = 2
1

p− 3
èëè

X(p) =
2

(p− 3)(p2 − 3p + 2)
+

p

p2 − 3p + 2
=

1

p− 3
.

Â ðåçóëüòàòå, èñïîëüçóÿ ôîðìóëó (6) òàáëèöû, ðåøåíèå èñ-

õîäíîé çàäà÷è:

x(t) = e3t.
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3. Ðåøèòü çàäà÷ó Êîøè:

x′ = x + 2y − 9t,

y′ = 2x + y − 4et,

x(0) = 1,

y(0) = 2.

Ïåðåéä¼ì ê èçîáðàæåíèÿì:

pX(p)− 1 = X(p) + 2Y (p)− 9

p2
,

pY (p)− 2 = 2X(p) + Y (p)− 4

p− 1
.

Èç ïåðâîãî óðàâíåíèÿ:

X(p) =
2Y (p)

p− 1
+

1

p− 1
− 9

p2(p− 1)
,

ïîäñòàâèì âî âòîðîå óðàâíåíèå.

pY (p)− 2 =
4Y (p)

p− 1
+

2

p− 1
− 18

p2(p− 1)
+ Y (p) +

4

p− 1
.

Y (p) =
2(p− 1)

(p + 1)(p− 3)
+

6

(p + 1)(p− 3)
− 18

p2(p + 1)(p− 3)
=

=
4

p
+

6

p2
+

4

p + 1
+

2

p− 3
;

X(p) =
4

p− 1
−3

p
− 3

p2
− 8

p(p− 1)
+

8

(p + 1)(p− 1)
+

4

(p− 3)(p + 1)
.

Â ðåçóëüòàòå:

x(t) = 2e3t − 4e−t − 3et + 5− 3t,

y(t) = −4 + 6t + 4e−t + 2e3t.
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1.5.2 Ïðèìåíåíèå èíòåãðàëà Äþàìåëÿ è òåîðåìû Áîðåëÿ

Äèôôåðåíöèðîâàíèå ñâ¼ðòêè (èíòåãðàë Äþàìåëÿ)

pF1(p)F2(p) ; f1(0)f2(t) + f ′1 ∗ f2 = f2(0)f1(t) + f ′2 ∗ f1 =

= f1(0)f2(t) +
t∫
0

f ′1(τ )f2(t− τ )dτ =

= f2(0)f1(t) +
t∫
0

f1(t− τ )f ′2(τ )dτ.

Òåîðåìà Áîðåëÿ óòâåðæäàåò, ÷òî óìíîæåíèå èçîáðàæåíèé ðàâ-

íîñèëüíî ñâ¼ðòêå îðèãèíàëîâ: f (t) ∗ g(t) : F (p) ·G(p).

F1(p)·F2(p) ; f1(t)∗f2(t) =

t∫
0

f1(τ )f2(t−τ )dτ =

t∫
0

f1(t−τ )f2(τ )dτ.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ËÎÄÓ ñ íóëåâûìè íà÷àëüíûìè

óñëîâèÿìè: {
anx

(n) + an−1x
(n−1) + . . . + a0x = f (t),

x(0) = 0, x′(0) = 0, . . . , x(n−1)(0) = 0.

Ïåðâûé ñïîñîá (ïðèìåíåíèå èíòåãðàëà Äþàìåëÿ)

Ðàññìîòðèì çàäà÷ó, ïîëó÷åííóþ èç èñõîäíîé:{
anh

(n) + an−1h
(n−1) + . . . + a0h = η(t),

h(0) = 0, h′(0) = 0, . . . , h(n−1)(0) = 0.

Ðåøåíèå ýòîé çàäà÷è h(t) � åäèíè÷íàÿ ïåðåõîäíàÿ ôóíêöèÿ.

Ïåðåéä¼ì îò îðèãèíàëîâ ê èçîáðàæåíèÿì:

x(t) : X(p), h(t) : H(p), f (t) : F (p), η(t) :
1

p
.

Ó÷èòûâàÿ íóëåâûå íà÷àëüíûå óñëîâèÿ:

x(k)(t) : pkX(p), h(k)(t) : pkH(p).
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Â ðåçóëüòàòå â èçîáðàæåíèÿõ ïîëó÷èì:

D(p)X(p) = F (p), D(p)H(p) =
1

p
,

ãäå D(p) = anp
n + an−1p

n−1 + . . . + a0 � õàðàêòåðèñòè÷åñêèé

ìíîãî÷ëåí.

Èñêëþ÷àÿ D(p): D(p) =
F (p)

X(p)
, D(p) =

1

pH(p)
, íàõîäèì:

F (p)

X(p)
=

1

pH(p)

èëè

X(p) = pH(p)F (p).

Èñïîëüçóåì èíòåãðàë Äþàìåëÿ, è ó÷èòûâàÿ íóëåâûå íà÷àëüíûå

óñëîâèÿ h(0) = 0 èìååì:

x(t) =

t∫
0

h′(τ )f (t− τ )dτ (21)

Àëãîðèòì

1. Íàéòè åäèíè÷íóþ ïåðåõîäíóþ ôóíêöèþ h(t), ñîîòâåòñòâóþ-

ùóþ èñõîäíîé çàäà÷å.

2. Íàéòè ïðîèçâîäíóþ h′(t) åäèíè÷íîé ïåðåõîäíîé ôóíêöèè.

3. Îïðåäåëèòü ðåøåíèå èñõîäíîé çàäà÷è Êîøè ïî ôîðìóëå (21).

Âòîðîé ñïîñîá (ïðèìåíåíèå òåîðåìû Áîðåëÿ)

Ðàññìîòðèì â êà÷åñòâå âñïîìîãàòåëüíîé çàäà÷ó:{
ank

(n) + an−1k
(n−1) + . . . + a0k = δ(t),

k(0) = 0, k′(0) = 0, . . . , k(n−1)(0) = 0.

k(t) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ; δ(t) � äåëüòà�ôóíêöèÿ

(ñì. ñòð. 12) .
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ÍÃÒÓ 1 Îïåðàöèîííîå èñ÷èñëåíèå

Ïåðåéä¼ì ê èçîáðàæåíèÿì:

x(t) : X(p), k(t) : K(p), f (t) : F (p), δ(t) : 1,

x(k)(t) : pkX(p), k(k)(t) : pkK(p), k = 0, 1, . . . , n.

Â ðåçóëüòàòå â èçîáðàæåíèÿõ ïîëó÷èì:

D(p)X(p) = F (p), D(p)K(p) = 1.

Îòñþäà èìååì:

X(p) = K(p)F (p).

Ñîãëàñíî òåîðåìå Áîðåëÿ ìîæíî íàéòè îðèãèíàë::

x(t) =

t∫
0

k(τ )f (t− τ )dτ =

t∫
0

k(t− τ )f (τ )dτ. (22)

Çàìå÷àíèå

Ñâÿçü ìåæäó ïåðåõîäíûìè ôóíêöèÿìè

Èç ñîîòíîøåíèé (21), (22) ñëåäóåò:

k(t) = h′(t).

Àëãîðèòì

1. Íàéòè èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ k(t), ðåøàÿ âñïî-

ìîãàòåëüíóþ çàäà÷ó ñîîòâåòñòâóþùóþ èñõîäíîé.

2. Ïî ôîðìóëå (22) íàéòè ðåøåíèå èñõîäíîé çàäà÷è.

Ïðèìåð

Ðåøèòü çàäà÷ó Êîøè: {
x′ + x = et,

x(0) = 0.

I. Ñîñòàâèì âñïîìîãàòåëüíóþ çàäà÷ó:{
h′ + h = η(t),

h(0) = 0.
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1 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

Â èçîáðàæåíèÿõ èìååì:

pH(p) + H(p) =
1

p
,

H(p) =
1

p(p + 1)
; 1− e−t.

Äèôôåðåíöèðóåì: h′(t) = e−t.

Â ðåçóëüòàòå ïî ôîðìóëå (21):

x(t) =

t∫
0

e−τet−τdτ =
1

2
(et − e−t).

II. Ñîñòàâèì âñïîìîãàòåëüíóþ çàäà÷ó:{
k′ + k = δ(t),

k(0) = 0.

Â èçîáðàæåíèÿõ èìååì:

pK(p) + K(p) = 1,

K(p) =
1

p + 1
; e−t.

Â ðåçóëüòàòå ïî ôîðìóëå (22):

x(t) =

t∫
0

e−τet−τdτ =
1

2
(et − e−t).
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