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ÍÃÒÓ 1 Êîìïëåêñíûå ÷èñëà

1. Êîìïëåêñíûå ÷èñëà

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 2i,

z2 = 1+ i, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíîìåò-

ðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè ñëåäóþùèõ êîìïëåêñ-

íûõ ÷èñåë:

a)
1

1− i
; b)

(
1− i
1 + i

)3

; c)

(
1

2
− i
√

3

2

)3

.

3. Íàéòè ìîäóëè è àðãóìåíòû ñëåäóþùèõ êîìïëåêñíûõ ÷èñåë:

a) i; b) −3; c) 1 + i123; d) −1

2
+ i

√
3

2
; e)

1− i
1 + i

;

f ) − cos
π

7
+ i sin

π

7
; g) (−4 + 3i)3.

4. Äàíû êîìïëåêñíûå ÷èñëà z1 = 2i · e−π5 i, z2 =
√

3 − i. Íàéòè∣∣∣∣z1z2
∣∣∣∣ è arg(z1 · z2).

5. Íàéòè âåùåñòâåííûå ðåøåíèÿ óðàâíåíèé:

a) (3x− i)(2 + i) + (x− iy)(1 + 2i) = 5 + 6i;

b) 12((2x + i)(1 + i) + (x + y)(3− 2i)) = 17 + 6i;

c)
1

x + iy − i
+

2 + i

1 + i
=
√

2.

6. Ðåøèòü êâàäðàòíûå óðàâíåíèÿ:

a) x2 + 2x + 5 = 0; b) x2 + 4x + 13 = 0; c) x2 − 3x + 7 = 0.

7. Âû÷èñëèòü:

a) (2− 2i)7; b)

(
1 + i
√

3

1− i

)40

; c)
(√

3− 3i
)6
; d)

(
1− i
1 + i

)8

.

8. Ñ ïîìîùüþ ôîðìóëû Ìóàâðà âûðàçèòü ÷åðåç ñòåïåíè sinϕ

è cosϕ ñëåäóþùèå ôóíêöèè:

a) sin 3ϕ; b) cos 3ϕ; c) sin 4ϕ; d) cos 4ϕ; e) sin 5ϕ; f ) cos 5ϕ.
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2 Àíàëèòè÷åñêèå ôóíêöèè ÍÃÒÓ

9. Âû÷èñëèòü âñå çíà÷åíèÿ êîðíÿ:

a) 4
√
−1; b)

√
i; c) 3

√
i; d) 4

√
1; e) 3

√
−1 + i; f )

√
2− 2

√
3i;

g) 3

√√
2(cos π6 + i sin π

6).

10. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå

z4 + 81 = 0.

11. Ñêîëüêî êîðíåé óðàâíåíèÿ z8+1 = 0 ðàñïîëîæåíû â âåðõíåé

ïîëóïëîñêîñòè? Âûïèñàòü ýòè êîðíè.

12. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-

ò¼æ:

a) |z−2|+ |z+2| = 5; b) |z−3− i| = |z−2|; c) |z−1| = |Re z|;
d) |z − 2| − |z + 2| = 6; e) |z − i| + |z + i| < 4; f ) Re

1

z
<

1

2
;

g) 0 < arg
i− z
z + i

<
π

2
.

13. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-

ñêîé ôîðìå):

a) e3−2i; b) cos(2 + i); c) sin(π/4 + i); d) arcsin 3;

e) Ln (
√

2− i); f ) th

(
3− πi

2

)
; g) Ln (−3− 4i); h) Arctg (3i);

i) (−1)
√
2; j) (i)i; k) cos πi.

14. Ðåøèòü óðàâíåíèÿ:

a) e−z+1 = 0; b) 4 cos z+7 = 0; c) sin z = πi; d) e2z+3ez−3 = 0.

2. Àíàëèòè÷åñêèå ôóíêöèè

15. Íàéòè âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèé:

a) w = 2z − 1; b) w = z + z2; c) w = z−1; d) w = ez
2
;

e) w = ez; f ) w = ch(z−i); g) w = 2z
2
; h) w = sh z; i) w = th z;

j) w = zi; k) w = cos iz.
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ÍÃÒÓ 2 Àíàëèòè÷åñêèå ôóíêöèè

16. Óñòàíîâèòü, êàêèå èç çàäàííûõ ôóíêöèé ÿâëÿþòñÿ àíàëèòè-

÷åñêèìè õîòÿ áû â îäíîé òî÷êå:

a) w = 2z − 1; b) w = z + z2; c) w = z−1; d) w = ez
2

Re z;

e) w = ez; f ) w = sin(z + i); g) w = |z| + z; h) w = ch z;

i) w = th z; j) w = cos iz.

17. Íàéòè f ′(0), åñëè f (z) = ln(2z + i).

18. Îïðåäåëèòü, â êàêèõ òî÷êàõ äèôôåðåíöèðóåìàÿ ôóíêöèÿ:

a) f (z) = z · Re z; b) f (z) = z · Im z.

19. Ïðîâåðèòü óñëîâèÿ Êîøè�Ðèìàíà â ïðîèçâîëüíîé òî÷êå, è

â ñëó÷àå èõ âûïîëíåíèÿ íàéòè f ′(z) äëÿ ôóíêöèé:

a) f (z) = 3z · e2z; b) f (z) = cos(z + 2i).

20. Íàéòè |f ′(z0)|, arg f ′(z0), åñëè:

a) f (z) = e2z, z0 = i; b) f (z) = e
1
z · sin z

i , z0 =
2

i
;

c) f (z) = e
i
z · sin z

i , z0 = 1; d) f (z) =
ez

z4 + 1
, z0 = 1 + i.

21. Óñòàíîâèòü, êàêèå èç çàäàííûõ ôóíêöèé ÿâëÿþòñÿ ãàðìîíè-

÷åñêèìè:

a) u = x2 + 2x − y2; b) u = 2ex cos y; c) u = 3x2 + y;

d) u =
x

x2 + y2
; e) u = − y

x2 + y2
; f ) u =

1

x2 + y2
;

g) u = arctg
y

x
; h) u = ln(x2 + y2); i) u = x ln y.

22. Âîññòàíîâèòü àíàëèòè÷åñêóþ â îêðåñòíîñòè òî÷êè z0 ôóíê-

öèþ f (z) ïî èçâåñòíîé ôóíêöèè u(x, y) = Re f (z) èëè

v(x, y) = Im f (z) è çíà÷åíèþ f (z0):

a) u = x2 + 2x− y2, f (i) = 2i− 1;

b) u =
x

x2 + y2
, f (π) =

1

π
;

c) v = arctg y/x (x > 0), f (1) = 0;

d) v = 2(chx · sin y − xy), f (0) = 0;

e) u = 2 sin x · ch y − x, f (0) = 0;

6



3 Èíòåãðèðîâàíèå ÍÃÒÓ

f ) u = 2(2shx · sin y + xy), f (0) = 3;

g) v = −2 sin 2x · sh 2y + y, f (0) = 2;

h) v = 2 cos x · ch y − x2 + y2, f (0) = 2.

3. Èíòåãðèðîâàíèå ôóíêöèé êîìïëåêñíîãî ïåðåìåííî-

ãî

23. Âû÷èñëèòü èíòåãðàëû:

a)
∫
C

z Im z2dz, C : |Z| = 1 (−π ≤ arg z ≤ 0);

b)
∫
C

e|z|
2

Re zdz, C � ïðÿìàÿ, ñîåäèíÿþùàÿ òî÷êè z1 = 0,

z2 = 1 + i;

c)
∫
C

z Im zdz, C : |z| = 1, îáõîä ïðîòèâ ÷àñîâîé ñòðåëêè;

d)
∫
C

zzdz, C : |z| = 1, îáõîä ïðîòèâ ÷àñîâîé ñòðåëêè;

e)
∫
C

ezdz, C � îòðåçîê AB, A(0,−π), B(π, 0);

f )
∫
C

Re z2dz, C � çàäàíà ñîîòíîøåíèÿìè: z + z = 2,

| Im z| ≤ 1;

e)
∫
C

e2zdz, C � êîíòóð òðåóãîëüíèêà AOB, A(−1, 1), O(0, 0),

B(1, 1).

24. Âû÷èñëèòü èíòåãðàëû, ïðåäâàðèòåëüíî óáåäèâøèñü â àíàëè-

òè÷íîñòè ïîäûíòåãðàëüíûõ ôóíêöèé:

a)
−1−i∫
1+i

(2z + 1)dz; b)
1+i∫
0

z3dz; c)
2i∫

1+i

(z3 − z)dz;

d)
i∫
0

z cos zdz; e)
i∫
0

(z − i)e−zdz; f )
1+i∫
0

sin z cos zdz.
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ÍÃÒÓ 3 Èíòåãðèðîâàíèå

25. Ñ ïîìîùüþ èíòåãðàëüíîé ôîðìóëû Êîøè âû÷èñëèòü èíòå-

ãðàëû (âñå îêðóæíîñòè îáõîäÿòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè):

a)
∮

|z−1|=1

eiz

z2 + 1
dz; b)

∮
|z|=2

sin iz

z2 − 4z + 3
dz; c)

∮
|z|=4

dz

(z2 + 9)(z + 6)
;

d)
∮
|z|=1

cos z

z3
dz; e)

∮
|z|=2

zsh z

(z2 − 1)2
dz; f )

∮
|z−3|=6

zdz

(z − 2)3(z + 4)
.

26. Âû÷èñëèòü èíòåãðàë
∫
C

dz√
z
ïî êîíòóðàì:

a) C : ïîëóîêðóæíîñòü |z| = 1, y ≥ 0,
√

1 = 1;

b) C : ïîëóîêðóæíîñòü |z| = 1, y ≥ 0,
√

1 = −1;

c) C : ïîëóîêðóæíîñòü |z| = 1, y ≤ 0,
√

1 = 1;

d) C : îêðóæíîñòü |z| = 1,
√

1 = 1;

e) C : îêðóæíîñòü |z| = 1,
√
−1 = i.

27. Âû÷èñëèòü èíòåãðàë
∫
C

Ln zdz ãäå:

a) C � åäèíè÷íàÿ îêðóæíîñòü è Ln1 = 0;

b) C � åäèíè÷íàÿ îêðóæíîñòü è Lni =
π

2
;

c) C � îêðóæíîñòü |z| = R è LnR = lnR;

d) C � îêðóæíîñòü |z| = R è LnR = lnR + 2πi.

28. Âû÷èñëèòü èíòåãðàë
∫
|z|=1

zn · Ln zdz ãäå n � öåëîå ÷èñëî è

a) Ln1 = 0; b) Ln(−1) = πi.

29. Âû÷èñëèòü èíòåãðàëû:

a)
∫
|z|=1

zαdz ãäå α ∈ C è 1α = 1;

b)
∫
C

dz
4
√
z3
, C � âåðõíÿÿ ïîëóîêðóæíîñòü |z| = 1, z1 = 1,

z2 = −1, 4
√

1 = −1;

c)
∫
C

dz√
z + 1

, C : y = x3 − 4x, z1 = −2, z2 = 2,
√
−1 = −i;
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4 Ôóíêöèîíàëüíûå ðÿäû â êîìïëåêñíîé îáëàñòè ÍÃÒÓ

d)
∫
C

dz√
i
√

3− z
, C � ïðÿìàÿ,

z1 = −1, z2 = 1,
√

1 + i
√

3 =

√
3 + i√

2
;

e)
∫
C

dz
3
√

1− z
, C � ïðÿìàÿ, z1 = −7, z2 = 3 + 2i, 3

√
8 = 2.

4. Ôóíêöèîíàëüíûå ðÿäû â êîìïëåêñíîé îáëàñòè

30. Èññëåäîâàòü íà ñõîäèìîñòü ðÿäû:

a)
∞∑
n=1

cos in

2n
; b)

∞∑
n=1

n sin in

3n
; c)

∞∑
n=1

cos in2

5n2
; d)

∞∑
n=1

ei2n

n
√
n
;

e)
∞∑
n=1

eiπ/n√
n
; f )

∞∑
n=1

sh i
√
n

sin in
; g)

∞∑
n=1

lnn

sh in
; h)

∞∑
n=1

ch (iπ/n)

nlnn
.

31. Íàéòè ðàäèóñû ñõîäèìîñòè ñòåïåííûõ ðÿäîâ:

a)
∞∑
n=1

einzn; b)
∞∑
n=1

ch
i

n
zn; c)

∞∑
n=1

cosn
πi√
n
zn; d)

∞∑
n=1

cos in · zn.

32. Ðàçëîæèòü çàäàííûå ôóíêöèè â ðÿä Òåéëîðà, èñïîëüçóÿ òàá-

ëè÷íûå ðàçëîæåíèÿ, è íàéòè ðàäèóñû ñõîäèìîñòè ïîëó÷åí-

íûõ ðÿäîâ:

a) sin(2z + 1) ïî ñòåïåíÿì z + 1; b) ez ïî ñòåïåíÿì 2z − 1;

c)
1

3z + 1
ïî ñòåïåíÿì z + 2; d)

z + 1

z2 + 4z − 5
ïî ñòåïåíÿì z;

e) cos2
iz

2
ïî ñòåïåíÿì z; f ) ln(2− z) ïî ñòåïåíÿì z.

33. Íàéòè îáëàñòè ñõîäèìîñòè ôóíêöèîíàëüíûõ ðÿäîâ:

a)
∞∑
n=1

1

(1− i)nzn
; b)

∞∑
n=1

(
√

2 + i
√

2)n

zn
;

c)
∞∑
n=1

(z + 1− i)−n

n + i
; d)

∞∑
n=1

(
1

n
+ in

)
(z + 1 + i)n;
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ÍÃÒÓ 4 Ôóíêöèîíàëüíûå ðÿäû â êîìïëåêñíîé îáëàñòè

e)
∞∑
n=1

3n

n2(z − i)n
; f )

∞∑
n=1

(
2

z

)n
+
∞∑
n=0

(z
4

)n
;

g)
∞∑
n=1

1

nn(z − 2 + i)n
+
∞∑
n=0

(1 + in)(z − 2 + i)n.

34. Íàéòè ìíîæåñòâî òî÷åê z, â êîòîðûõ ñõîäÿòñÿ ñëåäóþùèå

ðÿäû Ëîðàíà:

a)
∞∑

n=−∞
2−|n|zn; b)

∞∑
n=−∞

zn

3n + 1
;

c)
∞∑

n=−∞

(z − 1)n

chαn
, (α > 0); d)

∞∑
n=−∞

2−n
2
(z + 1)n;

e)
∞∑

n=−∞

(z − a)2n

2−n3+1
; f )

∞∑
n=−∞

zn

n2 + 1
;

g)
∞∑

n=−∞
2−n

2
zn

3
; h)

∞∑
n=−∞

2nzn.

35. Ðàçëîæèòü ôóíêöèè â ðÿä Ëîðàíà â îêðåñòíîñòè òî÷êè

z0 = 0:

a)
sin z

z2
; b) z4 cos 1

z ; c)
1− cos z

z2
; d)

1 + cos z

z4
.

36. Ðàçëîæèòü ôóíêöèè â óêàçàííûõ êîëüöàõ â ðÿä Ëîðàíà:

a)
1

(z − 2)(z − 3)
, 1) 2 < |z| < 3, 2) 3 < |z| <∞;

b)
1

z2 + z
, 1) 0 < |z| < 1, 2) 1 < |z| <∞;

c)
2z + 3

z2 + 3z + 2
, 1 < |z| < 2;

d)
z2 − z + 3

z3 − 3z + 2
, 1) |z| < 1, 2) 1 < |z| < 2, 2 < |z| <∞.
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5 Îñîáûå òî÷êè. Âû÷åòû ÍÃÒÓ

5. Îñîáûå òî÷êè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

Âû÷åòû

37. Íàéòè íóëè ôóíêöèé è îïðåäåëèòü èõ ïîðÿäîê:

a) f (z) = z4 + 4z2; b) f (z) =
sin z

z
;

c) f (z) =
sh2z

z
; d) f (z) = z2 sin z;

e) f (z) = 1 + ch z; f ) f (z) =
(1− sh z)2

z
;

f ) f (z) = (z + πi)sh z; g) f (z) = (z2 + π2)(1 + e−z).

38. Íàéòè ïîðÿäîê íóëÿ z0 = 0 äëÿ ôóíêöèé:

a) f (z) = esin z − etg z; b) f (z) =
z6(z

2

)2
−
(

sin
z

2

)2 ;
c) f (z) =

z3

1 + z − ez
; d) f (z) = 2(ch z − 1)− z2.

39. Íàéòè êîíå÷íûå îñîáûå òî÷êè è îïðåäåëèòü èõ õàðàêòåð äëÿ

ôóíêöèé:

a) f (z) =
1

1− sin z
; b) f (z) =

1− cos z

z2
;

c) f (z) =
z

z5 + 2z4 + z3
; d) f (z) =

1

e−z − 1
+

1

z2
;

e) f (z) = e−(1/z
2); f ) f (z) = ch

1

z
;

g) f (z) =
z3 − 1

(z3 + 1)(z3 + i)
; h) f (z) =

z2 + i

(ez − i)(ez − 1)
.

40. Îïðåäåëèòü õàðàêòåð óêàçàííûõ îñîáûõ òî÷åê:

a) f (z) =
1 + cos z

z − π
, z0 = π; b) f (x) =

z2 − 3z + 2

z2 − 2z + 1
, z0 = 1;

c) f (z) =
z2 − 1

z6 + 2z5 + z4
, z0 = 0, z1 = −1; d) f (z) = z ·sh1

z
, z0 = 0.
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ÍÃÒÓ 6 Îïåðàöèîííîå èñ÷èñëåíèå

41. Íàéòè âû÷åòû â îñîáûõ òî÷êàõ ôóíêöèé:

a) f (z) =
4tg z

4z2 − πz
; b) f (z) =

z

(z + 1)3(z − 2)2
;

c) f (z) =
1− cos z

z3(z − 3)
; d) f (z) =

eiz

(z2 − 1)(z + 3)
.

42. Ñ ïîìîùüþ âû÷åòîâ èíòåãðàëû (âñå êîíòóðû îáõîäÿòñÿ ïðî-

òèâ ÷àñîâîé ñòðåëêè):

a)
∮
|z|=2

eiz

z2 + 1
dz; b)

∮
|z|=2

sin iz

z2 − 4z + 3
dz; c)

∮
|z|=4

dz

(z2 + 9)(z + 6)
;

d)
∮
|z|=1

cos z

z3
dz; e)

∮
|z|=2

zsh z

(z2 − 1)2
dz; f )

∮
|z−3|=6

zdz

(z − 2)3(z + 4)
;

g)
∮
|z|=2

ezdz

z3(z + 1)
; h)

∮
|z−i|=3

ez
2 − 1

z3 − iz2
dz; i)

∮
|z|=
√
3

sin πz

z2 − z
dz;

j)
∮
C

cos(z/2)

z2 − 4
dz, C :

x2

9
+
y2

4
= 1; k)

∮
|z|=1/3

(z + 1)e1/zdz.

43. Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû:

a)
∞∫
0

x2 + 1

x4 + 1
dx; b)

∞∫
−∞

xdx

(x2 + 4x + 13)2
;

c)
∞∫
−∞

dx

(x2 + a2)2(x2 + b2)2
; d)

∞∫
0

x2 + 1

x6 + 1
dx.

6. Îïåðàöèîííîå èñ÷èñëåíèå

44. Ïðîâåðèòü, ÿâëÿþòñÿ ëè îðèãèíàëàìè ôóíêöèè:

a) f (t) = η(t) · cos t; b) f (t) = η(t) · t3; c) f (t) = η(t) · 2e5t;

d) f (t) =
η(t)

t− 2
; e) f (t) = η(t) · 34t; f ) f (t) = η(t) · et3;

g) f (t) = η(t) · 2e−5t; h) f (t) =
η(t)

t + 3
; i) f (t) = η(t) · ch 2t;

j) f (t) = η(t) · tg t; k) f (t) = e(2+4i)t; l) f (t) = η(t) · bt, b > 0, b 6= 1.
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6 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

45. Ïîëüçóÿñü îïðåäåëåíèåì, íàéòè èçîáðàæåíèÿ ôóíêöèé:

a) f (t) = η(t) · t2; b) f (t) = η(t) · e3−t; c) f (t) = η(t) · cos 2t.

46. Íàéòè èçîáðàæåíèÿ, èñïîëüçóÿ ñâîéñòâî ëèíåéíîñòè:

a) f (t) = 1 + 2t + 5t2; b) f (t) = −6 cos2 3t;

c) f (t) = 4 cos 2t sin 5t; d) f (t) = sin3 3t;

e) f (t) = 8 cos4 t; f ) f (t) = −t3 + 1
2e
−4t;

g) f (t) = sin t sin 3t; h) f (t) = sin 2t cos 4t;

i) f (t) = sh tch t; j) f (t) = 12ch2t.

47. Íàéòè èçîáðàæåíèÿ, ïîëüçóÿñü òåîðåìîé ñìåùåíèÿ:

a) f (t) = et sin t; b) f (t) = e−4t cos 3t;

c) f (t) = t2e−5t; d) f (t) = sh t sin 4t;

e) f (t) = te3t + et sin2 3t; f ) f (t) = et cos 6t− 2te−t.

48. Íàéòè èçîáðàæåíèÿ, ïðèìåíÿÿ òåîðåìó î äèôôåðåíöèðîâà-

íèÿ èçîáðàæåíèÿ:

a) f (t) = t sin t; b) f (t) = t2sh3t;

c) f (t) = (t + 1) sin t; d) f (t) = t2 cos t;

e) f (t) = t sin t cos 4t; f ) f (t) = t3e−5t.

49. Ïîëüçóÿñü òåîðåìîé î äèôôåðåíöèðîâàíèè îðèãèíàëà, íàé-

òè èçîáðàæåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé:

a) x′ + x = et, x(0) = 1;

b) x′ + 2x = sin t, x(0) = 0;

c) x′′ + x = cos t, x(0) = −1, x′(0) = 1;

d) x′′′ + x = 0, x(0) = 0, x′(0) = −1, x′′(0) = 2;

e) x′′ − x′ = tet, x(0) = x′(0) = 0;

f ) x(4) − x′′ = 1, x(0) =, x′(0) = x′′(0) = x′′′ = 0;

g) x′′ + x = tet + 4 sin t, x(0) = x′(0) = 0.

13



ÍÃÒÓ 6 Îïåðàöèîííîå èñ÷èñëåíèå

50. Ïîëüçóÿñü òåîðåìîé îá èíòåãðèðîâàíèè îðèãèíàëà, íàéòè

èçîáðàæåíèÿ èíòåãðàëîâ:

a) f (t) =

t∫
0

τ sin τdτ ; b) f (t) =

t∫
0

τ 2e3τdτ ; c) f (t) =

t∫
0

sin2 τdτ ;

d) f (t) =

t∫
0

(τ + 2) cos2 τdτ ; f ) f (t) =

t∫
0

τch2τdτ.

51. Èñïîëüçóÿ òåîðåìó îá èíòåãðèðîâàíèè èçîáðàæåíèÿ, íàéòè

èçîáðàæåíèÿ:

a) f (t) =
sin t

t
; b) f (t) =

t∫
0

sin τ

τ
dτ ; c) f (t) =

sin2 t

t
;

d) f (t) =
1− cos t

t
; e) f (t) =

et − 1− t
t

; f ) f (t) =

t∫
0

eτ − e−τ

τ
dτ.

52. Íàéòè çíà÷åíèÿ íåñîáñòâåííûõ èíòåãðàëîâ, ïîëüçóÿñü òåî-

ðåìîé îá èíòåãðèðîâàíèè èçîáðàæåíèÿ:

a)

∞∫
0

e−at − e−bt

t
dt, (a > 0, b > 0);

b)

∞∫
0

cos at− cos bt

t
dt, (a > 0, b > 0);

c)

∞∫
0

sin at · sin bt
t

dt, (a > 0, b > 0).
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6 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

53. Ïîñòðîèòü ãðàôèêè ôóíêöèé è íàéòè èõ èçîáðàæåíèÿ, ïîëü-

çóÿñü òåîðåìîé çàïàçäûâàíèÿ:

a) f (t) = sin2(t− 3) · η(t− 3); b) f (t) = t2 · η(t);

c) f (t) = t2 · η(t− 2); d) f (t) = et · η(t− 2);

e) f (t) = e2t−14 · η(t− 7); f ) f (t) = sin(t− π/4) · η(t);

g) f (t) = sin t · η(t− π); h) f (t) = (t2 + 2t− 1) · η(t− 1);

i) f (t) = (t− 1)2 · η(t− 2); j) f (t) = cos2 t · η(t− π/2).

54. Íàéòè èçîáðàæåíèÿ ôóíêöèé, çàäàííûõ ãðàôè÷åñêè, ïîëü-

çóÿñü òåîðåìîé çàïàçäûâàíèÿ:

a)
-

6

r���
r

r@
@
@

f(t)
1

1 2

t b)
-

6

r���
r

r@
@
@

f(t)
1

1 2 3

t c)
-

6r rf(t)
1

a

t

d)
-

6 r
r

f(t)
1

π
2 π t

sin t

e)
-

6
Q
Q
Q
QQ

r
r

f(t)
2

2 5

t f)

-6f(t)

−1 r
rπ

4
3π
4

sin(t− 3π
4 )

t

g)
-

6

�
�
�r
rf(t)

2

2 4 t

h)
-

6 r rf(t)
1

1 2 3 t

et−2
i)

-

6

r r r r�
�
�

�
�
�

�
�
�

��

f(t)
1

1 2 3 t

55. Íàéòè èçîáðàæåíèÿ èíòåãðàëîâ, ïîëüçóÿñü òåîðåìîé î

ñâ¼ðòêå:

a)
t∫
0

et−τ sin τdτ ; b)
t∫
0

eτ sin(t− τ )dτ ; c)
t∫
0

(t− τ )2sh τdτ ;

d)
t∫
0

e3(t−τ)τ 2dτ ; e)
t∫
0

τ 3ch 7(t− τ )dτ ; f )
t∫
0

τ cos 2(t− τ )dτ .
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ÍÃÒÓ 6 Îïåðàöèîííîå èñ÷èñëåíèå

56. Íàéòè îðèãèíàëû è ïîñòðîèòü èõ ãðàôèêè ïî çàäàííûì èçîá-

ðàæåíèÿì:

a) F (p) =
pe−p

p2 + 4p + 5
; b) F (p) =

e−3p

p + 3
;

c) F (p) =
e−2p

p2 + 4p + 3
, d) F (p) =

e−p

p2
.

57. Íàéòè îðèãèíàëû ïî çàäàííûì èçîáðàæåíèÿì:

a) F (p) =
1

p3 + 2p2 + p
; b) F (p) =

2p + 3

p3 + 4p2 + 5p
;

c) F (p) =
1

p2(p2 + 1)
; d) F (p) =

e−p

p2 − 2p + 5
+
pe−2p

p2 + 9
;

e) F (p) =
p

(p2 + 1)2
; f ) F (p) =

1

p2 + 1
(e−2p + 2e−3p + 3e−4p);

g) F (p) =
1

(p− 1)2(p + 2)
; h) F (p) =

e−p

p2 − 1
+
pe−2p

p2 − 4
;

i) F (p) =
e−p/2

p(p + 1)2(p2 + 4)
; j) F (p) =

e−p

p2
+

2e−2p

p3
+

6e−3p

p4
.

58. Íàéòè ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàííûìè

íà÷àëüíûìè óñëîâèÿìè:

a) x′ + x = et, x(0) = 1;

b) x′ + 2x = sin t, x(0) = 0;

c) x′′ + x = cos t, x(0) = −1, x′(0) = 1;

d) x′′′ + x = 0, x(0) = 0, x′(0) = −1, x′′(0) = 2;

e) x′′ − x′ = tet, x(0) = x′(0) = 0;

f ) x(4) − x′′ = 1, x(0) =, x′(0) = x′′(0) = x′′′ = 0;

g) x′′ + x = tet + 4 sin t, x(0) = x′(0) = 0.

16



6 Îïåðàöèîííîå èñ÷èñëåíèå ÍÃÒÓ

59. Íàéòè ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàííû-

ìè íà÷àëüíûìè óñëîâèÿìè è ãðàôè÷åñêè çàäàííîé ïðàâîé

÷àñòüþ:
a) x′′ + 9x = f (t), x(0) = 0, x′(0) = 1;

-

6r rf(t)
1

2 t

b) x′′ + x = f (t), x(0) = 0, x′(0) = 0;

-

6r

r

f(t)
1

−1

π
cos t

t

c) x′′ + x = f (t), x(0) = 0, x′(0) = 0;

-

6r
r

f(t)
1

1

et

t

d) x′′ − x = f (t), x(0) = 0, x′(0) = 0.

-

6r

rr

f(t)
1

−1

π t

60. Íàéòè ðåøåíèÿ îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ ïåðåìåííûìè êîýôôèöèåíòàìè, ïðèìåíÿÿ òåîðåìó î äèô-

ôåðåíöèðîâàíèè èçîáðàæåíèÿ:

a) tx′′ + (2t− 1)x′ + (t− 1)x = 0;

b) x′′ + (t + 1)x′ + tx = 0, x(0) = 1, x′(0) = −1.
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ÍÃÒÓ 6 Îïåðàöèîííîå èñ÷èñëåíèå

61. Íàéòè ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðèìåíÿÿ ôîð-

ìóëó Äþàìåëÿ:

a) x′′ − x =
1

et + 3
, x(0) = x′(0) = 0;

b) x′′ − x′ =
e2t

(1 + et)2
, x(0) = x′(0) = 0;

c) x′′ − x′ =
1

1 + et
, x(0) = x′(0) = 0;

d) x′′ + x′ =
1

2 + cos t
, x(0) = x′(0) = 0;

e) x′′ + x = e−t
2
, x(0) = x′(0) = 0.

62. Íàéòè ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çà-

äàííûìè íà÷àëüíûìè óñëîâèÿìè:

a)

{
x′ + y = 0, x(0) = 1,

x + y′ = 0, y(0) = −1;

b)

{
3x′ + 2x + y′ = 1, x(0) = 0,

x′ + 4y′ + 3y = 0, y(0) = 0;

c)

{
x′ + x + y = e−2t, x(0) = 0,

y′ + 2x + 2y = 2e−4t, y(0) = 0;

d)

{
2x′′ + x− y′ = −3 sin t, x(0) = 0, x′(0) = 1,

x + y′ = − sin t, y(0) = 0;

e)

{
x′′ − y′ = 0, x(0) = −1, x′(0) = 1,

x− y′′ = 2 sin t, y(0) = 1, y′(0) = 1;

f )


x′ = x− y + z, x(0) = 9,

y′ = x + y − z, y(0) = 5

z′ = 2z − y, z(0) = 7;

g)


x′′ + y′ = 2 sin t, x(0) = 0, x′(0) = −1,

y′′ + z′ = 2 cos t, y(0) = 0, y′(0) = −1,

z′′ − x = 0, z(0) = 0, z′(0) = 1.
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7 Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå ÍÃÒÓ

63. Íàéòè îáùåå ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíå-

íèé:
x′ = 2x− y + 2z,

y′ = x + 2z,

z′ = −2x + y − z.

64. Íàéòè ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé:

a) y(t) = at +
t∫
0

sin(t− τ ) · y(τ )dτ ;

b) y(t) =
t2

2
+

t∫
0

et−τ · y(τ )dτ.

65. Íàéòè ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé:

a)
t∫
0

et−τ sin(t− τ ) · x(τ )dτ = x′′ − x′ + et(1− cos t),

x(0) = x′(0) = 1;

b)
t∫
0

sh (t− τ ) · x(τ )dτ = x′′ − x′ + t

2
· sh t, x(0) = 1, x′(0) = 0.

7. Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå

66. Äîêàçàòü, ÷òî ìíîæåñòâî ôóíêöèé {sinnx}k∈N îáðàçóåò îð-

òîãîíàëüíóþ íà îòðåçêå [0, π] ñèñòåìó ôóíêöèé.

67. Äîêàçàòü, ÷òî ìíîæåñòâî ôóíêöèé {1, cosnx, sinnx}k∈N îá-

ðàçóåò îðòîãîíàëüíóþ íà îòðåçêå [−π, π] ñèñòåìó ôóíêöèé.

68. Äîêàçàòü, ÷òî ñèñòåìà ïîëèíîìîâ Ëåæàíäðà {Ln(x)} îáðàçó-
åò îðòîãîíàëüíóþ ñèñòåìó â L2[−1, 1] è ïîêàçàòü, ÷òî

‖ Ln ‖
∣∣∣∣
L2

=

√
2

2n + 1
.

69. Äîêàçàòü, ÷òî ñèñòåìà ïîëèíîìîâ ×åáûøåâà {Tn(x)} îáðà-
çóåò îðòîãîíàëüíóþ ñèñòåìó ñ âåñîì p(x) =

1√
1− x2

â ïðî-

ñòðàíñòâå L2[−1, 1].
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ÍÃÒÓ 7 Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå

70. Ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà íà îòðåçêå

[−1, 1] ìíîãî÷ëåí 2x3 − 3x2 + 3x− 5.

71. Ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì ×åáûøåâà íà îòðåçêå

[−1, 1] ìíîãî÷ëåí x3 − 2x2 + 3x− 4.

72. Ðàçëîæèòü â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ïåðèîäè÷åñêèå

ôóíêöèè:

a) f (x) = cos2 x; b) f (x) = sin2 3x

2
; c) f (x) = cos3 2x;

d) f (x) = sin3 x; e) f (x) = cos 2x·sin 3x; f ) f (x) = sin 3x·sin 5x.

73. Ðàçëîæèòü ôóíêöèþ y = f (x) â ðÿä Ôóðüå íà ïðîìåæóòêå

(−π; π]:

a) f (x) = sin
|x|
2
; b) f (x) = signx · e−2|x|;

c) f (x) = x · e2x; d) f (x) = signx · e2|x|;
e) f (x) = |x| · cosx; f ) f (x) = x · signx · sinx.

74. Ðàçëîæèòü ôóíêöèþ y = f (x) â òðèãîíîìåòðè÷åñêèé ðÿä

Ôóðüå â óêàçàííîì ïðîìåæóòêå:

a) f (x) = 3− 5x, (−2; 2]; b) f (x) = x2 + 1, (1; 3];

c) f (x) = |1 + x|, (−2; 2]; d) f (x) =
x

2
, (0; 2];

e) f (x) =

{
x, 1 < x ≤ 2

−x + 4, 2 < x ≤ 4
; f ) f (x) =

{
x, −π < x ≤ 0

π, 0 < x ≤ π
;

g) f (x) = x · sin x
3
, (−3; 3]; h) f (x) = chx, (−2; 2].

75. Ðàçëîæèòü ôóíêöèþ y = f (x) â êîìïëåêñíûé ðÿä Ôóðüå â

óêàçàííîì ïðîìåæóòêå:

a) f (x) = e−2x, (−3; 3]; b) f (x) = x · sinx, (−π; π];

c) f (x) = x3, (−2; 2]; d) f (x) = x · cosx, (−π; π];

e) f (x) = e3x, (−3; 3]; f ) f (x) = cos
x

3
, (−π; π].
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7 Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå ÍÃÒÓ

76. Ïðåäñòàâèòü ôóíêöèþ y = f (x) âåùåñòâåííûì èíòåãðàëîì

Ôóðüå:

a) f (x) = x · e−2|x|; b) f (x) = e−2|x| · cosx;

c) f (x) = η(x) · ex; d) f (x) =
x

1 + x2
;

e) f (x) = signx · e−|x|; f ) f (x) =
1

1 + x2
.

77. Ïðåäñòàâèòü ôóíêöèþ y = f (x) êîìïëåêñíûì èíòåãðàëîì

Ôóðüå:

a) f (x) = x · e−2|x|; b) f (x) = e−2|x| · cosx;

c) f (x) = η(x) · ex; d) f (x) =
x

1 + x2
;

e) f (x) = signx · e−|x|; f ) f (x) =
1

1 + x2
.

78. Äëÿ ãðàôè÷åñêè çàäàííîé 2π-ïåðèîäè÷åñêîé ôóíêöèè

y = f1(x) è ïåðèîäè÷åñêè ïðîäîëæåííîé ôóíêöèè y = f2(x),

çàäàííîé íà ïðîìåæóòêå, âûïîëíèòü ñëåäóþùèå çàäàíèÿ:

(a) Îáîñíîâàòü âîçìîæíîñòü ðàçëîæåíèÿ çàäàííûõ ôóíêöèé

â ðÿä Ôóðüå, óñòàíîâèòü âèä ñõîäèìîñòè ðÿäà Ôóðüå ê

çàäàííûì ôóíêöèÿì.

(b) Ïîñòðîèòü ãðàôèê ñóììû ðÿäà Ôóðüå.

(c) Ïðåäñòàâèòü çàäàííóþ ôóíêöèþ òðèãîíîìåòðè÷åñêèì ðÿ-

äîì Ôóðüå. Âû÷èñëèòü êîýôôèöèåíòû ðÿäà Ôóðüå.

(d) Ïîñòðîèòü àìïëèòóäíûé è ôàçîâûé ñïåêòðû ôóíêöèè.

(e) Îïðåäåëèòü ÷èñëî ãàðìîíèê ðàçëîæåíèÿ ôóíêöèè â ðÿä

Ôóðüå, ñîäåðæàùèõ â ñóììå íå ìåíåå 90% ýíåðãèè.

(f) âû÷èñëèòü ñðåäíåêâàäðàòè÷åñêóþ îøèáêó ìåæäó èñõîä-

íîé ôóíêöèåé è ÷àñòè÷íîé ñóììîé ðÿäà Ôóðüå äëÿ çíà-

÷åíèé x, ïðèíàäëåæàùèõ ïðîìåæóòêó çàäàíèÿ ôóíêöèè.

(g) Ïîñòðîèòü ãðàôèêè çàäàííîé ôóíêöèè è ÷àñòè÷íîé ñóì-

ìû ðÿäà äëÿ çíà÷åíèé x, ïðèíàäëåæàùèõ ïðîìåæóòêó
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ÍÃÒÓ 7 Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå

çàäàíèÿ ôóíêöèè, âçÿâ ÷èñëî ãàðìîíèê, ñîäåðæàùèõ â

ñóììå íå ìåíåå 90% ýíåðãèè (ï. (e)).

1)
-

6

�
�
�
��

f1(x)

−π π

x
π f2(x) = x2, x ∈ [0; 1]; (÷¼òíîå)

2)
-

6

�
�
�
�
�
�
�
��

f1(x)

−π π

x
π

−π

f2(x) = x(2− x), x ∈ [0; 2]; (íå÷¼ò.)

3)
-

6

�
�
�
��

f1(x)

−π π

x
π/2 f2(x) = sin x

3 , x ∈ [0; 3π]; (÷¼ò.)

4)
-

6

�
�
�
�
�
�
�
��

f1(x)

−π π

x
π/2

−π/2

f2(x) = ex, x ∈ [0; 2]; (÷¼ò.)

5)
-

6

�
�
�
��

f1(x)

−π π

x
2π f2(x) = cos x2 , x ∈ [0; π]; (÷¼ò.)

6)
-

6

�
�
�
�
�
�
�
��

f1(x)

−π π

x
2π

−2π

f2(x) = e2x, x ∈ [0; 2]; (÷¼ò.)

7)
-

6
Q
Q
Q
QQ

f1(x)

−π π

x
π f2(x) = x2, x ∈ [0; 2]; (÷¼òíîå)
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8)
-

6
Q
Q
Q
Q
Q
Q
Q
QQ

f1(x)

−π π

x
π

−π

f2(x) = x(3− x), x ∈ [0; 3]; (íå÷¼ò.)

9)
-

6
Q
Q
Q
QQ

f1(x)

−π π

x
π/2 f2(x) = sin x

2 , x ∈ [0; π]; (÷¼ò.)

10)
-

6
Q
Q
Q
Q
Q
Q
Q
QQ

f1(x)

−π π

x
π/2

−π/2

f2(x) = ex/2, x ∈ [0; 2]; (÷¼ò.)

11)
-

6
Q
Q
Q
QQ

f1(x)

−π π

x
2π f2(x) = cos x3 , x ∈ [0; 3π]; (÷¼ò.)

12)
-

6
Q
Q
Q
Q
Q
Q
Q
QQ

f1(x)

−π π

x
2π

−2π

f2(x) = ex/3, x ∈ [0; 3]; (÷¼ò.)

13)
-

6

�
�
�
��

f1(x)

−π π

x
π f2(x) = x2, x ∈ [0; 3]; (íå÷¼ò.)

14)
-

6

�
�
�
�
�
�
�
��

f1(x)

0 2π

x
2π

−2π

f2(x) = x(π − x), x ∈ [0; π]; (íå÷¼ò.)
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15)
-

6

�
�
�
��

f1(x)

−π π

x
π/2 f2(x) = sin 3x, x ∈ [0; π/3]; (÷¼ò.)

16)

-

6

�
�
�
�
�
�
�
��

f1(x)

0 2π

x
π/2 f2(x) = x(π − x), x ∈ [0; π]; (íå÷¼ò.)

17)
-

6

�
�
�
��

f1(x)

−π π

x
4π f2(x) = cos x2 , x ∈ [0; π]; (÷¼ò.)

18)

-

6

�
�
�
�
�
�
�
��

f1(x)

0 2π

x
4π f2(x) = e−2x, x ∈ [0; 2]; (÷¼ò.)

19)

-

6
Q
Q
Q
Q
Q
Q
Q
QQ

f1(x)

0 2π

x
4π f2(x) = x2, x ∈ [0; 4]; (íå÷¼ò.)

20)
-

6
Q
Q
Q
Q
Q
Q
Q
QQ

f1(x)

0
2π

x
π

−π

f2(x) = x(x− 2), x ∈ [0; 2]; (íå÷¼ò.)

79. Â ñðåäå Mathcad (Mathlab) äëÿ ôóíêöèè,

f (t) = 2 ·sin(kt)+5 sin(20(t+π/3))+0, 5 cos((20+3k)(t+π/6)),

ãäå k � íîìåð âàðèàíòà:

1) âû÷èñëèòü çíà÷åíèÿ ôóíêöèè íà îòðåçêå [0; 2π] ñ øàãîì
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h =
2π

2m
, m = 8 è íàéòè ñïåêòð ñ ïîìîùüþ ÁÏÔ;

2) ïîñòðîèòü ãðàôèê àìïëèòóäíîãî ñïåêòðà;

3) óáðàòü ñðåäíå-÷àñòîòíóþ ãàðìîíèêó-ïîìåõó, îáíóëèâ ñî-

îòâåòñòâóþùóþ ÷àñòü ñïåêòðà;

4) âîññòàíîâèòü îáðàáîòàííûé ñèãíàë, âûïîëíèâ ÎÁÏÔ;

5) ïîñòðîèòü ãðàôèêè èñõîäíîé è ïîëó÷èâøåéñÿ ôóíêöèè.
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Ïðèëîæåíèå 1

Çàïèñü ÷èñëà z â âèäå z = x + i · y íàçûâàþò àëãåáðàè÷åñêîé
ôîðìîé êîìïëåêñíîãî ÷èñëà.
Çàïèñü ÷èñëà z â âèäå z = |z|(cosϕ + i · sinϕ) íàçûâàåòñÿ

òðèãîíîìåòðè÷åñêîé ôîðìîé.
Çàïèñü ÷èñëà z â âèäå z = |z|eiϕ èëè z = |z|ei arg z íàçûâàþò

ïîêàçàòåëüíîé (èëè ýêñïîíåíöèàëüíîé) ôîðìîé êîìïëåêñíîãî
÷èñëà.
Ìîäóëü îïðåäåëÿåòñÿ ïî ôîðìóëå |z| =

√
x2 + y2.

Àðãóìåíò z ìîæíî íàéòè, èñïîëüçóÿ ôîðìóëó tg ϕ =
y

x
, òàê

êàê −π < arg z ≤ π, òî

ϕ = arg z =



arctg y/x, ïðè x > 0
arctg y/x + π, ïðè x < 0, y > 0
arctg y/x− π, ïðè x < 0, y < 0
π/2, ïðè x = 0, y > 0
−π/2, ïðè x = 0, y < 0
íå îïðåäåë¼í x = 0, y = 0

Ôîðìóëà Ìóàâðà äëÿ âîçâåäåíèÿ êîìïëåêñíûõ ÷èñåë â íàòó-
ðàëüíóþ ñòåïåíü:

zn = |z|n(cosnϕ + i sinnϕ).

Êîðåíü n-îé ñòåïåíè èç êîìïëåêñíîãî ÷èñëà

n
√
z = |z|1/n

(
cos

Arg z

n
+ i sin

Arg z

n

)
=

= |z|1/n
(

cos
ϕ + 2πk

n
+ i sin

ϕ + 2πk

n

)
= |z|1/ne

ϕ+2πk
n .

w = ez = 1 + z +
z2

2!
+ . . . +

zn

n!
+ . . .

cos z =

∞∑
k=0

(−1)k
z2k

(2k)!
, sin z =

∞∑
k=0

(−1)k
z2k+1

(2k + 1)!
.
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Ôîðìóëû Ýéëåðà

eiz = cos z + i sin z, cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
.

Ãèïåðáîëè÷åñêèå ôóíêöèè

ch z =
ez + e−z

2
, sh z =

ez − e−z

2
.

th z =
sh z

ch z
, cth z =

ch z

sh z
.

cos iz = ch z, sh z = −i sin iz.

Ìíîæåñòâî çíà÷åíèé ëîãàðèôìà:

Ln z = ln |z| + i(arg z + 2kπ), k ∈ Z.

Ïðè k = 0 � ãëàâíîå çíà÷åíèå

ln z = ln |z| + i arg z, −π < arg z < π.

Îáðàòíûå òðèãîíîìåòðè÷åñêèå è ãèïåðáîëè÷åñêèå ôóíêöèè

arccos z = −iLn (z +
√
z2 − 1).

arcsin z =
π

2
− arccos z = −iLn (iz +

√
1− z2);

arctg z =
π

2
− arcctg z = − i

2
Ln

1 + iz

1− iz
;

arcctg z = − i
2
Ln

z + i

z − i
;

arcsh z = Ln (z +
√
z2 + 1);

arcch z = Ln (z +
√
z2 − 1);

arcth z =
1

2
Ln

1 + z

1− z
;

arccth z =
1

2
Ln

z + 1

z − 1
.

Îáùàÿ ñòåïåííàÿ ôóíêöèÿ w = za a = α + i β

w = za = eaLn z,

29



ÍÃÒÓ Ïðèëîæåíèå 1

ó÷èòûâàÿ z = r eiϕ, Ln = ln r + i(ϕ + 2kπ), ïîëó÷èì

za = ea ln r−β(ϕ+2kπ)ei(α(ϕ+2kπ)+β ln r), k ∈ Z.

Äëÿ òîãî, ÷òîáû f (z) = f (x, y) = u(x, y) + iv(x, y) áûëà äèô-
ôåðåíöèðóåìîé â òî÷êå z = x+iy ∈ D íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû:

1) âåùåñòâåííîçíà÷íûå ôóíêöèè u(x, y) è v(x, y) áûëè äèôôå-
ðåíöèðóåìû â òî÷êå z;

2) â ýòîé òî÷êå âûïîëíÿëèñü ðàâåíñòâà:

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
, (CR)

êîòîðîå íàçûâàåòñÿ óñëîâèÿìè Êîøè�Ðèìàíà.

Ïðîèçâîäíàÿ äèôôåðåíöèðóåìîé ôóíêöèè ìîæåò áûòü çàïè-
ñàíà ïî îäíîé èç ôîðìóë:

f ′(z) =
∂u

∂x
+ i · ∂v

∂x
, f ′(z) =

∂v

∂y
− i · ∂u

∂y
,

f ′(z) =
∂u

∂x
− i · ∂u

∂y
, f ′(z) =

∂v

∂y
+ i · ∂v

∂x
.

(∗)

Äëÿ íàõîæäåíèÿ àíàëèòè÷åñêîé ôóíêöèè ïî çàäàííîé å¼ äåé-
ñòâèòåëüíîé èëè ìíèìîé ÷àñòè íåîáõîäèìî âûïîëíèòü.
Ïðàâèëî 1

1. Íàéòè ÷àñòíûå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà çàäàííîé
ôóíêöèè äâóõ ïåðåìåííûõ u(x, y) èëè v(x, y). Ïðîâåðèòü,
åñëè òðåáóåòñÿ, ÷òî çàäàííàÿ ôóíêöèÿ ãàðìîíè÷åñêàÿ, ò. å.
âûïîëíÿåòñÿ â íåêîòîðîé îáëàñòè D ðàâåíñòâî ∆u = 0 èëè
∆v = 0.

2. Íàéòè ïî çàäàííîé ãàðìîíè÷åñêîé ôóíêöèè ñîïðÿæ¼ííóþ ñ
íåé ôóíêöèþ, èñïîëüçóÿ ôîðìóëû:

v(x, y) =

(x,y)∫
(x0,y0)

−∂u
∂y
dx +

∂u

∂x
dy + C.
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Â ñëó÷àå, åñëè âûáðàòü êðèâóþ â âèäå ëîìàíîé ñî çâåíüÿìè
ïàðàëëåëüíûìè îñÿì, òî:

v(x, y) =

x∫
x0

−∂u(x, y0)

∂y
dx +

y∫
y0

∂u(x, y)

∂x
dy + C.

Èëè

u(x, y) =

(x,y)∫
(x0,y0)

∂v

∂y
dx− ∂v

∂x
dy + C =

=

x∫
x0

∂v(x, y0)

∂y
dx−

y∫
y0

∂v(x, y)

∂x
dy + C.

3. Çàïèñàòü ôóíêöèþ f (z) = u + i · v.

4. Åñëè çàäàíî äîïîëíèòåëüíîå óñëîâèå � çíà÷åíèå ôóíêöèè
f (z) â íåêîòîðîé òî÷êå, òî ñëåäóåò èñïîëüçîâàòü åãî äëÿ
îòûñêàíèÿ C.

Ïðàâèëî 2
Åñëè çàäàíû íà÷àëüíûå óñëîâèÿ, ôóíêöèÿ âîññòàíàâëèâàåòñÿ

îäíîçíà÷íî.

1. Äàíî: u = u(x, y), f (z0) = C0, òîãäà

f (z) = 2u

(
z + z0

2
,
z − z0

2i

)
− C0.

2. Äàíî: v = v(x, y), f (z0) = C0, òîãäà

f (z) = 2iv

(
z + z0

2
,
z − z0

2i

)
+ C0.

Èíòåãðàë
1

2πi

∫
l

f (ξ)

ξ − z
dξ = F (z).
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ÍÃÒÓ Ïðèëîæåíèå 1

íàçûâàåòñÿ èíòåãðàëîì òèïà Êîøè.

F ′(z) =
1

2πi

∫
l

f (ξ)

(ξ − z)2
dξ.

F (n)(z) =
n!

2πi

∫
l

f (ξ)

(ξ − z)n+1
dξ.

1. Àíàëèòè÷åñêàÿ ôóíêöèÿ â ëþáîé òî÷êå àíàëèòè÷íîñòè ìî-
æåò áûòü çàïèñàíà â âèäå èíòåãðàëà Êîøè

f (z) =
1

2πi

∮
C

f (ξ)

ξ − z
dξ, z ∈ D.

2. Àíàëèòè÷åñêàÿ ôóíêöèÿ èìååò ïðîèçâîäíûå ëþáîãî ïîðÿä-
êà, äëÿ êîòîðûõ ñïðàâåäëèâà ôîðìóëà (îáîáù¼ííàÿ èíòå-
ãðàëüíàÿ ôîðìóëà Êîøè):

f (n)(z) =
n!

2πi

∮
C

f (ξ)

(ξ − z)n+1
dξ.

Îñíîâíûå òàáëè÷íûå ðàçëîæåíèÿ (Ìàêëîðåíà):

ez = 1 +
z

1!
+
z2

2!
+
z3

3!
+ · · · + zn

n!
+ . . . =

∞∑
k=0

zk

k!
, (R =∞);

ln(1 + z) = z − z2

2
+
z3

3
− · · · + (−1)n+1z

n

n
+ . . . =

=
∞∑
k=1

(−1)k−1zk

k
, (|z| < 1);

sin z = z − z3

3!
+
z5

5!
− · · · + (−1)n

(2n + 1)!
z2n+1 + . . . =

=
∞∑
k=0

(−1)k

(2k + 1)!
z2k+1, (R =∞);
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cos z = 1− z2

2!
+
z4

4!
− · · · + (−1)n

(2n)!
z2n + . . . =

=
∞∑
k=0

(−1)k

(2k)!
z2k, (R =∞);

arctg z = z − z3

3
+
z5

5
− · · · + (−1)n

2n + 1
z2n+1 + . . . =

=
∞∑
k=0

(−1)k

2k + 1
z2k+1, (|z| ≤ 1);

sh z = z +
z3

3!
+
z5

5!
+ · · · + 1

(2n + 1)!
z2n+1 + . . . =

=
∞∑
k=0

1

(2k + 1)!
z2k+1, (R =∞);

ch z = 1 +
z2

2!
+
z4

4!
+ · · · + 1

(2n)!
z2n + . . . =

=
∞∑
k=0

1

(2k)!
z2k, (R =∞);

(1 + z)α = 1 + αz +
α(α− 1)

2!
z2 + . . .

+
α(α− 1) · · · (α− n + 1)

n!
zn + . . . , (|z| < 1) (áèíîìèàëüíûé ðÿä);

1

1− z
= 1 + z + z2 + z3 + · · · + zn + . . . =

∞∑
k=0

zk, (|z| < 1);

√
1 + z = 1 +

z

2
− z2

8
+
z3

16
− · · · + (−1)n(2n)!

(1− 2n)n!24n
zn + . . . =

=
∞∑
k=0

(−1)k(2k)!

(1− 2k)k!24k
zk, (|z| < 1).

Ôóíêöèÿ f (z) àíàëèòè÷åñêàÿ â êîëüöå, ïðåäñòàâëÿåòñÿ â ýòîì
êîëüöå ñõîäÿùèìñÿ ðÿäîì ïî öåëûì ñòåïåíÿì, ò. å. èìååò ìåñòî
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ðàâåíñòâî:

f (z) =

∞∑
n=−∞

cn(z − z0)n.

Êîýôôèöèåíòû ðÿäà âû÷èñëÿþòñÿ ïî ôîðìóëå:

cn =
1

2πi

∮
γ

f (z)

(z − z0)n+1
dz, n = 0,±1,±2, . . . ,

ãäå γ � ïðîèçâîëüíûé êîíòóð, ïðèíàäëåæàùèé êîëüöó è îõâà-
òûâàþùèé òî÷êó z0, â ÷àñòíîñòè γ � îêðóæíîñòü |z − z0| = ρ,
r < ρ < R.
Âû÷åòîì ôóíêöèè f (z) â èçîëèðîâàííîé îñîáîé òî÷êå z0 ∈

C̄ íàçûâàåòñÿ èíòåãðàë
1

2πi

∮
γ

f (z)dz, ãäå γ � êîíòóð, ïðèíàäëå-

æàùèé îêðåñòíîñòè òî÷êè z0 è îõâàòûâàþùèé å¼.
Îáõîä êîíòóðà � ïîëîæèòåëüíûé, ò. å. îáëàñòü èì îãðàíè÷åí-

íàÿ è ïðèíàäëåæàùàÿ îêðåñòíîñòè z0 ïðè îáõîäå ðàñïîëîæåíà
ñëåâà: äëÿ z0 ∈ C � îáõîä ïðîòèâ ÷àñîâîé ñòðåëêè, äëÿ z0 = ∞
ïî ÷àñîâîé. Îáîçíà÷àþò âû÷åò: res

z0
f (z).

res
z0
f (z) =

1

2πi

∮
γ

f (z)dz, γ ∈ O(z0) \ z0; 0 < |z − z0| < R;

res
∞
f (z) =

1

2πi

∮
γ

f (z)dz, γ ∈ O(∞) \∞;R < |z| <∞.

Â ñèëó òîãî, ÷òî â îêðåñòíîñòè îñîáîé ôóíêöèÿ ðàçëàãàåòñÿ
â ðÿä Ëîðàíà, òî èñïîëüçóÿ ôîðìóëû äëÿ êîýôôèöèåíòîâ ðÿäà
Ëîðàíà ñïðàâåäëèâî ñëåäóþùåå çàêëþ÷åíèå.

Òåîðåìà 1 (Î âû÷èñëåíèè âû÷åòà). Âû÷åò ôóíêöèè â èçî-
ëèðîâàííîé îñîáîé òî÷êå ðàâåí êîýôôèöèåíòó c−1 ïðè ïåðâîé
îòðèöàòåëüíîé ñòåïåíè â ðàçëîæåíèè ôóíêöèè â ðÿä Ëîðàíà â

îêðåñòíîñòè ýòîé òî÷êè, ò. å. ïðè
1

z − z0
äëÿ z0 ∈ C, è ýòî-

ìó êîýôôèöèåíòó, âçÿòîìó ñ ïðîòèâîïîëîæíûì çíàêîì, äëÿ
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z0 =∞.

res
z0
f (z) = c−1, z0 ∈ C;

res
∞
f (z) = −c−1, z0 ∈ ∞.

Ïðè ýòîì â çàâèñèìîñòè îò õàðàêòåðà îñîáîé òî÷êè z0 âåð-
íû ñëåäóþùèå óòâåðæäåíèÿ:

1) âû÷åò â óñòðàíèìîé îñîáîé òî÷êå ðàâåí íóëþ;

2) äëÿ ïðîñòîãî ïîëþñà (Π(1)):

res
z0
f (z) = lim

z→z0
(f (z)(z − z0));

3) äëÿ ïîëþñà ïîðÿäêà n (Π(n), n > 1):

res
z0
f (z) =

1

(n− 1)!
lim
z→z0

dn−1

dzn−1
(f (z)(z − z0)n);

4) åñëè ôóíêöèÿ f (z) â îêðåñòíîñòè òî÷êè z = z0 ïðåäñòàâè-

ìà â âèäå f (z) =
ϕ(z)

ψ(z)
, ïðè÷¼ì ϕ(z) è ψ(z) �àíàëèòè÷åñêèå

ôóíêöèè, òàêèå, ÷òî ϕ(z0 6= 0), ψ(z0) = 0, ψ′(z0) 6= 0 (z0 �
ïðîñòîé ïîëþñ), òî

res
z0
f (z) =

ϕ(z0)

ψ′(z0)
;

5) äëÿ ñóùåñòâåííî îñîáîé òî÷êè âû÷åò íàõîäèòñÿ èç ðàçëî-
æåíèÿ Ëîðàíà â îêðåñòíîñòè òî÷êè z0

res
z0
f (z) = c−1, z0 ∈ C;

res
∞
f (z) = −c−1, z0 ∈ ∞.

Ñ ïîìîùüþ âû÷åòîâ ìîæíî çàïèñàòü â äðóãîé ôîðìå îñíîâ-
íóþ òåîðåìó Êîøè äëÿ ñëîæíîãî êîíòóðà.
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Òåîðåìà 2 (Êîøè î âû÷åòàõ). Åñëè ôóíêöèÿ f (z) àíàëèòè-
÷åñêàÿ â D̄ çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà îñîáûõ òî÷åê
zk ∈ D, òî ñïðàâåäëèâî ðàâåíñòâî:∮

C

f (z)dz = 2πi

n∑
k=1

res
zk
f (z), zk ∈ D,

ãäå C � ãðàíèöà îáëàñòè D.

Òåîðåìà 3 (îáîáù¼ííàÿ òåîðåìà î âû÷åòàõ). Ñóììà âû÷å-
òîâ ôóíêöèÿ f (z) âî âñåõ å¼ îñîáûõ òî÷êàõ, âêëþ÷àÿ áåñêîíå÷íî
óäàë¼ííóþ òî÷êó, ðàâíà íóëþ:

n∑
k=1

res
zk
f (z) + res

∞
f (z) = 0.

ãäå C � ãðàíèöà îáëàñòè D.

∞∫
−∞

R(x)dx = 2πi

p∑
k=1

res
zk
R(z), Im zk > 0, (1)

∞∫
−∞

R(x)dx = −2πi

p∑
k=1

res
zk
R(z), Im zk < 0, (2)

ãäå zk, k = 1, 2, . . . , p � âñå îñîáûå òî÷êè ôóíêöèè R(z), ðàñïî-
ëîæåííûå âûøå îñè Ox (Im zk > 0) â ñëó÷àå (1) è íèæå îñè Ox
(Im zk < 0) â ñëó÷àå (2).
Èçîáðàæåíèå ôóíêöèè f (t) � ôóíêöèÿ F (p) êîìïëåêñíîãî

ïåðåìåííîãî p, îïðåäåëÿåìàÿ ðàâåíñòâîì:

F (p) =

∞∫
0

e−ptf (t)dt.

f (t) = L−1 [F (p)] =
1

2πi

σ+i∞∫
σ−i∞

eptF (p)dp,
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Ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà
1. Ëèíåéíîñòü. Åñëè f1(t), . . . , fn(t) � îðèãèíàëû, F1(p), . . . ,

Fn(p) � ñîîòâåòñòâóþùèå èì èçîáðàæåíèÿ, òî äëÿ ëþáûõ êîì-

ïëåêñíûõ ÷èñåë ci, i = 1, . . . , n, ôóíêöèÿ
n∑
k=1

ckfk(t) ÿâëÿåòñÿ

îðèãèíàëîì è ñïðàâåäëèâî ðàâåíñòâî:

L

[
n∑
k=1

ckfk(t)

]
=

n∑
k=1

ckL [fk(t)] =

n∑
k=1

ckFk(p), (3)

Re p > max(σ1, . . . , σn)

èëè
n∑
k=1

ckfk(t) :
n∑
k=1

ckFk(p), Re p > max(σ1, . . . , σn).

Ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå: åñëè F1(p), . . . , Fn(p) �
èçîáðàæåíèÿ, òî

L−1 [c1F1(p) + . . . + cnFn(p)] = c1f1(t) + . . . + cnfn(t).

2. Ïîäîáèå (òåîðåìà ïîäîáèÿ). Äëÿ ëþáîãî a > 0 èç
F (p) = L [f (t)] ñëåäóåò

L [f (at)] =
1

a
F
(p
a

)
, Re p > aσ0,

è îáðàòíî

L−1 [F (ap)] =
1

a
f

(
t

a

)
.

3. Ñìåùåíèå (òåîðåìà ñìåùåíèÿ). Ïðè ëþáîì êîìïëåêñíîì
a èç F (p) = L [f (t)] ñëåäóåò

L
[
eatf (t)

]
= F (p− a), Re(p− a) > σ0,

ò. å. óìíîæåíèå îðèãèíàëà íà eat ñîîòâåòñòâóåò ñìåùåíèþ èçîá-
ðàæåíèÿ íà a.
4. Çàïàçäûâàíèå (òåîðåìà çàïàçäûâàíèÿ). Äëÿ ëþáîãî τ > 0

èç F (p) = L [f (t)] ñëåäóåò

L [f (t− τ )] = e−pτF (p), Re p > σ0,
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ãäå f (t− τ ) = f (t− τ ) · η(t− τ ), ò. å. çàïàçäûâàíèå îðèãèíàëà íà
τ > 0 ñîîòâåòñòâóåò óìíîæåíèþ èçîáðàæåíèÿ íà e−pτ .
5. Äèôôåðåíöèðîâàíèå îðèãèíàëà. Åñëè f (t), f ′(t), . . . , f (n)(t)

ÿâëÿþòñÿ îðèãèíàëàìè è F (p) ; f (t), òî

f ′(t) : pF (p)− f (+0),
f ′′(t) : p2F (p)− pf (+0)− f ′(+0),

...
f (n)(t) : pnF (p)− pn−1f (+0)− . . .− f (n−1)(+0),

ãäå f (k)(+0) = lim
t→+0

f (k)(t), k = 0, 1, 2, . . . , n− 1.

6. Èíòåãðèðîâàíèå îðèãèíàëà. Åñëè f (t) ÿâëÿåòñÿ îðèãè-
íàëîì è F (p) ; f (t), òî

t∫
0

f (τ )dτ :
F (p)

p
, Re p > σ0,

ò. å. èíòåãðèðîâàíèå îðèãèíàëà ñîîòâåòñòâóåò äåëåíèå èçîáðàæå-
íèÿ íà p.

7. Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ. Åñëè ôóíêöèÿ f (t)
ÿâëÿåòñÿ îðèãèíàëîì è F (p) ; f (t), òî

F (n)(p) ; (−1)ntnf (t).

×àñòíûé ñëó÷àé: tf (t) : −F ′(p).

8. Èíòåãðèðîâàíèå èçîáðàæåíèÿ. Åñëè
f (t)

t
ÿâëÿåòñÿ îðè-

ãèíàëîì è F (p) ; f (t), òî

L

[
f (t)

t

]
=

∞∫
p

F (z)dz.

9. Óìíîæåíèå èçîáðàæåíèé (òåîðåìà Áîðåëÿ). Ïðîèçâåäå-
íèå äâóõ èçîáðàæåíèé F1(p) è F2(p) òàêæå ÿâëÿåòñÿ èçîáðàæå-
íèåì, ïðè÷¼ì:

F1(p) · F2(p) ; f1(t) ∗ f2(t).
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Ôóíêöèÿ f1(t) ∗ f2(t), îïðåäåëÿåìàÿ ôîðìóëîé

f1(t) ∗ f2(t) =

t∫
0

f1(τ )f2(t− τ )dτ =

t∫
0

f1(t− τ )f2(τ )dτ,

íàçûâàåòñÿ ñâ¼ðòêîé ôóíêöèé.
Òåîðåìà Áîðåëÿ óòâåðæäàåò, ÷òî óìíîæåíèå èçîáðàæåíèé ðàâ-

íîñèëüíî ñâ¼ðòêå îðèãèíàëîâ: f (t) ∗ g(t) : F (p) ·G(p).
10. Äèôôåðåíöèðîâàíèå ñâ¼ðòêè (èíòåãðàë Äþàìåëÿ).

pF1(p)F2(p) ; f1(0)f2(t) + f ′1 ∗ f2 = f2(0)f1(t) + f ′2 ∗ f1 =

= f1(0)f2(t) +
t∫
0

f ′1(τ )f2(t− τ )dτ =

= f2(0)f1(t) +
t∫
0

f1(t− τ )f ′2(τ )dτ.

Íà÷àëüíûå çíà÷åíèÿ îðèãèíàëà íàõîäÿòñÿ ïî ôîðìóëå

f (+0) = lim
p→∞

pF (p).

Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
t→+∞

f (t) = f (+∞), òî

f (+∞) = lim
p→0

pF (p).
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Òàáëèöà ïðåîáðàçîâàíèÿ Ëàïëàñà

� f(t) F (p) � f(t) F (p)

1 η(t)
1

p
10 t sinωt

2pω

(p2 + ω2)2

2 C
C

p
11 t cosωt

p2 − ω2

(p2 + ω2)2

3 t
1

p2
12 eλt sinωt

ω

(p− λ)2 + ω2

4 tn
n!

pn+1
13 eλt cosωt

p− λ
(p− λ)2 + ω2

5 δ(t) 1 14 t eλt sinωt
2ω(p− λ)

((p− λ)2 + ω2)2

6 eλt
1

p− λ
15 t eλt cosωt

(p− λ)2 − ω2

((p− λ)2 + ω2)2

7 tneλt
n!

(p− λ)n+1
16 shωt

ω

p2 − ω2

8 sinωt
ω

p2 + ω2
17 chωt

p

p2 − ω2

9 cosωt
p

p2 + ω2
18 t shωt

2pω

(p2 − ω2)2
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� f(t) F (p) � f(t) F (p)

19 t chωt
p2 + ω2

(p2 − ω2)2
28

1

λ2
(eλt − 1− λt) 1

p2(p− λ)

20 tn sinωt
Im(p+ iω)n+1

(p2 + ω2)n+1
n! 29

(
t+

λt2

2

)
eλt

p

(p− λ)3

21 tn cosωt
Re(p+ iω)n+1

(p2 + ω2)n+1
n! 30 (1 + λt) eλt

p

(p− λ)2

22 eλtshωt
ω

(p− λ)2 − ω2
31 cos2 ωt

p2 + 2ω2

p(p2 + 4ω2)

23 eλtchωt
p− λ

(p− λ)2 − ω2
32 sin2 ωt

2ω2

p(p2 + 4ω2)

24
1

λ
e
−
t

λ
1

1 + λp
33

1

2
(shωt− sinωt)

ω3

p4 − ω4

25
1

λ
(eλt − 1)

1

p(p− λ)
34

1

2
(chωt− cosωt)

ω2p

p4 − ω4

26
eλt − eµt

λ− µ
1

(p− λ)(p− µ)
35

1

2
(shωt+ sinωt)

ωp2

p4 − ω4

27
1

ω2
(1− cosωt)

1

p(p2 + ω2)
36

1

2
(chωt+ cosωt)

p3

p4 − ω4
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Íàõîæäåíèå îðèãèíàëà ïî èçîáðàæåíèþ

Åñëè ôóíêöèÿ F (p) àíàëèòè÷íà â íåêîòîðîé îêðåñòíîñòè áåñ-
êîíå÷íî óäàë¼ííîé òî÷êè (â êîëüöå R < |p| <∞) è å¼ ðàçëîæå-

íèå â ðÿä Ëîðàíà ïî ñòåïåíÿì
1

p
èìååò âèä:

F (p) =

∞∑
n=0

cn
pn+1

,

òî ôóíêöèÿ

f (t) =

∞∑
n=0

cn
tn

n!
=

∞∑
n=1

cn
tn−1

(n− 1)!

ÿâëÿåòñÿ îðèãèíàëîì, ñîîòâåòñòâóþùèì èçîáðàæåíèþ F (p).
Åñëè èçîáðàæåíèå F (p) ÿâëÿåòñÿ îäíîçíà÷íîé ôóíêöèåé è èìå-

åò ëèøü êîíå÷íîå ÷èñëî îñîáûõ òî÷åê p1, p2, . . . , pn, ëåæàùèõ â
êîíå÷íîé ÷àñòè ïëîñêîñòè, â ÷àñòíîñòè, åñëè èçîáðàæåíèå F (p)
ÿâëÿåòñÿ äðîáíî�ðàöèîíàëüíîé ôóíêöèåé, ïðè÷¼ì ñòåïåíü ÷èñ-
ëèòåëÿ ìåíüøå ñòåïåíè çíàìåíàòåëÿ è p1, p2, . . . , pn � ïîëþñû
ýòîé ôóíêöèè, òî åãî îðèãèíàëîì ñëóæèò ôóíêöèÿ:

f (t) =

n∑
k=1

res
pk

(eptF (p)).

Â ñëó÷àå F (p) = R(p) =
Pm(p)

Qn(p)
, ãäå Pm(p), Qn(p) � ìíîãî÷ëå-

íû ñòåïåíè m è n ñîîòâåòñòâåííî, íå èìåþùèå îáùèõ êîðíåé.
Åñëè âñå ïîëþñû p1, p2, . . . , pn ôóíêöèè F (p) ïðîñòûå (ò. å. Π(1)),
òî ñïðàâåäëèâà ôîðìóëà:

res
pk

Pm(p)

Qn(p)
ept =

Pm(pk)

Q′n(pk)
epkt

f (t) =

n∑
k=1

Pm(pk)

Q′n(pk)
epkt.
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Ïðèëîæåíèå 1 ÍÃÒÓ

Ïðèìåíåíèå òàáëèöû è ñâîéñòâ ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ
íàõîæäåíèÿ îðèãèíàëà ïî èçîáðàæåíèþ

1. Åñëè èçîáðàæåíèå îòëè÷àåòñÿ îò òàáëè÷íîãî íà ïîñòîÿííûé
ìíîæèòåëü, òî ñëåäóåò óìíîæèòü è îäíîâðåìåííî ïîäåëèòü
íà ýòîò ìíîæèòåëü, à çàòåì âîñïîëüçîâàòüñÿ ñâîéñòâîì ëè-
íåéíîñòè.

2. Èçîáðàæåíèå, çàäàííîå â âèäå äðîáè
a± b
c

ðàçëàãàåòñÿ íà

ñóììó äðîáåé.

3. Åñëè çíàìåíàòåëü äðîáè ñîäåðæèò êâàäðàòíûé òð¼õ÷ëåí, òî
â í¼ì âûäåëÿåòñÿ ïîëíûé êâàäðàò: ap2 + bp + c =
= a(p±α)2±ω2. Ïðè ýòîì ÷èñëèòåëü äðîáè ïðåäñòàâëÿåòñÿ
â âèäå ìíîãî÷ëåíà îò p± α.

4. Åñëè èçîáðàæåíèå ïðåäñòàâëÿåò ñîáîé ïðàâèëüíóþ ðàöèî-
íàëüíóþ äðîáü, ñëåäóåò ðàçëîæèòü å¼ íà ïðîñòåéøèå äðîáè
è äëÿ êàæäîé èç íèõ íàéòè îðèãèíàë. Òàê æå ìîæíî âîñ-
ïîëüçîâàòüñÿ âòîðîé òåîðåìîé ðàçëîæåíèÿ è òåîðåìîé Áî-
ðåëÿ (òåîðåìîé î ñâ¼ðòêå).
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ÍÃÒÓ Ïðèëîæåíèå 1

Ðÿäû Ôóðüå. Èíòåãðàë Ôóðüå

Îïðåäåëåíèå 1. Òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå ïåðèîäè-
÷åñêîé ôóíêöèè f (x) ñ ïåðèîäîì 2π, îïðåäåëåííîé íà ïðîìå-
æóòêå [−π, π] íàçûâàåòñÿ ðÿä

a0
2

+

∞∑
n=1

(an cosnx + bn sinnx), (4)

ãäå an =
1

π

π∫
−π

f (x) cosnxdx, (n = 0, 1, 2, . . .),

bn =
1

π

π∫
−π

f (x) sinnxdx, (n = 1, 2, . . .).

an, bn íàçûâàþòñÿ êîýôôèöèåíòàìè ðÿäà Ôóðüå.
Åñëè ýòîò ðÿä ñõîäèòñÿ, òî åãî ñóììà S(x) åñòü ïåðèîäè-

÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì 2π, ò.å. S(x + 2π) = S(x).

Åñëè ôóíêöèÿ f (x) çàäàíà íà ñåãìåíòå [−L,L], ãäå L � ïðî-
èçâîëüíîå ÷èñëî, òî ïðè âûïîëíåíèè íà ýòîì ñåãìåíòå óñëîâèé
Äèðèõëå óêàçàííàÿ ôóíêöèÿ ìîæåò áûòü ïðåäñòàâëåíà â âèäå
ñóììû ðÿäà Ôóðüå:

a0
2

+

∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
,

ãäå

an =
1

L

L∫
−L

f (x) cos
nπx

L
dx, (n = 0, 1, 2, . . .),

bn =
1

L

L∫
−L

f (x) sin
nπx

L
dx, (n = 1, 2, . . .).
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Ïðèëîæåíèå 1 ÍÃÒÓ

Â ñëó÷àå, êîãäà f (x) � ÷åòíàÿ ôóíêöèÿ, å¼ ðÿä Ôóðüå ñîäåð-
æèò òîëüêî ñâîáîäíûé ÷ëåí a0 è êîñèíóñû, ò. å.

a0
2

+

∞∑
n=1

an cos
nπx

L
,

ãäå

an =
2

L

L∫
0

f (x) cos
nπx

L
dx, (n = 0, 1, 2, . . .).

Â ñëó÷àå, êîãäà f (x) � íå÷åòíàÿ ôóíêöèÿ, å¼ ðÿä Ôóðüå ñî-
äåðæèò òîëüêî ñèíóñû, ò. å.

∞∑
n=1

bn sin
nπx

L
,

ãäå

bn =
2

L

L∫
0

f (x) sin
nπx

L
dx, (n = 1, 2, . . .).

Â ñëó÷àå, êîãäà f (x) çàäàíà íà ïðîèçâîëüíîì èíòåðâàëå (a, b),

òîãäà îáîçíà÷èì L =
b− a

2
, çàäàäèì êîíêðåòíîå çíà÷åíèå ôóíê-

öèè íà îäíîì èç êîíöîâ èíòåðâàëà (íàïðèìåð, ïðè x = b) è ïðî-
äîëæèì äàííóþ ôóíêöèþ ïåðèîäè÷åñêè, ñ ïåðèîäîì T = 2L íà
âñþ ÷èñëîâóþ îñü. Ïîëó÷åííàÿ ôóíêöèÿ áóäåò óäîâëåòâîðÿòü
óñëîâèÿì òåîðåìû Äèðèõëå.
Êîýôôèöèåíòû ðÿäà Ôóðüå â ýòîì ñëó÷àå ìîæíî îïðåäåëèòü

ñëåäóþùèì îáðàçîì:

an =
1

L

b∫
a

f (x) cos
nπx

L
dx, (n = 0, 1, 2, . . .),

bn =
1

L

b∫
a

f (x) sin
nπx

L
dx, (n = 1, 2, . . .).
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ÍÃÒÓ Ïðèëîæåíèå 1

òîãäà ðÿä Ôóðüå ïðèíèìàåò âèä

a0
2

+

∞∑
n=1

(
an cos

nπx

L
+ bn sin

nπx

L

)
.

Åñëè ðàññìàòðèâàòü f (t) êàê T -ïåðèîäè÷åñêóþ ôóíêöèþ ñ ïå-

ðèîäîì T = 2L, ââåñòè îáîçíà÷åíèå ω =
2π

T
, ó÷åñòü, ÷òî äëÿ

T -ïåðèîäè÷åñêîé ôóíêöèè ñïðàâåäëèâî ðàâåíñòâî

T∫
0

f (t)dt =

c+T∫
c

f (t)dt, ∀c ∈ R,

ìîæíî ïîëó÷èòü ñëåäóþùóþ ôîðìó ðÿäà Ôóðüå:

f (t) ∼ a0
2

+

∞∑
n=1

(an cosnωt + bn sinnωt) =

=
a0
2

+

∞∑
n=1

An cos(nωt− ϕn) =
a0
2

+

∞∑
n=1

An sin(nωt + ψn),

ãäå An =
√
a2n + b2n � àìïëèòóäà, nω � ÷àñòîòà, ϕn = arctg

bn
an
,

ψn = arctg
an
bn

� ñäâèãè ïî ôàçå ñîîòâåòñòâóþùèõ ãàðìîíèê.

Êîìïëåêñíàÿ ôîðìà ðÿäà Ôóðüå

f (x) =

∞∑
−∞

cne
inx, cn =

1

2π

π∫
−π

f (x)e−inxdx.

Åñëè ôóíêöèÿ f (x) çàäàíà íà ñåãìåíòå [−L,L], ãäå L � ïðî-
èçâîëüíîå ÷èñëî, òî ïðè âûïîëíåíèè íà ýòîì ñåãìåíòå óñëîâèé
Äèðèõëå êîìïëåêñíàÿ ôîðìà ðÿäà Ôóðüå:

f (x) =

∞∑
−∞

cn · e−inπx/L, cn =
1

2L

L∫
−L

f (x)e−inπx/Ldx.
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Ïðèëîæåíèå 1 ÍÃÒÓ

Ïðàâàÿ ÷àñòü òîæäåñòâà Áåññåëÿ èìååò âèä:

‖ f (t) ‖2 −
n∑
k=1

ck ‖ ϕk(t) ‖2=
T∫

0

f 2(t)dt− a20
4
T − T

2

n∑
k=1

A2
k.

Îòíîñèòåëüíàÿ ñðåäíåêâàäðàòè÷åñêàÿ îøèáêà O2
n =

O2
n

T
ìîæåò

áûòü çàïèñàíà ÷åðåç àìïëèòóäó îòäåëüíûõ ãàðìîíèê:

O2
n =

1

T

T∫
0

f 2(t)dt− a20
4
− 1

2

n∑
k=1

A2
k.

Ðàâåíñòâî Ïàðñåâàëÿ èìååò âèä:
T∫

0

f 2(t)dt− a20
4
T =

T

2

n∑
k=1

A2
k.

Ýíåðãèÿ îòäåëüíîé ãàðìîíèêè Ak cos(kωt− ϕk) çà âðåìÿ T :

Ek =

T∫
0

A2
k cos2(kωt−ϕk)dt =

A2
k

2

T∫
0

(1+cos(2(kωt−ϕk))dt = A2
k

T

2
,

òîãäà ýíåðãèÿ ñïåêòðà ìîæåò áûòü íàéäåíà ïî ôîðìóëå:

E =
T

2

∞∑
k=1

A2
k.

Èñïîëüçóÿ ðàâåíñòâî Ïàðñåâàëÿ ýíåðãèþ ñïåêòðà çàïèøåì â âè-
äå:

E =

T∫
0

f 2(t)dt− a20
4
T.

Îöåíèòü äîëþ k-é ãàðìîíèêè â îáùåé ýíåðãèè ñïåêòðà ìîæíî
ïî ôîðìóëå

Ek =
Ek

E
=

A2
k · T2

T∫
0

f 2(t)dt− a20
4
T

=
A2
k

2

T
·
T∫
0

f 2(t)dt− a20
2

.
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ÍÃÒÓ Ïðèëîæåíèå 1

Äâîéíîé èíòåãðàë Ôóðüå

f (x) =
1

π

∞∫
0

 ∞∫
−∞

f (t) cosω(t− x)dt

 dω

èëè èíòåãðàë Ôóðüå äëÿ ôóíêöèè f (x):

f (x) =

∞∫
0

(a(ω) cosωt + b(ω) sinωt) dω,

ãäå

a(ω) =
1

π

∞∫
−∞

f (t) cosωtdt, b(ω) =
1

π

∞∫
−∞

f (t) sinωtdt.

Êîìïëåêñíàÿ ôîðìà èíòåãðàëà Ôóðüå

f (x) =
1

2π

∞∫
−∞

dω

∞∫
−∞

f (t)e−iω(t−x)dt.

Èíòåãðàë Ôóðüå â êîìïëåêñíîé ôîðìå ìîæíî çàïèñàòü â äðó-
ãîì âèäå:

F (ω) =

∞∫
−∞

f (t)e−iωtdt.

f (x) =
1

2π

∞∫
−∞

F (ω)eiωxdω.

Îïðåäåëåíèå 2. Ñîîòâåòñòâèå f (x)→ F (ω) íàçûâàåòñÿ ïðå-
îáðàçîâàíèåì Ôóðüå ôóíêöèè f (x).
Ïðåîáðàçîâàíèå F (ω) → f (x) íàçûâàåòñÿ îáðàòíûì ïðåîá-
ðàçîâàíèåì Ôóðüå.
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Ïðèëîæåíèå 1 ÍÃÒÓ

Îñíîâíûå òåîðåìû ïðåîáðàçîâàíèÿ Ôóðüå

1. Òåîðåìà ñëîæåíèÿ.
Åñëè f1(t)↔ F1(ω) è f2(t)↔ F2(ω),
òî α1f1(t)± α2f2(t)↔ α1F1(ω)± α2F2(ω).

2. Òåîðåìà ñèììåòðèè.
Åñëè f (t)↔ F (ω), òî F (±t)↔ 2πf (∓ω).

3. Òåîðåìà ïîäîáèÿ.
Åñëè f (t)↔ F (ω) è α � âåùåñòâåííàÿ ïîñòîÿííàÿ,

òî f (αt)↔ 1

α
F (ω/α).

4. Òåîðåìà î âðåìåííîì ñäâèãå.
Åñëè f (t)↔ F (ω), òî f (t± α)↔ e±iαωF (ω).

5. Òåîðåìà î ÷àñòîòíîì ñäâèãå.
Åñëè f (t)↔ F (ω), òî F (ω ± ω0)↔ e∓iω0tf (t).

6. Òåîðåìû ìîäóëÿöèè.

f (t) cos(ω0t)↔
1

2
(F (ω + ω0) + F (ω − ω0)),

f (t) sin(ω0t)↔
i

2
(F (ω + ω0) + F (ω − ω0)).

7. Òåîðåìà î ïðîèçâîäíîé.
Åñëè f (t)↔ F (ω), òî f ′(t)↔ iω · F (ω) è F ′(ω)↔ it · f (t),
f (n)(t)↔ (iω)nF (ω) è F (n)(ω)↔ (−it)n · f (t).

8. Òåîðåìà îá èíòåãðàëå.

Åñëè f (t)↔ F (ω), òî
∞∫
−∞

f (t)dt↔ 1

iω
F (ω).

9. Òåîðåìà î ñâ¼ðòêå.

f1(t) ∗ f2(t) =

∞∫
−∞

f1(τ )f2(t− τ )dτ =

∞∫
−∞

f1(t− τ )f2(τ )dτ,

Åñëè f1(t)↔ F1(ω) è f2(t)↔ F2(ω),
òî f1(t) · f2(t)↔ F1(ω) ∗ F2(ω) è f1(t) ∗ f2(t)↔ F1(ω) · F2(ω),
(f1(t)∗f2(t))′ = f ′1(t)∗f2(t) = f1(t)∗f ′2(t)↔ iω ·F1(ω) ·F2(ω).
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Ïðèëîæåíèå 2

Âàðèàíò 1

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 2 + i3,
z2 = 3 − i2, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 − 2x + 2 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (
√

3− i)6.
4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 3

√
−27.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 81 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: |z − 2| + |z + 2| = 5.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): arccos 3, Ln (

√
3 + i).

Âàðèàíò 2

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 2i,
z2 = 1+ i, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíîìåò-
ðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 − 2x + 5 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (−1 + i)5.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 4
√
−16.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z5 + 32 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: |z − 2| + |z + 2| < 1.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): arcsin 2, Ln (1− i).

50



Ïðèëîæåíèå 2 ÍÃÒÓ

Âàðèàíò 3

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 1 + i,
z2 = 1− i, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíîìåò-
ðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 + 4x + 13 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (2 + i ·
√

12)5.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 3
√
i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 − 16 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: 1 < |z − 2| < 9.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-

ñêîé ôîðìå): th

(
3− πi

2

)
, Ln (1 + i).

Âàðèàíò 4

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 5 + 2i,
z2 = 3 − i4, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 + 4x + 8 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà:

(√
3 + i

2

)4

.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ:
√

1− i
√

3.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z3 − 8 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: |z − i| = |z + 3|.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): arccos i, Ln (−2i).
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Âàðèàíò 5

1. Âû÷èñëèòü z1; z1 + z2; z1 − z2; z1 · z2; z1/z2, åñëè z1 = 2 + 4i,
z2 = −7 + i, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 − 4x + 12 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (−1− i ·
√

3)7.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 3
√
−1 + i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 1 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: |z + 2i| + |z − 2i| > 5.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): cos(3 + i), Ln (−3 + 4i).

Âàðèàíò 6

1. Âû÷èñëèòü z1; z1 + z2; z1− z2; z1 · z2; z1/z2, åñëè z1 = −5 + 2i,
z2 = −3− i4, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 + 3x + 6 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (
√

3 + i)5.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 4
√

1 + i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 625 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: |z| < Re z + 1.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): sh (2− i), Ln (3− 2i).
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Âàðèàíò 7

1. Âû÷èñëèòü z1; z1+z2; z1−z2; z1 ·z2; z1/z2, åñëè z1 =
√

2−
√

3i,
z2 = 7− i, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíîìåò-
ðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 − 2x + 10 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (2− i)4.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 3
√

2− 2i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z3 − 125 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-

ò¼æ: Re
1

z
= 1.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): ch (1 + 2i), Ln (−1− i).

Âàðèàíò 8

1. Âû÷èñëèòü z1; z1+z2; z1−z2; z1 ·z2; z1/z2, åñëè z1 = −
√

5−2i,
z2 = −3 + i4, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 + 4x + 15 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (−2− i)6.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 3
√
−2 + 2i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 25 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-
ò¼æ: 0 < Re(2iz) < 1.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): sh (2 + i), Ln ii.
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Âàðèàíò 9

1. Âû÷èñëèòü z1; z1+z2; z1−z2; z1 ·z2; z1/z2, åñëè z1 =
√

2+
√

7i,
z2 = 3 − i4, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 − 4x + 15 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (−1+ i ·
√

3)4.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 4
√

32.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 36 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-

ò¼æ: Re
1

z
>

1

2
.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): cos(3− 2i), Ln (1 + i)i.

Âàðèàíò 10

1. Âû÷èñëèòü z1; z1+z2; z1−z2; z1 ·z2; z1/z2, åñëè z1 = −
√

5+2i,
z2 = −1 + i3, ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé, òðèãîíî-
ìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå.

2. Íàéòè âñå êîðíè óðàâíåíèÿ x2 + 4x + 14 = 0.

3. Íàéòè ìîäóëü è àðãóìåíò êîìïëåêñíîãî ÷èñëà: (1 + i ·
√

3)3.

4. Íàéòè âñå çíà÷åíèÿ êîðíÿ: 4
√

5− 2i.

5. Íà ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðåøèòü óðàâíåíèå
z4 + 49 = 0.

6. Âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë ñîîòíîøåíèÿ è ñäåëàòü ÷åð-

ò¼æ: Im
1

z
<

1

2
.

7. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèé (îòâåò çàïèñàòü â àëãåáðàè÷å-
ñêîé ôîðìå): Arctg (2i), Ln (i− 2).
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