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I'AaBa 1

IJAeMeHTBhI Teopun GyHKIUII
KOMIIAEKCHOTO IEPEMEHHOT O

§1.1. KoMIAeKCHBbIE YuCAA

ECAI/I OTPAaHMYMBATBCA TOABKO AEVICTBUTEABHBIMM YMCAQMM, TO MHOTYE
MaTeMaTudecKue 3aAauy He MMeIoT pellleHMs. HanpuMep, He cylecTBY-
€T KOPHS YeTHOV CTeIIeH! U3 OTPULIATEABHOIO 4KcAd. Ecau y KBappaTHOro
ypaBHenus ax’+bx+c = 0 pouckpumuHanT D = b*—4ac < 0,To 310 ypaBHe-
Hl€e He MMeeT AeICTBUTEAbHBIX KOpHell. [[pocTelunm Takum ypaBHeHEM
ABAsieTcs ypaBHeHue x> 4 1 = 0. B MaTemMaTuKe, eCAM AOKa3aHO, YTO KaKasl-
AM00 3apaya He MIMeeT PelleH )], TO CTAPAIOTCS TaK PACIIMPUTh OCHOBHbBIE
MOHSITUS, YTOOBI 3aAa4y MOXKHO OBIAO pelnTh. B HalleM npumepe moAyuum
TaKoe pacuIMpeHye, eCAY PUMeM, YTo ypaBHeHMe x> + 1 = 0 uMeeT Ko-
peHb — “MHUMYIO 'eAMHULY i: i2 +1 = 0. OueBMAHO, 4TO TOTAQ i2 = —1 UAK
i = /—1. VI Tenepb BCe KBaApaTHble ypaBHEHUS OYAYT METh KODHU He3a-
BUMCUMO OT 3HaKa AMCKpuMMHaHTa. Hanpumep, ypaBHenue x? — 2x 410 = 0
VIMeeT ABa KOPHSI:

2x4/-36 24436 -v-1

5 5 =14 3i.

X1,2 =

3T0 00CTOATEABCTBO IIPUBOAUT K HEOOXOAUMOCTY BBEAEHMS HOBBIX UM~
ceA, YaCTHBIM CAy4YaeM KOTOPBIX SIBASIIOTCS A€VICTBUTEAbHBIE uncaa. [1pu-
YeM AAS STUX HOBBIX UMCEA AOASKHBI BBIITOAHSIThCSI BCE OCHOBHBIE AEVICTBUSA

5



¥ 3aKOHBI, KOTOPBIM IIOAUMHSIIOTCS AEICTBUTEABHbIE YMCAQ.

KommnaekcHbie yrcaa nossBUAUCH B X VII Beke M MHOTMMMY, €CAU He OOAb-
IIMHCTBOM, OBIAM BOCIIPMHSITBHI, KAK HEYTO HepeaabHOe. B yacTHOCTH, 3TO
OTPa3sMAOCh B CAMOM Ha3BaHUM HOBOTO YMCAQ | — MHUMAS AVIHULIA.

Torpasxe 6p1a2 0OOHApY)KeHA HEOXKMAAHHAS BElllb: AeVICTBUTEABHBIE YVIC-
Aa MOTYT "TIpATaTbCA'"'3a MHUMbIE. AAS KOPHeiT Kyb1uecKoro ypaBHeHus x>+
px = q 6b1AY TIOAY4eHBI GOpMYABI (popmyrbe Kapoaro)

3P @ g 3P ¢ q
x_\/V27+4+2_ Vor T4 T2

3

N

Ecau npumeHuTsb 3Ty POpMYAY K ypaBHeHUIO x° — x = 0, OUeBUAHO, UMEIO-
1IeMy AEMCTBUTeAbHbIe KOpHM X1 = 0, X3 3 = £1, TO NOAy4YUM

(-DOPMaAbHO 9TO HOAB, HO Bpra)KeH]/[e CIIpaBa HE MMEET CMbICAA HA MHO>X€E-
CTBE AEVICTBUTEAbBHBIX YMCEA.

B Hauie BpeMH KOMITIAEKCHbIEC YMCAQ I/[CHOAbBYIOTC}I BCIO,A,Y, T'A€ VICIIOADb-
3YIOTCSI MaTeMaTh4uecKye MeTOAbL Tak, HanpyuMep, B 9AeKTPOTEXHMKE ITOA-
HOe COIIPOTUBAEHMeE Lienu IpeacTaBasieTcsa B Bupe R = R, + iRy, rae R, —
aKTMBHAsl COCTaBASIOWIAsA U R, — peaKTUBHaA.

§ 1.2. IloHAaTHEe KOMIIAEKCHOIO YMCAQA

KOMnAeKCHbIMM YMCAAMM Ha3bIBAIOTCS YMCAQ BUAQ Z = X + Iy, TA€ X U
)y — AEVICTBUTEAbHbIE YMCAQ, a { — TaK Ha3blBaeMasl MHMMAsl €AVHU-
ta. Yucaa x 1 y Ha3pIBalOTCA COOTBETCTBEHHO ACVICTBUTEABHO I MHUMO
4acTsIMM KOMITAEKCHOTO 4MCAa Z ¥ 0603HavaroTcsa x = Re z (ot real — peit-
CTBUTEABHBIN) 1 ¥ = Im z (0T imaginary — MHUMBII).

MHO>XeCTBO KOMITAEKCHBIX YliceA OyAeM 0603HauaTh cumBoaoM C.

Ecamy = Imz = 0, TO KOMIIAEKCHOE YUCAO Z = X + i - 0 = x — pell-
CTBUTeAbHOE 4ncA0. Takum 06pazom, MHOXeCTBO R Bcex AeliCTBUTEABHBIX
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YIICeA SIBASIETCSI TOAMHOXXeCTBOM MHOXecTBa C BCeX KOMITAEKCHBIX UMCEA:
RcC. Ecanx = Rez = 0, To uncao z = 0 + iy = iy Ha3pIBaeTCs YMCTO MHU-
mbiM. EcrectBenno o6o3Hauntb 0 + 0i = 0.

ABa KOMIIAEKCHBIX YMCAQ Z] = X1 + iy1 U 29 = Xp + iyy CUUTAIOTCA
paBHBIMU (2] = Z2) TOIAQ M TOABKO TOTAQ, KOTAQ X] = X3 U Y1 = Y2. MHO-
>kecTBO C BCeX KOMIIAEKCHBIX YMCEA HE YIOPSAOUYEHO, T.€. 3aMNCh 2] < Z)
UAU X1 + iy1 < X2 + iy2 He MMeeT CMbICAA.

ITycTp Ha mAOCKOCTHM 3apaHa cuctemMa KoopAuHat Oxy. Kaskaomy KoM-
MAEKCHOMY YMCAY Z = X + iy MOXKHO IIOCTaBUTb BO B3aMHO OAHO3Hau-
HO€e COOTBeTCTBYUE TOUKY P(x, y). [Ipu aTOM AelICTBUTeAbHbIE YMICAQ U300-
paxaroTcs Toukamu ocu Ox U 3Ta 0Ch Ha3bIBAETCS AEVICTBUTEABHOV OCBIO.
YMCTO MHUMBIE YMCAQ [y U300PaXKAIOTCS TOYKAMM OCU OPAMHAT U 9Ta OChb
Ha3bIBAETCSI MHMMOI OChI0. [TAOCKOCTD, TOUKM KOTOPO M300pakaroT KOM-
MAEKCHBIE UMCAQ, HA3bIBAETCS KOMHAEKCHOI NAOCKOCHILI) VAV IAOCKOCTBIO
z. TepMUHBI «KOMIIAEKCHOE YMCAO» U «KOMITAEKCHAsI TOUKa» OyAeM puMe-
HATb KaK CYHOHVMBIL.

Meskay TOUKaMy MAOCKOCTU U
paauycamu-BeKTopamu (T.e. Bek- y=Imz
Topamu ¢ HavyaaoM B Touke (0,0)) A
MIMeeTCs B3aIMHO OAHO3HaYHOE CO- P(x,y)
orBercTBMe. [l0aTOMY KOMIIAEKC-
HOe UYUCAO Z = X + iy MOX-
HO TaK)Xe M300pasuTh PapUyCcOM- y
Bexktopom OP = {x,y} (puc.1.1). A ¢ =argz
AAVHa 3TOr0 BeKTOpa Ha3bIBAeTCS

Z=X+1iy

MOOyAeM KOMIIAEKCHOTO YICAQ Z U >
obosHavaercs |z|. OueBUAHO, YTO ) x = Rez
r = |z| — 3TO pacCTOsIHUE TOYKU Z

OT HayaAa KOOPAMHAT. Puc. 1.1

KomnaAekcHble 4YMcCAa, UMEIO-
1[Vie OAVIH U TOT K€ MOAYAb, PaBHBIN 7, 00pa3yloT OKPY)KHOCTb paAuyca ¥ C
LIECHTPOM B HayaAe KOOPAMHAT. Y paBHEHME 3TOM OKPY)KHOCTH |z| = 7.
ITycTb ¢ - yToA, KOTOPBI COCTAaBASIET PAaAUyC-BeKTOp TOUkM z # 0 ¢
MIOAOXXUTEABHOI AEMICTBUTEABHOM MOAYOChIo. Kak 0OBIYHO, HAITPaBAEHME
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IPOTHB XOAQ YaCOBOV CTPEAKM CUUTAETCS IIOAO>KUTEABHBIM, @ IIO XOAY Ya-
COBOJ CTPEAKM — OTPULIATEABHBIM. UMICAO @ HAa3bIBAETCA Ap2yMEHHOM KOM-
IIAEKCHOTO YMCAQ Z ¥ 0003Ha4yaeTcst ¢ = Argz. Aast Touku z = 0 apryMeHT
He OIIpeAEA€H.

/13 0eCKOHEYHOr0 MHO>KECTBA 3HaYeHUI Argz BBIAEAMM OAHO, AeXKa-
1jee B MPOMEXYTKe (—T, ). DTO 3HaUeHue 0003HAYAIOT argz 1 Ha3bIBAIOT
2/ABHbIM 3HAYEHUeM apeymeHma. SIcHo, uTo Argz = argz + 2nn, rae n =
0,=+1,+2,...

OueBUMAHO, MOAYAD ¥ apIyMeHT KOMITAEKCHOTO 4YMCAd Z = X + iy —
3TO TIOASIpHBIE KOOPAMHATBI TOYKY (X, y). MOAYAb KOMIIAEKCHOTO 4MCAR
Z = X + iy OAHO3HAYHO OIpeAeAsieTcss GopMyAoit 1 = |z| = /x2 + 2.
AprymeHT uncaa z # 0 olpepeAsieTCs He OAHO3HAYHO U BCe ero 3Haue-
HUSI OTAMYAIOTCSI APYT OT Apyra Ha 2mm, rae n = 0,+1,+2,... . Apry-
MEHTBI AEMICTBUTEABHBIX MOAOXKUTEABHBIX YMCEA PABHBI HYAIO (Hampumep,
arg5 = 0); apryMeHTbI A€VICTBUTEABHBIX OTPULIATEABHBIX YMCEA PABHBI T
(HarmpumMmep, arg(—5) = 7). Ecamz = iy, y € R, To argz = g, ecany > 0

i
Margz = —;, ecAn y < 0. Bce 3HaueHus aprymeHTa ¢ yAOBAETBOPSIOT
J

)
X

paBEHCTBY tg ¢ =
TMOAyYaeM

x # 0. OTCr0Aa, MCIIOAB3YS CBOJICTBA APKTAHIEHCA,

arct A ASI TOYEK Z U3 IIEePBOI U YeTBEPTOM YETBEPTU;
X

argz = | arctg % + T AAS TOYEK Z U3 BTOPOII UeTBEPTH;

J .
arctg” — T AAS TOYEK Z U3 TPeTbell YeTBepTHU.

YcaoBue paBE€HCTBA ABYX KOMIIAEKCHbBIX YMCEA MOXXHO C(l)OpMYAI/IpOBaTb
TaK: X MOAYAU AOAKHDBI OBITD paBHBL, @ ApTYMEHTBI MOI'YyT OTANYATbCs HA
CAaraemoe, KpaTHoe 27n. Tak Kak x = r cos Q,y=r sin @, TO IIOAYYAEM MIpU-
COHOMEMPUYECKYIO ¢0pMy KOMIIAEKCHOI'O YMICAA Z = X + ly

z=x+1iy =r(cos@+ isin ).

KoMmnaekcHOe YMCAO x — i’y Ha3bIBACTCSI COMPAMEHHBIM C KOMIIAEKCHBIM
4YMCAOM Z = X + iy u obo3Havaercs z. Hanpumep, —2 + 3i = —2 — 3i.
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O4eBUAHO, YTO TOYKU Z U Z. CUMMETPUYHBI OTHOCUTEABHO AEVICTBUTEAD-
HOI1 OCU U IIpU 3TOM |z| = |Z|, argz = —argz.

Bce ckasaHHOe Bblllle OTHOCUTCST K KOHEYHbIM KOMITAEKCHBIM YMCAaM.
AAsI co3AaHMSI pa3BUTOM TEOPUU K STUM YMCAAM AODABUM elile OAHO — fec-
KOHeyHoe HucA0, 0003HaYaeMoe CUMBOAOM 00. ByaeM Ha3bIBaTh ero 6ecko-
HEYHOCMbI0 VAU 6eCKOHEYHO YOaAeHHOU moyvkol. UToObl MPUAATh STOMY
CUIMBOAY HarAsIAHBIV T€OMeTPUYECKUI CMBICA, PACCMOTPUM TaK HasbIBae-
MYI0 cpepy Pumana. Aasi 5TOTO MOCTpouM cepy eAMHUYHOTO papuyca ¢
geHTpoM B Touke O KommaekcHoit maockoctu (puc. 1.2). CoeArHUM TOY-

Puc. 1.2

Ky N cdepbl ¢ TOUKOIT Z KOMIIAEKCHO ITAOCKOCT!U OTpe3KoM mpsimoit. Ecau
Ha cdepe BBIKOAOTb TOUKY N, TO 3TOT OTpe30K IepeceyeT cepy B eAVH-
cTBeHHOM TouKe Z. Takum 06pazom, MeXAY ToOuKaMu cepsl (C BBIKOAOTOI
TOYKOM N) ¥ KOMIIAEKCHBIMM YMCAQMU YCTaHABAMBAETCS B3aMIMHO OAHO-
3HaYHOe COOTBeTCTBME. EAMHCTBeHHas Touka cdepbl, He OTBevarolas Hu
OAHOJ TOUYKe KOMIIAEKCHOM ITAOCKOCTHU, — 3TO ee ceBepHbli oatoc N. Ec-
AY TOUKa Z cepsl MpubAMKAETCsI K CEBEPHOMY ITOAIOCY, TO OTBeYaroLlast
ell TOYKa Z KOMIIAEKCHOI MAOCKOCTY 0e3rpaHUYHO YAQASIETCSI OT HavaAa
KoopauHaT. EcTrecTBeHHO cunTaTh TOUKY N OTBeYaroleil CUMBOANYECKOMY
YUCAY 00. DTO CUMBOAUYECKOE YUCAO HA3bIBAIOT OECKOHEYHO YAAAEHHO
TOYKOI. AAsI HETO HE BBOASTCS (T.e. CUMTAIOTCS HE MMEIOLIVMM CMbICAQ)
MOHATUA ACVICTBUTEABHOM ¥ MHMMOM YaCTH, a TAK)Ke IIOHATME apTyMeHTa.
AOTIOAHEHHYIO TOUKOM 2 = 00 KOMIIAEKCHYIO IAOCKOCTb Ha3bIBaIOT paclly-
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PEHHOI KOMIIAEKCHOJ IIAOCKOCTBIO 1 0003HavaioT C.

§ 1.3. Omnepanuu Hap KOMIAEKCHBIMU YMCAAMU

Ha MHO’KeCTBe KOMIAEKCHBIX unceA C OMpeAeAuM orepaiuu CAOXKe-
HUSI, BBIYMTAHUSI, YMHOKEHMS, AEA€HUS U MU3BA€UEHNSI KOPHSIL.

Cymmoii z1 + zy ABYX KOMITAEKCHBIX UMCEA 21 = X1 + iy1 U 2y = X3 + iy
Ha3bIBAETCSI KOMIIAEKCHOE UUCAO Z = (X1 + x2) + i(y1 + ¥2).

OuYeBUAHO,YTO TaK OMIPEAEAEHHASI OTIEPALIMS CAOXKEH ST 00AAAAET CBO-
cTBaMu

1) z1 + z3 = 23 + 21 — KOMMYTaTUBHOCTb;

2) (z1 + z2) + 23 = 21 + (22 + z3) — aCCOLUUATUBHOCTbD.

AAst AF0OOTO KOMITAEKCHOTO YMCAQ Z = X+IY CYILL|eCTBYET EAUHCTBEHHOE
KOMIIAEKCHOE YUCAO ( T. €. YUCAO —X — iY), AQlolllee B CyMMe C Z HyAb. Tem
CaMbIM OIIpeAeA€HA OTlepaLIUsl BYUMAHUSA 21 —2Z = 21+ (—2z2). O4eBUAHO,
zZ1 — 23 = (%1 —x2) + i(y1 — ¥2)-

VcroAb3ys reoMeTpUYECKYIO MHTEPIIPETALIMIO KOMIIAEKCHBIX U/CEeA, KaK
BEKTOPOB Ha ITAOCKOCTH, IIOAYYa€eM, UTO BEKTOP Z] + 23 SIBASIETCSI AMArOHa-
ABIO ITAPaAAEAOTPaMMa, IOCTPOEHHOT'O Ha BEKTOPaXx 21 U Zo. BekTop z1 — 2
paBeH PasHOCTU BEKTOPOB Z] M Zp U HAIPaBAEH U3 TOYKU Zp B TOUKY Z]
(puc. 1.3).

Orcropa cAeAyeT, YTO MOAYAb PasHOCTHU YUCEA |Z] — Z3| paBeH paccTosi-
HUIO MEXAY TOUYKaMU Z] U Zp. [lOAB3YSCh 3TVM, A€TKO HallMCaTh YpaBHEHME

YA

z 2+ 2 OKPY>KHOCTU papmuyca R ¢ LIEHTpOM B
Z -2 TOYKE d: AASI TOUEK Z ITOV OKPY)XHOCTHU (1
TOABKO AAST HUX) PACCTOSIHUE AO L[EHTPA d

x  TOCTOSHHO ¥ PaBHO R. Vickomoe ypaBHe-
> Hue |z — a| = R. Hanpumep, |z + i| =
o 1 — ypaBHeHMe eAMHUYHOM OKPY>XHOCTHU C
L[EHTPOM B TOYKE ¢ = —Ii. AHAaAOTUYHO,

2y

Puc. 1.3 HepaBeHCTBY |z — a| < R yAOBAETBOPAIOT
T€ U TOABKO Te TOYKY KOMIAEKCHOI IIAOC-
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KOCTH, KOTOPbIe A€XaT BHYTPU Kpyra papuyca R C LIeHTpPOM B TOYKeE 4, a
HepaBeHCTBaM r < |Z — 6l| < R, raer < R, YAOBAeTBopHIOT TOYKU, AeKalljue
B KOAbLIE MEXKAY ABYMs KOHLIEHTPUYECKMMU OKPY>KHOCTSIMU PAAUYCOB 7 U
R c o0mum LIEHTPOM d U TOAbKO OHMU.
OT1meTuM, 4TO AASL MOAYAEN KOMITAEKCHBIX YMCEA CIIPaBeAAMBBI Hepa-
BEHCTBa
|z1 + 22| < |z1] + |z2l,

llz1] = lz2ll < |21 = 2al,

CNPaBeAAMBOCTb KOTOPBIX MOXKHO YSCHUTD U3 pUC.1.2, €CAM y4ecTh, YTO B

AI0OOM TPeyroAbHMKeE CyMMa ABYX AIOOBIX €T0 CTOPOH OOABIIIE TPETbeN CTO-

POHBI 1 AK00ast CTOPOHA OOAbIIIE PAa3HOCTY ABYX APYTVIX CTODOH.
YMHoMeH1e KOMIAEKCHBIX YMCEeA OIIPEAEAVIM PAaBEHCTBOM

z1-22 = (01 + iy1) - (X2 4+ 1y2) = (X1x%2 — y192) + i(x1y2 + %291). (1.1)

HernocpeACTBEHHBIM BBIYMCAEHMEM II0 3TOM GOPMyAe HETPYAHO ybe-
AUTBCSI B TOM, YTO OIlepaLiyisi YMHOXKeHMsT 00AQAQeT CBOICTBAMM:

1) z1 - 2z = z - Z1 — KOMMYTaTUBHOCTb;

2) (z1-22) - z3 = z1 - (22 - Z3) — aCCOLMATUBHOCTbD,

a omepaLum CAOXKEHMs I YMHOXKEHMSI COBMECTHO 00AAAAIOT CBOICTBOM
AUCTPpUOYTUBHOCTU: 21 - (23 + 23) = 21 - 22 + 21 - 23.

Ecan B popmyae (1.1) moaoxutb x; = xp = 0, y; = y3 = 1, To moAyunm

PaBeHCTBO i - | = i2 = —1. YMHOXas o6e yacTu paBeHcTBa i> = —1 Ha i,
Ak+m . :m

MoAy4YaeM — —I; aHAaAOTUYHO, i* = 1. Aerko mOHSATH, 4TO i i
OueBUAHO, AAST AIOOOTO KOMITAEKCHOTO YMCAA Z CIIPABEAAUBO PABEHCTBO
l-z=z

OTMeTuM ellje OAHY BaKHYI0 (GOPMYAY, IOAYYAIOLIYIOCS U3 (POPMYABI
(1.1), z- z = 22 + y* = |z|>. Takum 06pa3om, IIPOU3BEAEHME COMPSIKEHHBIX
KOMITAEKCHBIX YMCEA SBASIETCS YMCAOM AEVMCTBUTEABHBIM,

AereHue KOMIIAEKCHBIX YMCEA OTIPEAEAsIeTCS KaK orepauusi, oopaTHas
YMHO>K€EHUIO: YaCTHBIM OT A€A€HMSI KOMIIAEKCHOTO YMCAA Z] HA YMCAO Zp #

0 Ha3pIBaeTCsl TaKOoe KOMIIAEKCHOE YMCAO 23, AAA KOTOPOIO 23 - 29 = Z7.
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OueBUAHO, YTO €CAU 21 = X1 + iy1 U Z9 = X + Y2, TO

2 z Z1°2y  X1% +)1)2 JX2Y1 — X1)2
3 = — == — = 2 2 2 2
22 222 X5+ x5 + ;3

ITpu cAO>KeHUM Y BBIYMTAHMY KOMITAEKCHBIX YMCEA LieAecoobpasHee VC-
MOAB30BaTh aArebpandeckyio Gpopmy aTux uncea z = x + iy. [Ipu ymHOXe-
HUU,A€A€HUU U BO3BEAEHMM B CTeIIeHb KOMITAEKCHBIX UMCEA pALjIOHAAbHEe
UCIIOAB30BaTh TPUTOHOMeTpUUecKylo popmy. ITyctp

z1 = ri(cos@; +isin @), zp = ry(cos Py + isin @y).
Toraa
212y = r1ra(cos @1 cos @y — sin @p sin Qo) + iryrp(cos @1 sin @+

+sin @1 cos @y) = rira(cos(Q1 + @2) + isin(@ + ¢2)). (1.2)

Orcropa caepyeT, YTOo MpY TepeMHOXKEHMM KOMITAEKCHBIX YMCEA VX MO-
AYAM TIEPEMHOKAIOTCS: |2123| = |z1||z2|. DTO paBeHCTBO, OUEBUAHO, CIIpa-
BEAAVBO U AASI IPOU3BOABHOTO KOAMUECTBA COMHOKUTEAEN
|z122 . .. z4| = |z1ll22] . . . |zx]. B 9acTHOCTM (€CAM BCE COMHOXUTEAM OAMHA-
KoBhl), |Z"| = |z|",n=1,2,...

ApryMeHT mpou3BeAEHUsT ABYX KOMITAEKCHBIX YMCEA PaBeH (C TOYHO-
CTBIO AO 2kT) cyMMe MX apryMeHTOB: Arg(z; - Argzy) = Argz; + Argz.
DTO paBeHCTBO, OYEBUAHO, CIIPABEAAUBO U AASI IPOU3BOABHOTO KOAUYE-
CTBa COMHOXXUTEAEN U, B YaCTHOCTU, Argz” = n Argz.

I'eomeTpuyuecky 3TO 0O3HAYAET, YTO NMPY YMHOXKEHMU UMCAQ Z] HA Z) pa-
AVYC-BEKTOP TOUKU Z] PACTATUBAETCA B 22| pa3 M IOBOPaYMBaeTCs Ha YTOA
Argz.

Ilpumep 1.1 Harimu Bepuiunvi NpasuibHO20 UECMUY2OAbHUKA, BHU-

CAHHO20 B OKPYWHOCMD |Z| = 2, ecAll 00HA BePULUHA HAXOOUMCA B MOUKe
Z1 = 2.

12



Pemenne. Tak Kkax 8 npasuibHOM ULeCUy20AbHUKe Y201 Me0y paou-

2n b
ycamu-BekKmopamu 63yx coceaHux BepuiluH paBeH Z = g, mwo k-ﬂﬂ Bepuiu-

k — k—1
Ha pasHa zi = |z1| (COS Gl +is (B)n) IoOcmasass nociedosa-

meabHo k = 2,3,4,5, 6, VlO/lylluM UCKOMDbLE BEPULUHDL:

Zz—2<COS*+lSlI‘1 )_l—i-z\/_

2n
Z3_2(cos—+zsm—) =—1+z«/_

3n .. 3m
Z4=2(COS§+lSII’1§> = -1,

4n an
Zs5 _2(cos— +zsm—) =-1 —z«/_
51 . . bm .
Z6 :2(cos§ +lsm?) =1-iV3.
V4
AAsL omiepaLiu AeA€HUs, UCTIOAB3YSI TOKAECTBO 2] = (Z—l) - Z9, TIOAYYaEM
2
|z1] = ‘—‘ |zo| M Argz; = Arg( ) + Arg zp 1, 3Ha4UT,

z1 |z1]

|z2]

gz—1 = Argz; — Argz,.
22

2z

Urtax,
21

2= %(cos(@l — @) +isin(@; — @2)). (1.3)

Z)

O603HaYMM BBIPaXKEHIE COS @ + i Sin @ CUMBOAOM €%
e'® = cos @ + isino, (1.4)

He npudasas NOKA 3ol 3aNUcy HUKAK020 0py2020 CMbiCAd, KPoMe KaK 000-
3HaueHue.
VICIOAB3Yst 9TOT CUMBOA, KOMITAEKCHOE YMCAO MOKHO TIPEACTABUTD B
dbopme
z = |z|e'A87 = rel® (1.5)



1 OYAeM Ha3bIBaThb 3TO HOKA3AMEAbHOU (pOPMOLL KOMIIAEKCHOTO YMCAA.

CuMBOA €'® 06AapaeT OCHOBHBIMYU CBOVICTBAMM MOKA3aTEAbHOM PyHK-
uun. VICIOAB3ysI OTepaLuy YMHOXEHUSI I AEA€HVSI KOMITAEKCHBIX YMCEA B
TPUTOHOMeTpUUecKoit Gpopme, OyaeM MMeThb

e . €2 = (cos(@1 + ¢2) + isin(er + ¢p)) = /@12,

e . . (07—
oy = (COS(@1 — 92) + isin(01 — 92)) = &P 7%,
O600111as1 Ha HECKOABPKO COMHOXUTEAEN, IIOAYYaeEM

120 ... 2y = 11Ty . . . 7€ @1T02-0n)

TMoaaras 3paech z; = 2o = ... = 2z, = €%, GyaeM UMeTb
. .
72" = (re'®)" = r"e". (1.6)

ITO IOKA3BIBAET, YTO BBEAEHHBIE CHMBOABI €'®! 1 ¢/2 IepeMHOXAI0T-
Cs, AEAATCS U BO3BOAATCSA B LIEAYIO CTENleHb 0 ITpaBMAaM MOKa3aTeAbHOM
byHkuuu y = €. Y cumBoaa €'® MOSIBASIETCSI HOBOE CBOJICTBO — OH JIMEEeT
nepuop 2n. B camom peae,

O — cos(@ + 21) + i sin(@ + 21) = cos @ + isin@ = €.

3anucpiBasi KOMIIAEKCHBIE Y/ICAQ B IIPABOIT U AEBOM YaCTSX PABEHCTBA
(1.6) B TpuroHomeTpuieckon popme, moaydaem gopmyry Myaspa

(cos @ + isin )" = cos ne + isin nQ. (1.7)

OrnpepeAuM KOpeHb HAMYPAAbHOLL CHIENeHU 1 U3 KOMHAEKCHO20 YUCAA
Z KaK TaKoe YMCAO W, KOTOpOe IIpY BO3BEAEHUN B CTEIIEHDb /1 AA€T UUCAO Z,
T. e. w" = z. O603Hauaem {/|z]. fcHo, uto /0 = 0. TIpeAcTaBUB UMCAA Z U
W B TIOKa3aTeAbHOIT popMe z = re’®, w = peV, moayunm

pnem\v — 16 — rel((p0+2kn)’
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TA€ @9 = argz — rAaBHOe 3HaueHMe aprymeHnTa. CpaBHMBAsI MOAYAU U apry-
MEHTBI A€BO U IIPABOJ YacTell, IOAYYUM

2
p:(ﬁ,w:%:%’m,kzo,il,...

Takum obpasom,

iargz+2k7t
w= Jz= zle n Lk=0,+1,.... (1.8)

dTa Q)OpMYAa ITOKa3bIBAET, YTO MOAYAU BCEX 3HAYEeHUM KOPHA OAVMHAKO-

BB, & IX apTYMEHTbI OTAMYAIOTCS Ha CAAraeMoe, KpaTHoe 2% Orcropa cae-
AY€T, YTO KOP€Hb /1-011 CTETIEHN U3 AI000T0 uncAa z # 0 MMeeT 11 pa3AMYHBIX
3HAQYEeHUI U YTO STU 3HAYEHMUsI PACIIOAATAIOTCS B BEPILIMHAX TPABUABHOTO
M—YTOABHMKA, BIIMCAHHOTO B OKPY>KHOCTb PAAUYCA p = /7 C LIEHTPOM B Ha-
yaAe KOOPAMHAT. DTV 3HAYEHUsI MOXKHO TIOAY4NTh U3 popmyabl (1.8), moaa-
rask =0,1,2,...,n—1. OTMeTUM, 4TO B IPaBUABHOM 2/—yTOABHUKE BEP-
IIMHBI TOTIAPHO CUMMETPUYHBI OTHOCUTEABHO LIEHTPA U, CAEAOBATEABHO,
nepBble 1 3HaYeHUIt moAy4daeM us popmyasl (1.8), mpuk =0,1,2,...,n—1.
OcTaAbHbBIE 71 3HAUEHUIT OTAVYAIOTCS OT HAIA€HHBIX AUIIb 3HAKOM.

Mpumep 1.2 Bouucaums /i.
Pemenne. Arsg yucra z = i umeem |z| = 1, argz = g, C1e00BAmMeAbHO,
no gpopmyre (1.8)
5+ 2kn
Wy = Ji=ée 3
Iorazas 30ecb nocaredosamervro k =0, 1, 2, noryyum

T

i— T T V3 1
= 6: — i i _— = — '7
wi=e cos6+lsm6 3 +12,
5n
i— 5n ., . b5m V3 o1
wy =¢e 6 :cosg—l—lsmzz—7+k,

on
i— o .. O9m
w3 =¢e 6 =cos€+lsm—:

cos 3n+isin37E =1
6 2 -

2
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IMpu usBAeYeHMM KOPHS U3 KOMIIAEKCHOTO Y1CAA MOHsTHE “apudmeTuye-
CKOT'0 KOPHs'He BBOAUTCS, U BCE /1 3HAUEHUIT pPaBHONPaBHEL [ToaTomy npu
peoOpasoBaHMSIX aATEOpANYECKIX BBIPAYKEHMI, COAEPIKALIIX KOPHU, HYX-
HO CA€AVITD, KaKlie 3HaYeHMsI KOpHA UMeIoTcs B BUAY. Hanpumep, dopmyaa
JZ1 + \/Z2 = \/Z1 - Z2 BEpHA TOABKO IIPU OIIPEAEAEHHOM BbIOOpE 3HAYEeHMS

KODHS +/Z] - Z3, ECAVI TOABKO 3HAUEHUsI AASI KOpHE /Z] U /Z; Y>Ke BbIOpa-
HbL. /IHavye BO3MOXHBI “IpotuBopeuns’'tuna —1 = i2 = /—1-+/—1 =

=/D)() =v/1=1.

§ 1.4. TlonsaTue GpyHKIUM KOMIAEKCHOTO
IepeMeHHOro; npepeA GyHKIMu

B MaTeMaTU4YeCKOM aHaAM3e HaboAee CoAepIKaTeAbHbIE PE3YAbTATHI I10-
AYYAIOTCA AAST QYHKLMIL, OTIPEAEAEHHBIX VAY B OKPECTHOCTY MHTEPECY-
IOI[el HAC TOYKU AM Ha HEKOTOPOM MHTepBaAe (KOHEYHOM MAU GeCKOHeY-
HOM, OTKPBITOM MAM 3aMKHYTOM). AHAAOTOM MHTepBaAa Ha KOMIIA€KCHOM
ITIAOCKOCTU AABASIETCSI 0OAACTbD.

ITycTb @ — npou3BOAbHOE KOMIIAEKCHOE YMCAO U & — MPOU3BOABHOE
AEVICTBUTEABHOE IMTOAOKUTEABHOE YMCAO. MHOKeCTBO BCEX KOMITAEKCHBIX
YUCEA, yAOBACTBOPAIOIVIX HEPABEHCTBY |Z—da| < &, HA3bIBAETCsI OKPECTHO-
CTBIO (VAU £-OKPECTHOCTBIO) TOYKHU d. [ €OMeTpUYECKU OKPECTHOCTD TOUKU
a4 — 3TO KPYT C LeHTPOM B 3TOM TOUKe.

OKpecTHOCTBIO 0ECKOHEYHO YAAQA€HHOW TOYKM Z = OO Ha3bIBAE€TCS
MHO>XECTBO TOY€K Z, YAOBAETBOPSIOLMX HEPAaBEHCTBY |z| > R, T.e. BHelll-
HOCTb AIOOOTO Kpyra C LIeHTPOM B HauaAe KOOPAUHAT. Aerko MoKa3aTh, YTO
MIPY TAKOM OIIPEAEAEHUM OKPECTHOCTY OECKOHEYHO YAAAEHHON TOYKHM, KaK
1 OKPECTHOCTU AI000I1 APYTOJi TOUKH, Ha chepe PriMaHa COOTBETCTBYET KPyr
C LIEHTPOM B 0Opase 3TOi TOYKH.

ITycTb Ha KOMITAEKCHO MAOCKOCTY 3aA2HO HEKOTOPOe MHOXXeCTBO M.

Touxa z Ha3bIBaeTCsl BHYTPEeHHel TOYKOI MHOXecTBa M, ecAu cyllle-
CTBYeT OKPECTHOCTb TOUKU Z, LIeAUKOM AexKalasa B M. Touka z HasbIBaeTcs
rPAaHUYHON TOYKOI1 MHOXXeCTBa M, eCAl B AI0OOIT OKPECTHOCTU 3TOI TOY-
KU HalIAYTCA KaK TOYKMU, IpUHapAeXxalue M, Tak U eMy He IIPMHAaAAEXKa-
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mve. MHOXeCTBO BCeX IPAaHUYHBIX TOYEK HA3bIBAETCS TPAHULIENl MHOXe-
crBa M.

IIpumep 1.3 Kpye |z| < R cocmoum moivbKO U3 BHYMPEHHUX MOYEK.
Arbas mouka okpywHocmu |z| = R aBAsgemcs epaHu4HOL MO4KOL 31020
Kpyaa, max 4mo okpymwHocmp |z| = R asarsemca epanuyeti kpyaa |z| < R.

MHO0>XeCTBO, BCe TOYKI KOTOPOIO SBASIFOTCS €r0 BHYTPEHHIMMU TOY-
KaM1Il, Ha3bIBA€TCA OTKPBITHIM.

EcAM Bce rpaHMYHbIE TOYKM MHOXKECTBA €My IPUHAAAEKAT, TO TAKOe
MHO>KECTBO Ha3bIBAETCsI 3AMKHYTBIM.

MHO>eCTBO Ha3bIBaeTCA CBA3HBIM, €CAUM AIOObIE ABE €0 TOYKM MOX-
HO COEAMHUTb AOMAHOM AVHMEI, BCE TOUKM KOTOPOIT IPUHAAAEKAT STOMY
MHOXX€ECTBY.

O0AaCThIO HA3bIBAETCSA OTKPBITOE CBA3HOE MHOXKECTBO.

MHOXeCTBO TOYEK, COCTOsIIee U3 06AacT D (OTKPHITOro MHOXKeCTBa!)
1 ee TPaHMIIbI, Ha3bIBaeTCsA 3aMKHYTOIi 06AaCTBIO 1 0603Havaercs D.

IIpumep 1.4 Bcs komnaexcHas niockocmp C g8asemcs 001acmpio.
MHuomecmso 0 < |z — a| < R asasemcs obracmpro. E20 epanuya cocmoum
u3 okpymHocmu |z — a| = R (BHewHAs epanuya) u moyku z = a (BHympeH-
Hss epanuya). MHowecmso |z — a| < R sBasgemcs 3aMKHYMOU 00Aacmbio.
Mmuomecmso 0 < |z — a| < R He aBAsemcs 00Aacmbi.

I'panniza 06AaCTU MOKET COCTOSITh M3 OAHON KYCOUHO-HeNpepbIBHOM 3a-
MKHYTO KpuBoii (puc.1.4,a),cocTosTb U3 AByX U 6oaee KpuBbix. Ha puc.

1.4,6 usobpakeH npuMep 06AACTH, TPAHMULIA KOTOPOIT COCTOUT U3 ABYX 3a-
MKHYTBIX AUHMIT /1 U . BHYTpeHHSIsI KpMBasi MOXKET BBIPOXKAQTHCS B TOUKY
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VAM B AMHUIO (TaKyI0 AMHMIO HasbpIBalOT paspe3om). Ha puc.1.4,B rpaHuiia
COCTOUT U3 LIECTU He CBSI3aHHBIX MEXKAY CO0OI yacTeil: TpeX 3aMKHYThIX
AviHU [y, I n I3, opHOTO paspesa [y u AByX TOUEK a 1 b.

YucAo He CBSI3aHHBIX MEXKAY CO00I YacTel rpaHuLibl o6AacTu D Ha3bl-
BaeTcs ee MOPSIAKOM CBsi3HOCTU. Tak o6AacTh Ha puc 1.4,a — OAHOCBsI3Ha;
Ha puc.1.4,6 — AByCBs3Ha; Ha puc.1.4,8 — I1eCTUCBSI3HA.

ToromumerbHbIM HanpasieHueM 00x00a TPAHULBI 0OAACTY IPUHSITO
CUUTATh TAKOE HAIMPAaBAEHUeE, TIPU KOTOPOM 00AaCTh ocTaercs cAeBa. Ha
puc.1.4 5To HanpaBAeHMe yKa3aHo cTpeakamu. OOpaTyM BHUMaHMe Ha ABOYI-
HOI1 00X0A pa3pesa [4; B 5TOM CAyYae MOXKHO TOBOPUTbD O ABYX Oeperax pas-
pesa.

ITycmv Ha KOMHAEKCHOL NAOCKOCMU 3A0aH0 MHOWecmBo M u kamcdou
mouke z = X + iy 31mM020 MHOMECMBA CHMABUMICS B COOMBEMCMBUE 00HO
UAU HECKOAbKO KOMHNAEKCHbIX yuceA W = u + iv. Toe0a 208opsam, umo Ha
MHowecmBe M 3adana pyHKUUS KOMNAEKCHO20 nepeMeHHo20 w = f(z).

B paabHeiiIIeM OyAeM CUMTATh, YTO MHOXeCTBO M siBAsieTcst An60 06-
AacTbio D, AM0O0 3aMKHYTOI 00AACTHIO D.

@Oyukuyusa w = f(z) Ha3bpIBA€TCsl OGHOBHAYHOM, €CAM KOKAOI TOUKE
z € D cTaBUTCSA B COOTBETCTBUME EAMHCTBEHHAs Touka w. [Ipumepamu Ta-
K1X GYHKIMIT ABASIOTCS GyHKUMM W = |z|, w = z2. OyHKIMA Ha3bIBaeTCs
MHOTO3HAYHOM, €CAM XOTS Obl OAHOI TOYKe z € D CTaBUTCA B COOTBET-
CTBME HECKOABKO ToueK w. Hanpumep, pyHKLusa w = /z— ABy3Ha4Ha (BeAb
Ha KOMIIAEKCHOI ITAOCKOCTHU TPU KKAOM Z # O OHa MPUHMMAET ABa 3Ha-
yenust). Oyukuusa w = Arg z— 0eCKOHeYHO3Ha4yHa; OHAa KakKAoMy z # 0
CTaBUT B COOTBETCTBME OECKOHEYHOE MHOXKECTBO YMCEA Wy, = arg z + 2uT.
B aToM cyujecTBeHHOe pasanyre MOHATUI QYHKLMM KOMIIAEKCHOTO Iepe-
MEHHOT0 U GYHKLMU AEICTBUTEABHOTO IlepeMeHHOro. B Maremarnyeckom
aHaAM3€ PaCCMATPUBAIOTCS TOABKO OAHO3HAYHbIE PYHKLUU.

Ecan opHO3HauHast yHKUMst w = f(z) ABYM pasAMYHBIM 3HAUEHUSIM
apryMeHTa Z CTAaBUT B COOTBETCTBME ABA PA3AMYHBIX 3HAUEHMSI W, TO TaKasi
GbYHKLMSA Ha3bIBAETCS B3AUMHOOOHO3HAYHOU.

KcraTu, ormeTm, 4To B Teopun PyHKLMI KOMIIAEKCHOTO IT€pEMEHHO-
IO NPUHSITO Ha3BaHVe MHOTO3HAYHbIX (PYHKLIMII MUCATh C IPOMMCHOM OyK-
BbI (Harpumep, Argz, Lnz, Arcsin z 1 T.11.), 2 OAHO3HAYHbIX QYHKLMI — CO
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CTpouHoI1 (HanpuMmep, sinz, Inz u T.11.).

Tak kKak w = u + iv = f(z) = f(x + iy) = u(x,y) + iv(x,y), T0
u =Ref(z) = ul,y) uv =Im f(z) = v(x, y)—byHKUMU ABYX AENICTBU-
TeAbHbIX ITepeMeHHbIX X U y. Takum o6pasom, 3apaHne GYyHKLMY KOMITAEKC-
HOTO ITepEMEHHOIO PAaBHOCHABHO 3aAQHMIO ABYX AEVCTBUTEABHBIX (PYHK-
UM u = u(x, y) uv = v(x,y) ABYX AeICTBUTEAbHBIX IEPEMEHHBIX X U Y.

Ilpumep 1.5 Havimu OelicmBumeibHy0 U MHUMYIO HacMu (OYHKYULL:
ayw=2z> bw=z c)w=zRez

Pemenue.a) [Toromum z = x+iyuw = u+iv. Toeda u+iv = (x+iy)* =
x% — % + 2xyi. Omcroda u = x> — y>, v = 2xy.

b) 30ecv u + iv = (x + iy) = x — iy. SHauum, u = x UV = —y.

c)u+iv=(x+iy)Re(x + iy) = (x + iy)x = x* + ixy. Taxum obpa3som,
u=uxv=uxy.

IMyctb pyHkumsa w = f(z) opAHO3Ha4YHA B KaXKAOM TouKe obaactu D. To-
rAQ B 9TOM 00AaCTM OYAYT OAHO3HAUHBIMM QYHKLMM U = U(x,y) = Re f(z)
nv =v(x,y) =Im f(z) AeNICTBUTEABHBIX aDTYMEHTOB, AASI KOTOPBIX B Ma-
TEMaTM4YeCKOM aHaAM3€e OIIPEAEAEHDI TIOHSTYS IIPEAEAA Y HEIIPEPBIBHOCTH.
IToaToMy ecTeCcTBEHHO AASL GYHKLIMIT KOMIIAEKCHOTO IIEPEMEHHOTI0 3TH I10-
HSATYS BBECTU CAEAYIOIMM 00paszoM.

Yucao wog = ug + ivp HasbIBaeTcs pepeaoM GyHKuuuU f(z) mpu z —
Zo = X9 + Y0, €CAU

xll)rilo u(x,y) = uo; xlgggo v(x,y) = vp.
Y=o Y50
ITpeaea ob6o3navaem wy = lim f(z) uaum f(z) — wo ipu z — 2.
zZ—20

Tak Kak AQHHOe OIlpepeAeHNe CBOAUTCS K M3BECTHOMY M3 MaTeMaTu-
YEeCKOTr'0 aHAAM3a OIIPEAEAEHHUIO TIpeaeAd GYHKLMY AeVICTBUTEABHBIX apry-
MEHTOB, TO apupMeTNIeCKIe CBOVICTBA IPEAEAOB COXPAHSIOTCS U AAST QYHK-
LIVl KOMIIA€KCHOTI'O IIepEMEHHOTO:

lim(o.f (%) + Bg(x)) = alim f(x) + Blim g(x),

lim(f (x)g(x)) = lim £ (x) - lim g(x),
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mZ® = L9 g 0x) £ 0).
gx)  g)

CdopmyanpyeM onpeaereHue IpeaeAa "Ha s13bIKe OKpecTHocTeit". Ync-
A0 Wo = Uy + iV Ha3bIBaeTCs npepeAoM PyHkumn f(z) nmpuz — zo =
X0 + Y0, eCAM AAST AIOOOV &- OKPECTHOCTY TOYKU W HAMAETCS Takas d—
OKPECTHOCTb TOYKHU Z(, YTO AASI BCEX Z # Z( U3 9TOM 8-OKPECTHOCTU COOT-
BETCTBYIOLME TOYKU W = f(Z) MOMAAQIOT B £€- OKPECTHOCTD TOUKU Wy, T.€.

ecan 0 < |z — zp| < 3, Tak cpasy xe | f(z) — wy| < e.
Orciopa oAyYaeM, YTO eCAM QYHKLIVSI MIMEET IIPEAEA B TOUYKE Z(, TO OH

He 3aBUCHUT OT CII0CO0A MPUOAVDKEHWS TOUKM Z K Zp.
3ro omnpeaeseHre 6e3 BCIKMX U3MEHEHUIT pacpoCTpaHsaeTcs Ha bec-
KOHeYHble zo U(MAU) Wo. AASL 5TOTO AOCTaTOYHO AUIIb OpaTh B KayecTBe
OKPEeCTHOCTeV OECKOHEYHO YAQAEHHBIX TOUYEK Z = 00 U W = 0O BHEIIHO-
CTU KPYIOB AOCTAaTOYHO OOABIIOTO papnyca C LIEHTPOM B HauaAe KOOPAM-
Hat. [Tpu saTom, ecan Zlg? f(z) = oo, TO pyHKLMS Ha3bIBaeTCsE OECKOHEYHO

0

6OABLION.

Kax 1 B caAyuae QpyHKLIMIT A€TICTBUTEABHBIX IePEMEHHBIX, BAKHYIO POAD
UTpaeT IOHATYE HENIPEPBIBHOCTY PYHKLIVIL.

@yHxuys f(z) Ha3bIBaeTCs HEMPEPBIBHOI B TOUKE Z), ECAY OHA OIIpe-
A€AeHa B HEKOTOPOJ OKPECTHOCTHM STOJ TOUKM, BKAIOYAS CAMY 3TY TOUKY U
lim f(z) = f(z0)-

AAst HerpepbIBHOCTY QYHKLMM f(Z) B TOUKE 29 = X0 + i)Yo HEOOXOAMMO
U AOCTaTOYHO, YTOOBI PyHKLMU U (X, ¥) = Re f(z) uv(x, y) = Im f(z) 66141
HeIIpepbIBHBI B TOUKE (X0, Y0).

@ynkuus f (z) Ha3bIBaeTCs HeMPePBIBHOI B 00AacTy D, eCAM OHa Hempe-
PBIBHA B KQXAOJ1 TOUKe 3TOV 0OAACTH.

Tak Kaxk HenpepvlBHOCHb ONUPAEMICA HA NOHAMUE Npedeid, Mo OHA
BBedeHa MoAbKO OAs 00HO3HAUHbVIX B 00 acmu D ¢yHkyuil.

Ha }yHK1IMY KOMITAEKCHOTO IepEMEHHOTO IIEPEHOCSITCS BCE OCHOBHbBIE
CBOJICTBA HETIPEPBIBHBIX (PYHKLIMIT ABYX AEVICTBUTEABHBIX IEPEMEHHBIX: CyM-
Ma U NPOU3BEAEHVIE HEIIPEPBIBHBIX B 00AacTy D QyHKIIMIT HENIPEPBIBHBI B
3TOV 00AACTM, OTHOIIEHNE ABYX HeNpepbIBHBIX QyHKUMIT f(z) u g(z) sB-
ASIETCsI HENIPEPBIBHOM QYHKIIVel BO BCeX TOUKax obAaacTu D, raoe 3HaMeHa-
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TeAb g(z) # 0. MOAYAb HEIPEPLIBHOI B 3aMKHYTOI1 00AacTu D $yHKLMM
f(z) pocTuraer B aT0I 06AACTH CBOMX HAMMEHBILIErO U HAMOOABILIErO 3Ha-
YEHMUI], T.e. CYLIeCTBYIOT TOUKM 21, Z3 € D, 4TO pAAsI Bcexz € D

|feDI < 1f@)] < |f(z2)].

§ 1.5. AuddepenupyeMocTb 1 aHAAUTUIHOCTD

l' '[ ycTb QyHKLUA f(2) onpepaeAeHa I OAHO3HAYHA B HEKOTOPOJT OKPeCT-
HOCTM TO4KM z. EcAu cyliecTByeT nmpeaea

lim f(Z+AZ)—f(Z)’

Az—0 Az (1‘9)

TO QyHKLUA f(z) Ha3bIBAETCS OUppepeHyupyeMoli B TOUKE Z U OTOT IIPEAEA

Ha3bIBAeTCs MPOM3BOAHONM QYHKLMM f(Z) B TOUKe z U 0bO3HavaeTcsa w =

d
r@=22.

IMycts w = f(2) = u(x,y) + iv(x,y), Az = Ax + iAy. Torpa

Aw = f(z+ Az) — f(z) = [u(x+ Ax,y + Ay) + iv(x + Ax, y + Ay)]—

—[ux, y) + iv(x, y)] = Au+ iAv.

IToaTromy

f/(Z) — lim Au+iAv
T Ax—0 Ax+iAy”
Ay—0

(1.10)

BoisicHuM, Ipy KakMX ycAOBMsIX QYHKLMS OyAeT AuddepeHLpyeMoil B
AQHHO TOYKe.

Teopema 1.1 Ilycmb ¢pynkyus f(z) = u(x,y) + iv(x,y) onpedereHa
B HEKOMOpOUL OKPECHIHOCMU MOYKU Z = X + Iy U B mouKe (X,y) PyHKyuu
u(x, y) uv(x, y) ougpgpepenyupyempt. Tozda 015 mo2o 4mobvt PyHKYUS KOM-
nAeKcHo20 nepemeHHo20 f(z) bvira Ougpdeperyupyemoti 8 moyke z = x+ iy,
Heobx00uMo u 00CmanoyHo, 4moovi B 3MOL MO4Ke BLINOAHAAUCH PABEH-
cmsa
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ou _ ov

ox oy’

ou yav (1.11)
oy~ ox’

@opmyasl (1.11) HaspiBatoTcs ycaoBusimu Komm — Pumana.

AoxaxxeMm HeobxoAuMOCTb. ITycth dyHkuMs f(z) aAudbdepenHuypyema
B TouKke z. Torpa mpeaea (1.9) He 3aBUCUT OT CIIOCO0a MPUOAVDIKEHUS TOUKU
zZ + Az K TOUKe Z.

y Y zZ+Az
—et———o— VA
z z+tAz '(
O| x x
a) 916)
Puyc. 1.5
I[TycTb cHayaAa TOYKaA Z + Az CTPEMUTCS K TOUKE Z O MPSIMOIA, TApaA-
AEABHOIT AeiicTBUTEABHOI ocu (puc. 1.5a). B aToM caydae Az = Ax —

0, Ay = 0 n u3 (1.10) moayyaem

, . Au+ iAv . Au L. Av ou LoV
fl(z)=lim ——— = lim —+i lim —=—+i—.
Ax—0  Ax Ax—0 Ax Ax—0 Ax ox ox

Ecau Touka z+ Az npubOAMIKAETCs K TOUKE Z IO IIPSIMOVA, TTapaAAE€AbHOI
MHuMoI ocu (puc 1.56), To Ax = 0, Az = iAy — 0 u popmyaa (1.10) paer

Au+ iAv . Au . Av 1ou ov ov ou
— = llm — 4+ 11 - = T - = .
iAy Ay—0iAy ~ Ay—s0Ay idy 8y dy oy

= — —j—

r@= jm,

CAeAOBaTeABHO,
ou W% ov ou

—ti—=——i_.
ox ox oy oy
ITpupaBHUBas AEVICTBUTEABHBIE ¥ MHUMbIE YaCTy, TOAY4YaeM paBeHcTBa (1.11).
Heob6xoAMMOCTb AOKa3aHa.
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AokaxeMm AocTraTodHOCTD. ITo onpepeaennio AnbdepeHpyemocT
(bYHKLMI ABYX IIEpEMEHHBIX B TOUKE (X, V), X IPUPALLeHNs] B OKPeCHIHOCHIU
3TOV TOUYKM MOKHO 3aIMCATh B BUAE

Au=ux+ Ax,y + Ay) — u(x,y) = w,(x, y) Ax + ) (x, y) Ay + o - | Az,

Av=v(x + Ax,y + Ay) — v(x,y) = Vi (x, y) Ax + v, (v, 7) Ay + B - |Azl,
rAe o U B cTpeMATCA K HyAlo ipu Az — 0.
Ortcropa Aast ipupaienust pyHkuun f(z) umeem

Af(2) = Au+iAv = w, Ax + U, Ay + i(V,Ax + V,Ay) + ¢ - | Az| =

= (u, + V) Ax + (u, + i) Ay + ¢ - | Az,

rae ¢ = o+ iff crpeMutcs K HyAlo ipu Az — 0.
Vcnioawsys ycaoBus Komi—Pumana (1.11), aTo mpupalieHe MOXXHO
MPEACTaBUTD B BUAE

Af(z) = (U + V) Ax + (=V, + i) Ay + & - | Az| =

= (U, + V) Ax + (u + iV,)iAy + & - | Az| = (i + iV,) (Ax + iAy) + & - |Az].
Urax,
Af(z) = (4, + V) Az + ¢ - | Az].

Af(z)
Az

Orciopa moaydaeM — mpepeA lim CYILIeCTBY€T U PaBeH i), + iV,
Az—0
Teopema pokazaHa.
3aMeTuM, YTO IOIYTHO AOKa3aAY, YTO NIPOU3BOAHAs f'(Z) MOXeT OBbITh

HalipeHa 1o popmyae
f(2) =u, +iv,. (1.12)

Vcnioabsys ycaoBust Koumm—Pumana, moaydaem paBHOCUABHbIE (1.12)
(bopMBI 3anMCK TPOU3BOAHOI

ov ou ou ou ov Xoa%

4 e — —_— = — - —_— = — —_—
f@)= oy lay ox lay oy Vox'
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AAsT QYHKLMIT KOMIIAEKCHOTO IIEPEMEHHOTO COXPaHSIIOTCSI BCE U3BECT-
HbIe U3 Ae/ICTBUTEABHOTO aHaAM3a MpaBuAa AbdepeHLIPOBaHNSL:

[f(2) +g@)] = f'(2) + £ (2);

[f(2) - g2)] = f'(2)g(2) + f(2)¢ (2);
[C-g(2)] = Cg(2), C — const;
_ f@e@) - f@E @)

[f(2)/g()] = 20 ;
[Fe@)] = F @) ¢ @
’ _ 1
F@ = ey
B nmocaeaneit popmyae w = f(z) uz = f~1(w) — B3aumHo obpaTHbIE

byHKLMM.
BaxHerym B Teopuu GyHKLMI KOMIAEKCHOTO IIEpEMEHHOTO U €€ IIPY-
AOXKEHMSIX SIBASIETCSI IIOHSITVIE aHAAUTUYECKO PYHKIIUM.
Onpepeaenne: OyHkuus f(z) Ha3pIBaeTCsA AHAAUTHYECKOI B 00Aa-
cru D, ecau oHa A depeHnpyema Bo Bcex TOUKaX 3TOI 00AaCTU.
OyHKIMS Ha3bIBAETCSl aHAAUTUYECKON B TOUKE MAM Ha KPUBOL, €CAU
OHa aHAAUTUYHA B HEKOTOPOIT 00AACTH, COAEPIKALLEN 3TY TOUYKY (KPUBYIO).
Hanomuuwm, uro AnddepeHLpyeMocTs (a, 3HAYUT, M AHAAUTUYHOCTbD)
BBEAEHA TOABKO AASI OAHO3HAYHBIX DYHKLIMIA.

Ipumep 1.6 Paccmompum dynkyuio w = z°. Tax xax (1.5) 014 Hee
u=x>—y>uv=2xy mo u, = 2x, u’y =-2y,V, =2y, v’y = 2x. OueBuoHO
06a ycaosus Kowiu—Pumana (1.11) ButnoaHawomcs Ha Bceli KOMNAEKCHOU
NAOCKOCHIU, NOIMOMY (PYHKUUS W = z° dudppepeHyupyema, a sHauum, u
AHAAUMUYHA BO BCEX MOYKAX AMOU NAOCKOCHU.

Npumep 1.7 Ara pynkyuu w = z umeem u = x u v = —y. Omcrooa
u, = 1uv, = —1. 3Hauum, (He3aBUCUMO OM BbINOAHEHUS BILOPO2O YCAOBUS
Kowu—Pumana) pyHkyus w = z He OuppepeHyupyema Hu 8 00HOLU moH4Ke
U, cAe00BAMeAbHO, HU20e He AHAAUMUHHA.
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Ipumep 1.8 Arg pynkyuuw = z-Rez = x* +ixy umeem u), = 2x, V/y =
x, u; = 0,V = y. Yerosus Kowsu—Pumarna npuHumarom Buo: 2x = x,y =
0. Oma cucmema umeem edurcmserHoe peuterue x = 0,y = 0. SHauum,
pyHkyua w = zRez dupdepenyupyema 8 eOuncmaenHol mouke z = 0 u
Hu20e He AHAAUMUYHA.

V3 onpepeAeHMs U CBOVICTB IPOM3BOAHOMN BbITEKAIOT CACAYIOLVIE CBOI-
CTBa QHAAUTUYECKUX PYHKLIMIL:

1. Ecau dyHkuus f(z) aHaauTuuHa B 06AacTu D, TO OHa HellpepbIBHA B
9TOI 00AACTU.

2. AuHelHasa KOMOMHaLA

of(z) + Bg(2)

aHaAuTnyeckux pyHkumit f(z) u g(z) n yactoe f(z)/g(z) (ecan 3HameHa-
TEAb ¢g(Z) He paBeH HYAIO) aHAAUTUYECKUX B obaacTy D GyHKLUI Takxke
AQHAAUTUYHBI B 3TOI 00AACTIU.

3. ITpu oACTaHOBKE aHAAUTUYECKOV QYHKUMMU ©® = ¢(Z) B aHAAUTHU-
yeckyio QyHKUMI0 w = f(m) nmoayyaeM aHaAUTUYeCKy0 PyHKLVIO W =
f(o(2)).

4. Ecan dynxkumsa w = f(z) aHaautnuHa B obaactu D, mpuueM f(z) # 0
B 9TOI1 00AacTy, TO B obaactu G 3HaueHuit pyHKyuu f(z) onpepeseHa 06-
parHas GyHKUMSA z = f~1 (W), KOTOpasi ABASETCSA AaHAAUTUYECKOiT B 06Aa-

cru G dynkuueit, npudem (f 1 (w)) = o

He caeayeT AymaTh, uTO Ha PYHKLMY KOMIIAEKCHOTO IIEpEMEHHOTO aB-
TOMAaTUYECKU TIePEHOCSATCSI BCE Pe3yAbTAThl, U3BECTHbIE M3 MaTeMaTuye-
cKkoro aHaau3a. Harnpumep, BaXHbIe AAST AEVICTBUTEABHOTO QHAAM3a Teope-
™Mbl Poaast, Aarpanxa n Koy Ha KOMITA€KCHOM TAOCKOCTY He CIIPaBEAAN-
BbI (paccMoTpuTe, K IpuMepy, pyHKImIO f(z) = e/ Ha mpomexyTke [0, 27)).

3aMeTuM, YTO B AEVICTBUTEABHOM aHAAM3€ AOKA3aTEAbCTBO TOTO, YTO
13 PABEHCTBA HYAIO POM3BOAHOI HA HEKOTOPOM MHTEPBAA€E CAEAYET, YTO
cama QYHKLMS TOKAECTBEHHO PaBHA IIOCTOSIHHOM, OOBIYHO AOKa3bIBaeTCs
no TeopeMme Aarpamxka. Kak ske A0Ka3aTb 3TO yTBEpP>KAEHME AAST QYHKLIMIA
KOMIIAE€KCHOT'O TIEpPEMEHHOr0?
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ITycts f'(z) = 0 B obaactu D. ITo dopmyae (1.12) f'(z) = u), + iv,, = 0.

3HayuT,
/

/
u,=v,=0

BO BCeX TOuKax obaactu. B cuay ycaoBuit Ko — PrmMana TOXAECTBEHHO
PaBHBI HYAIO 1 IPOMSBOAHBIE iy, 1 V. CAepOBaTeAbHO, GyHKIM u(¥, y) 1
v(x, ¥) He 3aBUCHAT OT X U ¥, T.€. IIOCTOSIHHBI B 00AacTy D 1, CAEAOBAaTEABHO,
f(z) nocrosinHa B aT0I 00AacTH. UTO U TPeOOBAAOCH AOKA3aTh.

B onpepeaeHun aHaauTnueckoi GpyHKLUM TpeOyeTCst AUIIb CYLeCTBO-
BaHNe ee pou3BoAHON. OAHAKO MO3)Xe YBUAMM [CM. UHTETpaAbHYI0 dop-
myAy Komm pAast npousBopHbix (1.4)], yTo aHaauTH4Yeckast GyHKLMS UMeeT
MIPOM3BOAHBIE BCeX MOPSIAKOB. OTCIOAQ CAEAYET, UTO €€ AeVICTBUTEABHAS U
MHMMasI YaCTU MMEIOT YaCTHbIe IIPOU3BOAHBIE IO X U IO Y BCEX MOPSIAKOB.
[Toatomy, Auddepennmpys ypaBHenusi Komm—Pumana (1.11) u ucroabsys
PaBEHCTBO CMELIAHHBIX IPOM3BOAHBIX, A€TKO IOAYYaeM YPaBHEHUs

o’u  o’u o%v %y

—+ =0 — + — =0.
ox?  oy? ’ oxr ~ 0y?

Taxum 06pa3om, AelICTBUTEAbHAS I MHMMAas 4aCTH aHAAUTUYECKOM QYHK-
LY ABASIIOTCS PellleHVSIMY ypaBHEeHUs

10 AddepeHLIaAbHOE YPaBHEHVE B YACTHBIX IIPOM3BOAHBIX Ha3bIBa-
eTcs ypasHeHuem Aaniaca, a ero pelleHts, MMeolile HellpepPhIBHbIE YacT-
HbI€ IPOU3BOAHBIE BTOPOTO IIOPSIAKA, HA3BIBAIOTCS 2APMOHUHECKUMU (HYHK-
YUAMU.

VTak, AefiCTBUTEABHAs M MHUMAsI YaCTY QaHAAUTUYEeCKOM PYyHKLIMU SIB-
ASIIOTCSI rapMOHMYeckumMy GpyHkumsimu. OKasbIBaeTCsi, BEPHO 1 00paTHoOe:
C K&KAOI1 rapMoHMyecKkont GyHKUMein @(x, y) MOXXHO CBsI3aThb aHAAUTHUYE-
CKYI0 QYHKLMIO, AEMICTBUTEABHON (MAM MHMMOJI) YaCTbI0 KOTOPOI OHA 5IB-
ASIeTCHL

ABe rapmoHnyeckre B obaactu D dyHkumm u(x,y) u v(x, y), CBs3aH-
Hble ycaoBusIMU Kom—PumaHa, Has3bIBalOTCs CONPSHKEHHBIMU TapMOHU-
4eCKMMMU QYHKUMSIMU.
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ITycTp AaHA rapMOHMYECKas B OAHOCBSI3HOM 00AacT D GyHKLMS U (X, ¥).
Haiity conpspkeHHYI0 GYHKLMIO MOXKHO padHbiMu criocobamu. Hampumep
Tak. B cuay ycaosuit Kom—PuymMaHa AAST MICKOMOJ CONPSDKEHHOM (PyHK-
uuu v(x, y) MUMeeM CUCTeMY YPaBHEHMUI

6V_ ou
ox oy’
5v_6u
oy~ ox’

/13 mepBOro ypaBHEHUs 3TOV CUCTEMbI MHTETPUPOBAHMEM TI0 X (TIpeA-
MTOAArasi y IMOCTOSTHHBIM) HAXOAUM

v(x,y) = / —Z—de—l—q)(y). (1.13)

S1a GyHKUMSI OYAET YAOBAETBOPSITH IEPBOMY YPAaBHEHUIO CUCTEMBI [TPU
A06011 pynxuym ¢(y). IToacraBass ¢pyHkyuio (1.13) Bo BTopoe ypaBHeHue
cucreMbl, moAyuuM pAuddepeHimasbHOe ypaBHeHe AAS GYHKLMM ¢(Y). [Toa-
CTaBAsIsI HAMAEHHYIO (C TOYHOCTBIO AO KOHCTaHThI) GyHKLuio ¢(y) B (1.13),
MIOAYYUM MCKOMYIO CONPSDKEHHYI0 PYHKLMIO V(X, ).

AHaAOTMYHO BOCCTaHABAMBAETCSI QHAAUTUYECKass QYHKLUMSI IO ee 3a-
AQHHOII MHUMO¥ YacTu v(x, y) = Im f(z).

O6paTuM BHMMaHME, YTO B MAaTEMAaTUYECKOM aHAAM3€e TTOAOOHBIM 006-
PasoM HaXOAUTCS TMOTEHIIMAA BEKTOPHOTO MOAS U pemarTcs aubdepeH-
LMaAbHbIE YPaBHEHMsI B TIOAHBIX AuddepeHmasax.

Ipumep 1.9 Boccmarnosumv anarumuqeckyo gpyHkyuto f(z) no ee
MHuMOol wacmu v(x, y) = Im f(z) = x* — y* + xy.

Pemenne. Aezko nposepumv, 4mo 0aHHAS PYHKUUAL ABAAEMCA 2APMO-
HUYeCcKoll U, cAe00BAmMeAbHO, CONPAMEHHAT PYHKUUA U(X, V) CYusecrmayem.
U3 ycrosuii Kowu—PumaHa 014 Hee umeem

m_ 2y +x
ox oy Y ’
ou_ e
oy~ ox Y-
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W3 nepBo2o YypaBsHEeHUA AMOIL CUCHIEMbL UMeeM

2
u(x,y) = /(—2y+x)dx +o(y) =—-2xy+ % + o(y).
Ioocmasasis smy pyHKUUI0 BO BMOpoe YPABHEHUe CUCHIEMbL, HOAYYUM
2%+ ¢'(y) = =2x — y.

Omicrooa,
y2
(P(y) = _E + C,
20e C — npousBoibHas NocmosHHas. Takum o0pas3om, COnpsmeHHas 2ap-

MOHUYeCKas PyHKYUs pasHa u(x,y) = —2xy + % - % + C. HempyoHo

nposepump, umo f(z) = u(x,y) + iv(x,y) = ﬂz2 + C 6ydem uckomoti

2
AHAAUMUYECKOU (PYHKYUEl.

§ 1.6. T'eomeTrpu4ecKuil CMbICA HIPOU3BOAHOMN

ycTb W = f(2) — aHaAuMTHYecKas QYHKLYS B HEKOTOpo# obAaacTu D.

MO>XHO AOKa3aTh, YTO COBOKYITHOCTb BCEX 3HAYEHUI W = U + iV, IpU-
HMMaeMbIX 3T0i1 QYHKLIMEN, TAKOKe 00pa3yeT HEKOTOPYIO HOBYIO 00AACTb A.
Takum obpasom, f(z) npeobpasyem obaacTb D Ha KOMIIAEKCHOI TAOCKO-
CTU Z = X + iy B 00AaCTb A Ha KOMIIAEKCHOI TAOCKOCTU W = U + iV.

Puc. 1.6
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BosbMeM Kaky-An00 TOUKY 2o € D 1 IPOBEAEM Yepe3 Hee IIPOU3BOAD-
HYIO TAAAKYIO KPUBYIO Y] Aexalyio B obaactu D (puc.1.6). ITyctb byHKums
f(z) mepeBOAUT TOUKY Z(p B TOUKY W, @ KpUBYIO ¥ B KpuBylo 1. [Tpearno-
AOKUMMUTO f'(20) # 0. Ilyctp arg f'(z0) = o u | f'(z0)| = k. Bospmem Ha
KPUBOI Y] TOUKY 2 = 2o + Az. COOTBeTCTBYIOIIas el TOuKa W = Wo + Aw
Aexxut Ha Kpusoii I'1. B cuay auddepentupyemoctu dyukuuu f(z) umeem

lim f(z°+AAZ)_f(Z°) = lim 2 = f'(z). (1.14)
Az —> 0 z Az—0 A%
20+ Az ey

KomraexcHble uncaa Az 1 Aw M300pa)kaloTCsi BEKTOPaMy CEKYIUX K
KpUBBIM Y 1 ['], a MX aprymeHTsl arg Az u arg Aw MMeIOT reoMeTpUYeCcKuit
CMBICA YTAOB HAKAOHQ 3TUX BEKTOPOB K COOTBETCTBYIOLIUM AEICTBUTEAD-
HbIM ocsIM. [Ipu Az — 0 cexylye CTpeMATCS K KaCaTEAbHBIM U B IIPEAEAE
u3 paBeHcTBa (1.14) moay4yaem

a=arg f'(z) = Aliglo arg Aw — Al;glo arg Az =y — ¢1,

TA€ Q1 M Y] — YTAbI HAKAOHA KacaTeAbHBIX K KPUBBIM Y1 U I'1 B cOOTBeT-
CTBYIOLIMIX TOUKaX Zo U wo. OTCIoAa

Y1 =01 +q,

Takum o6pa3om,ecAr yepe3 TOUKY Zp MPOBECTU KaKYH-AMOO KPUBYIO
Y1, UMEIOLIYIO B 9TOI TOYKE OIPEAEAEHHYIO KAaCATEAbHYIO, TO QHAAUTUYE-
ckas Gyukums f(z), yaoBaeTBopsiowas ycaoBuio f'(zo) # 0, oTobpasur
9Ty KpMBYIO Ha KpMBYI0 '], KacaTeAbHasi K KOTOPOi1 B COOTBETCTBYIOLIE
TOYKe Wy OYAET COCTAaBASITH C BBIIIEYKA3aHHOI KACATEABHOIT YTOA, PABHBIII
apryMeHTY IPOU3BOAHOM. AASI KPATKOCTU TOBOPSIT, YTO KPUBAsI IOBEPHET-
Cs1 Ha yTOA OL M CaM 3TOT YTOA Ha3bIBAIOT Y210M HOBOPOMA B AQHHOM TOUKE.
EcAu uepes TOUKY z(p MPOBECTU ellle OAHY KPUBYIO Y C YTAOM HAKAOHA Ka-
CaTeAbHON B 9TOM TOYKE @y, TO OHA TAK)Xe IIOBEPHETCS Ha YTOA 0. 3HAYUT,
Yeor § = @y — Q1 MeWOy A0ObIMU KPUBBIMU Y| U Yo, NEPECEKAIOULUMUCS B
mMoyKe 2o, paBeH yeAy ¥ = Yy — 1 Mewoy obpazamu I'y u T'y amux Kpusbix.
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A€erko BUAETb, YTO [IPU ITOM COXPAHUTCS HE TOABKO BEAUYMHA YTAOB, HO U
ux HarpaBAeHue. Takoe npeobpasoBaHue, COXPAHSIOLIEE YTABL, Ha3bIBAET-
Cs1 KOHPOPMHBIM (T.€. COXPAHSIOLIUM HOPMY).

AHaAaorn4Ho U3 cooTHouenus (1.14) umeem

k=1f'@) = lim 2
Az—0 |Az|
IMpu maAbix Az uMeeM IPUOAVIKEHHOE paBeHCTBO |Aw| ~ k|Az|. OueBuA-
HO, 9TO COOTHOILIEHME HEe 3aBUCUT OT BbIOOpa KpuBoIt ;. [eomeTpuyecku
OHO 03HAYaeT, YTO €CAU MpeoOpa3oBaHue 00AACTU OCYIIECTBASIETCS aHa-
Autndeckont ¢yHkuuen f(z), yaoBaeTBopsolieit ycaoBuwo f'(zg) # 0, To
OHO SIBASIETCS B OECKOHEYHO MaAOM IpeobOpasoBaHueM mopobus. Yucao
k = |f'(z9)| — Ha3bIBAIOT K03(hpuLUeHMOM HOOOOUS B TOUKE Z(.

Nrak, npu KOHGOPMHOM OTOOpAKEHNM OKPECTHOCTHU TOYKHU Zo HA OKpe-
CTHOCTb TOYKU Wy OECKOHEYHO MaAbIIl TPEYTOABHUK C BEPLIMHON B TOUKE
Zo IpeoOpasyeTcs B IOAOOHBIN eMy 0€CKOHEYHO MaABIii TPEYTOABHUK (C KO-
abduumentom nopobus | f'(zo)|).

KondopmHbie 0TOOpaskeHMsT IPUMEHSIOTCS IPU PELIEHUM PA3ANIHBIX
MPAKTUYECKUX 3aAa4 TUAPOAVMHAMUKY, a9 POAMHAMUKIY, TEOPUU MAaTHUTHBIX
U 9AEKTPOCTATUYECKUX TTOAEN U Ap. Hampumep, npu pacuere MarHUTHO-
O [OASI B 3230p€ MEXAY POTOPOM U CTATOPOM SAEKTPUYECKON MAIUVHbI,
OOBIYHO VMEIOLIVM CAOKHBIN BMA, C IOMOILbI0O GYHKUUY W = f(z) KOH-
$HOpMHO 0TOOPO’KAIOT 3TOT 3a30p Ha DOAee MPOCTYI0 00AaCTb, HATIPUMeEP,
Ha BEPXHIOI0 IIOAYIIAOCKOCTb MAM Ha HEKOTOPYIO ImoAocy. Toraa obparHas
byHKuMA z = z(W) oToOpasuT 3Ty G0AEe MPOCTOro Buaa 00AACTh Ha pac-
CMaTPUBAEMBbIN 3a30p U KaKas-An00 ¢pusnieckasi XapaKTepUCTUKA M3yda-
€MOrO0 ITOAsI, HAIpMMep MarHUTHAasI MHAYKLYS, OyAeT QyHKiMel, onpeae-
AEHHOI1 B 00AACTM IIPOCTOTO BUAQ.

OCHOBHOI1 TeOpEMOVI TeOpUM KOHPOPMHBIX OTOOPAXKEHMI SIBASIETCS
Teopema Pumana:

A0y 00HOCBA3HYI0 00AACMb KOMHAEKCHOU NAOCKOCHU, 2PAHULA KO-
mopoul umeem xoms 6vi 08e epaHU4HbLE MOYKU, MOWHO 0MOOPA3UMb HA
eOUHUYHDLIL KpYe.
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M3 aToil TeopeMbl BbITEKAET BO3MOXXHOCTh KOHGOPMHOTO OTOOpake-
HUS AQHHOJ OAHOCBSISHOM 00AacTu D KOMIIAEKCHOM IAOCKOCTM Z Ha 3a-
AQHHYIO OAHOCBSI3HYI0 00AACTh A MIAOCKOCTU W, €CAY UX TPAHML{bI UMEIOT
XOTsI OBl AB€ IPaHUYHbIE TOYKHU, UCITOAb3YSI €AUHUYHBIN KPYT KaK BCIIOMO-
raTeAbHbI.

§ 1.7. DAemeHnTapHbie QyHKIMU
KOMIIA€KCHOTO IepeMEeHHOTI 0

B 5TOM naparpacde Mbl paCIIpOCTPAHUM Ha KOMITAEKCHYIO IIAOCKOCTb OC-
HOBHbIE 9A€MeHTapHbIE PYHKLNM AEVICTBUTEABHOTO IlepeMeHHOr0. Tax
KaK AEVICTBUTEABHBIE YMCAQ SIBASIIOTCS TIOAMHOKECTBOM MHOKECTBA KOM-
IIAEKCHBIX YMCEA, TO IIPY TAKOM PACIIPOCTPAHEHUM MOAYYeHHbIe QYHKLINM
AOAYKHBI COBITAAATH (Ha AEVICTBUTEABHOI OCU) C OOBIYHBIMU SAEMEHTAPHBDI-
MU QYHKUMSIMU AEVICTBUTEABHOTO apryMeHTa. [ OBOPSIT, YTO MBI IIOAYYaEM
AQHAAUTUYECKOE IIPOAOAKEHME AETICTBUTEABHOM (PYHKLIMY HA KOMIIAEKCHYIO
MTAOCKOCTb.

B Teopun pyHKLMIT KOMIIAEKCHOTO ITEPEMEHHOTO AOKA3bIBAETCS 11€0-
pema eOuHcmBeHHOcmu: ecaul GyHKuMK f(z) U g(z) aHaAUTUYHBI B 00Aa-
ctu D 1 COBIAAQIOT HA HEKOTOPOU KPUBOI (B 4aCTHOCTU, HA OTPE3KE OCU
Ox MAV Ha BCeV 3TOI OCH), TO OHU TOXKAECTBEHHO PaBHBI BO BCeiT 06AaCTU
D. VlupiMu CAOBaMU, aHAAUTUIECKOE TIPOAOAYKEHIE EAUHCTBEHHO.

1.7.1. CrenenHast pyHKIus

[Tpocreiiiieit 0AHO3HAUYHOM (DYHKLIMEN SIBASIETCS CTelleHHasT QyHKLMS
w = z” C LleAbIM IIOAOKUTEABHBIM NOKazateaeM n = 1, 2,... . EcrectBen-
HO CUUTaThb QYHKLVIO
w=1

TaKoKe CTeNeHHoi QyHKIIMel ¢ HyAeBbIM ToKazaTeaeM: w = z°. OyHKiMs
w = z" mpun > 0 OAHO3HaYHO OTOOpa’kaeT KOMIIAEKCHYIO IIAOCKOCTb Ha
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ce0s1 U SIBASIETCSI QHAAUTUYECKOM PYHKLIMEN Ha BCEIl IIAOCKOCTHU, IPUYEM

X (z+ Az)—z
B nocaepHeM MOXKHO yOEAUTBCS, €CAU y4ecTh, 4To 2 = lim 0, =
Az—0 k4

1, oTkypa

() =|zz.z| =7 ¢ -z.2)+2-2(z 2.2)+(z-2.2)- 2 =n"".
n—1 n—2 n—1

n

Tak Kak AVHelHasl KOMOVHALVIS QaHAAUTUYECKVX QYHKLVI — aHAAUTHU-
yeckas GYHKLYSA, TO MHOTOYAEHbI

P,(z) = ag+ a1z + axz® + ... + a,2"

SABASIIOTCSA QHAAUTUYECKUMMM QYHKLUMAMM Ha BCel KOMIIAEKCHON ITAOCKO-
ctu. Vl, HakoHeL, ApOOHO-paLMOHaAbHAs QYHKLMS, T.e. QYHKLMSA BUAQ

@y taz+ @z +.. +az"
T by+biz+ b2+ ...+ bz

aHAAUTMYHA Ha BCEM TMTAOCKOCTHU 32 UCKAKOUEHVEM HYAeI;I 3HaMEHaTeA:.

1.7.2. TIloka3aTreAbHasi PyHKIus

B MmaTemaTnueckoMm aHaAM3e AOKa3bIBa€TCsA BTOpOI;[ 3aMevyaTeAbHBIN Inpe-

1 n
Aea e = lim (1 + ;) ~ 2,718281828 .. ., U3 KOTOPOIO CAEAYET

n— o0

¢ — lim (1 + f)",
n

n—0o0

a TaKke BbIBOAUTCS popmyaa Teitaopa



EcaM onpepaeAnTDb moKaszaTeAbHYIO GYHKLMIO e© paBeHCTBaMU

zZ 1 z "
& = lim (1+ n) (1.15)
AN
o zn
& = E, (116)
n=0

TO (10 TEOpeMe eAMHCTBEHHOCTH) 00e aTu PYHKLIUY, COBIIAAASI HA AEIICTBU-
TEAbHO OCH, TO’KAECTBEHHO PaBHbI Ha BCel KOMIIAEKCHOM ITAOCKOCTH.
OAHaKo Mpoiie BCero onpeAeAnTb GYHKLUNIO KOMIAEKCHOTO TiepeMeH-
Horo w = €° He o popmyaam (1.15) uau (1.16), a 3apaB ee AEVICTBUTEABHYIO
Y MHUMYIO YacTy opmyaamu u(x, y) = €* cosy, v(x, y) = €* siny. U, Takum
obpasom,
& = e“e” = e*(cosy + isiny). (1.17)

Ha aeiictBuTeApHOI ocu (y = 0) aTa QYHKLMSA COBIIAAAET C AEVICTBU-
TeAbHOII GyHKLMeN e*.

Ha muuMoit ocut € = cos y + isiny U, cAeAOBaTEAbHO, BBEAEHHBIN pa-
Hee CMBOA € — 3T0 ImokaszaTeAbHast GYHKUMS C YMCTO MHMMBIM ITOKa3a-
TEAEM.

@OyHkLus e© 00AaA2eT OCHOBHBIMM CBOVICTBAMU ITOKA3aTEABHO QYHK-
LIU:

1) ef1e?2 = eFleD1e2el)2 — X182l 102) — 1122

21 *1 iV 1 .
2) e _ ¢ el — 17 %2l 01-02) — pZ1—22
ez ex2ely2 ’
e ==

e’
4) (ez)n — (ex)n(eiy)n — enxeiny — 'z
qDYHK]_U/IFI KOMIIAEKCHOTI'O apTryMeHTa €° siBAsIeTCS HepI/IOAI/I‘IECKOﬁI Cc4ymn-
CTO MHVMbBIM NEPUOAOM T = 2mi; AeVICTBUTEABHO, AASI AIOOOTO 1L[EAOTO
k=0,+1,£2,... umeem

ez+2km z eka

=e = €°(cos 2kn + i sin 2km) = €°.
Otcropa umeeM : ecan €5 = €5, To z1 — 2z = 2kmi, rae k — LieAoe umncAo.
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/3 onpepeAeHyst MOKa3aTeAbHON QYHKUMK MMeeM |€¢| = e, Arge® =
=y + 2kmi, rae k — ar060e 1jeaoe uncao. OTCI0A], B CBOIO OU€PeAb, TOAYYa-
€M, YTO MoKa3aTeAbHask QYHKLVS He 00palaeTcsi B HYAb Ha KOMIIAEKCHOI
MAOCKOCTH, HO MO>KET OBbITh OTPULIATEABHO (HampuMep, e = —1).

[TokaszaTreapHast GYHKLMS aHAAUTMYHA HA BCENl KOMIIAEKCHOV ITAOCKO-
CTU U

() = ¢~ (1.18)

B camoMm AeAe, A€TKO ITPOBEPUTD, UTO AASL PyHKUMIT 4 = Re z = €* cosy
nv = Imz = ¢€*siny Ha BCcell KOMIIAEKCHOM TMAOCKOCTY BBITIOAHSIIOTCS
ycaoBus Komm—Pumana (1.11) u o Teopeme (1.1) GyHKLMS €° BCIOAY aHA-
AVITUYHA.

[TpounsBoaHyio HaxoAMM 110 popmyae (1.12)

(&) = a%e’“(cosy +isiny) = €*(cosy + isiny) = €.

C nomol1bio MoKasaTeAbHO PYHKLIMM YpaBHEHME OKPY>KHOCTU PaAUY-
ca R c JeHTPOM B TOUKe Zg = Xo + i)Yo MOXXHO 3aIMCaTh B BUAE Z = 2o +
Re'. Korpa t mensercst or 0 A0 27, TOUKa z IPOGEraeT 3Ty OKPYKHOCTb
OAMH pas NPOTUB YaCOBON CTPeAKU. B camoM Aeae, 13 yKasaHHOTO ypaB-
HeHNA OKPYKHOCTH, IPMPABHIBAs AeICTBUTEAbHbIE Y1 MHMMbIE 9aCTH, IO-
AY4YVIM U3BECTHbIE Y3 aHAAUTNYECKOJ reOMeTpUM NTapaMeTpuyecKye ypas-
HEeHMsI OKPY>KHOCTU

x =x0+Rcost, y=yo+Rsint.

1.7.3. TpuroHomerpuyeckue GyHKIUN

®opmyAay (1.4) e® = cos ¢ + i sin ¢ Ha3pIBAOT popmyroii Jiirepa. TToa-
CTaBAsid B Hee —@ BMECTO @ M MCIIOAb3Ysl Y4ETHOCTb KOCMHYCa ¥ HEUeTHOCTb
CUHYCa, TIOAYYUM e~ ® = cos @ — isin@. CKAapbIBask U BbIYMTAS STU ABE
($bOpMyABI, TOAYYMM PaBEHCTBA

eitp + e—i(p eitp _ e—i(p

Ccos @ = 5 simp:T,

CIIpaBEAAVIBDBIE AAS AIOOBIX AQIZCTBI/ITEAI)HI)IX Q.
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PacnpocTpanum a1 GOPMYABI HA KOMIIAEKCHBIE YVICAQ, OTIPEAEAUB MPU-
2oHOMempuHecKue PyHKYUY KOMIIAEKCHOTO IIepeEMEHHOT0 paBeHCTBaMy

. eiz _ e—iz eiz + e—iz
sinz=———, cosz=—"1—. (1.19)

TaHreHc 11 KOTaHT€HC KOMIIA€KCHOTO apryMeHTa IoAara€M paBHbIMU

B cuay (1.19) TaHreHC U KOTQHT€HC MOXXHO BBIPa3UTh yepe3 IOoKasa-
TEABHYIO QYHKLMIO IO popMyAamM

AASL A€VICTBUTEABHBIX Z 3TU OIIPEAEAEHVSI, O4YEBUAHO, AAIOT TPUTOHO-
MeTpuiecKre GYHKLUM AeVICTBUTEABHOTO ITepeMeHHOro. BBeaeHHbIe TpU-
roHoMeTpuyeckye GYHKLMYU COXPAHSIOT ITOYTH BCe CBOVICTBAa TPUTOHOMET-
puyeckux GYHKLI AEICTBUTEABHOTO aprymeHTa. Hanpumep, nepropny-
HocTh ¢yHKUmi (1.19) ¢ meproAOM 2T cAeAyeT U3 MEPUOAMIHOCTH (PYHK-
Luu e ¢ nepuoAoM 27i. B camom Aeae, Hanpumep,

1/ .
sin(z + 2m) = (ez(z+27r) _ e—l(z+2n)> _

1 . . . . eiz _ e—iz .
= — (ezz+2m —e lZ+21‘tl) — . — sinz.

2i 2i
Taxke CIIPaBE€AAVIBbI BCE TPUTOHOMETPUYIECKUE Cl)OpMYAI)I. VIx MmoxHO

MOAYYUTb HETIOCPEACTBEHHBIM NIpuMeHeHreM dopmya (1.19). Hanpumep,

. eiz _ e—iz 2 eiz + e—iz 2
sin®z + cos®z = (T) + (?) =1,

. eiz _ e—iz eiz + e—iz eZiz _ e—2iz .
251nzcosz=2( 5 )( 5 ) = 5 = sin 2z.

35



/13 001mmx CBOMCTB aHAAUTUYECKUX (PYHKLMIT CAEAYET, YTO PyHKLUMU
(1.19) aHaAUMTUMYHBI Ha BCET KOMITAEKCHO ITAOCKOCTHU (KaK AMHETHbIE KOM-
OMHALMM aHAAUTIECKNX QYHKIMIT e 1 e~%), a bynKimm tgz u ctg z aHa-
AVITUYHBI BCIOAY 32 UCKAIOUEHUEM HyAel 3HaMeHaTeAel. [Tpu atom

(sinz) = cosz, (cosz) = —sinz,

/ 1 /
(tgz)' = o’ (ctgz) = —

sin’z’
OrnpepeAeHNsT TPUTOHOMETPUYECKMX QYHKLIMIT TO3BOASIIOT 00001UTD
bopmyay Diiaepa (1.4): AAst ADOOrO KOMITAEKCHOTO Z

€% = cosz + isinz.

Ocoboe BHIMaHMe CA€AYeT OOPAaTUTD Ha TO, YTO B OTAUYME OT TPUIO-
HOMETPUYECKMX QYHKLIMIA AEICTBUTEABHOTO apIyMeHTa MOAYAM (PYHKILIMIA
sinz ¥ cOs Z MOTYT OBITb OOABIIIE EAVHULIBI U AQXKe CKOAb YTOAHO OOABLIN-
mu. Hanpumep,

ei-i + efi-i e—l +

e
Ccosi = = ~ 1, 54
2 2 b b

/1 BooO111e, AAST ACTICTBUTEABHBIX £ — +00
cos it = l(et +e) > .
2

1.7.4. Tunep6oauyeckue pyHKIMN

I'inep6oanyeckue GpyHKIMY KOMIAEKCHOTO apTYMEHTA OTIPEAEAVIM pa-
BEHCTBaMU

zZ _ ,—Z z —z
shz = %, chz = %,

shz chz (1.20)
thz = —, cthz = —.

chz shz

I3 aTux onpeaeaeHuit caepyet, uto sh z u ch z nepnopndeckue ¢ nepu-
oAoM 27, a th z u cth z uMeroT epuoA mi.
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CpasuuBas ¢popmyasr (1.19) u (1.20), moaydaem GpOpPMYABI, CBSI3bIBAO-
1[/ie TPUTOHOMETPUYECKIUE U TUTIePOOAMYECKIe PYHKLIMIA:

sinz = —i-shiz, shz= —i-siniz,
cosz = chiz, chz = cos iz,
tgz=—i-thiz, thz=—i tgiz,
ctgz =i-ctgiz, cthz=i-ctgiz.

(1.21)

OTciopa caeAyerT, YTO Al0Oast TpUroHoMeTpuieckas GopMyaa uMeeT aHa-
AOT B TUIepO0ANYECKUX PYHKIMSX, M AASI IOAYYEHMS TOTO aHAAOTA MOX-
HO 3aMEeHUTb TPUTOHOMETpUYECcKre GYHKLMY Ha runepOoAnIecKye o Gpop-
myaam (1.21). Hanpumep,

1 =sin?z + cos?z = (—i - shiz)? + (chiz)? = (chiz)?® — (shiz)>.

3ameHsis 3A€Ch iz Ha Z, IIOAYy4Ya€EM OCHOBHOE 2Lﬂ’l€p60/llzt'fl€CKO€ moxoe-

CcmBo
2 2
ch“z—-sh“z=1.

/13 001mmx CBOMCTB aHAAUTUYECKUX (PYHKLMIT CAEAYET, YTO PyHKLMU
(1.20) aHAAUMTMYHBI Ha BCEIT KOMITAEKCHO ITAOCKOCTHU (KaK AMHETHbIE KOM-
OMHALMY aHaAUTHYeCKUX YHKLMIT €° 1 e~ %), a pynkumu th z u cth z anaan-
TUYHBI BCIOAY 33 UICKAIOUEHMEM HYyAell 3HaMEHaTeAeL.

1.7.5. BerBu mHorosHa4yHbIX ¢pyHkuuit. Touku BeTBAeHUs

Oyukyusa w = 2", n > 1, oTobpa)kaeT pacIIMPEHHYI0 KOMIIAEKCHYIO
MAOCKOCTD Ha Ce0s1 ¥ IPUHUMAET OAHO U TO K€ 3HaUeHMe W B /1 PA3AUIHBIX
TOYKAX Z1, 22, . . . , Zn (MCKAIOUEHME COCTABASIIOT ABE€ TOUKU W = O U W = 00,
sIBASTIOIMECs oOpasamu Touek z = 0 u z = o0). B camom peae, ecan w = 2",

TO

2 = Jw.
ITpu w # 0, oo Bce uncAa z1, 22, . . . , Z, HAXOAATCA B BEPLIMHAX ITPABUABHO-
ro 7-YyrOAbHMKA. VITak, GyHKuMsa w = {/z, oOpaTHasi K OAHO3HAYHOIT PyHK-
uuu z = w' aBasercs QyHKLMel MHOTO3HaYHOIL. AASI TOTO YTOOBI MpU-

MEHUTDb INOHATUSA U PE3YAbBTATDI, IOAYIE€HHDBIE AAST OAHO3HAYHbIX (1)YHKLU/II7[
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(mpeaeA, HETPEPBIBHOCTD, A depeHIMPOBaHIE), BBOAUTCS TTOHATHE 00-
HO3HAYHDLX BerBeli MHOTO3HAYHBIX QYHKLVIIL.

PaccMOTpUM 5TO MOHSTYE HA TpUMepe QYHKLMU W = J/Z, SIBASIIOLLECST
06paTHOIT K OAHO3HAYHOI1 (11 HerpepbIBHO) GyHKIMY Z = W3,

Ilpn z = 0 uAM z = 00 OHA NPMHMUMAET 110 OAHOMY 3HAYEHUIO W =
0 uam w = oo. IlycTb z — IPOU3BOABHOE KOHEYHOE KOMIIAEKCHOE YMCAO,
OTAMYHOE OT HyAsl. Toraa

2 2k
wi =z = JE( “‘rng”“‘JrisinargZ;"),k:o,l,z, (1.22)

VI 9TU TPU TOUKU HAXOASITCS B BEPIUVHAX IPABUABHOI'O TPEYTOABHUKA, BITU-
CaHHOTO B OKPY)KHOCTb paanyca +/|z| C lIeHTpOM B HayaAe KOOPAMHAT.
[TpoBeaeM Ha KOMIIAEKCHOM MAOCKOCTU W U3 HayaAa KOOPAMHAT TPU
Ayqaargw = Ouargw = :tz—;. DTu Ayuu pasbUBAIOT IAOCKOCTb HAa TPU 06-
Aactu Ay, Ay 1 Ag TaK, 9TO AK06as TOYKa AMOO HAXOAUTCS] BHYTPU KaKOIl-
Anb0 obaactu Ay, AMOO ABAsieTCs O0IeN rpaHnYHoI TouKou (puc.l.7a).
Tak KaK HUKaK1e ABE BEPLIMHBI AIDOOTO TPaBUABHOTO TPEYTOABHMKA C LIeH-

Ay Ay
A, P &
x x
T ) "
, ) W3
Wy’ N
3
a) Puc. 1.7 0)

TPOM B HayaAe KOOPAMHAT He MOTYT IONACTh B OAMH CEKTOP Ay (3a CKAIO-
YEeHMEeM CAYYasl, KOTAA 3T BEPLIMHBI HAXOASTCS Ha MOCTPOEHHBIX AY4aXx),
TO GYHKIMA z = W> ABAAETCA B3AUMHO O0HO3HA4HOLU B KKAON U3 00-
Aacreit A1, Ay u A3 ¥ 0TOOpaXkaeT KaKAYIO 13 HUX Ha BCI0 KOMIIAEKCHYIO
IIAOCKOCTb.
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Tak kak Arg z = 3arg w, To GyHKIMsA z = w3 0TO6paXKaeT KKAbI CeK-
TOp Aj Ha IMAOCKOCTD Z C pa3pe3oM II0 ACMICTBUTEABHON NMOAOKUTEAbHOM

2n 4n

noayocu. Hanipumep, pAast obaactut Ay umeem 3 < Arg w < 3 Vb CAGAOBa-
TEABHO, 2T < Arg z < 4m, a 9TO 1 eCTh MAOCKOCTb C YKa3aHHBIM Pa3pe3oM.
CrpaBepAMBO 1 obpaTHoe. Ecan z GepeTcst Ha Takoil MAOCKOCTH C paspe-
30M, TO W = .¥/Z MOXXHO CYUTaTh U3MEHSIOLIENCS B AIOOOIT U3 0bAaCTeit
A1, Ay uau As. Takum 06pazom, MOXKHO TOBOPUTb O TPEX OAHO3HAUHBIX
GYHKIMAX, 06PATHBIX K Z = W3, OMPeAEAEHHBIX Ha TAOCKOCTH C Pa3pe3oM
BAOAb AEVICTBUTEABHOI TTOAOXXUTEABHON MOAYOCH Y NPUHMMAIOIVX 3Ha-
YyeHUs B 00AACTAX Ag.

VTak, npu aAaHHOM BbIOOpe obaacTelt Ay QYHKLUUIO W = J/Z MOXHO

paccMaTpuBaTh KaK COBOKYITHOCTDb TPeX 00HO3HAYHbIX DYHKLVIA

w1 = («3/2)1 = Jz] (cos % +isin %) ,

+2 .. +2
wy = (Jz), = VI (cos % + isin %) , (1.23)
4 . 4
w3 = (J/z); = VIl (cos w + isin @) .

Kaskpast u3 aTrx GyHKLMI HelTpepbIBHA 1 0TOOpaXkaeT MAOCKOCTb (2) Ha
COOTBETCTBYIOLIYIO 00AaCTh Ay 1 HA3bIBAETCSI 00HO3HAYHOL BemBbH (PYHK-
U w = J/z. AAsI BBIOOpa COOTBETCTBYIOLIEI BETBU AOCTaTOYHO yKa3arh,
B KaKoi1 U3 obaacteinl Aj, Ay AU A3 AOAXKHO M3MEHATbCI w. VIHorpa AAs
3TOrO YKasbIBAIOT 3HaYeHUe Wy = .,/Zo B Kakoul- Anbo Touke zo. Hampu-
Mep, eCAU B YCAOBUM 3aAa4M YKA3aHO: BblOUpaemcs ma Bemsb (PYyHKUUU

—1+iv3
w = J/z, 014 Komopoul I = iﬁ

5 TO 9TO 03HAYAET, YTO PACCMATPHBA-
eTcst GyHKLMS

argz + 27 .. argz+2m
wy = (Vz), = vl (cos% + isin %) )

1
Beab MMeHHO aTa QyHKUMSA NpY z = 1 NpUHUMAET 3HaYeHMe, paBHOe 5t

A3 . 1 .3
lT. AAH ABYX APYFI/IX BeTBeUu l'IpI/I Zz = 1 umeem w = 1 uAu E - 17.
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[ToHsTME BETBU TECHO CBSA3aHO C BBIOOpOM 0bAacTeit A1, Ay u Az. Mox-
HO ObIAO ObI, HanpyMep, B3ATh (prc.1.76) ceKTOpbI
T b 5n
a0

3 Oy:; <argz<m d3:m<argz < —.

o1 : n<arz<
1-73 & 3 3

(T.e. CEKTOPBI, 3aKAIOYEHHBIE MEXKAY OMCCEKTpUcamMu YTAOB Ay Ha
puc.l.7a). Ecau w usMeHsieTcs B AI000I U3 3TUX 00AACTeI, TO Z = W3 MIPU-
HUMAaET 3HaYeHMsI Ha IIAOCKOCTH Z C Pa3pe3oM 110 OTPULIATEABHOI AEICTBU-
TeABHOI TIOAYOCH. B caMoM aeAe, ecAn o = arg w MeHsIeTCsl, HallpuMep, OT
—7/3 A0 /3, To arg z = 3 arg w OYAET U3MEHATBCA OT —T AO T.

Ha aTo1 MAOCKOCTM C pa3pe3oM TaK)Ke MOXKHO OTIPEAEAUTH Tpu 00pat-
HbIX GyHKUMM Wi = Jz, k = 1, 2, 3. EcAu MbI BbIOepeM 00AaCTb 81, TO ITO-
AY4YMM OIPEAEAEHHYIO BeTBb QYHKUMU W = J/Z. [Ipy 9TOM BEPXHSISI TOAY-
nA0cKoCThb 0 < argz < T oToOpakaercs Ha cekTop 0 < argw < m/3, a aToT
CEeKTOp OyAeT OAHOBPEMEHHO IPMHAAAEKATD KaK CEKTOPY A1, TaK U CEKTO-
py 81. TOUKM HIDKHEN MMOAYIIAOCKOCTY —T < argz < 0 MmepeiAyT B TOUKU
cekTopa —1t/3 < arg W < 0, T.e. B 9aCTb IIAOCKOCTHU W, IPUHAAAEXKALIEN KaK
obaactu §;, Tak 1 06AacTu Ag. TO 0O3HAYAET, UTO pacCMaTpuBaeMasi BETBb
W1 = J/z OyA€eT COBIAAATh B BEPXHEN IIOAYIIAOCKOCTH C PAHee OTIPEAEAEH-
HOJ1 BETBBIO W1, @ B HVDKHEN IIOAYIAOCKOCTU — C APYTOil BETBbIO, UMEHHO

cwi.
1 AHaAOrMYHBIE PACCYXXAEHMSI MOXXHO

ITPOBECTU HE C BHYTPEHHOCTSAMMU YyIAOB Ak,
A

@ a ¢ 00AACTSIMY TAOCKOCTY IIEPEMEHHOM W,
0 > X Ha 6eckoHevyHocTb (Puc. 1.8) D1u Au-
pora /1 Ha 120° mpOTUB YaCOBOM CTPEAKH,
Puc. 1.8 .
4acCTU, BHYTPEHHOCTb Ka&XKAOM U3 KOTOPBIX
3

N PaCIOAOXKEHHBIMU MEXAY HapaMyU AVHUNI

120% b l1, 15, I3, ICXOASIIIVIX M3 HAyaAa U YXOAS-

2 HUM MOTYT MIMETb IIPOU3BOABHYIO GopMy.
Ecau [; 3apatpb, TO [y — pe3yabTaT IOBO-

g — 3 — pe3yAbTaT TOII e omepauuy Haa .

DTU AMHUM Pa3sOUBAIOT MTAOCKOCTb Ha TPU

GyHKUMS z = W° B3aMMHO OAHO3HAYHO U HENpPEepbhIBHO OTOOpa’kaeT Ha
IIAOCKOCTb IIEpEMEHHOI Z C Pa3pe30M BAOAb AMHUY L, KOTOpasi OAy4YaeTCs
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pY OTOOPaKEHNN KaXKAOM UX AUHUI [, k = 1,2, 3 10 3aKOHY W — Z = wl.

OO6parHast QyHKLMS B3aUMHO OAHO3HAYHO OTOOpakaeT MAOCKOCTb Iepe-
MEHHON Z C pa3pe3oM BAOAb AMHUM L Ha OAHY U3 4YacTell MeXAY Iapamu
AVIHUT ;. DTuX GYHKUMIT TPU M OHUM TaK K€ Ha3bIBAIOTCSI BETBSIMU TPeX-
3HavHOM PyHKUUK W = J/Z.

O6was curyauus Aast QyHKUMK W = J/Z TakoBa. AAg 110001i 00HOCBA3-
Hou obaacmu D niockocmu z, 048 At060u mouku zo € D, ecau 8 D Hem
AuHUY, okpymaroueti mouky z = 0, ecAu BblOpamv 00HO U3 mMpex 3HA1eHULl
w(z0) = ¥/zo, mo cyugecmsyem poBHO 00HA 0OHO3HAMHAS U HENPEPbIBHAS
BemBb PyHKUUU w(z) = Jz, Komopas coBnadaem ¢ w(zy) npu z = z.

Takum 00pas3om,HeAb3s paccMampuBambp BemBU MHO203HAHHOUL
(PYHKUUU KAK COBOKYNHOCMD 0MOeAbHbix pyHKYUulL. OAHO3HAUHAS U HeTlpe-
PBIBHaSI BETBb PYHKLIMY OIIPEAEASIETCS HE TOABKO 3HaYeHeM
w(2p), HO 1 3apaHHOIT 06AacTbio D. [TpuBeaeHHble Ha puc. 1.9 nmpuMepsI OT-
BewaloT BhI6OPY 2o = 1 w(zy) = +/1 = 1. O6aacTb D BbIGpaHa Mo-pasHOMY.
Tpu BeI6ope D Kak Ha puc. 1.94 3HaueHue +/8 moaydaercs —1 + i+/3, a npu
BbIGOpe D Kak Ha puc. 1.96 moaydnm —1 — i+/3. DTo MOXXHO MOHATb TaK.

a) Puc. 1.9 0)

Byaem ABuratbcs U3 Touku zg = 1 A0 TOUKM Z = 8 BAOAD HEIIPePbIBHOI
AvHUM B obaactu D. Tlpy sTOM HenpepbpIBHO M3MEHSIETCSI MOAYAD |3/E| "
ApryMeHT 41cAa +/Z. B Touke z = 8 MOAYAb AOCTUIaeT CBOEro 3HaYeHMsI

3
N ‘ = 2 B 000MX cAy4asix. APTYMEHT K€ B CAy4Yae d) yBEAUUMBAET CBOe

21 21
3HavyeHue ot 0 A0 5 aBcAydae 6') ymenbiaercs ot 0 A0 -5

Ecau paccmarpuBaemast 06AacTb D B IIAOCKOCTY IIepeMeHHOM Z COAep-
KUT 3aMKHYTYIO KPMBYIO, OKpY>Kalolyio z = 0, To mpu 06X0A€e BAOAD 9TO
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KPUBOJ TpeGOoBaHe HEMPePbIBHOCTY 3HAYEHUS W —> Z = W> TIPUBOAUT K

IPOTVBOPEYMIO: TIPY 00XOAE IO 3aMKHYTOMY KOHTYPY BOKPYT HYAS apry-

2n .
MEHT W — Z = W3 IIOAYYa€eT IIpypalgeHne ?, €CAU VATU IIPOTUB 4aCOBOU

CTPEAKU U — %ﬂ — ecAu IpoTuB. Takye TOYKU AASI MHOTO3HAYHBIX QYHKLMI
HA3bIBAIOTCSI TOYKAMM BETBAEHMsI. 3aMETUM, YTO TOUKY BeTBAeHUs z = 0
AAST QYHKLIMHM J/Z MOXKHO OXapaKTepu30BaTh U TaK: €CAU AASI BBIOPQHHOI
BETBU YCTPEMUTb Z K HYAIO, TO ITPU AI0OOM TakoM BeiOope BeTBu lim J/z = 0
—OAHO U TO K€ 3HaUYEeHMe. 0

Taxk Kak z = W UMeeT OTAMYHYIO OT HyAS IPOM3BOAHYIO BO BCEX TOUKAX

obaacTu Ag:
dz 2

—— = 3w
dw ’
TO KaKAs U3 BeTBel wy = J/z auddepeHuupyema B A06011 Touke z # 0 u

Ipy 3TOM
dwk 1 1 1

dz ~ 3w? 3(3/5)2 2
Bbruyicasisi 3HaueHMe 3TV IPOU3BOAHOI B HEKOTOPOJ TOUKE Z(, HY>)KHO OpaTh

TY )K€ BETBb AASI i’/z?z). Takum 06pazaoM Mbl MOXKEM FOBOPUTb HE TOABKO O
HenpepviBHOLL BeMBU, HO U 00 aHAAUMUYECKOU BeMBU.

O6x0p HavaAa KOOPAVHAT IT0 OKPY>KHOCTH |z| = R B TIOAOXXUTEABHOM
HAIPaBAEHUU PABHOCUAEH 00XOAY OECKOHEYHO YAQAEHHON TOYKU Z = 00
B OTPULIATEABHOM HATIPABAEHUU U, CAEAOBATEABHO, TOUKA Z = 0O TAKXKe
SIBASIETCSI TOYKOI BETBAEHUsI QYHKUMU W = J/Z. APYIMX TOYEK BETBAEHUS
9Ta QYHKUMS He MMeET, TaK KaK 00X0A B MAOCKOCTH Z IO AI00OJI 3aMKHY-
TOJ KPUBOI, HE COAEpIKallleil BHYTpY ce0sl Hauasa KOOPAMHAT, He MeHsIeT
3HaYeHUs KOPHSI.

VITaK, 0oAHO3HAYHbIe BeTBU QYHKLUMU W = /Z OTIpeAEAEHBI B AK00OO0I 00-
Aactu D, B KOTOPOiT HEBO3MOXXeH 00X0A TOUYeK BeTBAeHMs1 z = 0 M z = oo.
EcAu MbI mpoBeAeM paspe3 BAOAD Ay4a, COEAVHSIIOLIEr0 3TY TOYKYM BETBAE-
HUSI, TO Ha TIAOCKOCTHU C 9TUM Pa3pe3oM 00X0A TOYEK BETBAEHUSI HEBO3MO-
skeH. OOBIYHO paspes MPOU3BOAIT BAOAD AEICTBUTEABHON MTOAOXKUTEAD-
Hoi moAyocu. [Ipu aToM paspes 6yAeT uMeTb ABa "Oepeed — BEpXHUIL U HYDK-
Huil. ToukaMm BepxHero Oepera npumnuceiBaeM argz = 0, a TOYKaM HYKHEro
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—argz = 2m.
B obmem cayuyae dyHkumst z = w",nm = 2,3,... oToOpaxkaeT A060i1

CEKTOD
2k 2nk + 21

- <argw < T(k:o,l,...,n—l)
Ha ITAOCKOCTU W Ha IMAOCKOCTb Z C Pa3pe3oM I10 TIOAOKUTEABHOM AeNICTBU-
TEABHOI [IOAYOCH. DTV CEKTOPBI SIBASIIOTCSI 00ACTSIMU OAHOAMCTHOCTH AQH-
Hout pyHKuuu. O6paTHass GyHKUUS W = J/Z ABASIeTCSI MHOTO3HaYHOM. Kax-
Aasl U3 ee BeTBeN

n z+ 2k . . + 2k
Wp = |z|(cosargn n+zsmargzn n),k:O,l,...,n—l

SIBASIETCSI OAHO3HAYHON HelpepbIiBHON (YHKLMe Ha TAOCKOCTU C paspe-
3oM. OHa aHAAUTMYHA U

1
dwg 1 —-1 1
= —Zn = —
dz n n«n/z”*1

Toukn z = 0 M z = 00 ABASIIOTCSI TOUKaMM BeTBAeHMS GyHKumu w = J/Z.

1.7.6. Aorapudpmuueckas GpyHKuus

@OyHKLMS, 00paTHAasI MOKa3aTeAbHON QYHKLMY Z = €', Ha3bIBaeTCs
Aorapudmmyeckoir 1 obosHavaercst w = Lnz. Aorapubmuyeckas QyHk-
uusa w = Ln z onpeaeaeHa AAsL Bcex z, KpoMme Touku z = 0. B camom aeae,
nokasaTeAbHast yHKuus e # 0 mpu Bcex w.

OyHkyusa w = Ln z 6eCKOHEYHO3HAYHA, T.€. KKAOI TOYKE Z OHA CTaBUT
B COOTBETCTBUE OECKOHEYHOE KOAUYECTBO YMCEA W TaKUX, YTo e¥ = z (31O
BBITEKAET 13 IEPUOANIHOCTY II0KA3aTEABHO QYHKLINM).

IToAyunm GopMyAy AAS BbruMcAeHUs Aorapudma. [ToAokuM z = re'®,
w = u+iv. Torpa e*t" = e*.e"” = re’®. Ho ABa KOMITAEKCHBIX Y/ICAQ paBHBbI,
€CAU UX MOAYAU PaBHBI, @ QpTYMEHTBI OTAMYAIOTCS Ha YMCAO, KpaTHOE 2T.
Orciopa € = r, v = ¢ + 2nn. VI3 nepBoro paBeHCTBa ¥ = In r— OOBIYHBI
AOTapUPM MOAOKUTEABHOTO YncAa 7. CA€AOBATEABHO,

w=Lnz=Inr+i(¢+ 2nn) =Inlz| + i argz + 2nmni, (1.24)
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raen =0, 1, £2, -

3HavyeHue aorapudma, paBHoe In |z| + i argz, Ha3pIBa€TCs FAABHBIM U
obo3Hauaercs In z. Bce 3HaueHns Aoraprdma MO>KHO IIOAYYUTb U3 TAABHO-
ro sHavyeHus:: Lnz = Inz + 2nni, n = 0, &1, £2, -

Vcnoab3ys onpepeseHue aoraprdma, MOXHO I0Ka3aThb, YTO AASL AIO-
OBIX Z] U Z3, He PABHBIX HYAIO,

Ln(z;z2) = Lnz; 4+ Lnzy,

Z1
an— =Lnz; — Ln 2.
2

DTV paBeHCTBA CAeAYeT IIOHVMATb B CMBICAE PABEHCTBA ABYX MHOKECTB.
Hanpumep, AAst IEpBOrO U3 3TUX PABEHCTB MMeeM: OECKOHEYHOE MHOXe-
CTBO 3HA4Y€HUI, MIPMHMMAEMBIX AOTapU(PMOM B TOUKe Z = Z]Z2, COBIIAAQET
C MHO>XeCTBOM, COCTaBA€HHBIM U3 CYMM ABYX CAaraeMbIX, OAHO U3 KOTO-
PBIX IIPMHAAAEKUT MHOXXECTBY 3HaueHui Ln zj, a Apyroe — MHOXeCTBY
Ln z,. @opmMaabHOE IPUMEHEHVIE ITUX CBOVICTB MO>KET IIPUBECTH K OLINO-
kaMm. Hanmpumep, moaaras Bo BTOpOM PaBEHCTBE Z = Z] = Zy, HOAYYUM
Ln 1 = Ln z — Ln z. 3T0, KOHEYHO, BEPHOE PAaBEHCTBO, HO IIPABYIO YaCTb
HEAB3s1 3aMEHUTb HYAEM (BEAb TOTAQ TIOAYYMM, YTO AOTapU(PM eAVHULIBI
paBeH eAVHCTBEHHOMY YMICAY — HYAIO; B TO BpeMs Kak o ¢popmyae (1.24)
Ln 1 = 2umi). Ln z — Ln z — 3T0 MHOXeCTBO BCEX Pa3HOCTEN 3HAYEHUs
Aorapudma OAHOTO U TOTO Xe YICAQ, T.e. YMCEeA BUAA 2T

IMpumep 1.10 a) Ln(-1) =1In| — 1| + iarg(—1) + 2nni = in + 2nmni;
b)Lni=Inl|i| +iargi+ 2nni = in/2 + 2nmni;
¢)Ln(1 —i) =In|l1 —i| 4+ iarg(l — i) + 2nmi = In /2 — in/4 + 2nmi.

PaccMoOTpUM 0AHO3HAYHbIe BeTBU Aorapumudeckornt GpyHkumm. Tak Kkak
byHKkuMs z = €Y sBAsIeTCS MepUOAMYECKON C MEPUOAOM 2mi, TO ¥ =
=e"? & Wy — wy = 2kmi,k = 0,+£1,42,.... CarepoBaTeAbHO, 0OAACTU
OAHOAVICTHOCTHM TIOKa3aTeAbHOM (PYHKLMM He AOAXKHBI COAEPXKATh TOYEK,
OTAMYAIOLIUXCSI APYT OT Apyra Ha 2KTi.
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[Tpome Bcero B KauecTBe YA
TaKUX 00AACTel B3ATh MOAOCHI 4mi
A ={z:2kn < Imw < 2(k +
D}, k = =0, +1,42, ..., na- 2mi
PaAAeAbHble AEMCTBUTEABHON X
ocu mupuson 2n (puc.1.10). 19) g
Oyukuusa z = e oroOpakaer
KaXAYIO TaKylo ITOAOCY Ha BCIO i
KOMITAEKCHYIO ITAOCKOCTD (2) €
pa3pe3oM BAOAB AEVICTBUTEAD- “4mi
HOII TIOAOKUTEABHOM ITOAYOCHU. Puc. 1.10

Ha Takoi naockoctu ¢ paspe-

30M uMeeM 0eCKOHEYHOe MHO)XECTBO Pa3AMYHBIX BeTBeil (GyHKUuu Lnz.
I'raBHOe 3HauyeHMe aorapudma In z = In |z|+i arg z ABAsIETCSI OAHOAVICTHOM
(B3aHO-OAHO3HA4HO) QYHKLMEN, 0TOOpaykarolleil TAOCKOCTD C pa3pe3oM
Hanoaocy 0 < Im z < 2x.

AASI BBIAEAEHVS BETBU AOCTATOYHO YKa3aTh, KAKO TOAOCE AOAXKHBI ITPU-
HapAeXaTb 3HaueHMs1 Aorapudma. OObIYHO 3apaeTcs 3HaYeHMe Aorapudma
Wo B HEKOTOPOII TOuKe zo. HanmpuMmep, ecan ykasaHo, 4TO BbIOMpaeTcs Ta
BeTBb Aorapudma, AAs KoTopo Lni = %ni, TO 3TO O3HAyaeT, YTO paccMar-
puBaeTcsi opoHo3HauHast GyHKLUA w = Inz + 4mi = In |z| + iarg z + 4mi.

Touykamy BeTBA€HMsI AOTaprPMUIeCKON PYHKLMY SIBASIIOTCSI TOUKU Z =
0z = oo. B camom pAeae, ipu OAHOKpaTHOM 00XxoAe okpykHoctu C :
|z| = R IpoM3BOABHOIO papuyca 3HaueHue apryMeHTa MU3MeHUTCS Ha £27
U, CAEAOBATEABHO, BeTBb In z + 2kmi mepeiiper B BeTBb Inz + 2kni + 27i =
=Inz + 2(k £ 1)7i, T. e. mepeliAeT Ha APYTYIO BETBb AOrapudma.

Kaxxaas 13 BeTBel1 aorapudma siBAsIETCSI OAHO3HAUHOM PYHKLMEN, 00-
PaTHOIT K aHAAUTUYECKOI QYHKLMMK z = €, mosTOMy

1 1

/
Inz+2kni) = — = — = -.
( ) (ew)/ e z

Tak kak sHaueHue sToun HpOI/IBBOAHOI;I He 3aBUCUT OT k, TO YAO6HO IIMCaTb

./_l
(Lnl) _Z,
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IIOHMMasI A€BYIO YaCThb KaK POM3BOAHYIO IPOM3BOABHON BETBYU AOrapud-
MIYECKOI QYHKLVINL.

1.7.7. OOparHble TPUTOHOMeTpUYeCcKNe QyHKIN

ApxcuHycoMm HasbiBaeTcsl GyHKUMsI oOpaTHasi K z = sin w 1 0003Hayva-
ercst w = Arcsinz. Tak kak

. e
sinw = —-— (1.25)

Y 9KCIIOHEHTA SIBASIETCS TIEPUOAMYECKON PYHKLIMeEN (C IepuoAOM 27i), TO
apKCcuHyC — OeCKOHeYHO3HaYHas PyHKLMSL.
IToAarast Aast KpaTkoCcTH € = ¢, 3sanuiem paBeHCTBO (1.25) B Bupe

_ t4t1
-2

OTKYyAQ
t2—2izt—1=0

t=iz+ V1 -—22.

SaMeTI/IM, YTO MBI He ITUIIEeM + HepeA KOpHeM, TaK KaK caM CMMBOA \/Z
yXKe COAEP>KUT 00a 3HaUeHMsI KOPHsL. DTU KOPHM OTAMYHBI OT HYASI IIPY AlO-
00M z (TaK KaK X MPOU3BeAeHMe paBHO epnHuLe). Takum 0Opasom, ypas-
HEHue

e =iz+V1-—22

BCerpa MMeEET peuieHue

w = Arcsinz = —iLn (iz + V1 - zz) ) (1.26)

AHAAOTVYHO ONPEAEASIOTCSI OCTAaAbHbIE OOpaTHbIE TPUTOHOMETpUYe-
cKyie QYHKLMY U BBIBOASITCSI GOPMYABI AAST VX BBIYVICAEHMSL:

Arccosz = —ilLn (z+ 72 _ 1) :
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i 1+iz
Ar =—-Ln ;
Ctgz 2 1-iz’

z+1i
z—1i

Arcctgz = % Ln

Ecau B aTux popmyaax B3sTb rAaBHbIe 3HaUeHMsI Aorapudma, To MoAy-
YYM 2/aBHble 3HA"eHUs 0OPAaTHBIX TPUTOHOMETPUYECKUX QYHKLUIL, KOTO-
pble 0003HAYAIOTCA arcsin z, arccos z, arctg z u arcctg z.

IIpumep. Boruncautb Arcsin i.

Pemenne. [To popmyae (1.26) HaxopAuM

Arcsini = —iLn (—1 + ﬁ) .

Ecau nepep KopHeM B35ITb IIOAOXKUTEABHBII 3HAK, TO IOAYYUM
Arcsini = —iLn (\/E— 1) = —i(ln (\/5— 1) +

+iarg (V2 = 1) + 2kni) = —iln (V2 = 1) + 2.
AAsl OTpULIATEABHOTO 3HaKa IepeA KOpHEM OYAeM MMEThb

Arcsini = —iLn(—«/E—l) = —i(ln(\/i+ 1) +iarg(—f_

—1) + 2kni) = —iln (V24 1) + 7+ 2kn = —iln (V2 + 1) + 2k + D

ITU pe3yAbTaThl MOXXHO OOBEAMHUTD

Arcsini = —iln (ﬁ - (—1)") + .

1.7.8. OoOparHble runep6oAnyeckue GyHKIMN

Ity pyHkuuy obosHavarTcs w = Arsh z (apeacunyc), w = Arch z
(apeakocunyc), Arth z (apearanrenc), nz Arcth z (apeaxoranrenc). Coep-
IIEHHO aHAAOTMYHO BBIBOAY GOPMYA AASI BBIYMCAEHUST OOPATHBIX TPUTOHO-
MeTpUYEeCKUX GYHKLMIT MOXKHO IIOAYYMUTh AHAAOTMYHBIE GOPMYABI AASL 00-
paTHbIX runepboAnyecKux GpyHKLmit:

Arshz =Ln(z + V2> + 1);
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Archz =Ln (z + vz2 — 1);

1 1
Arthz = -Ln +Z;
2 1-z
1 1
Arcthz = anZ+ .
2 z—1

OueBMAHO Bce 3TV GYHKLMY OeCKOHeYHO3HaYHbl. Ecau B aTUX popmy-
AaX B3SITh TAQBHbIe 3HaUEHMS AOTapudMa, TO IIOAYUUM 2AABHbLE 3HAYEHUS

00paTHBIX runepboAnyecKkux GpyHKLMI, KOTOpble 0003HavaroTcs arsh z, arch
z, arth z u arcth z.

1.7.9. OOmas crenenHas pynkuusa w = z*

ITo OIIPpEACACHUIO IT0AATAEM
W= Zﬂ — ea an’

rAe a = o + i} — NpOU3BOAbHOE KOMITAEKCHOE YMCAO.
AAst pevicTBUTEABHBIX a # 0 umeeM B = 0 u

74 = ea(ln |z|+iargz+2nmi) _ ealn lz] em(argz+2nn), n=0,%+1,...

1o OCHOBHOMY AorapudpMuIeckomMy ToXAecTBy (€4 = A aas AeiicTBU-
a
TeAbHbIX A) 6yaeM umetp e Ml = 1Y — |74,

3HauuT, AASI AEVICTBUTEABHOTO @ CIIPAaBEAAVBO PaBEHCTBO
72 = |Z|aem(argz+2nn). (1'27)

Takum o6pa30M, npu AeﬁCTBMTeAthIX a Bce 3HaveHuss w = z4 pacIioAo-

YKEHBI Ha OKPY)XHOCTHU |[w| = |z|%, a apryMeHTbI 00pasyoT apudpmMeTniecKyo
MPOTPeCCHIO C Pa3HOCTbIO 24Ti.

PaccMoTpuM YacTHBIE CAyYay 3TOV GOPMYABL

1) a = k — neaoe uncao. Toraa eX2™ — cos 2nmk + i sin 2nnk = 1, u,
CAEAOBaTEAbHO,
Zk — |Z|keikargz
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—oaHOo3HauHas GyHKuMs1. HeTpyAHO nokasaTh, 4TO NpU LieAOM kK PYHKILMS
— zX amaAuTMYHA Ha BCell KOMITAEKCHOI TMAOCKOCTH U (zk ) = kzk_l, a
TOTAQ ¥ MHOTOYAeHBI B, (2) = aoz" +a12" ' +. ..+ a, aHaAUTUYHBI Ha BCet
ITAOCKOCTH,
2)a= o TAe k — ueaoe uncao. V3 (1.27) umeem

argz + 2nn
zk = Yz = ¥zle ,n=0,=+1,... (1.28)
n
i2n—
PaccMOTpUM B 3TOM paBeHCTBE MHOXKUTeAb e k. EcauB3sTb 1 = k+s5,
A€ s — TaKXe LIeAoe, TO

) k+s o <1+S) 27s 21s
i i2n - ; | —— [ ——
elnk =e k =el2n~elk =elk,

1

Tak Kak 2" = 1. Taxum 06pasom, pu # = s u 1 = k + s GyHKIUA zk = ¥z
MPUHUMAET OAHO U TO )Ke 3HaYeHue.

ITO 03HAYaeT,YTO PYHKUMS </z uMeeT kK Pa3AMYHBIX 3HAYEHUI U BCE
OHU MOTYT OBITb MOAYYeHbI 13 paBeHcTBa (1.28) npun =0,1,2,.. .,
k—1.

3) MO>KHO 1oKa3aTh, YTO €CAY d — MPPALIMOHAABHOE MAY KOMITAEKCHOE
41cA0, TO popmyaa (1.27) pAaeT OeCKOHEYHOE KOAMYECTBO YMCEA, OTAUYAIO-
IIMXCS KaK MOAYASIMU, TaK U apTYMEHTaMU.

IIpumep 1.11 Hauimu Bce 3HaveHus 1v2,

Pemenne. 1V2 = V2Ll — ov22mmi _ cos(2+/2nmi)+
+isin(2v/2nmi), n = =0, %1,

Bce noryyennvte yucra no Mooyr pasHvt eOUHUYE U Cpedil HUX Hewm
00uHakoBwvix. B camom dere, nepBoe — 04eBUOHO, a ecAu ObL npu 0BYX 3Ha-
yeHusax n = ky u n = ky HOAYHUAUCD 0BA OOUHAKOBLLX YUCAA, WO UX Apey-
MeHMbL OMAUHAAUCH HA YUCAO, KPAMHoe 2Ti:

2V 2k i — 2+/2kymi = 2+/2smi,

20e k1, ko u s — yeavte uucara. Ho moeda V2(ki — ko) = suru /2 = u

k1 - /(2,

a 310 HEBO3MOMHO, MaK KakK YUcAo «/i — UppayuoHaibHoOe.
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Mpumep 1.12 Haiimu 1°.
Pemenne.

1i = ethl — ez'2nm — e—ZVlTE’ "= 0, +1, ...
Bce smu yucra pacnoromenvt Ha OelicBUMeAbHOU 0CU U, 04eBUOHO,
PAZAUHHDL.
IMpumep 1.13 Haiimu (1 + i)'
T
. . , (1—i)(ln«/§+i*+2nni>
Pemenue. (1 + )17 = e(1=D1n0+) — 4

=elnﬁ+g+2m (cos (Z —In «/i) + isin (g —In «/5)) .

IIpumep 1.14 Boiyuciumop Ln i’
Pemenne. CHayara sviuucium it

T
. o ) o X , - *+2}’th)
i = eanl — ez(ln|z|+largl+2i’lm) =e (2 .

3Hayum,

T
e— ( 5 +2nn) +

-(5+2
+iarge (2 m) + 2kni= — g + 2nm + 2kmi,

Lni = ln|ii| +iargi’ + 2kni = In

raen, k=0,+1,+£2, ...
P T
3ameTumM, yTO BbluncAeHus Lni* = ilni = -5~ 21T — HeBEePHBL.

§ 1.8. VInrerpupoBanue ¢GyHKIMI KOMIAEKCHOTO Ie-
peMeHHOro

1.8.1. OmnpepeaeHue uHTErpaaa,
€ro CBOJICTBA U BbIYMICAEHUE

yCTb B 00AacT¥ D KOMIIAEKCHOI NAOCKOCTM 3apaHa QyHKUMS W =
f(z) = u(x,y) + iv(x,y), HempepbIBHAsI B TOYKaX KYCOUHO — TAQA-
KOV KpUBOIT [, UMerolel Ha4aAO B TOYKe z U KOoHell B Touke Z (puc.1.11).
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Pasobpem KpuBYyI0 /[ Ha 4YacT (9A€MEHTapHbIE AYTY) TOYKAMMU

DPuc. 1.11
21,22, ...y Zp—1 UTYCTb 2, = Z.0003HauUM Az = zx—2x—1 = (X —x—1)+
ik — Yk—1) = Axp + iAyx, k = 1,2, ..., n. 3ametuM, yT0 AZ} — 3TO Bek-

TOP, UAYILVIL U3 TOUKM Zx_1 B TOUKY Zk, & | Azx| — AAMHA 3TOrO BEKTOPA, T.€.
AAVIHQ XOPABI, CTSITMBAIOLIEN K-10 9AeMeHTapHYI0 AyTy. Ha Kaxa011 sAeMeH-
TApHOI1 Ayre BO3bMeM IIPOU3BOABHYIO TOUKY (i = & + iy ((-A3eTa, E-ken,
N-3Ta — rpeveckue OYKBBI).

CoCTaBUM HTETPAABHYIO CYMMY

n

Zf(@k)AZk = Z [ Cre ) + ivEr, )] - [Axk + iAYe] =
k=1

k=1

; [, i) Axie — v(Ex, i) Ay )+

1

n

+i Y [V i) Axi + u (i i) Ay - (1.29)
k=1

B xypce aHaAaM3a AOKa3bIBa€TCs, UTO ecAM max |Azx| — 0 (B aTOM CAY-
yaeun — 00, T.e. KOAUYECTBO TOYEK AEAEHUsI KPUBOI HEOTPAHUYEHHO YBe-
AVYVIBAETCs), TO 00e CyMMbI B ITpaBoii 4acTu paBeHcTBa (1.29) AAsl Hempe-
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PBIBHBIX QYHKLMI U (X, ¥) 1 v(x, ¥) (2 MX HETIPEPBIBHOCTb CAEAYET 13 Hellpe-
PBIBHOCTH f(Z)) CTPEMSTCSI K KOHEUHBIM IpeAeAaM, He 3aBUCSINUM HU OT
criocoba pazbueHust KpMBOIL [ Ha 4acTu, HU OT BbIOOpaA TOYeK (i. DTU Ipe-
A€ABI PAaBHBI COOTBETCTBEHHO KPUBOAMHENHBIM MHTETPAAAM

/ u(x,y)dx — v(x, y)dy, / v(x, y)dx + u(x, y)dy.
! !

CaepoBareAbHO, mpy max |Azx| — 0 cymma B aeBoit yacTu (1.29) Tak-
K€ UMeeT KOHEeYHbBIN MPeAEA,He 3aBUCSIINI OT BbIOOpa TOueK 2z U (g. ITOT
MpeAeA HAa3bIBAETCSI KOHMYPHLIM UHmezparom oT GyHkuuu f(z) mo xpu-
Boi1 [ 1 obo3HavyaeTcs

/ f(@)dz.
!

UTtax,

/f(z)dz = / udx — vdy + l’/ vdx + udy. (1.30)
! 1 !

Ecan kpuBast [ 3aMKHYTa, TO OOBIYHO MHTErpaA 0603HaYAeTCs
95 f(z)dz.
!

CBoJICTBa KOHTYPHOT'O MHTETPaAa

1)/dz =Z—Z(),
[

TA€ Zo Yl Z HaYaAbHAsl U KOHEYHAs TOUKYU KPUBOIT /.
B camom pene, past dyHkuuu f(z) = 1 uHTerpaAbHasi cyMMa paBHa

n
Z Az = Az1+ Azo+ ...+ Azy 1 + Az =
k=1

=(z1—20)+ (22 —21) + ... + (Zu—1 —2n—2) + (2n — 24-1) = 20 — 20 = Z — 2.
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2)/f(z)dz= —/f(z)dz,
- !

rae [T — KpuBas, COBIAAQIOIIAs C [, HO IPOXOAMMASI B IPOTUBOIIOAOKHOM
HaIpaBAEHUU.

3) / (f(2) +g@)dz = / f)de + lf ¢@)dz.

4) | cf(xydz=c | f(2)dz,
1/ l/
TA€ ¢ — MOCTOSIHHASL.

5) / f(z)dz=/f(z)dz+/f(z)dz,
h I

I1+1y

rae uepes [; + [, o603HaueHa AMHUS, COCTABA€HHAsl U3 KPUBBIX [] U [y.
CaorictBa 2 — 5 caeayior u3 (1.30), Tak KaK AAST KpUBOAMHEHBIX MH-
TErPaAOB TU CBOVICTBA BHIITOAHSIOTCSL.
6) Teopema 006 oLjeHKe MHTerpaaa:

Vf(Z)dZ‘ < / |f(2)] - 1dz| < MA, (1.31)
l l

rae A — AAuHA KpuBoit [, a M = malx Lf(2)].
ze

AeiiCTBUTEABHO,

> sz < DI 1Azl <MY Azl (132)
k=1 k=1 k=1

n
Ho > |Azy| — AAMHA AOMaHOI1 C BepIIMHAMU B TOUKAX
k=1
20,21, - - . Z, BIIMCaHHOI1 B KpuBYylo /. Ecau max |Azi| — 0, To AAuHA 2TOM
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AOMAaHOI1 OYAET CTPEMUTHCS K AAMHE A KPUBOJ, ECAV KPUBasi KYCOUHO-TAAAKASL.
ITepexoas B (1.32) x mpeaeAy ipu max |Azi| — 0 moayvaem (1.31)

KOHTYpHBIIT MHTErpaA MOXXHO BBIYMCAUTH, €CAU CBECTU €ro 1o ¢op-
MmyAe (1.30) K AByM KpMBOAMHENHBIM MHTerpaaam. Ilyctb x = x(t),y =
=y(t), (o < t < B) — mapameTrpuyeckue ypaBHeHus1 KpuBoii /. Torpa

B
/ F@)dz = / [(x(t), (1)) - £ &) = v(x(0)., 9 (O)ldi+
[

B
i / VG (E), () - ' (6) + uCe(t), y(&))y (©))d. (1.33)

o

Ilpumep 1.15 Buiuucrump

/ zRezdz,

[

20e | — Bepxuss noryokpymHocmy |z| = 1, Rez > 0.
Pemenne. [lapamvempuueckue ypasHeHUS NOAYOKPYIHOCHIU X = COSE,
y =sint(0 <t < n). Tak kak

u=Re f(z) =% v=1Im f(2) = xy,

mo no gpopmyre (1.33) umeem

/zRezdz:/xzdx—xydy—i-i/xydx—l—xzdy: [ X = cost i| =

y = sint
l l l
T '
:/(coszt‘(—sint) —coszt-sint)dt+i[(—coszt~sint—|—
0 0
n 3t)dt_20053tn+, cosst+ int sin® ¢ ‘n_ % g
cos =3, 4 sin 3 0_ 3~ 3k

54



Ecan xpuBasi [ 3apaHa KOMIIAEKCHO-TIapaMeTPUIEeCKMM YPaBHEHNEM Z =
z(t)(a < t < b), rpae z(t) UMeeT HeNPepPbIBHYIO MPOU3BOAHYIO, TO (1.33)

MO>KHO 3aIIMCaTb B BUAE

b
/ f2ydz = / Flz@))Z (t)dt. (1.34)
l a

IIpumep 1.16 Bviuuciump

/ |z|dz,

l

20e | — npamoruneiinplii ompe3ok, COeOUHTIOUUL mouKu zg u Z = 2 + i.
Pemenue. Ypasuerue npsamou, npoxoosujer yepe3 mouku QO u2+i,y =

x/2. [Torowum x = 2t u mozoda y = t. Takum obpa3om, ypasHeHUs x =

2t,y = t 6y0ym 3a0aBamp MOYKU 3a0AHH020 OMPE3Ka, eCAU

0 <t < 1Omcwdaz=x+iy=2+it = (2+ i)t — KomHnieKcHO-

napamempuyeckoe ypasHerue ompeska . Tak kak |z(t)| = |(2 + )t| =

12 4 it =t/5uz () =2+ i, mo omcroda umeem

1 1
/lzldz: /t«/§(2+i)dt =«/§(2+i)/tdt =§(2+i>.
[ 0

0

OrmeTum, 4to 1o popmyaam (1.33) v (1.34) 0OBIYHO BBIYMCASIIOT VIHTE-
rPaAbl OT HeaHaAUTHYeCKUX GyHkLmin. Hibke yBuAMM, 4TO ecau f(z) aHa-
AUTUYHA B OAHOCBSI3HOM O0OAACTH, TO AASL Hee CYIIeCTBYeT IepBoobpasHast
F(z),n

/ F(@)dz = F(Z) - F(z),
)

TA€ Zo U Z — COOTBETCTBEHHO HaYaAbHasl U KOHEYHAsI TOUKM KPUBOIL [, Ae-
JKallen B 9Toil o6AacTti. Ho 4ToOBI 5TO ITOKa3aTh, HAAO AOKa3aTh, YTO MH-
TerpaA OT aHAAUTUYECKOM GYHKLIMK He 3aBUCUT OT BMAQ KPUBOI U OTIpeAe-
ASIETCSI AUILIb HAYAABHOM M KOHEYHOM TOYKaMU KPUBOIL.
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1.8.2. lurterpaabHas Teopema Kommu

ITyctb D — o6aacTb ¢ rpanmieit [ 1 D — 3aMKHyTas 06AacCTb, TIOAY-
yeHHas u3 D poGaBAeHMEM BCeX TPaHMYHbIX Toyek: D = D U [. ToBopsr,
YTO YHKIMSA AHAAUTUYHA B 3aMKHYTOI 06AaCTM D, €CAM OHAa aHAAUTUYHA
B HEKOTOPOIT 06AacTy (0TKpBITOI!) D1, coaepaieit D BHYTpM cebsL.

Teopema 1.2 Eciu ¢pyukyus f(z) anarumu4ta B 3aMKHYMOL 00HO-
cBs3HoU 06 acmu D ¢ kycourno-2aadkotl eparuyeii I, mo

ygf (2)dz = 0. (1.35)

l

AoKa3aTeAbCTBO. B onpepeAeHre aHAAUTNYECKON PYHKLIMY BXOAUT AVIID
CyllleCTBOBaHMe IPOU3BOAHOI f*(2), HO MBI IIPOBEAEM AOKa3aTEAbCTBO IIPU
AOTIOAHUTEABHOM NIPEAIIOAOKEHNM O HENPEPBIBHOCTY MPOU3BOAHOM, UTO
3HAYMTEABHO YIIPOCTUT PaCCy>KAEHMUS.

B xypce MaTeMaTN4eCcKoOro aHaAM3a AOKasbiBaeTcs gopmyia [puna:

Ecan dynkuuu P(x, y) n Q(x,y) HeIIpepbIBHBI B 3aMKHYTOJ OAHOCBSI3-
HOIL obAaCTU l_), OTPaHNYEHHO KYCOUHO-TAAAKOI KPUBOM [, ¥ X YaCTHBIE
MpOM3BOAHBIE IIEPBOTro NMOPsAKA HENIpephIBHAI B D, TO

B 0Q oP
9§de + Qdy = // (ax — ay)dxdy. (1.36)
l D
ITpumensist popmyay I'puna x (1.33), 6yaem nmetsb

gﬁf(z)dz:¢udx—vdy+i5£vdx+udy:

1 I I
ov  ou , ou  ov
=[5 5 ) anari [ (5 ) antr =
D D

Tax Kak 00e MOABIHTErpaAbHble QYHKLMM B ABOVHBIX MHTEIPAaAaX PaBHBI
HYAIO B cuAY ycaoBuit Komm-Pumana. Teopema pokasaHa.
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CaeactBue. Ecay yHkuus f(z) aHaAUTUYHA B OAHOCBSI3HOM 00AaCTU
D, To AASL ATOOOTI HE3aMKHYTOI KPUBOIL [ MHTErpaA 3aBUCUT TOABKO OT Ha-
YAABHOUM U KOHEYHOI TOYEK 3TOU KPUBOM (M He 3aBUCUT OT BUAQA CaMOI
KPUBOIL).

AokazaTreabcTBo. [TycTb ABe KpuBbIe [} 11 [; MeIOT 0011lee HA4YaAO0 2o U
obumit konen Z (puc. 1.12). B obaactu ¢ rpanuueit [y + I, dynxuusa f(z)

aHaAMTHUYHA U 110 TeopeMe Kouu 55 f(2)dz =0.
l+ly
Ho no cBovicTBam 5) 11 2) KOHTYPHBIX MHTETPAAOB

[]-]-]
h+ly b iy h s

Orkyaa / f2)dz = / f(z)dz, uyTo u TpeboBa-
h l

2 [y
AOCh AOKa3aTh.
DTO CAEACTBME MO3BOASIET MHTErPaA OT aHa- Z
AUTUYECKON B OAHOCBSIBHON 00AaCTM QYHKLUU
(10 HE3aMKHYTON KPMBOJ) 3aMIMChIBATH B BUAE Z
[}
z 1
\\,
[ s Puc 1.12
20

Ecan 3aduKcupoBaTh TOUKY Z), @ TOUKY Z MEHSATD, TO 9TOT UHTErpaA Oyaer
z

SIBASITbCS GyHKUMel oT z: F(z) = / f(©)dE. MoxHO A0KasaTh, YTO €CAU
20

f(z) anaautmueckast pyuxuus, To F (z) Takke OYAET aHAAUTUYECKOM, TIPU-
yeM F'(z) = f(z). D10 o3Ha4aert, yTo F (z) SABASIETCS IEPBOOOPA3HOI AAS
f(2). Kak 1 B MaTeMaTU4eCKOM aHaAM3€ OTCIOAQ AET'KO IMTOAYYaeTCsi GopMy-
Aa HeroToHa-AeitbHuia

b
[ r@dz=r@) - F@.
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npuyeM 3pech F(z) Alobast mepBoobpasHas. Ita GopMyAa CBOAUT BBIYMC-
A€HIEe HTErpaAa OT aHAAUTUYECKOI B OAHOCBsI3HOI obAacTu D yHKUmmn
K HAXOXXAEHUI0 KaKoi—An60 mepBobpasHon. Takum o6pasom, Mbl uMeeM
(bOpPMYABI AASI MUHTETPAAOB OT aHAAUTUYECKUX (PYHKLIMIT, aHAAOTUYHBIE CO-
OTBETCTBYIOLIUM (popMyAaM AAST PYHKLMIT AEVICTBUTEABHOIO apryMeHTa.
Hamnpumep,

z Zn+1 _Zn+1
[ Z'dz="-—"-neN;
2 n+1

z
/ eFdz = ¢ — e ;
20
z
/ coszdz = sinz — sinzg ;
EQ)

/ sin zdz = coszy — CoOS z.
Z0
2+i
IIpumep 1.17 Bbmumum;;/ (22 + 1)dz.
0

Pemenue. Tak kak f(z) = z*> + 1 anarumuuna Ha Bceti KOMNAEKCHOLL
NAOCKOCHIU, 10

i 2 2 4y 8 + 14i
/(z2+1)dz=(3+z) =—4+2+4+i= .
0

0 3 3

Pacnpoctpanum Teopemy Korun (1.2) Ha MHOroCBsi3HyI0 00AacTb. AAs
OIIPEAEAEHHOCTHU PaCCMOTPUM TPEXCBsI3HYI0 06AacTh (puc. 1.13).

Puc. 1.13
Ee rpaHuija cocTOUT 13 BHELIHEr0 KOHTYpa / I AByX BHYTPEHHUX KOH-
TypoB /1 u [o. [TpoBepeM ABa paspesa y; U Yo, IPUYEM Y KOKAOTO paspesa
OyaeM pasAnyaThb, Kak FOBOPSIT, ABa bepera y;r ny; (i=1,2).
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PaccmoTtpuM KoHTYp C, COCTaBA€HHBIIT U3 KOHTYPOB [, [1, [5. yf’ Y1 y;r ,
Y, - ObAacTb, orpanuyeHHas aTuM KoHTypoM C, 6yAeT OAHOCBA3HOI 1 MO

tTeopeMe Kouu AAsT OAHOCBSI3HOI 0bAacTu ¢ f(z2)dz = 0. Ilpu aTom Kax-

C
ABIV1 I3 Pa3pe3oB Y] U Y2 OYAET IPOXOAUTHCS ABKADBI B IPOTMBOIIOAOXKHBIX

HaIpaBA€HMAX U, 3HAYUT, 11O CBONCTBY 2 MHTEIPAAOB / + [ = 0. CaepoBa-

oo

TE€AbHO, IIOAYIAaEM

¢f(z)dz= /f(z)dz—l—/f(z)dz—l—/f(z)dz:O, (1.37)
C l I 153

rAe Kpusble [, [, 1 [ IpOXOASATCS Tak, 4TO 00AaCTh OCTAETCS BCE BPeMs C
OAHOIT CTOPOHBI (HanIpUMep, CA€Ba, T.e. [ — MPOTUB YaCOBOIT CTPEAKH, a [
u I, — 1o yacoBoi crpeAke. Tako 00X0A IPAHULBI HA3BIBAETCS TIOAOXKM-
TEABHBIM).

HTak, moAy4aem cAeAyoLyo GOpMyAUPOBKY TeopeMbl Koty AAsT MHO-
rOCBSI3HOM 00AQCTH.

Teopema 1.3 Eciu ¢pynkyus f(z) aHarumu4Ha 8 3aMKHYMOLL 00HO-
cBsA3HO1L 06Aacmu D ¢ KycouH0-2AadKOl 2panuyer, Mo UHMeZpai O SOl
PYHKYUYU No eparuye 06Aacmu, NPoxXooUMOU B NOAOKUMEAbHOM HANPAB-
AeHUU, paseH HYAH.

/3MeHVB HanpaBAeHe 00X0AQ BHYTPEHHMX KOHTYPOB /1 U [y Ha IPOTUBO-
MOAOXKHOE, TIOAYYVM

$ redz=¢ sz sz
! - i

OueBKAHO, 3Ta GOpMyAa CIIpaBEAANBA, €CAM IIOAHASI TPAHML[A 00AACTH
COCTOUT U3 BHEILHEN IPaHULbI [ 1 1 BHYTPEHHUX KOHTYPOB [1, [y,. . .1,

5£f(z)dz = %f(z)dz + %f(z)dz +...+ gﬁf(z)dz. (1.38)
l T Iy Iy
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Takum 00pasoMm, uHmezpai no BHeuLHell epanuye 00AACHU PaBeH CyM-
Me UHMEeZPar0B N0 BCeM BHYMPEHHUM 2PAHUUAM, eCAU BCe SMU KPUBbLe
NpOX0OAMCS B 0OUHAKOBLLX HANPABACHUSX (HANPUMED, NPOMUB YACOBOLL
CMPELKIL).
CaeactBue. Ecan f(z) aHaAUTMYHA B KOAbLIE MEKAY ABYMs 3aMKHYTBIMU
(kycouHo-raapkumu) kpuBbimu /1 u Iy (puc. 1.14),

@ TO 9TO yTBEP>KAEHME [TO3BOASIET CBECTH BBIYMCAE-
HlIe MIHTEerPaAa Mo CAOXKHOMY KOHTYPY /, K ero Bbl-
—— 4 4JICAEHMIO TT0 O0Aee pocToMy KOHTYpy C (Harpu-
Puc. 1.14 Mep, 110 OKPY>KHOCTM).
%f(z) dz = 9§f(z) dz. (1.39)
h b

Ipumep 1.18 Ecau mouka a rexum B 06 acmu ¢ epanuyets |, mo

_ dz 0, ecaun #1un— yenroe,
"T T @-a | 2ni, ecaun=1.

1
Pemenne. 1) Ecau n < 0, TO moAbIHTerpaAbHast GyHKUMS o =
(z — a)™" aHaAMTUYHA Ha Bcell MAOCKOCTHU U 1o TeopeMe Ko I, = 0.
2) Tlyctb m > 0 m TOYKAa a AeXUT BHyTpu obaactu D.
ITpoBepaeM oxpyxHoOCcTb C C LIEHTpOM B
TOYKe g HAaCTOABKO MAaAOTO papuyca r, 4To-

ObI OHa He MIMeAa OOIIMX TOYEK C KpUBOM [

(puc. 1.15).
- YpaBHeHME 3TOM OKPY)KHOCTH |z —a| =
Puc. 1.15 ruanz —a = re'* (0 <t < 2m).

Tak Kak mopbIHTerpaAbHast pyHkuus 1/(z — a)” aHaAUTUYHA B KOAbLE
Mexay [ u C, To o ¢opmyae (1.39) MHTErpaAsl 0 3TUM KPUBBIM PaBHBbI.

3HauuT,
21

I dz [ da+re")
"TY z—ay (reityn
o

0
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2n 2n

. riet dt . i i(1—n)t
_/ (reit)yn = -1 /e dt.

0 0

2n

/eodt =2mi. Ecaun # 1,

dz .
Ortciopa, ipu n = 1 umeem I} = 25 o = i

TO .
L= 1 e _ 1 [eﬂ"“—”) - 1] —0.
=11 —n) 0 =11 — n)
WTak, ecaut KOHTYp / OAHOKPAaTHO 0OXOAUT TOUKY ¢ B TIOAOXKUTEABHOM
HallpaBA€HUU, TO

dz 0, ecaun #1,
b= 95 (z—ay { 2ni, ecann = 1. (1.40)
l

CoBeTryeM 00paTuTb 0C000€ BHMMaHN€e Ha 3TOT IIPUMeP, TaK KaK OH UT-
paeT CylLIeCTBEHHYIO POAb B AAAbHeIIeN TEOPUN.

AcHo, uTO AAST PYHKLIMIT QHAAUTUYECKUX B HEOOHOCBA3HOL 00AaCTU HOP-
MyAa HploToHa-AeitOHu1a He cripaBepAuBa. B camoMm aeae, mycTs f(z) aHa-
AVTMYHA B HEOAHOCBSI3HOI1 00AacTy D. Bo3dbMeM IPOM3BOABHYIO GUKCUPO-
BaHHYIO TOYKY Zo ¥ PACCMOTPUM ABe KpUBbIe /1 U [y, COEAVHSIONME TOUKY

Z( C MIPOM3BOABHOI TOYKOM zZ 06AacTu D. Ecay 6b1 MHTErpaAbl / f(z)ydzn
h

/ f(z)dz 6p1AM paBHBI MEXAY CO0OI1, TO MHTEIPaA IO 3aMKHYTOV KPUBOV

Iy
[1 UL, 6bIA OBl paBeH HYAIO, @ 3TO B MHOTOCBA3HO 00AACTy B 001eM CAy-

dz .
yae He BbINIOAHseTcd. Hanpumep, MHTerpaAbl / - B3ATble 110 BepXHeUu U
!

HIDKHEN TIOAYOKPY)XXHOCTSM |z| = 1, oT Touku zp = —1 A0 Touku z = 1

paBHbI 27i ¥ —27Ti COOTBETCTBEHHO. Takum obpasom, / f(z)dz no xpuBoi,
!

COeAMHSIONIeN TOUKU 2o U Z, MOXKeT MEHATbCS IPU U3MEHEHUM NyTU UH-

TETPUPOBAHMS U, CAEAOBATEABHO, SIBASIETCS MHO203HAYHOL QYHKLME me-
pEMEHHOr0 BepXHero MpeAeAa UHTerpupoBaHus z. Tak, Hanpumep, PpyHK-

uus f(z) = - aHAAUTMYHA B ABYCBSI3HOV 00AacTy (Ha BCell MAOCKOCTH 32
z
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dz .
UCKAIOUeHMeM Touek z = 0 u z = 00). Toraa uHTerpaa [ - B3SITBIN IO

l
KPMBOW, COEAVHSIONEN TOUKU Zg = 1 U Z U He TIPOXOASLLeNl yepe3 Haua-

AO KOOPAVHAT, paBeH HEKOTOPO BeTBU Aorapudpmuieckont GpyHKuym Ln z.
Kaxkast BeTBb Aorapudma MoAyIUTCS ¥ YeMY PaBEH UHTETPAA, OIIPEAEASIET-
Cs1 KOAMYECTBOM U HAallpaBAE€HUEM 00X0Aa HadaAa KOOPAMHAT.

ITpu BBIYMCAEHUY MHTETPAAA OT BETBY MHOTO3HAYHO (PYHKLMM BBIOOP
3TOV BETBY OOBIYHO IPOM3BOAUTCS 3aAaHMEM 3HAaUeHUs QYHKLUM B HEKO-
TOPOJI TOUKe, KOTOPasi OOBIYHO CYMTAETCSI HAYAABHOI TOYKOM ITyTU MHTe-
rpupoBaHus. [1pu BbIUMCAEHUYM MHTErpaAa 1o 3aMKHYTOM KpUBOM 5Ta TOY-
Ka CUMTAETCA HAaYaAbHO TOYKOI ABV)KEHUS IO KOHTYpY. BeAnunHa unTe-
rpaaa B o0I1leM CAyYae 3aBMCUT OT BbIOOpA 3TOV HAYaAbHOM TOYKM.

d
IIpumep 1.19 Buiuuciumbp unmezpar / 725
l

1O CAEOYIOULUM KOHIMYPAM:

1) no noryokpymuocmu |z| = 1,y > 0, Vi=1;
2) no noayokpymrocmu |z| = 1,y > 0, V1=-1;
3) no okpymHocmu |z| = 1, Vi=1;

4) no oxkpymrocmu |z| = 1, V1i=-1;

5) no okpymrocmu |z| = 1, /—1 = i.

Pemenue. BeTBu ABY3HaYHOM PYHKUUM W = /Z HA EAUHUYHOI OKPYXK-
i + 2kmi

HOCTJ MOXKHO IIPEACTAaBUTh B BUAe Wy = Ve® =e 2 k=0,1.
1) HauaabHoe ycaoBue /1 = 1 BbiAeASeT BeTBb, COOTBETCTBYIOIIYIO

k = 0 (tak kax ¢ = arg 1 = 0 u ™= ipu k = 0). 3uauwur,
T ‘ T T i
dz de'® iedo ) -
/ﬁ /f / l/e ?
! 0 0 0
o
=2e2| =2e2 -1 =2(@(—-1)=-2+42i.



2) HayaabHOe ycaoBue /1 = —1 BbIAeASIET BETBb, COOTBETCTBYIOIIYIO
k =1 (tak kaK ¢ = arg 1 = 0 u &™="1 npu k = 1). 3Hauur,

F e g T ig "

e iede —ni[ .
- =e e2do=-2e2| =2-2i

Vet ei‘”Zz 0 0

OTMeTuM, 4TO B 3TUX ABYX CAYYasiX, UCIOAb3Ys popmyay HproToHa—
AeitbHu1a, OyaeM MMEThb

-1
dz -1
N 2\5‘1
1

Aaaee, B TepBOM CAyYae AAS YKa3aHHOV BETBY UMeeM v/ —1 = i U, 3Ha-
yuT,MHTerpas pased 2(i — 1). Bo BTOpOM cAyyae cAeAyeT B3sATb /—1 = —i
U, CAeAOBATEABHO, MHTErpaA paBeH 2(—i + 1).

3) HauaabHoe ycAOBMe 3aAQI0T BETBb,COOTBETCTBYIOMYIO k = 0. [ToaTo-

My
de“P zei“’d(p © ”
— = 2e?2 = —4.
\/@T ez
0
4) B AaHHOM CcAy4Yae uMeeM
de"" Le“"d(p o 27‘
Cam = 22| =4
Jew o o

B aTux ABYX cAyuasix, BBIXOAS U3 TOUKK Z = 1, mocAe 00X0pa OKPYK-
HOCTM MbI BO3BpalllaeMcCs B Ty ’Ke TOUYKY, HO IIpY 9TOM apryMeHT Z YBeAU-
YMBAETCS Ha 2T, 3 CAEAOBATEABHO, MbI IIEPEXOAUM Ha CAEAYIOLIYIO BETBb
byuxkumu w = /z. B TpeTbeM cAydae AAsI yKa3aHHOM BeTBU OyaeM MMeETb
V1=w (1) = 1, a nocae 06X0Aa OKPY>KHOCTH [TOAYYUM V1= wo(l) =

e’ = = — 1. lIHTerpaa paBeH

% = 272, = 20m (1) - wi(1) = —4
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5) HauaabHOe ycaoBue 4/—1 = i BBIAEASIET BETBb, COOTBETCTBYIOLIYIO

1Y
L
k =0 (Tak xaK ¢ = arg(—l) —nue2 = i mpu k = 0). 3Havur,

) T
de“" Le”"d(p

ip
—— = 2e?2
ve’ el%

= 4.

1.8.3. VInrterpaabHas ¢popmyaa Kommn

TycTb GyHKUMSA f(2) aHAAMTMYHA B 3aMKHYTOI1 06AacTY D (OAHOCBSI3-
HOI AU MHOTOCBSI3HOIT) U [ — rpanuiia aToit 06Aactu. OKasbIBaAETCsI, YTO
3HaueHMs QyHKUuM f(z) B AI00OJ TOUKe z € D MOXXHO BBIYMCAUTD, 3Has
TOABKO €€ 3HaUeHs Ha TPaHNLie AQHHOI obAacTy 1o popmyAe

f@) = ;m§£ {(_C)ch, (1.41)
l

rAe rpaHuLa / 0OXOAUTCS B MIOAOXKUTEABHOM HalpaBAeHMU (T.e. TaK, YTO
o6aacTb D oCTaeTCst Bce BpeMsI CAEBa).

@opmyaa (1.41) HaspiBaeTCs uHmezparvbHol popmyroi Kouwsu. Aast AO-
Ka3aTeAbCTBa 3TOM GOPMYABI TOCTPOUM OKPY>KHOCTb C, C LIEHTPOM B TOUKE
Z V1 HACTOABKO MAAOTO paAMyca 1, YTOObI OHa He MMeAa O0IIMX TOYeK C Kpy-
Boi1 [. ITo popmyae (1.39) umeem

S© S©
omi - ch omi {— zd
l Cr

" AAST AOKa3aTeAbCTBa popmyasl (1.41) AOCTATOYHO YCTAHOBUTD BEPHOCTD

paBe€HCTBa
f@) =5 ¢ IO

z
G

ITo (bopMyAe (1.40)

f@) = — 2mi- f(z) = f(z).gg g 2m§£f(2)dc'
Cr
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CAeAOBaTEABHO,

1 f(c)dt;

27

f©ds 1 [ f@dt _

_f() 2m {—2z 2mi {—z
C, C,

f]gf(@) f(z)d?;

ITo ycaoBuio ¢ynkuus f(z) aHaauTuuHa B obAaactu D, a 3HaYMT, Helpe-
pbiBHa. CA€AOBAaTEABHO, AASI IPOM3BOABHOTO CKOAb YTOAHO MAAOTO YMCAQ

e>0, 6yAeT BbIIIOAHATBbCA HEPABEHCTBO

If©) - flo) <e (e,

KaK TOABKO PacCTOSIHME MEXAY TouKamu { U z (T.e. paAUyC 7' OKPY>XHOCTU
C,) cTaHeT AOCTAaTOYHO MaAo. IIpu aTOM 10 TeopeMe 00 OLieHKe MHTEerpaAa

HOAyYaeM

/f(C) 1O1@ gl o [LO=SO g / Sldg) =2 - 2nr = 2me.,

€|
ot G

VAU

2m/ f(C)dC f(2)| < 2me.

Tak KaK & CKOAb YITOAHO MAaAO, TO 9TO O3Ha4YaeT

f ©)

St - f(&) =0,

omi
Cr

u popmyaa (1.41) AookasaHa.
OueBMAHO, 5Ty POPMYAY MOXKHO 3aIICATDh B BUAE

¢ IO 4t = oni- fa).
I
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C nmomolbio MocAepAHe GOPMYABI AETKO BBIYMCASIIOTCSI MHOTVIE VHTe-
IPaABI 10 3aMKHYTBIM KPVBBIM.

Ilpumep 1.20 Buiuucrump

eZ
/ e dz.

|z1=1

Pewenue. Buympu edunu4Hozo kpyea |z| < 1 Haxodumcsa 0o0Ha ocobas
mouka z = 0 nodvtHmezparvHou gyHkyuu. OPynxkyus e /(z—2) anarumuy-
Ha 8 amom Kpyze. C1e00BameAbHO,

e _ e/z=2?, . & _m
/ 72(2_2)20,’2_ / 0 dz = 2mi = 2
lzl=1 lzl=1

3 unterpaapHou popmyabl Kol MOXKHO OAYYMUTh OYEHDb BOKHYIO B
Teopun GYHKLMI KOMIAEKCHOTO IIEPEMEHHOIO TEOPEMY.

Teopema 1.4 Eciu ¢pynkyus f(z) aHarumu4Ha 8 3aMKHYMOLL 00HO-
cBsA3HOIL 06acmu D ¢ KycouHo-2Aadkoli epanuyer, mo B Kaydoti mouke 06-
Aacmu D oHa OugpdpeperyupyemMa cKoAbKO Y200HO pas, npu4em n-as npous3-
BOOHAS paBHA

n n! S©
f()(Z):zm¢(§_Z)n+ldc,Vl:1,2,, (1.4‘2)
[

20e eparnuya | obracmu D 06x00umcs npomus 4acoBoii CHMpeiKU.

3amerum, uto popmasbHo popmyaa (1.42) moayuaercs us (1.41) mocae-
AOBaTEABHBIM AV depeHLIIPOBAaHMEM /1 Pa3 110 Z ITOA 3HAKOM MHTETpPaAa,
HO 000CHOBaHMe 3aKOHHOCTY TAKOV OIIePALIUU AOCTATOYHO CAOXKHO.

Urak, ecan f(z) nMeeT mepBYIO IPOU3BOAHYIO f'(Z) B TOUKE z, TO OHA
MIMeeT B 9TOI TOUKe BCe MpousBoAHble f'(2), f”(2), ..., mpuyemM Bce OHU
SIBASIFOTCSI aHAAUTUYECKUMU QYHKLMSIMU. B 9TOM cyliecTBeHHOE OTAMYME
AQHAAUTUYECKUX QYHKLIMIT OT PYHKINIT AEVICTBUTEABHOTO [IEPEMEHHOTO, AAST
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KOTOPBIX U3 CYILECTBOBAHUS T€PBOI ITPOM3BOAHOI, B ODIIEM CAy4ae, He
CAeAyeT CylleCTBOBaHe BbICILMX TPOM3BOAHBIX.

@®opmyay (1.42) MOXKHO UCITOAB30BATh IPY BBIYMCAEHNM HEKOTOPBIX MH-
TErpaAoB. AAsl 3TOro aTy GopMyAy YyAOOHO 3amucath B BUAE

_ f@) _2m e
1= 95 ey dz =z 1)!f (a). (1.43)
!

eZ

Ipumep 1.21 Buuucrumps 95 mdz.

lzI=1

Pemenue. 30ecv f(z) = €°/z,a = 2, n = 2. CredoBameabHo,

=omm (2)

B mocaepHUX ABYX pMMepax BHYTPU KpMBOI MHTEI PUPOBAHMA COAEP-
JKaAOCh TI0 OAHOM 0CO0O0M TOUYKE TOABIHTErpaAbHOI GYHKUMM. VIcoAB3ys
Teopemy Kolim AAsSL MHOTOCBSI3HOU 00AACTH, MO>KHO BBIYMCASITD MHTEIPaA
U B TOM CAy4ae, KOTAQ BHYTPY KPMBOI MHTET PUPOBAHMSA COACP)KUTCSI HECKOAD-
KO 0COOBIX TOYeK. AASI 9TOTO AOCTATOYHO B3SITh OKPY>KHOCTH C LieHTpaMu
B 9TUX TOYKAX ¥ HACTOABKO MaABIMU PAAMYCaMMU, YTOOBI OHU He UMEAU 00-

IVIX TOYEK APYT C ADYTOM U C KPMBOJ MHTEIPUPOBAHMSA U IPUMEHUTD (Op-
MyAy (1.38).

efz — é* i
=2ni—— = —¢

z=2 22 z=2 2

eZ

IMpumep 1.22 Bwiyucaumsp 95 mdz.

|zl=4
Pemsenue. Vicnoavsys nocredHue 08a npumepa, 6yoem umemn

€ g e e g 2
56 %= §£ eyt 99 e =3 (1+e)‘
|z|=4 |z|=1/2 |z—2|=1

3 popmyast Koum (1.41) A€rKo OAYIUTb NPUHUUN MAKCUMYMA MOOY-
5. Tlyctb dyHkums f(z) aHaAMTHMYHA B 3aMKHYTOIT obaacTu D ¢ rpaHuLiet
l. Torpa maxcumym ee M0OOyAs Oocmu2aemcs Ha eparulye, T.e. €€ MOAYADb B
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A100011 BHYTpEHHEl TOUKe 00AaCTM He OOABILE, YeM MaKCUMYM €€ MOAYASI
Ha rpaHMLie 00AACTH.

B camom peae, myctb M — MakcuMaAbHOe 3HaueHre MoAyas | f({)| ana-
AuTHyeckoyt GyHKLMM Ha rpaHuLie /. Bo3bMeM Npou3BOAbHYIO TOUKY Z € D
M ITyCTb 8 — HaMMeHblIIee PACCTOSIHME OT 3TOV TOUKU AO IPaHuLbl [ 0bAa-
ctu. O4eBUAHO, AAST BCeX TOUEK { € [ BBITTOAHSIETCSI HepaBeHCTBO |{—z| > 3.
ITpumensst popmyay (1.41) x anaauTuyeckoit pynkuvu [f(z)]”, rae n —
MPOM3BOABHOE HATYPAABHOE YVCAO, TIOAYYUM

o) = [ Y9

omi {—z
l

ITo Teopeme 06 o1eHke uHTerpaaa (1.31) 6yaem umernb

@I < ‘(;“)H g < = / Mg =

rae L — panHa KoHTYypa [. VI3 aTOr0 HepaBeHCTBaA [TOAyYaeM

rar<m()".

YCTpeMI/IB n — 00, B IIPEAEAE IIOAYIAEM

If ()] < M, (1.44)

a 9TO U O3HAYaeT, YTO MOAYAb aHAAUTUYECKO (YHKLMM B AIOOOI BHYT-
peHHell TOUKe 00AaCT He OOAbIIIE, YeM MaKCUMYM €€ MOAYAS Ha TPaHMuLie
obaactn.

EcAy npyMeHNTDb MPUHLVIT MaKCMMYMa MOAYAS K yHKUMM g(2) =
= 1/f(2), To moAyunm: ecan GpyHKUuA f() He IIOCTOSIHHA M aHAAUTUYHA B
3aMKHyTOI1 06AacTi D 1, KpOMe TOTO, He 06PaIAeTCs B HyAb, TO M MUHH-
MYM MOAYAS | f(z)| He MOXeT AOCTUTaTbCsl BHYTpU obAactu D.

Beiire, mpu onpeAeAeHNY TPUTOHOMETPUYECKX PYHKLIMIL, MBI OTMeYa-
AV, 9TO Ha KOMITAEKCHOJ ITAOCKOCTY GYHKLIVIM Sin Z ¥ COS Z He OTPaHNYEHBIL.
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OxkasbIBaeTCsl, YTO 3TO 001Ilee CBOMICTBO BCEX AaHAAUTMYECKMX Ha BCEVl KOM-
IIAE€KCHOJI TAOCKOCTY QYHKLMIA (32 MCKAIOUeHMEM (QYHKLVI, TOXKAECTBEH-
HO PaBHBIX MOCTOsIHHOI). CripaBeAAMBaA CAEAYIOIAs TEOpeMa

Teopema AuyBuaas. Ecan f(z) aHaauTYHa Ha BCeVI TAOCKOCTM M OTpa-
HUYeHA, TO OHA TIOCTOSIHHA.

B camom aeae, npumennm popmyay Komu (1.42) pAAst mepBOM poOU3-

BOAHOI
fl(z) = 27tl/(f(C)

BBuay aHaauTHuHOCTM QyHKUMM f(Z) HA BCEIT IIAOCKOCTM B KaueCTBe KOH-
Typa MHTErPUPOBAHMA MOKEM B35ITb OKPY’KHOCTb IIPOM3BOABHOTO PaAMyca
R c yenTpoMm B Touke z: |{ — z| = R. CAepOBaTeAbHO, IO TeopeMe 00 OLjeHKe

unrerpaaa (1.31)

If'(2)] < 27@2 R_M

rae M — maxkcumym ¢yHKuMM f(z) Ha B3sITOM OKPY>KHOCTU. AeBasi 4acTb
MTOCAEAHEr0 HepaBeHCTBA He 3aBUCUT OT R, a MpaBasi CTPEMUTCA K HYAIO
npu R — oco. Otciopa, f'(z) = 0, a caepoBaTeAbHO, f(z) MOCTOSIHHA.

§1.9. Psaapl

1.9.1. Yucaosblie psIAbI

PaCCMOTpI/IM PSIA C KOMIIAEKCHBIMU YA€HAMU
o
Zzn=21+zz+...+z,,+..., (1.45)
n=1

TA€ Zy = Xy + Yy.

Ecau cymecTByeT npeaea

S=1im S, = hm sz,

n— o0
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1O psip (1.45) HasbiBaeTCst cxo0sugumcs U S Ha3bpIBAeTCsi CyMMOM psipa. Ecan
PSIA He CXOAUTCSI, TO OH Ha3bIBAETCS pacx00AuumMcs. MOXHO AOKa3aTh, YTO

o0
psA (1.45) CXOAUTCS TOTAQ M TOABKO TOTAQ, KOTAQ CXOASTCSL PAABL ) Xy U
n=1
o0
Z In-
n=1
00 in in ot
e cosn+isinn
Ipumep 1.23 Psd ) — cxodumcs, mak kak —; = —————, 4 00d
n n n
n=1
> cosn > sinn
200 U CX00SMCA.

3 paBeHcTBa S, = S;,—1 + 2, CAEAYET HEOOXOOUMDBLIL NPUSHAK CXO0U-
Mocmuy paoa:
Ecau psip (1.45) CXOAUTCSI, TO €ro OOLIMIT YAEH CTPEMUTCS K HYAIO.

ITO NpU3HAK MO>XKHO ITepepOpMyAMPOBATD KaK 00CHIAMOYHDLL NPUSHAK
PACXOOUMOCHIU:
Ecan nli_)rglo zy # 0, TO psIA PaCXOAUTCHL.

o . .
cosin cosin
Ipumep 1.24 Ps0 ) 5 PAcXo0umces, m.x. —i— =
n=1
(e +e") /2 et 5
= a pao >y = PACX00UMCS, MAK KAk e20 00Ul YAeH He cimpe-
n=1

MUMCA K HYAIO.

Kaku B Ae]‘;ICTBMTEAbHOM aHaAl3e, MOXKHO AOKa3aTh, YTO €CAN CXOAUT-
0

cAPAA Y |zul, TO cxopuTes v psip (1.45), M MCXOAHDIL PSIA Ha3bIBaeTCs ab-
n=1
corromHo cxodgusumcs. TeM caMbIM ICCACAOBaHME CXOAVMOCTH KOMITAEKC-

HOTO PsIAQ CBOAUTCS K PACCMOTPEHUIO PSIAQ C AEVICTBUTEABHBIMU YAE€HAMU
|Zx|, @ B IPOCTBIX CAYYasIX 9TO MOXXHO CA€AATh C IIOMOILBIO NPU3HAKOB Aad-
rambepa u Kowsu.
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|Zn+1|

o
< 1, mo pad ) z, cxo-
n=1

INpusunak Aasamoepa: Ecau d = lim
n—oo |zn

oumcs; ecau d > 1, mo amom ps0 pacxooumcs.
IMpusnak Kommm: Ecau k = lim J|z,| < 1, mo pso cxodumcs; ecau
n— 00

k > 1, mo ps0 pacxooumcs.

OTMeTUM, YTO €CAY B 3TUX NPU3HAKaX d U k OOAbIIIEe eAVHULIBI, TO AAST
PsIAQ He BBIIIOAHSIETCSI HEOOXOAMMBII ITPU3HAK CXOAVMOCTH, T.€. PACXOAUT-
Cs1 He TOABKO PSIA M3 MOAYAENL, HO U CaM PSIA.

"
!

o
Ipumep 1.25 Paccvompum pso ) i—, 20e z — Npou3BOAbHOE KOM-

n=0
Z" Zn+1
nAexcHoe YucAo. 30ecy z, = il = G u no npusHaxy Aaramébepa
.zl .l (4 1)) . lz|
d = lim 2= = lim —~—— = lim =0<1
n—oo |z, n— 00 |z]"/n! x—oon+1

075 A1060020 z. SHaqum, ps0 cXOOUMCS Ha Bcell KOMUAEKCHOL HAOCKOCHI.

1.9.2. CreneHHble psIAbI

Omnpepeaenne 1. BeipaskeHne Bupa

Zc,,(z —20)" = co+c1(z—20)+c2(z—20)> + ...+ Cu(z—20)"+. .., (1.46)

n=0

TA€ 20, C0, C1,C2, ... — 3aAQHHBIE KOMIIAEKCHBIE YVCAQ, Ha3bIBAETCS CHie-
NEHHBIM PSOOM.

Ou4eBMAHO, IIPU Z = Z( PSIA CXOAUTCS U €r0 CyMMa paBHa ¢o. Kak 1 Aas
AEVICTBUTEABHBIX CTEIIEHHDBIX PSIAOB, AASI PSIAOB B KOMIIAEKCHOIT 0OAaCTU
CrpaBeAAMBa TeopeMa Abeast:

Teopema Abeas: Ecau pso (1.46) cxodumcs npu z1 # 2o, M0 OH CX0-
oumcs B kpyee |z—zo| < |z1 —2zol, (puc. 1.16) npuuem abcorromuo (m.e. pso
U3 MOOYyAeti MaKe CX0OUmcs)
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AOKa3aTeAbCTBO 3TOV TEOPEMbI aHAAOTMYHO AO-
Z1  Ka3aTeAbCTBY TeopeMbl AOeAs AASI CTEIIEHHBIX PSIAOB
B AEVICTBUTEABHOI OOAACTU Y MBI €T0 OITyCKAEM.
SIcHO, 4TO ecAM B HEKOTOpON TOYKE Zy PsIA
(1.46) pacxXOAMUTCS, TO OH PACXOAUTCA B KOABLE
|z — zo| > |z2 — 2ol
/13 3TOil TeOpeMbl IOAYYAEM,YTO AAS KaXAOTO
CTENEHHOT0 PsiAQ BO3MOXKHA OAHA 3 TPeX BO3MOXKHOCTEIL:
1) psIA CXOAUTCS TOABKO B TOUKE Z;
2) psIA CXOAUTCSI HA BCEVl IIAOCKOCTH;
3) CylecTByeT TaKoe YMCAO R, UTO B KpyTe |z — Zp| < R psiA CXOAUTCH,
a BO BHEILHOCTH |z — 29| > R 3TOro Kpyra psiA pacXOAUTCs. R Ha3bIBaeTcs
paouycom cxooumocmu (1.46), a Kpyr |z — 29| < R — Kpyrom CXOAMMOCTHU
CTENEHHOTO psIAQ.
AeNCTBUTEABHO, UCTIOAB3YS IPU3HAK AaraMbepa CXOAMMOCTY YUCAO-

Puc. 1.16

o
BOI'O PSIAQ , HETPYAHO IOKa3aTbh, YTO PsAA Y 1!2” CXOAUTCS TOABKO IIpU

n=0
0o, 00
z o o n
z = 0; psip ) — CXOAMTCS Ha BCEI1 KOMIIAEKCHOI IIAOCKOCTY; PSA ) Z
n:
n=0 n=0

cxoAuTCs (KaK 0eCKOHEYHO YObIBaoIasi reOMeTpuUiecKast IPOrpeccusi), ec-
Aau |z| < 1 m pacxoputcs, ecan |z| > 1 (1, Takum 0O6pasom, ero papnyc
cxopuMocTu R = 1).

Ecan B cayyasix 1) 1 2) HOAOXKUTH COOTBETCTBEHHO R = 0 1 R = 00, TO
MO>KHO TOBOPUTb O PAAUYCe CXOAVMOCTY AI0OOTO CTEIIEHHOTO PSIAA.

MOXHO AOKa3aTh, UTO €CAU PAAUYC CXOAMMOCTM CTENIEHHOTO psipa R >
0, To ero cymma f(z) 6yaeT aHaAUTHMYeCKOIT QYHKLMEN BHYTPU KPyra cXo-
AVIMOCTU 9TOTO PSIAQ;U CTETIEHHOIT PSIA MOXKHO TIOYAeHHO AuddepeHLpo-
BaTb ¥ UHTEIPUPOBATH AIODOE YMCAO pas, IPU STOM IOAYYEHHbIE CTeIeH-
HbIE PSIABI OYAYT IMETD TOT )K€ PAaAUYC CXOAUMOCTH, YTO U UCXOAHBIN PSIA.

Ipumep 1.26 Haiimu paduyc cxooumocmu psoa
X 2
n n
> 5 (Z=2"
n=1
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2
o n
Pewsenue. O6uuii uren 0aHHO20 ps0a paseH z, = 27(2 — 2)". 3Hayum,

n+1)>2
Zysl = %(z — 2)"1, ITo npusnaxy Aarambepa
lim 2l i | DE=2 2
nooo lzal  n—oo 2n+1 n2z"
. (n+1)? z—2| .. n*+2n+1  |z-2
=11m(7)|z—2|=| ! im _ | I<1.

n—oo  2n? 2 nooco n? 2

Omcroa |z — 2| < 2 — Kpye cxooumocmu 0anHo20 psaoa. E2o paduyc cxoou-
mocmu R = 2.

1.9.3. Psaap1 Teriaopa
ITyctp f(z) aHAAUTUYHA B HEKOTOPOII OKPECTHOCTU TOUKH Z.
oo

Onpepenenne. CTeneHHON psip Y ¢, (z — zo)" HasbiBaetcs psapom Teit-
n=0
Aopa ¢yHKUMK f(Z) B TOUKE Zg, €CAU €r0 KO3(PPUIIMEHTBI HAXOAATCS 1O

dbopmyaam
f(n+1) (ZO)
- n 7

Cn n=0,1,2,...). (1.47)

TTpu aTOM, Kak 06bruHo, cuntaeM [ (z0) = f(z0).
Vcnoabsys unterpaabhyio ¢opmyay Ko (1.42), koadpduimeHTs! ¢,
(koTOpble Ha3bIBAIOTCS K0dppuyuenmamiu Tetiropa) MOKHO IPEACTABUTD

B BUAE
_ L f®
" o (z—zo)”“d ’
!

rae [ — OKPY>KHOCTb AOCTaTOYHO MaAOI'O PAAMYCa C LIEHTPOM B TOUKE Z(.
o0
ITycTp cTeneHHoOM psA Z ¢n(z — 2z9)" cxopuTcs B Kpyre [z — 29| < Ru

n=0
ero CyMMa, paBHas f(z), OyAeT aHAAUTUYECKOI QYHKLIMEN B KPYTe CXOAU-

mocTu. ITocaepoBaTeAbHO AU pepeHLIPYsT paBEHCTBO

f@@)=co+ci(z—20)+c2(z—20)*+ ... +culz—20)" +...,
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MOAYIUM
fl@)=c+20@E—20)+... +nc(z—20)" +...,
f'@2)=2c4+2-3c3(z—20) +... +n(n—1)c,(z—20)" 2+ ...,
f(”)(z) =nlc, + (m+ Dley1(z—20) + ...
HOACTaBAHﬂ B 9TU PAaB€HCTBA Z = 2, TMOAy4YaeEM

AED _ S )

COZf(ZO), Clzf/(zo)s CZZT"'-9CYI !

Takum 06paszom, A0OKazaHa Teopema:

Teopema 1.5 Cmenennoii pao asasemcs psioom Teviropa cBoeti cym-
MbL.

o0 [oe]
TTycts psiabl Y a,(z — 20)" m Y b, (z — 20)" UMEIOT OAHY M Ty K€ CyM-
n=0 n=0
My f(2z) B OKPECTHOCTY TOUKM Zg. TOraa Mo MOAy4eHHOIT TeopeMe uMeeM

[ToaToMy AaHHYIO TEOpeMY Ha3bIBAIOT Me0peMoli eOUHCIMBEHHOCHU PA3A0-
keHUs1 yHKLMU B psip Teiaopa.

B xauecTBe npumepa MCIOAb30BaHNS TEOPEMBI EAMHCTBEHHOCTU pac-
CMOTPUM pasAoskeHue B psip Teilaopa ueTHbIX 1 HeueTHBIX pyHkiui. ITyctp
byHKUMA

f(2) =ctaz+e+.. .t +...

yerHas, T.e. f(—z) = f(z). Toraa cymma AQHHOTO psIAQ COBIIAAAET C CYM-
MO psAAa
(@) =co—c1z4+ 0zt — ...+ (=)', 2" + ...
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ITo TeopeMe eAMHCTBEHHOCTH IpU HevyeTHbIXx 7 = 1,3, 5, ... a, = —ay,

T.e. dyr_1 = Ompu k = 1,2,3,... u TEeIAOPOBCKOE pPa3AO)KeHVe YeTHOMI
bYHKUMY MMEET BUA

F@) =co+ e +at+ e+

AnaaornyHo, ecau oyHkuus f(z) — HeyetHas, T.e. f(—z) = — f(z), TO Teit-
AOPOBCKOE Pa3AO>KEHME MIMeeT BUA

fl2)=ciz+cz® +... + cop12X L4

Bo3HUKaeT ecTeCTBEHHBII BOIIPOC: AIOOYIO AM QHAAUTUYECKYIO B HEKO-
TOPOM Kpyre GYHKLMIO MOXXHO Pa3AOKUTb B 9TOM Kpyre B psip Teraopa?
OTBeT paeT caeayIoLasl TeopeMa.

Teopema 1.6 Bcakyw ¢pyukyur f(z) ,aHarumu4veckyro 8 kpyee |z —
—20| < R, MowHO B amom kpyze pasiowums 8 ps0 Teiiropa

f@=Y_ %(z - 20)", (1.48)
n=0

npu4em amo pas3romerue e0UHCIMBEHHO.

Teopema Teltaopa sABASETCS YAaCTHBIM CAyYaeM IIPUBOAVIMOI HIDKe TeO-
pembl AopaHa.

Tak xak popmyasl AuddepenunpoBanus u psa Teitaopa B AeiicTBU-
TEABHOM Y KOMITA€KCHOM aHaAl3€ IMEIOT OAVH U TOT >Xe BUA, TO PSIABI Teit-
AOpa AASL PYHKLIMIT KOMITAEKCHOTO IIEpEMEHHOTO IMEIOT TOT )K€ BUA, UTO U
psiabl Teriaopa AAst GYHKLMIL A€/ICTBUTEABHOTO IlepeMeHHoro. Hanpumep:

Oozn 22 3
Z - i —_
1) e&f = n!_1+z+2!+3!+...,
n=0
2) . _ ZS 25 Z7
s1nz_z—§+§—ﬁ+...,
22 2 20
3)cosz=1—2—!+1!—a+

75



3aMeHUB B pPAA€ AASI SKCIIOHEHTDI £ HA —Z, IIOAYUUM

U, TAKUM 00pa3oM, MOAYIUM psiabl Teitaopa aast shzu chz.
5 7

4)shz:1(ez—e_z) :z+£+z—+z—+...,

2 3!2 5! 7!
5)ChZ:%(€Z+€_Z):1+*+*+*+...

OTMeTUM, YTO 3TY e PA3AOXKEHNS MbI MOTAY TIOAYYUTD U3 PAAOB AAS
sin z 1 cos z, ucnoabays popmyasn (1.21).

Aerxo mokasarb, YTO B KOMIIA€KCHOI 00AACTM CIIPAaBEAAMBO BCe, YTO
TOBOPUTCSI B 9A€MEHTAPHOI MaTeMaTHKe O TeOMeTPUYeCKoy IPOrpeccuu.
[ToaTomy u3 GopmMyAbl CYMMbI OECKOHEYHO YOBIBAIOIIEN T€OMETPUYECKOIT
IpOrpeccuy MoAy4aeM 4acTo MCIOAb3yeMOe B AAAbHeNIIeM Pa3A0KeHNe

6)%_2 =14z4+22+22+...,(Jz| <1).

Oynkuus Ln z He ABAsE€TCSI OAHO3HAYHOI, @ 3HAYUT, M aHAAUTUYECKOT],
U ee HeAb3s1 AuddepeHLpoBaTh. Ho raaBHOe 3HaueHue Aorapudma f(z) =
In(1 +z) 6yaer aHaauTHYeCKOI HYHKLIMEN B HEKOTOPOI OKPECTHOCTH TOY-
k1 z = 0. Tak kax

1 1

fO =010 = 1| =170 = 5] =1
(n) _ n—1 (ﬂ+1)' —(— n—1 _ |
£00) = T | = ED T e

AASI TAQBHOTO 3Ha4yeHus Aorapudma noaydaeMm psip Teitaopa

2 3 n
n—1%

z z
11’1(1+Z):Z—E+€—"'+(—1) ;4‘

B AelICTBUTEABHOM aHaAM3e AASL HAXOXXAEHUSI 00AaCTell CXOAMMOCTU
TEIAOPOBCKVX Pa3AO’KEHMIT HEOOXOAMMO M3yu€eHVe OCTaTOYHBIX YAEHOB B
¢dopmyaax Tenaopa. [Ipu aToOM ObIBaeT TPyAHO TOHSATD, [TOYEMY, HAIIPU-

. 1
Mep, PasAOKEHNe B CTENEHHON PAA 15 = 1—x?4+x*—x%+ ... crpa-

1
BepAMBO IpU —1 < x < 1, xoTs GyHKUMS 1.2 OnPeAeAeHa u 6eCcKOHEeYHO
X
AuddepeHLpyema Ipy BCeX AEVICTBUTEABHBIX X.
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MOo>XHO NOKa3aTh, UTO €CAM aHaAUTHYecKast GyHKUMA f(Z) pasao)keHa
B psA Teitaopa 1o creneHsaM z — 2, TO pAAUYC CXOAMMOCTY TIOAY4€HHOTO
CTEIIEHHOTO PsiAA (4 3HAUUT, M PAAUYC KPYTa, B KOTOPOM CIpaBeAAnBa Gpop-
MyAa (1.48)) paBeH pacCTOSHUIO OT TOYKU 2o AO OAVDKATIIIel K Heil 0co0011
TOYKM GYHKUUU f(Z) (T.e. TOUKY, B KOTOPOJ QYHKLMSA He SIBASETCS aHAAM-
Tuyeckoin). Takum obpasom, HanpuMmep, PSIAbL AAST QYHKLI €7, sinz, COs z
CXOAATCSI K HUM Ha BCeJl KOMITAEKCHOI ITAOCKOCTH, TaK KaK 3Ty QyHKLUM
BcioAy aHaAuTuaHbl. Oyukumst In(1 + z) umeer 0cobyro Touky z = —1 (T.K.
In O He ompepeaen). PaccrosiHue oT Toukn z = 0 A0 z = —1 paBHO eAMHMLIE.

DTO U eCTb PAAUYC CXOAMMOCTY AQHHOTO psipa. OyHKims IMEET ABe

2
ocobble TOUKY z = i, oTcTosIMe OT z9 = 0 Ha eAMHULY. éZeZAoBaTeAbHo,
pasAoxeHMne

ﬁ =1-2+2-7
CIIpaBeAAMBO B KpyTe |z| < 1.

[ToAyyeHMe pa3AO’KeHUI IOCAEAOBaTeAbHBIM AUddepeHIpOBaHEM
byHKLMI 1 CTTOAB30BaHMeM GopMyABI (1.48) MOXeT coAepsKaTh AUILD YK-
CTO TeXHMYECKUE TPYAHOCTU U He MpeACTaBAsieT uHTepeca. Aast addek-
TVIBHOTO BBIYMCA€EHMS K03 duLeHTOB psiaa Telaopa CylecTBYIOT MCKYC-
CTBeHHbIe IpreMbl. PACCMOTpUM HEKOTOPbIe 13 HUX (BCIOAY OepeM pasAo-
>KeHMs B TouKe z = 0).

1) VicnoAb3oBaHMe M3BECTHBIX PAa3AOXKEHUI.

+...

z
IIpumep 1.27 w = e 2.

0 n

Pemenne. B Pa3AOXKEHUM 3KCITOHEHTDL e = Z T 3aM€EHMB Z Ha 22/2
n= O
TMMOAYYVIM Tpe6yeMoe pasAoXeHne (Cl’IpaBeAAI/IBoe Ha Bcell KOMIIAEKCHOM
ZZ
IIAOCKOCTH, TaK KaK (1))’HKI.1]/IH w=-e 2 aHaAUTUYHaA BC}OAy)‘
z? 00 22 " )
— (_l)nzn
e 2 = E —_—.
2"pn!
n=0 n=0
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cosz+ chz

Ilpumep 1.28 w = 5
Pemenne. Beipasum KocuHychl yepes aKcIoHeTy o popmyaam (1.19)

1 (1.20) v McrioAb3yeM psip AASL €°

1/ ,
W= 7(ezz+e—Lz+ez+e—z) —

4

1 = (i2)" (—iz)" )"

1z lZ —Z

ZEZ n! +4Z n! + n 72
n=0 n=0 n 0
L 7 () 14 (D), 212 >\ g
zizo ! _1+ + +E+ 20(4;4)1'
n= n=

210 Pa3AO’KEHME CITPABEAANBO Ha BCEVl KOMIIAEKCHOM MAOCKOCTH, TaK KaK

AaHHasi QYHKLUS BCIOAY aHAAUTUYHA.
2) AudbdepeHuupoBaHme U3BECTHBIX Pa3AOKEHMUIL.

1
ITpumep 1.29 w = Ao

Pemenne. AanHas GyHKLUA MMeeT 0coOyIo TOuKy z = —1. Bxpyre |z] <
1 o popmyae cymmbl 6eCKOHEYHO YOBIBAIOLIIEl FEOMETPUYECKOIL IIPOrpec-
CUU MMeeM
_ L _ 2 3 n_n _ n_n
W= =1l-z42 =24+ (D => (-1)"z

Aunddepenipys ob6e 4acTy 5STOro paBeHCTBa, IOAYYUM

m — _Z( 1) nz" -1 _ Z(_l)n+lnzn—l —
n=1
=1-2z+32 - =) (-1)"(n+1)z".

n=0
3) Ipu pazaosxenun B psip, Teitaopa palioHaAbHBIX PyHKLMI (T.€. MMe-
IOLVIX BUA OTHOLIEHUS ABYX MHOTOYAEHOB) IIPEACTABAEHIE UX B BUAE CYM-

MbI O0A€€e MTPOCThIX APODEIL.
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1

HPI/IMep 1.30 w= m

B 1 - -(z-2 1 1 1
T (z-1D(Ez-2) z-DE-2)  z—-2 z—-1 1-z
11 e 1 & /2y & 1
i == 32 (5) :E(l_w

Pemenne. w

) Z". Pazao)keHMe CIIpaBeA-

AVBO B Kpyre |z| < 1.
4) TpeobpasoBaHue GyHKLUM K 6oAee YAOOHOMY BUAY.

1

ITIpumep 1.31 w = [t

Pemenne. YMHOXUM YMCAUTEADb U 3HAMEHATEAb Ha 1 — Z.

1-z 1-z

= =(1—Z);=

T U-n(ltz+22)  (A-27 1-2)p?

o0 o0
=(1-2) ZZS” = Z (z3” - 23”“), lz| < 1.
n=0

n=0

w

IMpumep 1.32 w = sin’z.
Pemenue. [To TpuroHoMeTpuyeckoit GopMyAe IOHVKEHUS CTelleHN

nmMmeem
1—cos2z

2
MCI’[OAb3Y€M pa3AO0XeHNE B psIA KOCHMHYCA

w=sin’z =

(o.¢]
ZZn

oSz = Z (=" oy

n=0

Ecau 3aMeHNTD 3A€Ch Z Ha 2z, TO IOAYYUM

1 1 1 e 22120
—ECOSZZzi—EZ . zeC.

N =

W =

5) HaxoxAeHre HECKOABKMX TePBBIX YAEHOB pa3A0KeHUsT QYHKLUU B
psip Teraopa ¢ IOMOIIBIO METOAQ HEOIIPEAEAEHHBIX KO3 GULIEHTOB.
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Ilpumep 1.33 Haiimu nepsvie mpu omAu4HbLE OM HYAA YAEHA PA3A0-
meHus pynkyuu w = tgz 8 mouke zop = 0.

Pemenue. Vickomoe pa3aoxeHne AOAKHO UMETb BUA tgz = ¢o + c12 +
+0222 + CgZ3 +...

B AaHHOM NpuMepe BbIYMCAEHUA MOYKHO COKPATUTb, €CAU YUeCTb, 4TO
tg z — HeyeTHas1 PYHKLMSL, & 3BHAUUT, PSIA AOASKEH COAEPIKATh TOABKO HeyeT-
Hble CTEeNeHU Z

tgz = clz+C3z?’ +C525 +....

Orcopa
sinz = (c1z + 6323 + C525 +...)cosz.

IToacTaBMM B 5TO PaBEHCTBO PSIABI AASI CMHYCA M KOCUHYCA

2z 3 5 z*
z——+ - —=laz+a+esz+ ) [ 1-5+ - —.. ).
[TepeMHOXUM PSIABI CIIpaBa MMOYAEHHO U IPUBEAEM ITOAOOHbBIE YAEHBI

z z C1 3 C1 5
Z—=4+=—----=Cz+ CS_E zZ7 + I—*+C5 7+ ...
ABa PAAQ TOXKAECTBEHHO paBHBbIL, €CAM PaBHbBI KOS(l)(i)I/ILH/IEHTbI IIp" OAVIHa-
KOBBIX CTeleHsx z. [ToAydaeM cucTemy ypaBHEeHUN AAsl K03 duimeHTOB
C1,C3, Cs5:

ITCI’ =1, =1,
1

T3 T BT 5 =4 6c3—3c=-1, =4 3=1/3,

l_a_& . 5¢; — 60c3 + 120c5 = 1. cs = 2/15.

5! 4! 2!
CAeAOBaTEABHO,

22 27
=tgz=2z+ + +
Paaunyc cxoAMMOCTU 3TOTO pHAa paBeH PacCTOSIHUIO OT TOYKU Zz = 0 A0
T

OAVDKaIIen 0cob0i TOUKU Z = 5 TaHI€HCa, T.e. R = >
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6) Ecan Hy)XHO pa3AoXutb GYHKUMIO f(2Z) 1O CTENEHSM Z — Zo, TA€
zo # 0, TO Ipolile BCEro CAeAAThb 3aMeHY Z — 2o = { 1 pa3AOKUTb PYHKLMIO
f(2) = f(zo + ) = g() no crenensim . VI3 MOAy4eHHOTO pa3AOXKeHMUs,
3aMeHMB { = z — 2y, MOAYYUM Tpebyembiit psip Teitropa.

1
Ipumep 1.34 @yuxyuro f(z) = 3 PA3A0WUMb NO CHIENEHAM Z — 1.

1
Pemenune. O603Haunm z—1 = . Torpaz = 1+ Cu f(z) = Tro-3°-
1
= PaccrosiHue oT Touku 2o = 1 A0 0co60it Touku z = 3 yHkuun f(z)
-1
paBHoO 2. [loaTomy B Kpyre |z — 1| < 2 umeeMm ’ZT‘ = ‘%‘ < 1. Vicnoab3ysa
6eCKOHEeYHO yOBIBAIOLIYIO T€OMETPUYECKYIO IPOTPECCUIo, OyAeM UMETD

f(z)————i qz
1 e /L\" > (z—1)"
=_§Z<§) - 2%+1=_Z P
n=0 n=0

1.9.4. Psapp1 Aopana

Psipamu Teitaopa nmpeaCTaBASIIOTCS QYHKLMY, aHAAUTUYECKIE B KPYTO-
BbIX 00AAaCTsIX |z—29| < R. Ho yacTo mpuxoAUTCs paccMaTpuBaTh QYHKLIMY,
KOTOpbl€ aHAAUTUYHBI B KpYyTe, 3a UCKAIOYEHMEM LeHTpa Z = Zp, T.€. aHa-
AVITMYECKME B KOABLIAX |z — zg| < R. Hanpumep, byHkuus w = % s
ASIeTCSI aHAaAUTUYECKOI BO BCeX TOYKAX KaXXAOIo 13 Tpex KoAell Kj : |z| <
1, Ky:|z—1] <1; K3:1<|z] < .

OxkasbIBaeTcs1, YTo Takue GYHKLMM TPEACTABASIIOTCSI ABYCTOPOHHVMMU CTe-
MeHHBIMU PSIAAMY, COAEPXKAIMMM KaK LieAble IIOAOKUTEAbHbIE, TaK U Lie-

Able OTPULIATeAbHbIE CTeneHu (z — zp)”, n =0, +1, 12, ...

oo

Z cnl(z —z0)" ch(z—zo) + Z (Z_Z T (1.49)

Hn=—00
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= 4 S ot aE—z) Fak -2+ ..

L v R e

oo
Psp > cy(z — z9)" — OOBIYHBIN CTETIEHHON PSIA, CXOASIIIUICS B HEKO-
n=0
1
TOPOM Kpyre |z — zo| < R. Bo BropoMm psiae caesaeM 3aMeHy =Cu

zZ— 20

o0
HOAYYMM Y ¢,C". DTOT psIA CXOAUTCS B HEKOTOPOM Kpyre [{| < R; man

n=0
1 S Con
|z — zo| > =" VTaK, psiA O OTPULIATEABHBIM CTETEHSIM ) Gy
1 zZ—20

n=1
CXOAUTCSI B KOABLIE ' < |z — zg| < o00. Ecau r < R, TO 0o01men 00AaCTbIo

CXOAVIMOCTY ABYCTOPOHHeTO psipa (1.49) 6yaeT KoabLio 7 < |z — zg| < R.

MO>KHO AOKa3aTh, YTO B AI0OOV TOUKe STOTO KOAbLIa cyMMa f(z) psipa
OyAeT aHaAUTUYECKOV (QYHKLMEN U PSIA MOXKHO IOYAEHHO AMddepeHIn-
poBaTh U MHTErpUpPOBaTh. [Ipy 3TOM MMOAYYEHHbBIE PSIABI OYAYT UMETb TO
e KOABLIO CXOAVIMOCTH.

ITyctp f(z) aHaAUTUYHA B KOABLIE 7' < |z — 29| < R (puc.1.17). Hanom-
HUM, YTO MbI He UCKAIOUaeM cAydan ¥ = O u R = 0. IToCcTpouM OKpPY>KHOCTD
l:|z—zol =p,TAe T <p <R.

Omnpepeaenne. AByCTOpOHHUII cTeneHHOI psiA (1.49)
HaspIBaeTcs psiAoM AopaHa GyHKUuM f () B TOUKE 2o,
ecAn ero Koo PULMeHTbI HaX0ASITCS 110 GopMyAaM

Q o=~ LO% 0 4142, (150

T omi P (z—zo)"t’
I

Teopema 1.7 (edurHcmsennocmu). ABycmopoH-
HUIl crmeneHHoU ps0 sBAsemcsa psaoom Aopana csoeti
CyMMbL.

Puc. 1.17

[e9)
AokasareabctBo. Ilycts f(z) = Y ¢,(z — 20)". YMHOXUM 06e 9acTn
n=—0o0
3TOTO paBeHCTBa Ha (z — 20) " L m=0,+41,42,... u IIpOMHTErpUpyeM
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IO YKa3aHHOJ BbIIlle OKPY>KHOCTH [

o0
9§f(z)(z —z0) " Yz = Z Cu ¢ (z — 20)" " dz.
l =T
Mcmoab3syst ocHoBHOM mHTerpaa (1.40), BUAUM, YTO BCE MHTErPaAbI B IO-
CA€eAHel CYMMe CIIpaBa paBHbI HYAIO, KpOME OAHOTO — COOTBETCTBYIOIErO
n = m. 3HauuT,

%'f(z)dzzcm'2ni,m=09i]"i2""

(z — zg)"*!
!

Orciopaa moayyaem (1.50), 1 Teopema pokasaHa.

/3 5T011 TEOpeMbl, COBEPIIEHHO TaK Ke, KaK U AASL PSIAOB Tenaopa, rno-
Ay4aeM, 4To psiA AopaHa (10 CTeNeHsIM z) YeTHOM PYHKLIMM COAEPKUT TOAD-
KO YeTHble CTeNeHU z. Y HeueTHOM GYHKUMM paBHBI HYAIO Bce Koadduiiu-
€HTBI IIPY YETHBIX CTEIeHSIX Z.

BosHukaeT Bommpoc: BCSKYI0 AM QYHKLMIO, aHAAUTUYECKYI0 B HEKOTO-
POM KOABLIE ' < |z — zp| < R, MOXXHO PasAOXXUTb B 3TOM KOAbL|e B PSIA
AopaHa 1o cremneHsMm (z — zg)?

Teopema Aopana. Besakast GyHKLMS, aHAAUTHYECKAs B KOAbLIE
r < |z — zg| < R, MOXeT ObITb B TOM KOAbIIE Pa3AOKEHA B Psp AopaHa.

AoKa3zaTeAbCTBO 3TOV TeOpeMbI MOXXHO HallTU, Harpumep, B [1].

Koabno r < |z — 29| < R MakCMMaAbHON MIMPUHBI, BHYTPU KOTOPOTO
f(2) pasaaraercs B psip AopaHa, 06AaAaeT TeM CBOMICTBOM, YTO Ha KaXKA O
13 OKPYXXHOCTeN |z — zo| = r U |z — 29| = R ecTb 1o KpailHell Mepe OAHA
ocobas TouKka QYHKLUN.

ITokakeM, uTO psip Telaopa ABASETCS YaCTHBIM cAy4daeM psipa Aopa-

Ha. [Tycts dyHkuums f(z) aHaAuTU4HA B Kpyre |z — zo| < R (T.e. oHa aHa-
f@

(Z — Zo)n+1

npu n = —1, -2, ... OYyAYT aHAAUTUYECKUMU B 3TOM KpyIe U II0 TeopeMe

Koum (1.2) Bce unrerpaast B popmyae (1.50) paBHBI HYAIO, AMIIb TOABKO
n = —1,-2,... Vtak, Bce K03pPpuULMeHTHI ¢;, C OTPULIATEABHBIMU MHAEK-
caMu paBHBI HYAIO B AQHHOM cAy4ae. Bce koadduuments: psiaa Aopana ¢, ¢

AUTUYHA Ha OKPYXXHOCTU |z — zo| = r v BHympu Hee). OyHKUUM
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HEOTPULIATEABHBIMI MHAEKCaMU 0 MHTerpaAbHoit popmyae Komm (1.41)
OyAYT paBHbI

_ f(2) _ f"(=0)
"Toomi -zt T T n
l

,n=0,1,2,...

T.e. IBASITbCS Koaduumentamu psipa Teitaopa.

@opmyasl (1.50) peAKO CITOAB3YIOT AASI HAXOXKAEHMS K03 ULIEHTOB
pasA0oKeHMsT KOHKPETHbIX QYHKLuI B psia AopaHa. OObIYHO pa3AoKeHNe B
psiA AopaHa CBOAUTCS K pa3Ao>keHMIo B psip Teitaopa.

PaccMOTpUM HECKOABKO IPUMEPOB pasdAokeHust pyHKLuIT B psip Aopa-
Ha 10 CTeTeHsIM Z—Z( B KOAbLie D (TouKa zg ¥ KOAbLIO D yKa3aHbl B CKOOKaXx).

1
Mpumep 1.35 f(z) =z%ez,(z0 =0, D:0 < |z] < 0).

00 g
Pewternue. B meusopoBCKoe pa3romeHue 3KCNOHEH bl eg = E - }’106-
n!

n=0

1
cmasum { = —. Vlckomoe pasromerue
z

o0 o
1 1 1 1
_ 2 _ — 2 -
fl)=z 2(:);1!2” _XE)n!zM =z +Z+2!+3!z+”'
n= n=

sinz

IIpumep 1.36 f(z) = D (zo=0, D:0 < |z|] < 00).
Pewenue. Pazrazas sinz 8 pso Teiiropa B8 mouke zg = 0 u 0ers Ha z°,
HOAYHUM
3 5 7

z-L+5 - +... 1 1 22
flz) = —2= 52'3 B =S ——+=—-+...

— COSZ

1
IIpumep 1.37 f(z) = — (zog =0, D:0 < |z| < o).
Pewsenue. Vicnoavsys pazroxmerue kocunyca 8 psao Tetiropa, noryuaem

2 4 6
1-(1-5+5-5+...) 1 2 gz
fla) = Z =3 @tat
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3amemum, 4mo NOCAeOHUIL PsI0 He COOEPHUIMN OMPULAMEADHDLX CIene-

Heli U BHeuiHe BbleAs0um Kak pao Teiiropa, Ho oH He aBAsgemcs psoom Teti-

1—cosz
Aopa pyHkyuu f(z) = —p 7 MaK kax ona He onpedereHa (a 3HA4UM, U

He SABASeMCS AHAAUMUHECKOU ) B MOYKe Z( U KO3 PUUUEHMbL PA3LONEHUS
He Mo2ym 6vimb HatideHbt no gopmyre (1.47).

IMpumep 1.38 f(z) = 2(1;_2), (zo=0, D:0 < |z] < 1).
Pewenue. Aarnas ¢pyHkyus umeem 08e ocobvie mouku zo = 0 u z; =
1. Obe amu mouku rewam Ha epanuye Koivya D. Vcnoav3ys beckoHeHo
YOBIBAIOULYIO 2eOMEMPUUECKYIO NPOSPECCUI0, UMEEM OASL BCEX MO4eK KOAbUA
D
f(z):l- ! =1(1+z+z2+...) =%+1+z+z2+...

z 1—-z z

1
l'[pmmep 1.39 f(Z) = m,

Pewenue. B 0anHoM KoAbye PpyHKYUA aHarumuyHa. Tak kak 8 smom

(zo=0, D:1 < |z] < 00).

1 1
KoAbye |z| > 1, mo ‘;) = < 1 u, kax u 8 npedviOyusem npumepe, umeem
1 1 1 1 1
zZ) = = — . = —_—— . =
/@) z(1-2z) 22 %—1 z2 1—%

_— Zz‘ Z ZZ ... _— ...

1
IMpumep 1.40 f(z) = Cihe—2’ (zo=0,D:1 < |z] <2).

Pewenue. Pazromum pyHKYUI0O Ha I\eMeHMAapHbie OpooU

1 1 (z+1)—(z—2)_1. 1 1 1

@ =i De—2 T3 @iDe-2 3 z-2 3 z+1

Tlpu ucnorv3oBaHuu Popmyive cymmbi becKkoHeHHO ybviBaouieli npo-

o0

1

epeccuu Y. (" = To¢ HmHO, umobbl, Bo—nepsuix, |¢| < 1 u, Bo—8mopwix,
n=0 -
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. 1 .
YmMoObL PYHKYUS UMeAd UMEHHO MAKOU BUO e AAs nepBoti aemenmap-

. 1 .
Ho1i Opobu S maxoii BUO MOWEM NOAYHUMDb AUOO BbIHOCS U3 3HAMEHAe-

2 auboz: 11 L1 1y,
AA -4, AUOO Z _2 2 1_%u/1uz_2—z 1_7 OB}’I’ZOPOMB&ZPMLZHVVZ

0As1 OAHHO20 B YCAOBUU KOAbUA He NO0X00UM, mMak Kak ecAu |z| < 2, mo
2 z
21> 1. B mo e spems 3| < 1.

max,
1 1 1 — =
z—2:_§'1 £ EZ() -2 g

n=0 n=0

AHaro2uuHo 0L BMOPOU SIAeMeHMapHol Opobu umeem

1 11 1 — 1 = (=1)
1+z:z.1+i:z}g(_l)nz”:nz_o(z”)l'

B urmioee nO/ly‘l(/'leM
1 1 — =,
f@=re = 52—20 n+1 nz—ozm.

Ecau pasaoxenue pyHkuun f(z) B psip Aopana B koabLe 0 < |z —2zp| <
<R 110 CTeneHsIM Z — Zg UMEET BUA,

f@ —ch(z—zO) +Z o

TO 4aCTb 3TOI'0 PAAQ, COAEPIKallaAa OTPULIATEAbHbBIE CTEIIEHU Z — Z() HAa3bIBa-
eTCsI 2AaBHOIL YACHIbH pAaAa AopaHa. YAeHsbr psaAa AopaHa C MIOAOXUTEADb-
HBbIMU CTEIIEHAMU O6p33y}OT NnpasuAbHyrO 4acrmb 3TOTIO pAAA B OKPECTHO-

CTU TOYKM 2.

NrTax,
o0

Z ¢y (2 — 2z9)" — NMpaBUAbHAs YACTD,
n=0
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[e¢]

Cc_
E ——" — _— raaBHas 4acTb psaa AopaHa.
(z —z0)"

/3 npuBeAEHHBIX MPUMEPOB BUAHO, YTO KaK B MPABUABHOI, TaK U B
IAQBHOM YaCTSX PsAa AOpaHa MOXET COAEPKATHCS AI0O0Ee KOAUYECTBO CAQ-
raeMbIX (KOHEYHOE VAU DeCKOHeYHOoe), A00 BOOOIIe OAHA U3 STUX YacTei
MOJKET OTCYTCTBOBATb.

B NOHATKSX NPaBUABHOI U TAQBHOI YacTell BHYTPEHHUI paAUYC KOAb-
1ja paBeH Hyawo: 0 < |z — 29| < R. B mocAepHMX ABYX IpMMepax 4acTy IO
MOAOXKUTEABHBIM U OTPULIATEABHBIM CTETIEHSIM Z He SIBASIIOTCS TPABUABHOI
VI TAQBHOJI YaCTsIMM IOAYYEHHBIX PSIAOB,TaK KaK Pa3AOKEHMS B PsIA IPOU3-
BOASTCSI HE B OKPECTHOCTHU TOYKM Zg = 0.

§ 1.10. VizoAupoBaHHBIE OCOObIE TOUYKN

1.10.1. Hyau aHaAuTHYECKON QYHKIUHU

npeaeaenue. Hyiem ¢pynxyuu f (z) Hazviaemcs moyka z = a, B KO-
mopoii pyHkyus pasua wysw: f(z) = 0.
Ecan B Touke z = a GyHKUMA f(Z) aHAAUTUYHA U

f@) =f@=---=f"Da =0, " () #0, (151)

T.€. IepBasad OTAMYHAA OT HYAA IIPOM3BOAHAA UMEET ITOPSAOK /71, TO YUCAO
1 Ha3bIBaA€TCA ﬂOpHaKOM VAN KpamHOCmbio HYASL. Ecaum = 1, TO HYADb
Ha3bIBA€TCA NPOCHIbIM.

Mpumep 1.41 Haiimu wyiu dynkyuu f(z) = z>sinz u onpederumn
UxX NOpsAOKIU.

Pewmenue. Pewias ypasrnenue f(z) = 0, Hatidem HyAu pyHkyuu zo = 0
uz, =nn,n==+1,42, ... Tax kax f'(z) = 2zsinz+z*>coszu f'(nn) # 0,
n==41,42, ..., mo amu mo4Ku SBAAOMCI NPOCMbIMU HYASIMU.

£/(0) = 0.

f"(0) = 2sinz + 4zcosz — Z22sinz|,—0 =0
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f"(0) = 6cosz — 6zsinz — 2> cosz|,—g = 6 % 0.

C/leaOB(lWle/leO, mo4Kad 2op = 0 aBargemcs HYyAeM mpemnibe2o nop}zaka.

N3 (1.51) u (1.47) caepyert, uto pasaoxenue pyHkumu f(z) B psip Teit-
AOpa B OKPECTHOCTY HYASI IIOPSIAKA 71 IMEET BUA

f@)=cnz—a)" + cpi1(z—a)™ + ..., (¢ #0). (1.52)

Teopema 1.8 Aag mozo umobv: mouka z = a Obird HYyAeM KPAmHO-
cmu m aHarumuveckoti pyHkyuu f(z), Heobxo0umMo u 00Cmamo4Ho, 4mo-
ObL 5ma pyHKYUS umMerd BUO

f@) = (z—a)"¢(2), (1.53)
20e 0(z) — aHarumuyura 8 mouke z = a u ¢(a) # 0.

AokasaTeAabCcTBO. AOKaKkeM HeEOOXOAUMOCTb. ITyCTb Z = a HyAb KpaTHO-
ctu m oyHkuun f(z). Vs dopmyast (1.52) umeem

f@=C-a)"[cn+cmp1(z—a)+...].

OyHKUMA @(2) = ¢y + Ct1(z — a) + . .., ABAAACD CyMMOI! CTEIIEHHO-
ro psiaa, OyaeT aHaAUTHYeCKOV (PyHKIIMEN B TOUKe Z = a U ¢(a) = ¢ =
=f(a) # 0. 3uauurt, f(z) = (z — a)"9(2).

Aokaxem AocTaTouHOCTb. [TyCTh BbInOAHsIeTCs paBeHCTBO (1.52). Pas-
Aarast aHaAUTU4YecKyio GyHKUMIO ¢(2) B psip Teltaopa B OKpeCTHOCTY TOUKHU
Z = a, IOAy4YaeM

f(Z)=(Z—ﬂ)m[ao+a1(z—a)+az(z—a)2+...]:

m+1 m+2
+ ey

=ag(z—a)" +ai(z—a) +ax(z—a)

ScHo, uTo dyHKUMS f(2) U ee TepBble 71 — 1 IPOM3BOAHASI PABHBI HYAIO
B TOUKe Z = 4, a f(m)(a) = m!p(a) # 0. CAeAOBaTEABHO, TOYKA Z = a
SIBASIETCST HyAeM KpaTHocTy m dyHKumu f(z). Teopema pokasaHa.
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CaeactBue. Hyau aHaAuTHYeCKOM QYHKLMY N30AUPOBAHBL. ITO O3HA-
vaer, 4T0 ecAu f(a) = 0, TO HallA€TCs TaKasi OKPECTHOCTb TOUKU d, B KOTO-
pOIt HeT APYTUX HyAel aToll GyHKLuM. B camoM Aeae, Tak Kak ecAn @(z) —
QHAAUTUYHA B TOUKe z = a U ¢(a) # 0, TO B HEKOTOPO OKPEeCTHOCTU 3TOM
TOYKM Q(2) # 0 u 13 bopmyasl (1.53) moaydaem, uto f(z) He UMeEET APYIUX
HYAell, KpOMe Zj, B 3TOM OKPECTHOCTHU.

(1+2)

INpumep 1.42 Havimu wyru ¢pyukyuu f(z) = —

u onpederumnp
UxX NOpAOKIU.

Pemenue. f(z) = 0, ecau (1 + 22)° = 0, m.e. z = +i. Banucas ynxyuso
8 ude f(z) = (z+ i)’ (z — i)? - I%ZZ’ no gpopmyare (1.53) noryuaem, umo
MU MOYKU ABASIOMCS HYASIMU BIOPO20 NOPSIOKA.

/13 TeopeMBl CA€AYET, UYTO €CAYM TOUKA Z = 4 SIBASIETCSI HyA€M KPaTHO-
ety m; yHkuuu fi(z) (i = 1,2, ..., k), To pasg dyakumu f(z) = fi(z) -
fo(2) - - - fx(z) oHa OyAeT HyAeM MOpsIAKA M = M1 + My + - - - + M. DTO 1103~
BOAsIeT 130e)XaTh HAXOXXAEHIE OTAUYHOI OT HYASI TIPOU3BOAHOI QYHKLIMK

f(2).

Mpumep 1.43 Touxaz = 0asrsemcs Hyrem pynkyuu f(z) = z° sin’ z.

OuesudHo, 01s ¢pyukyuii f;(z) = z, (i = 1,2,3) u 0rg fi(z) = sinz (i =
4, 5) oHa 6y0em npocmuvim Hyrem. SHavum, 0AS pyHkyuu f (z) mouka z = 0
ABAAEMCA HYAM NAMO20 NOPAOKA.

1.10.2. JV3oAupoBaHHbBIE OCOObIE TOYKU AHAAUTUIECKON PyHK-
1197371

TouKM, B KOTOPBIX OAHO3HAYHAsST PYHKLMS SIBASIETCSI QHAAUTUYECKO,
HA3bIBAIOTCS MpasuibHbimMu. Ecant GyHKUus f(2) SIBASIETCST aHAAUTUYECKOI
B HEKOTOPOI OKPECTHOCTU TOYUKHU Z(, 32 UCKAIOUEHEM CAMO 3TOM TOYKH,
TO TaKasi TOUKa Ha3bIBA€TCS 0CO00L TOYKOM AQHHOW QYHKLMMU.

Ha mpaxTike 0cOOBIMM TOYKAMM QaHAAUTUYECKON GYHKLMU OYAYT Te
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TOYKM, B KOTOPBIX QYHKLMS He onpepeaeHa. Hanpumep, vy GyHKImm

1
f(Z)ZsinT

0COOBIMM OYAYT TOUKM Zg = O U Te TOUKM, B KOTOPBIX CMHYC PaBeH HYAIO:
1

1
— =man,Te.z, = —, (n==1,+£2,...).
” b1971
V3yuum noBepeHue aHAAUTUYECKMX QYHKLMIT B OKPECTHOCTH OCOOBIX
TOYEK MPOCTENIIEro BUAA — UB0AUPOBAHHDIX 0CO0bLx moyek. Touka zg Ha-
3bIBAeTCs MI30AMPOBAHHOI 0CO00I TOYKOI aHaAUTHYeCcKoi pyHKumu f(2),
€CAU CYILIeCTBYeT TaKas OKPeCTHOCTb 3TOM TOUKM, B KOTOPOI1 HET APYIUX

0COOBIX TOYEK, KPOME Zj).

B paccMOTpeHHOM TpuMepe TOYKU Z,, = % OYAYT U30AMPOBAHHBIMU
ocobpiMu Toukamu. Ocobast Touka zgp = 0 He OYAeT M30AMPOBAHHOM, TaK
KaK B AI00OJ1 ee OKPECTHOCTH |z| < R, KaKoil ObI MaAOV OHa HU ObIAQ, €CTh
Apyrvie ocobble TOUKH.

[TopuepKHeM, YTO peyb UAET 00 0COOBIX TOUKAX, B OKPECTHOCTU KOTO-
PBIX GYHKLIMS OAHO3HAYHA.

ITyctp z = zy — U3oAMpoBaHHas1 ocobas Touka pyuxuuu f(z).Torpa
CyLIECTBYeT HEKOTOpoe Koabllo 0 < |z — zg| < R, B KoTopoM GYHKLMs
AQHAAUTUYHA U, 3HAYUT, €e MOXKHO Pa3AOKUTh B psip AopaHa

f@ =) culz—20)"+)_ (Zi%z()) (1.54)
n=1

n=0

Bo3MO>XHbBI TpU CAYYas.
1) Psaa Aopana (1.54) He COAEP>KUT TAQBHOI YaCTH, T.€. UMEET BUA

f@) = cnlz—20)". (1.55)
n=0

DTOT psA SBASETCS CTENEHHBIM PSAOM, U €T0 CyMMa SABASIETCS aHAAU-
TUYECKOM QYHKLMel B KpyTe |z — zo| < R, BKAIOYAs U ero LieHTP zo. Bo Bcex
TOYKaX 3TOr0 Kpyra, KpoMe TO4YKU Z = 2o, psaA (1.55) cxoputcsa x f(z), a B
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TOYKE Z = Z( €r0 CyMMa paBHa co. B 3TOM cAyyae TOUKa z = z) Ha3bIBAeTCs
ycmpauumoii ocoboti mouxoti dyuxuuu f(z). Ecan npunsars, uto f(zp) =
Co, TO pa3AOYKeHNE CTaHeT CIIPaBEAAMBO BO BCeM Kpyre |z — zp| < R, BKAIO-
4asi U €ro LeHTpP, U OyAeT SBAATbCS psiaoM Ternaopa aast yukuuu f(z).
CaepoBateabHO, GYHKLMA f(2), AOOTIpEAEAEHHAsI paBEHCTBOM f (2o) = Co,
CTaHeT aHAAUTUYECKON B OKPECTHOCTYU TOYKU Z = Z(.

13 paBencTBa (1.55), 04€BUAHO, CAEAYET, YTO le)nzlo f(2) cymecTByer, Ko-

HE4YE€H U PaBEH (. Ecan 20 0c06a;[ TO4YKa U IIPEAEA hm f(Z) CymecCTByeT 1
zZ—20

KOHE4Y€H, TO Zg — yCTpaHuMas ocobas TouKa.

— C0sz

1
Ipumep 1.44 f(z) = 2
Ka. B koavye 0 < |z| < oo psao Aopana umeem 8uo (npumep 1.37)

, 20 = 0 — eduncmseHHasg ocobas mou-

1—cosz

22
R R

N =

Zz2

P50 He codepxcum ompuyameirbHbix cnieneHeli z, 3Hauum mo4ka zo = 0 —
ycmpaHumas ocobas mouka. Ecau doonpederumb ¢pyHkyut0 8 HyAe paBeH-
cmsom f(0) = 1/2, mo Ppynkyus

1—cosz
2 o 270,
flo) =
: =0
2 s zZ = b
bydem aHarumu4eckol Ha Bcel NAOCKOCHIU.
1-22
IIpumep 145 f(z) = S0 20 = —1 — eduncmBenHas ocobas moy-
1-2)1+z
Ka. Ilpeobpasosanuem f(z) = %_:z) = 1 — z ycempaHsem ocoben-

HOCmb.

2) Psip Aopana (1.54) cOAEp)XUT B CBOEI TAQBHOM YacTu OECKOHEYHOe
MHOYKECTBO YAEHOB. B 5TOM cAy4ae TOUKa z = z( Ha3bIBAETCSI CYU4ECHIBEHHO
0c00601i Mo4KoIl.
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1
IMpumep 1.46 f(z) = Zez.
Bmoukezy = 0 pyHKyus He onpedereHa u AHAAUMUYHA BO BCEX OCHIAAD-
HbIX MOYKAX KOMNAEKCHOU niockocmu. Pasromenue 8 pso Aopana umeem
8ud (npumep (1.35))

1

z2e5—22+z+1+ : + .
o 2 3z 4lz2

Tak kKak 8 AMOoM pasromeHuUu beckoHeuHoe KOAUYECBO ompuuameibHblx
cmenexett, mo Z0 = 0— CYyuLecmBeHHO 0cobas moyka.

MO>KHO II0Ka3aTh, YTO ECAU Z = Z( — CYI[ECTBEHHO 0C00asi TOUKa QyHK-
uuu f(z), To lim f(z) He cymecTByet. boaee Toro, cipaBeaArBa TeopeMa:
zZ—20
Teopema Coxouxkoro. Ecanz = zp — cyijecTBeHHO 0co6asi Touka QyHK-
yuu f(z), To AAsI AIOOOTO urcAa A (KOHEYHOTO UAM OECKOHEYHOr0) Cylie-
CTBYET TaKasi IOCAEAOBATEABHOCTD {2, }, CXOASIIASICS K Z = Z(, AASI KOTOPOI

lim f(z,) = A.
n— 00

Teopemy ocraBuM 6e3 AOKa3aTE€AbCTBA, HO PACCMOTPUM IPUIMeEp

1
Mpumep 1.47 f(z) =ez,zp = 0.
1 o0

1

nlz"’

P10 Aopara umeem sud ez = )
n=0
B 2rasHOll yacmu 6ecKoHeuHoe MHOWECBO YAEHOB, 3HAYUM, MOYKA

z = 0 — cywecmseHHo ocobas mouka. Ilokamem cnpasediuBoCmb meo-
pembvr Coxoykoeo. [Tycmp A = re*® — npousBoibHoe KOMHAEKCHOE YUCAO.
1

U3 ypasHenus ez = A Haxodum: npun=0,£1,+2, ...
1
o= Ln z=In|A| +iargA + 2nni = Inr + ip + 2nmi.

Ioraeasn = 1,2, ..., norysaem nocaredoBameibHOCHb MOHeEK

1
T Inr+io + 2nmi
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1

Bo Bcex moukax amoii nocredosamervnocmu f(z,) = e?n = A, credosa-
meabHo, lim f(z,) = A.
n— o0

MosxHo AOKa3aTb N O6paTHO€: €CAU 11m f(Z) He€ CyleCTBYET, TO Zp —
zZ—20

CylLIeCTBEHHO 0cobas Touka GyHkuuu f(z). [TosToMy AASI AOKa3aTeAbCTBA

TOT'0, YTO M30AMPOBAHHAs 0CO0AsI TOUKA Zo ABASIETCS CyI|eCTBEHHO 0C00011

TOYKOJ, UHOTAQ TPOIIje He pa3AaraTb GyHKLMIO B pAA AopaHa, a yoeAuTbCs

B TOM, 4TO Zlgrzl f(z) 6yaeT pasHBIM Py ABYX CIIocobax MPUOAVDKEHMS Z K
0

20.
Ipumep 148 f(z) = e'8%,zp = g

T .
B mouxe zy = 5 marzenc e onpedeieH, a pa0oM C Hell PYHKUUSI aHA-

AUMUYHA, CAe00BAMEAbHO, 310 0CO0AA MOYKA.
o T
Ilycmb z = x — OeticmBumenvHo. Ecau x — 50 (m.e. x npubAuIa-

I R
emes K 5 cresa), mo lim tgx = 400 (BcnomHume epagpuk maneeHca).
T

x—>——0

2
Omcrooda ligtn e’ = 4+00.

x— =—0

2
T o o
Ecau npubirumampcs K mouke 3 BOOADb 0UCINBUMEADHOIL NOAONUINIEAD-
HOLL NOAYOCU, 10
lim tgx = —ocou lim %" = 0. 3nayum, z = 0 — cywecmsenHo
T T

— —+0 — —+0
X 2+ X 2+

ocobas moyka.
3) B raaBHoi1 yactu psiaa Aopana (1.54) KOHEYHOE YMCAO YAEHOB

C_1 C_2 C_m

ot e

f@ =) culz—20)" +

n=0

(1.56)

zZ—29 (z — z0)?

TA€ C—py # 0. B aTOM cAyvae Touka zp Ha3bIBAETCS HOAIOCOM M-20 NOPAOKA

VIAUL N1IOAFOCOM KPAmHOCIMU . Ecamu m = 1, TO IIOAIOC HA3bIBA€TCA 71poO-
cmbim. Pasao>keHue B IIPOCTOM ITIOAIOCE VIMEET BUA
1
f(Z)=Z " +co+ci(z—29)+ ... (1.57)
— 2o
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[TokaxxeM, YTO €CAM Z = Zp — NOAIOC, TO lim f(2) = oo.
zZ—20

13 paBencTBa (1.56) umeeM (z — 20)"” f(2) = c—yy + C—m+1(z — 20)+
+ ot z—20)"" Hco(z —20)" +e1(z —z0)" T + ...
Tak kak lim (z — z9)" f(z) = ¢y # 0, 1 lim (z — 2z9)" = 0, To oTCI0AQ
zZ—2 Z—20
noayyaem lim f(z) = oc.
zZ—20
CropaBeaArBO 1 obpaTHoe: ecan lim f(z) = oo, To TOUKa Zp — cylie-
zZ—20

CTBEHHO 0cobast Touka GpyHkumn f(z).

sinz

Ipumep 1.49 f(z) = —, 20 =0.
Pa3zromenue 8 psao Aopana umeem 8uo (npumep (1.36))
sinz 1 1 22 77

Caedosamervto, 8 mouke zog = 0 noAC BIMopozo nopaoka.

1
HPI/IMep 1.50 f(Z) = m, Z0 = 0.
Aopanosckoe pazromeHue 8 mouke zg = 0 umeem 8ud (npumep (1.38))
1 1
=-+1+z+2+...

z1—2) z

CAepOBaTeABHO, B TOUKeE zg = 0 IIPOCTOI MOAIOC.

MTak, xapakTep 0CO00i1 TOUKHU Z( OTIPEAEASIeTCS KOAUYECTBOM CAarae-
MBIX B IAaBHOI1 YacTu psApa AopaHa B koablle 0 < |z — zg| < R. Ecan ator
PSA He COAEP>KUT OTPULIATEAbHBIX CTeleHel, TO TOUKA Zg — yCTpaHMMas
ocobast Touka. Ecau B psiae AopaHa KOHEUYHOE YMICAO OTPULIATEABHBIX CTe-
IIeHe, TO 9Ta TOYKA SIBASIETCA NMOAIOCOM. V, HakoHel, ecan B psipe AopaHa
0eCKOHEeYHOE YMCAO OTPULIATEABHBIX CTEINIEHEll, TO 3Ta TOYKA SIBASIETCS CY-
LI€CTBEHHO 0CO00I TOYKOIL.

DKBUBAAEHTHON XapaKTePUCTUKON U30AUPOBAHHOI 0COOOI TOUKM SIB-
ASIeTCS TOBeAeHMe PYHKIMY B OKPECTHOCTY TOV TOUKM: TOYKA Zg — YCTpa-
HUMast 0C00asi TOYKa, IIOAIC AU CYLIeCTBEHHO 0C00ast TOUKA TOTAQ U TOAb-
KO TOTAQ, KOTAQ TIPEAEA le)r? f(z) COOTBETCTBEHHO CYIL|ECTBYET M KOHEYEH,

0

OeCKOHEeYEeH UAU 3TOT IIpeEAEA BOO6II1€ He CyLIeCTBY€ET.
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1.10.3. CBsa3b HyAe€l C HOAKCAMU

IToarockl — HanbOA€€e 4aCcTO BCTPEYAIOLIMIACA B IPUAOKEHVSIX TUIT OCO-
6bIx ToueK. CylleCTBYeT TeCHas CBSI3b MEXAY HYAsIMU U TIOAIOCAMU aHAAU-
TUYECKOV QYHKLIVINL.

Teopema 1.9 Aig mozo umobb: mouka z = zy ObiAa NOAIOCOM M-20
nopsoka gpyHxyuy f(z), He06xX00UMO U 00CHAMOUHO, YMOObL OHA ObIAG HY-

AemM m-20 nops0ka pyHkyuu g(z) = @

AokasareabcTBo. Heo6x0AMMOCTB. ITyCThb 2) — MOAIOC 772-TO OPSIAKA
¢dyukumu f(z). Torpa AopaHOBCKOE pasAOKeHMe B OKPECTHOCTU TOUKU Z(
oyaet umetb Bup (1.52). Otcropa

1
f2) = (z—zo)m(c_m +comr1(z—20) + ...

o0
ez =—z)" 4 Z cu(z — zo)”+”’) @

T (z—zp)™"
—~ 0)

OyHKUMA Y(Z), ABASSICh CYMMOV CTEIIEHHOTO PSIAQ, OyAET aHAAUTUYECKO

1
B TOYKe zo U W(29) = ¢_, # 0. Ho Torpa ¢ynxuus ¢(z) = v TaKxe

1
AHAAUTUYHA B TOUKE Zg U ¢(zp9) = — # 0. CAepAOBaTEABHO,
Com

1 (z—2z9)" m
Z)=—=——=(2—2 zZ).
6D = 55 = v = @ 20)"0@)
ITo Teopeme (1.8) aT0O 03Ha4aeT, YTO AAST QYHKLMM g(Z) TOUKA Z( SIBASIETCS
HYAeM m-T0 nopsiaka. HeobxoaumocTb poKkasaHa.

AocrarouyHocrs. ITycTb g(z) MMeeT B TOUKe Z( HYAb #1-TO NopsiAKa. 1o
teopeme (1.8) 3Ty QyHKUMIO MOXHO TIIPEACTaBUTb B  BUAE
2(2) = (z — z20)"9(2), Tae ©(29) # 0 u aHaAUTMYHA B TOuKe zg. Ho Torpaa

1
" y(z) = — aHAAUTHYHA B 9TOI TOUKe, puieM Y(z9) # 0. ITycTb pasao-

9(z)
eHre QyHKUMM Y (2) B psap Tentaopa umeet Bup y(2) = by + b1(z — z0) +
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+by(z — 20)* + ... CAepAOBATEABHO,

_ 1 1 . y®

J@ = g (z—z0)"9(z) ~ (z—z0)"

_b0+b1(Z—Zo)+b2(Z—Zo)2+... _ by by
B (z = zo)™ =Gz TGz T

OTCIOAa, I10 OIIPEAEAEHUIO ITOAIOCOB 771-TO IIOPSAAKA, U ITOAYYaEM Tpe6ye—

Moe. TeopeMa AOKa3aHa.
V(2)

CaeacrBue 1. Ecan f(z) = @ nv(zg) # 0,0(z0) = ¢'(z0) = ...
= "D (z9) =0, 9" (z9) # 0, TO TOUKa Zy — MOAIOC 71-TO TIOPAAKA.
CaeactBue 2. Ecan f(z) = % nwy(zo) # 0, 0(z0) =0, ¢'(z0) # 0, TO

TOYKa Z() — IPOCTOI MOAIC PyHKLMM f(2).

CaeacrtBue 3. I[Tyctp f(2) = % U TOYKA Z( SABASIETCS AASI UUCAUTEAS
g(z) HyAeM m-TO TOpPSIAKA U HYA€M /-TO TOPSIAKA AASI 3HAMEHATeAs /1(z).
Torpaa ata Touka zg AAst GyHKUMM f(2), OYAET SIBAATHCSL:

1) ycrpaHuMoit 0co001 TOYKOM, eCAU 1 < Mi;

2) IOAOCOM IOPAAKA 1 — 11, €CAU 11 > M.

B camom aeae, mo Teopeme (1.8) g(z) = (z — z0)"¢i1(z) u
h(z) = (z — 20)" ¢2(2), A€ 91(20) # O U @2(20) # 0. 3Hauwr,
f@) = (z =z 22

§2(2)

Orciopa o Teopemam 1.8 u 1.9 moayuaem Tpebyemoe.

INpumep 1.51 Haiimu ocobvie mouku gpynkyuu f(z) = u onpe-

e —1
OeAumb ux xapaxkmep.

Pemenue. OcobbiMu MOUKAMU SBASIOMICA HYAU 3HAMEHAIMENA

€=1=z=Lnl=2nni, n=0,+1,£2,...

Tak kax (ef — 1)/| 2

npocmote.

Touka z = 0 maxme ABASeMCS NPOCMBbIM HyeM yucaumens. Ilo caed-
cmaur 3 mouka z = 0 — ycmpanumas ocobas mouka. B ocmarvubix oco-
Obix moukax z = 2nmi, n = £1,+2, ... — npocmbLe NOAHCHL.

=e = 1 # 0, mo Bce Hy AU 3HAMEeHAMENT —

z=2nni
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Mpumep 1.52 Haiimu ocobbie mouxu dynkyuu f(z) = z ctg> z u onpe-

Oerumb ux xapaxmep.
ZCOS z

Pewenue. Tax kax f(z) = , Mo, 04eBUOHo, mo4ka z = 0 ABAgem-

CA HyAeM NepB0o20 NOPAOKA OAL HUCAUIMEN U HYAeM Mpembezo NOPA0Ka 0N
3HameHnames. I1o caedcmsuio 3 moyka z = 0 — noAwC 8mopo20 nopAoKa.
B ocmaabHbix HYASX 3HAMEHAMEAS Z = NI — NOAIOChL Mpembe20 NOPAOKA.

1.10.4. Bpruerni

IMTyctb GyHKuMA f(z) aHAAUTUYHA B TOUKE Z( MAYM TOUKA Z) — MB3OAUPO-
BaHHas ocobast Touka. Ecan 0 < |z — 29| < R — KOAbBLIO aHAAUTUYHOCTYU
¢byukunn f(z), To, B 00IIEM CAYyUae, pa3AOXKeHue B psip AopaHa MIMeeT BUA

C_ C_2

f(Z)=---+7m+-"+

(z —zo)™ (z — 20)? (1.58)

EcAu zp — TouKa aHAAUTUYHOCTY VAV YCTPAaHUMast 0Co0asi TOUKa QyHK-
LIVIY, TO, KOHEYHO, BCe KOA(PPULIMEHTBI C_; PAaBHBI HYAIO.

IMyctp [ : |z — 20| = 1, TA€ 0 < 7 < R, OKPY’KHOCTb C LIEeHTPOM B TOY-
Ke 20, AeKalljasi B KOAbLIE CXOAVIMOCTY Y IIpo0OeraemMasi B MOAOKUTEABHOM
HaTnpaBAeHUN (T. €. TPOTUB YaCOBOI CTPEAKM).

VuTerpupys obe yactu paBeHcTBa (1.58) 1Mo 3TOI OKPY)XHOCTU U MC-
noAb3yst Gopmyay (1.40), moayuum

56f(z)dz =27 - c_1.
!

ITO paBEeHCTBO MOKa3bIBAET, YTO IIPY BBIUMCAEHUM MHTETPaAa 95 f(z)dz n3

!
Bcex K03 PuineHToB psisa AopaHa 0coOyI0 poAb urpaer KoapduiyeHT
1

Omnpepeaenne. BbmeTOM byHKuuM f(2) B TOUKe Z( Ha3bIBAeTCs KO3¢-

¢dbuLMeHT c_; npu B pasaoxkeHuu (1.58) pyukuunm f(z) B psip Aopana

B OKPECTHOCTU TO‘-IKI/I Z()
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Byaem o6o03Hauath BbiveT res f(z) = res f(zp). Vtax,
z=z
res f(z) =c_1.
zZ=20

EcAu zp — TOYKa QHAAUTUYHOCTY AV YCHIPAHUMAS 0COOAS MOYKA (PYHK-
YU, mo BbLuem B Hell, 04€BUOHO, pABeH HYAI.
N3 popmyast (1.50) npu n = —1 umeem

res () = 5o b f@)dz, (159)
l

rae [ — rpaHmiia AOCTATOMHO MAAOI OKPECTHOCTU TOYKHU Z(, KOTOpast 00-
XOAUTCS TIPOTUB YaCOBOW CTPEAKM.

Haxo>kaeHue BbIyeTa He SIBASIETCSI CAMOLIEABIO, T03TOMY popmyaa (1.59)
OOBIYHO AASI €r0 HAXOXKAEHMS He UCIIOAB3YeTCsl. Boaee TOro, ecan BbIYET B
TOYKe zo U3BecTeH, To us (1.59) umeem

%f(z)dz =27 - res f(@). (1.60)
l

dta popmyaa (11 ee 060011IeHNST) TO3BOASIET CBECTY BbIUMCAEHNE VIHTE-
IPAAOB K HAXO)KAEHUIO BBIYETOB [TOABIHTEIPAABHOI (PYHKLIMU.

Boiuem 8 cyujecmseHHO 0c0001i mouKke HAX0OUMCS ee PA3A0NEHUEM B
pa0 Aopana. Tlpu 5TOM HeT HEOOXOAMMOCTU HAXOAUTH TIOAHOE Pa3AOKe-
HI€, 2 AOCTaTOYHO OTPAHUYUTHCH HaXOKAEHMEM K03 ULMEeHTa ¢; STOTO
paaa.

1
Ipumep 1.53 Haiimu Bviuem pynxyuu f(z) = Z*ez 8 mouxe zo = 0.
Pewsenue. Vcnoavsys npumep (1.46), umeem

1

reszzeg = ! =
2=0 T3 6
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Ilpumep 1.54 Buiuucrump

1

55 Zezdyz.

|z|=1

Pewenue. Tax kax zop = 0 — eduHcmBeHHAS 0c0bas MoyKa NOObLHMe-
2parbHOll PyHKYUUU, M0, no opmyre (1.60), ucnorb3ys npedbiOyusuLi npu-
mep, 6ydem umemnp

1 1 ’
- , - T
Z2ezdz = 2mi - resz’ez = —.
z=0 3
|z]=1

AAST HAXOKAEHMST BBIYETOB B IIOAIOCaX HET HEOOXOAMMOCTHM pa3Aarath
¢byHkuuio B psip AopaHa. [Toayunm GpopMyABI AAST HAXOXKAEHMSI BBIYETOB B
MTOAIOCAX.

1) ITyctp f(z) MMeeT B TOUKe Z(p MPOCTOI TMOAKC (TOAIOC TIEPBOTO IO-
psiAKa). B aToM cayuae pasaoxkeHue B psip AopaHa umeet Bup (1.57). Otcio-
A2, YMHOXasi obe 4acTu Ha z — zo, UMeeM c_1 = (z — z0)f(z) —
—co(z — 20) — c1(z — 20)% — ... ITepexoas K mmpeAeAy IIpU Z — 2o, TIOAY-
yaeM GpOPMYAY AASI HAXOXKAEHVS BbIYETA B IPOCTOM ITOAOCE

res (z—20)f(2) = lim [(z —20) f(2)]. (161)

Ilpumep 1.55 Harnimu res

z=20 2 + 2
Pewenue. Tak kak (z+2*)|_, = 1+2z|_, = 1 # 0, mo 8 mouke
z = 0 npocmoii noawc. Ilo popmyre (1.61) umeem

=1

. 1 . 1
res ; =limz- > = lim
z=02+2 z—0 zZ+z z—014+2z
9(2)

v(z)’
0(z0) #Z 0, w(zo) = 0,y (z0) # 0. Ilo caeacTBHUIO 2 Teopemsl! (1.9) B aTOM

2) Ilycte f(z) mpeacraBuma B Buae f(2) npuieM
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TOuYKe OyAeT rmpocroit moawc. ITo popmyae (1.61) umeem

_ RN 46 . ¢(2)
res fl2) = hm (z—z0)— Ve Z;n;() V@ — @)’
(z — 20)
TaK Kak ¥(z9) = 0. Ho le)rlgo W(Z%()ZO) = ¥'(z0).
3Hauur, o)
_ 9z
Zr:ezs;.)f(z) = v (1.62)

1
Ipumep 1.56 Haiimu cymmy Boiuemos pyrnkyuu f(z) = —— | BoBcex

0CO0bLX MOYKAX.
Pewenue. Ocobvie mouku z19 = +1,z34 = +i — npocmoie NOAHCLL.
ITo ¢popmyare (1.62) umeem

424

A1tz tz3tzg

1 =0.

3) IMyctb dyHKUMA f(Z) MMeeT B TOUKe Z = Z( NMOAIOC KPaTHOCTHU /1.
Torpa ee psip AopaHa B OKPECTHOCTY AQHHO TOYKM VIMEET BUA

f( )_ + Com+1 ot C-2

-2 )”‘ (z — z)" 1 (z — 20)?

YMHOXMM 3TO paBeHCTBO Ha (Z — zo)k ,raek > m

(2= 20)° f(2) = com(z — 20" + cpyr (2 — )" 4L

tea(z—20) % + c1(z — 20) T 4 oz — 20)* + c1(z — 20) ! +

ITpoauddepeHnumpyem obe yactu saToro paBeHcrsa k — 1 pas

% [(z — ZO)kf(Z)] =
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=(k — 1)lc_1 + cok!(z — z0) + c1(k + Dk(k —1)...3(z — 20)* + . ..
(cAaraemsle C C_yy, C—pil, - - - » C—2 IpU AP bepeHLpOBaHY MCUe3HYT). OT-
CIOAQ, TIEPEXOASI K TIPEAEAY TIPU Z — Z, OyA€M MMETb

k—1

Tes fz) =c1 = (k—l T Jim ;zk‘l [(Z_ ZO)kf(z)] : (1.63)

HanomHuwm, 4TO B 9T01 hopmMyAe k 6oAbliIe AMOO PaBHO KPATHOCTU T10-
AloCca.

Cosz

IIpumep 1.57 Hauimu reg
z=

2
Pewenue. zy = 0 — noatoc mpemvezo nopsioka. Ilo gpopmyae (1.63) npu
k = 3 umeem

cosz 1 .. d>? cosz 1,.. 1
[ 3. ]thm(—cosz)z—f.
—0 2

m  —
z=0 Z3 2! z—0 de Z3 2 z

Ilpumep 1.58 Hainimu reg Slzisz
z=l

Pewenue. zy = 0 — g8As55emCca HYAEM NEPBO20 NOPAOKA YUCAUMENS U
HYAeM mpembe2o NOpAOKa 3HAMEHAMeAS. SHAHUM, smad Mo4Ka ABASENCS
HOAKCOM BMOp020 nopsioka (m.e. m = 2). Ecau npumernumb gpopmyry (1.63)

sinz
npu k = 2, mo npudemcs bpamv npou3BoOHy0 0 —— U HAX00UMb Hpedei
z

0pobu, umeroujeli HeonpedereHHOCHIb MUNA o Ecau we B3amp k = 3, mo
6ydem umemp

sinz 1, d? sinz 1., .
res —- = —hm—z[ 3. —3] = - lim(-sinz) = 0.
z=0 2 2! 2550 dz z 2 20
OCHOBHOe NIpMMEHEHMEe BBIYETOB AQET CAEAVIOIIAsI TeOpeMa:
OcHoBHast TeopeMa o Bbruerax. Ecau f(z) anaautuuna B obaactu D
32 UCKAIOYEHVEM KOHEYHOTO YMCAA OCOOBIX TOYEK Z1, 22, . . ., Zy U HEIpe-

pBIBHA Ha rpaHulle / 3Toit 06AaCTH, TO

55 f@)dz =2miy_ res f(2). (1.64)
/ — z=z
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AokazaTreAabcTBO. OnuieM 0KOAO
Ka&KAOI TOUKU Zx OKPY>KHOCTD [y :|z —
Zx| = rr HaCTOABKO MaAOTO papuyca
Tk, YTOOBI BCE OTU OKPY>KHOCTU A€XKAAU
BHYTPM KPMBOJ [ U He IepeceKaArCh

/ APYT c Apyrom (puc. 1.18).
l ITo Teopeme Komm apad MHOTO

Puc. 1.18 cBsi3HoiobAacTu (popmyaa (1.38))

%f(z)dz = Xn: 55 f(2)dz,
!

rA€ BCE KOHTYPbI 0OXOASTCSI B TIOAOXKUTEABHOM HarpaBAeHUU. [IpumeHsist
K UHTerpaaam crpana popmyay (1.60), moayyaem Tpebyemoe.

Ilpumep 1.59 Buiyucrumov unmezpai

I — e%dz
K=Y -2 (2 +4)

Iy

20e Iy — okpymuocmu ly : |zl = 1, I : |z—2i| =1, 3 : |z—2| = 1u
l4 : |Z| =3

Pemenue. Ocobble TOUKYU MMOABIHTETPAABHOI

YA byHkuumu z; = 2 (IIOAIC BTOPOrO MOPSIAKA) U
2] Zp.3 = £2i (mpoctble noatocel) (puc. 1.19).

1) BHyTpu OKpPY>KHOCTM /] HET HU OAHOM OCO-

2 3, 6oit Touxm. CaepoBareabHo, Mo Teopeme Komm

Q X AASL OAHOCBsI3HOM obaactu (dpopmyaa (1.35)) un-
-2i / Terpaa I} paBeH HYAIO.
2) B xpyre c rpanutieit [y — oAHa ocobast Touka
Puc. 1.19 z = 2i. T1o popmyae (1.61) 6yaem umerp
. . e leci 1
erzsif(z) B zh—>rr21i(z —2) (z—2)2(z+20)(z—20)  (2i—2)%4i 32
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ITo ocHOBHOJI TeOpeMe O BblUETaX

i
I, =2mi - = —.
) = 2mi erfif (@) =3
3) BHyTpu KoHTYpa /3 — moAC z = 2 mpocToro mopsiaka. [To popmyae
(1.63) mpu k = 2 umeem

T PO TR T D
res /(@) =lim [(Z 2) (z—2)2(22+4)]—li‘}[(zz+4)} =

ne™ (2% + 4) — 2ze™ _ 2n-— lezn

=lim
z—2 (=2 + 4)2 16

ITo ocHOBHOI TeopeMe O BbIYeTaxX

n2r—1) .
( )leZTt.

Iy = 2mi - =
3 =21 gggf(z) 5

4) BHYTpb OKPY>KHOCTH /4 TIOTTAAQIOT BCe TP 0COObIe TOUKM. [T0 OCHOB-
HOJ TeopeMe O BblyeTax

b= 20 5 0) + xe 00+ s f10)).

HaxoAuM HeAOCTaoIMiT BhIYeT

v e—Zm 1

Z— 2z +20)(z—2i)  (=2i—2)2(—4i) _ 32’

res f(z) = Zli_)n;li(z + 2i)(

z=—2i
3Ha4UT, MHTErpaA 10 KOHTYPY |z| = 3 paBeH

(1 —2n T
A2 x| T

="

3amMeTuM, YTO MOCAEAHUIT TIPUMepP MOXXHO ObIAO OBl pelinuTb, He MPU-

BA€Kasl BBIYETHI, & AMILIb UCIOAb3YsI MHTerpaAbHy0 Gpopmyay Ko (1.41 )
u popmyay Koum (1.42) aast mponsBopHbIX. Ha caMoM peAe, BBIYETHI AQIOT
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6oAee OO METOA BBIYMCAEHNUS NHTETPAAOB OT (YHKLVIL, COAEPIKALIMX
0CoOble TOUYKY BHYTPM KPUBOII MHTerpupoBaHusa. Hanpumep, K MHTerpaAy

eZ
Iy
sinz
lz1=1

d)OpMYAa Koum HEIIOCPEACTBEHHO HE IIPMMMEHNIMA, a B TO )K€ BpEMSI

Z Z

. €
I =2mi- -res — = 2mi - —
z=0 Sinz (sinz)’

eZ
= 27i - = 2mi.
2=0 COS Z |z=0

§ 1.11. IloBepenue PyHKIMU B OKPECTHOCTU
0EeCKOHEYHO YAAAE€HHON TOYKHU

ch M3AOKEHHas Bblllle Teopus (HYAHM, ocobble TOUKM, PsIAbI AopaHa U
T.A.) OTHOCMAACh K KOHEYHBIM TOYKaM Z(. PAaCIIpOCTpaHUM STH IOHATHUS
Ha 6ECKOHEYHO YAQAEHHYIO TOUKY.

ITyctp GyHKLMA f(2) aHAAUTUYHA B OKPECTHOCTH |z| > R 6€CKOHEYHO
YAQAEHHOM TOYKM Z = 00. OUeBUAHO, 3Ty OKPECTHOCTb MO>XKHO pacCMaTpu-
BaTh KaK KOABL[O C LIEHTPOM B HauaAe KOOPAMHAT, Y KOTOPOTO BHYTPEHHMIA
pPaAMycC paBeH R U BHELIHUI PAAUYC, PABHBIT 6ECKOHEYHOCTH.

Aast TakuX QYHKIUI MOKHO KAaccuMLMPOBATh TOUKY Z = 00, Kak
YCTPaHUMYIO 0COOYIO TOUKY, IIOAIOC VAV CYILIECTBEHHO OCOOYIO TOUKY B 3a-
BMCUMOCTY OT TOT'0, KOHeuYeH, 6eCKOHEeU€eH MAM BOODIIle He CYLIeCTBYeT
lim f(z). Ho xaaccuduxanms ocobbIx TouekK, UCIIOAB3YIOIas psia AopaHa,
VSMEHUTCS.

[To Teopeme AopaHa B Koablle |z| > R ¢yHkuus f(z) AOAKHA pa3Aa-
raTbCs B psia AOpaHa 10 LIeABIM CTEIEeHsIM Z.

fz) = Z CZ_: + Z cnz". (1.65)
n=0 n=1

O6paTuM BHUMaHMIE, YTO 3A€Ch Mbl B MHTEPECAaX AAABHENIIEro ¢y OT-
HECAU K 4aCTH psipa AopaHa, CoAeprKalleif OTpULjaTeAbHbIe CTeneHu z. Bos-
MO>KHBI TP CAYYasL.
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1) Psip Aopana (1.65) He coOepmum noroMuUmeArbHbLX CHieneHell z, T.e.
umeer BUA ( 3AeCh M paAee ¢y = C_g)

Ou4eBMAHO, UTO B 3TOM CAy4ae Npu Z — 00 PyHKUus f(Z) CTPEMUTCS K KO-
HEYHOMY TIPeAEAY . B aTOM cayyae roBopsrt, 4To GYHKUMS AHAAUMUHHA
B8 beckoHe4HO YO0aleHHOU moyke ¥ Ipu 3TOM f(00) = co. Boaee Toro, ecan
psIA AopaHa uMeeT BUA

f(z):cz‘—m"‘+c‘”"1 +...,

zm+l

TO Z = 0O Ha3bIBAIOT HYAEM /11-TO MTOPSIAKA.
2) Psp Aopana (1.65) codepyum KoHeYHOE HUCAO HOLOWUMEAbHBLX CITE-
nedeil z, T.e. UMeeT BUA,

00 m
f@=Y_ CZ;” +Y et =
n=0 n=1

— Cc_1 C_o
=" + cpr12" 1+...+c1z+c0+7+7+...

AcHo, uro lim f(z) = oo. B aToM cayyae 6eCKOHEYHO yAaA€HHAs TOYKA
Z— 00

HAa3bIBAETCS HOMOCOM M-20 TIOPsIAKA (IpU m = 1 — NpoCcmbiM NOAIOCOM ).
3) Psip Aopana (1.65) codepum beckoHeuHOe YUCAO HOAOKUMEAbHDIX
cmeneneli z. B 5TOM cAyvae 6€CKOHEYHO YAQAEHHAsI TOYKA Ha3bIBAETCS CY-
U4eCMBEHHO 0CO00LL MOHKOLL.
K aT0i1 )Xe KaaccubmKalmm TUma 0CO00I TOUYKM Z = OO MOXXHO IIO-

AolTu unHave. [ToAoxum z = % nfi =f (2) = ¢(£). Ecau pynxuusa

f(z) aHaAMTMYHA B OKPECTHOCTH |z| > R GECKOHEYHO YAAAEHHOI TOYKMU,

To dyHkums ¢({) 6yaeT aHaauTMYeCKON B oKpecTHOCTU |{| < 1/R TOoukM

€ = 0. AcHo, uto lim f(z) = lim ¢({) ,u O onpepeAeHMIO TOAATAEM, YTO
Z— 00 c—>()

A GyHKUMM f(z) THI 0c000I TOUKM Z = 0O COBIIAAAET C TUIIOM 0C00011
Touku { = 0 aast dyHkuymm ¢(§).
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Orciopa, AOpaHOBCKOe pa3AokeHVe QYHKLUU f(z) B OKpeCTHOCTU Oec-
KOHEYHO YAQAE€HHOI TOUYKM MOXXHO TIOAYYUTb 3aMeHOM { = — B AOpaHOB-
z

ckoM pasaokeHuu ¢yHkuuu ¢(8) B okpectHocTy Touku { = 0. fcHO, 4TO
MIPU 9TOM rAaBHAsI YaCTh 3aMEHUTCS PABUABHO U HA0OOPOT.

IIpumep 1.60 OyHkyus e* anarumu4Ha Ha Bceli NAOCKOCHIUY, NOIMO-
my pasrowenue amoul pyHkyuu (1.16) eodumcs u 8 okpecmuocmu 6ecko-
HexHO yoareHHOU mo4Ku. Tak Kak 8 31MoM pasroeHuly 6ecKkoOHeHHOe YUCAO
NOAOHUMEAbHDIX CIIENeHell Z, M0 MOYKA Z = 00 — CYUseCBeHHO 0c00as
mouka. OueBuUOHO, 3mMa Mouka 6yoem YCMpPAaHUMOU 0000l MO4KOL PYHK-
yuu f(z) = €Y% u ecru norowums f(00) = 0, mo oHa 6ydem anarumuye-
cKoli Ha Bcetl pacuiuperHoli komnaekcroti naockocmu C. To e camoe moyc-
HO cKa3ambv 0 PYHKUUAX Sinz u cos z.
apz" +a1z" '+ +a,
Mpumep 1.61 f(z) = ;=== " (a0 # 0,bo # 0), npu-
yeM MOWeM CHUMAMb OpoOb HECOKPAMUMOT, M.e. KOPHU HUCAUMEAT U 3HA-
MeHAameAs pasAuyHbl. Ima PYHKYUS AHANUMUYHA HA BCell KOMNAEKCHOLL
MAOCKOCHU, KpOMe MOHeK, B KOMOPbLX 3HAMEHAMEAb 00PAUAeNCs B HYAb,
u amu moukuy 6y0ym norrcamu 0anHou gyukyuu. IlosedeHue pyHKyuY 8
beckoHe"HO YOaAeHHOU Mo1Ke 3aBUCUI OM1 CHieneHell MHO204AeHOB, CIOsI-
WX 8 HucAumele u 3HameHamele. BoiHecem B yuciumene u 3HameHamene
cmapuiue cieneHuy z

o+t -
f@ =" g, =7 @),
I T

ao

Tak kax ¢(z) - ™ npu z — 00, MO0 OMCHO0A UMeeM: eECAU 1 > M, MO
0

f(z)

ZVI—VH

f(z) 6yoem cmpemumbcs Kk 6eCKOHEHHOCMU NPU Z —> 0O, HO byoem
a0

CMPpeMUmbcsi K KOHeYHOMY npedeny ™ # 0, m.e. beckoHeUHO YOareHHAS
0

mouka 6yoem noatocom kpamuocmu n — m. Ecau we n < m, mo gpynxkyus
0ydem aHarumu4eckol Ha 6eCKOHEYHOCHIU.

BBeaeM BbIueT B OeCKOHEUHO yAaAeHHOM Touke. ITycThb f(z) aHaAMTIY-
Ha B HEKOTOPOI OKPECTHOCTH |z| > R TOUKMU Zz = 00 U OKPY>KHOCTb C : |z| =

106



R — rpannua okpectHoctu. Toraa psipa AopaHa B 3TOJ OKPECTHOCTU MIMEET
BUA

o o0
fz) = Z Cz_n" + Z cu2".
n=0 n=1

VHTerpupys aToOT psiA MOYAEHHO N0 OKPY>XHOCTU C™ B MOAOMUMEAbHOM

Hanpasienuu’ v ncnoabsys (1.40), moAydum

/f(z)dz = ¢1(—2mi).
c-

Onpeaeaenne. BorueTom ¢pyHKIM f(2) B 6ECKOHEYHO YAQAEHHO TOY-

Ke Z = 0O Ha3bIBaeTCsl KOAQPULIMEHT c_| IPU YAEHE — B PAa3AO>KEHUM PYHK-
z

LU B psip AopaHa B OKPeCTHOCTY OECKOHEYHO YAQAEHHOM TOYKY, B3TMbLl

¢ obpamuwvim 3Hakom. Obo3HaueHue: res f(co).
Takum obpasom,

res f(00) = —c_1 = i / f(2)dz. (1.66)
e

OTMeTHnM, YTO CAaraeMoe Cz;l BXOAUT B IIPABMABHYIO 4acCTb psiaa Aopa-
HQ, [I09TOMY BbIYET B OECKOHEYHO YAAAEHHOI TOUYKE MOXET ObITh OTAUYEH
OT HYAsI, AK€ €CAY 9T TOYKA SIBASIETCSI TOYKOI aHAAUTUIHOCTY QYHKLIMN.

Ho ecau Touka z = 0o SIBASIETCSI HYAE€M IOPSIAKA BBILIE TIEPBOTO, TO,
OYEeBMAHO, BbIUET B Hell paBeH HyAI0. TakoKke OH paBeH HYAIO, eCAU QYHKLIMS
f(z) — yeTHast OTHOCUTEABHO Z.

PoAb BBEAEHHOTO MOHATHSI BbIueTa res f(00) IMOKa3bIBaeT CAEAYIOLIAs
TeopeMa.

Teopema. Ecau ¢yHkius f(z) nMeeT Ha pacUIMPEeHHON KOMIIAEKCHOM
IIAOCKOCTY KOHEYHOE YMCAO OCOOBIX TOYEK, TO CYMMa BCEX €€ BbIYETOB,

'HanoMHMM, YTO MOAOXKUTEABHBIM HAMIPABAEHMEM 00X0AQ CUUTAETCS TO, IPU KOTOPOM
obAacTb ocTaeTcs caeBa. B HaieM caydae OKpy>KHOCTb C ™, SIBASIIOLLYIOCS TPaHMLE OKPECT-
HOCTY OECKOHEYHO YAQAEHHOM TOUKM, HY)KHO 0OXOAUTD IO YaCOBOII CTPEAKE.
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BKAIOYasA U BbIYET B OECKOHEYHO yAaAeHHOﬁ TOYKE, paBHAa HYAIO.

res f(co) + Zresf(zk) =0.

k=1

B camoMm Aeae, yCTb 21, 22, . . . , Z; — KOHEUYHbIE 0COOBIE TOYKYM DYHK-
yuu f(z), a C — OKPY>KHOCTb C LIEeHTPOM B HauaA€ KOOPAVHAT HACTOABKO
OOABILIOrO PAAMYCa, YTO BCE TOUYKU Z; AEXKAT BHYTPU €e.

ITo ocHOBHOII TeopeMe O BblYeTax

/f(z)dz =2mi Z res f(zx),
C k=1

rae C 06xoauTCs TpOTUB YacoBoi cTpeAku. Otciopa 1 u3 (1.66), yansiBasi,
4TO / + / = 0, moAy4yaeM TpebyeMoe.
C c—

13 310V TEOpEMBI TIOAYYaEM OUEBMAHOE CAEACTBUE: eCAM GYHKLMA f(Z)
AQHAAUTUYHA Ha PaCUIMPEHHON KOMITAEKCHON MAOCKOCTU 32 UCKAIOUYEHUEM
KOHEYHOTO YMCAA 0COOBIX TOUEK, AeHAUUX BHYMPU KOHMYpa I, To

/f(z)dz = —2mi- res f(00),
!

€CAM KOHTYP [ 00XOAUTCS B TOAOKUTEABHOM HalpaBA€HUU (IIPOTUB 4aco-
BOIT CTPEAKM).

ITpumep 1.62 Buviuuciump

|z|=2

Pemenue. [TopbiHTErpaAbHasT QYHKLUS UMeEET AECSITb OCOOBIX TOYEK
— IIPOCTBIX IIOAIOCOB, SIBASIIOIVIXCSI HYASIMM 3HAMEHATEAS M PACIIOAOKEH-
HBIX Ha EAVHUYHOM OKPY>KHOCTHU. HermocpeACTBEHHOE BBIUMCAEHME IO OC-
HOBHOJI TeOpeMe O BblYeTax, KOHEUHO, BO3MOXXHO, HO TPOMO3AKO. B To xe
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BpeMsI BHE KOHTYPa MHTErPUPOBAHMSI HAXOAUTCSI AMILb OAHA 0CO0ast TOUKa
Z = 00. BbIUeT B 3TOI TOUKE AETKO HAWITU HETIOCPEACTBEHHBIM Pa3A0>KeHU-
eM B psip AopaHa.

1 1
7:—.71=;-(1+z10+z20+...)=;+z9+zl9+...

SlcHo, uto res f(00) = —c_1 = —1 1, CA€AOBaTEAbHO, MHTETPAA PaBeH

9
/ Z_ ldz = —2mi - res f (00) = 2mi.

710
lz]=2
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['AaBa 2

OmnepanmoHHOE UCYNCAEHUE

pu peleHny GpU3NYECKUX Y TEXHUUECKUX 3aAQ4 IOCTOSIHHO BO3HMKa-

€T HeOOXOAMMOCTD pelleHus AuddepeHiMasbHbIX ypaBHeHu. Ore-
PaLMOHHOE VICUMCAEHNE AQeT IPOCTON METOA pellleHNsI HEeKOTOPBIX AMHel-
HBIX A depeHLIMaABHBIX YPaBHEHUI (M HE TOABKO UX).

ITyctb TpebyeTcs HaiTy GYHKLMIO X (¢ ), IBASIFOLIYIOCS pellIeHNeM HEKO-
Toporo pAuddepenuasbHoro ypaBHeHus. OnepainyoHHbI METOA CBOAUT-
CA K CAEAYIOLIEMY.

1. OT nckomoit GyHKLVM X(f) EPEXOAAT K QYHKLIMM — U300paKEHUIO
%(p) KOMIIAEKCHOTO apI'yMeHTa p.

2. Hap x(p) MIpoM3BOAST Ollepaliniy, OlpeAeAsieMble AAHHBIM YPaBHEHU-
€M ¥ HaYaAbHBIMU YCAOBUAMMY, U TIOAYYAIOT ONepamopHoe YpaBHEHNE OT-
HOCUTEABHO X(p).

3. I1o HalfAEHHOI1 13 3TOrO ONEPAaTOPHOro ypaBHeHMs PyHKUuU X(p)
MOAYYAIOT GYHKLMIO — opurnHaa x(¢). OHa 1 OyAeT UCKOMBIM pelleHreM
AQHHOTO AV depeHLIMaAbHOTO YPaBHEHMS, YAOBAETBOPSIIOLIMM 3aAQHHBIM
HaYaAbHBIM YCAOBUSAM.

§ 2.1. OpuruHaAbl 1 U300pa>KeHMS

yerb f(t) = fi(t) + if2(f) — KoMIAeKCHasg PYHKLMS AEVICTBUTEAD-
Horo aprymeHTa ¢t (fi(¢) u f;(t) IpUHUMAIOT AEICTBUTEAbHbIE 3HaUe-
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Hust). Ecau f(¢) = 0, 10 f(¢)— aeiicTBuTEAbHAsT QYHKLMS. APTYMEHT £ AAS
YAOOCTBa OyAeM MHTepIpeTUPOBaTh KaK BpeMsl.

Omnpepeaenne 1. Dynxuuys f (t) Ha3bIBA€TCSA OPULUHANIOM, ECAY OHA YAO-
BAETBOPSIET TPEM YCAOBUAM:

1. f(¢) =0, ecant < 0;

2. CyllecTBYIOT Takue IOCTOsHHbIe uncaa M > 0 1 s, 4TO AASI BCex ¢
BBINIOAHEHO HepaBeHCTBO

| f(©)] < Me*; 2.1)

3. f(t) u ee mpousBoaHas f’(t) Ha AOOOM KOHEYHOM ITPOMEXYTKE OCU
! VIAU HeTIpepBIBHBI, IAU MMEIOT KOHEYHOEe YMCAO TOYeK paspbiBa 1 poaa
(ckaukoB).

Ilpumep 2.1 Ilpocmeiiueii pyHKyUel — OPULUHANOM SABASEMCS
¢bynkuya Xeucaipa ( Uiy eOUHUHHASA PYHKYUA)

0, ecau t <O,

1, ecau t > 0. (2.2)

n) = {

Boinmoanenue ycaoBuii 1 1 3 onpepeaeHust 1 oueBUAHO, Ho 1 (2.1) Tarcke
BhIIOAHseTCA N (2)] < 1-e% = 1.

YcaoBus 3 onpepeAeHMsT OPUTMHAAA AOCTATOYHBI AASI TOTO, YTOOBI CY-
IIIECTBOBAAY ITOSIBASIIOIECS B AAABHENIIIIeM MHTer paAbl. BOABIIMHCTBO IMpak-
TUYeCKU BCTPEYAIOIINXCS PYHKLMI STOMY YCAOBUIO YAOBAETBOPSIIOT.

VYcaoBue 2 03HavaeT, YTo eCAu f(¢) 1 BO3paCTaeT, TO He OpICTpee HEKO-
TOPOIT SKCTIOHEHThI. HVDKHSAS rpaHb | 4imceA s, AAST KOTOPBIX CIIPaBeAAW-
BO (2.1) Ha3bIBaeTCs HOKA3AMeAeM poCHid OPUTMHAAA M 0003HAYAETCS Sp.
OueBuAHO, MOKa3aTeAb pocta GyHKUMM XeBucanaa 1(t) paBeH HyAl. [To-
Ka)XKeM, UTO II0Ka3aTeAb pocTa GyHKUMHM f(£) = ¢ paBeH HyAl. [Tyctb ¢ > 0
MPOU3BOABHOE YMICAO MeHbllee eAVHULbL. PaccMoTpuM rpaduku GpyHKImI

'HanmoMHMUM, YTO YMCAO Sy HAa3bIBAETCS HIDKHEl TPAHbI0 MHOXKECTBA S, €CAU BbIITOAHSI-
I0TCSI ABA YCAOBUS:
1) Bce uncAa 5TOro MHOXXECTBA OOABIIIE, YeM Sg: S > So;
2) Ve > 03s € S Takoe, 4TO § < Sy + &.
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y=¢etuy=t/M (M > 0). ScHo, uro npu A1060M PUKCUPOBaHHOM & > 0
IIPU AOCTATOUHO 60AbIIOM M rpaduk GpyHKuuM y = e GyaeT pacrosarats-
cs Bolite rpaduxa GyHkumm y = t/M. Takum oOpasom, Aasl A06oro ¢ > 0
MO>KHO HaliTu Takoe M (3aBucslLee OT &), YTO HEpaBeHCTBO ¢ < Me 6yper
BBIIOAHATBCA AAS BCeX £ > 0. YncAo & MOXKHO OpaTh AIOOBIM 13 MHTEpBaAa
(0,1), a HYDKHSISI TpaHb TOYEK 3TOTO MHTEPBaAa PaBHA HYAIO. 3HAYMT, TIOKa-
3aTeAb POCTa OpUIMHaAa f(f) = ¢ paBeH HyAI0. AHAAOTMYHO, TIOKa3aTeAU
pocTa opurnHaAoB t”, n = 2, 3, ... TaKKe paBHBI HYAIO.

YcaoBue 1 (ero MHOrAQ Ha3bIBAIOT YCAOBUEM (PU3UHECKOLL pearu3yemo-
CMmu) OTIPAaBAQHO TEM, UTO AAST GUBMYUECKMX Y TEXHUYECKIX 3aAa4 HaOAI0Ae-
HYS Y U3MePeHVsI OOBIYHO HAYMHAIOTCSI B HEKOTOPBIII OTIPEAEAEHHBIN MO-
MEHT BpeMeH!, KOTOPbII BCeTAa MOKHO IIPUHSATb PaBHbIM HYAIO: ¢ = (.

Ecan GyHKuMs @(£) yAOBAETBOPSIET YCAOBMSIM 2 U 3, HO HE YAOBAETBO-
psieT ycAoBUIO 1, TO QYHKLUS

~ _ fo(t),ecan t >0,
f(t)—(P(t)'n(t)_{O, ecan t <O.

OyAET YAOBAETBOPSTb BCEM TPEM YCAOBUSM OmpeaeAeHrsi 1. MHOXHUTEAD
N(¢) obpawaer B Hyab ("racut") pyHkuumio npu ¢ < 0 ViAu, nHave roBops,
OH "BKAIOYaeT cUrHaA'B MoMeHT BpeMeHu ¢ = 0. B pAaAbHeltieM Mbl OyaeM
MPEATIOAATraTh, YTO BCE pACCMaTPUBAEMble OPUTUHAABI CHA0XKEHBI 3TUM 'Ta-
CAIMM 'MHOXXUTEAEM T)(£), XOTS 3TOT MHOKUTEAb OYA€M AASL KPaTKOCTU
omyckatb. Tak, HanpuMep, 6yaeM mucaThb €M, sin ot u T.A., TOApa3yMeBas
IIpU 3TOM n)eM, nt)sinot nT.A.
He Bcsikast pyHKLMST MOKET ObITh OPUIMHAAOM.

Ilpumep 2.2 [lokazamv, umo GpyHKYUY

Df ) =S, b E) =tgt-n@®). OfE) =)

He ABAAKMCA OpUcUHALAMU.

Pemenne. a) Tak Kax mpasbiit mpeaeA  lim L () = lim I 400
’ p oA o i) = o vE ~ T

TO HE BBITIOAHAETCA YCAOBME 3u, CA€AOBATE€AbHO, AAHHasA CI)YHKLU/IH He AB-
AAETCSA OPUTMTHAAOM. Aerxo 3aMeTUTh, YTO YCAOBUE 2 TaK)Ke He BBIITOAHS-
eTcCA.
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b) TaHreHc uMeeT 6eCKOHEYHOE YMCAO OECKOHEYHBIX PaspbiBOB. He BbI-
TIOAHSIIOTCSI YCAOBMS 2 U 3 OIIpeAeAeHMsI OPUTMHAAA.

¢) YcaoBus 1 u 3, 04€BUAHO, BHIIIOAHSIOTCA. AonycTuM, 4TO BBIOAHA-
€TCsl U YCAOBME 2: CYILIeCTBYIOT Takue unucaa M > 0 u sg, YTO AAS BCeX ¢

2 2_
BBITIOAHSIETCSI HEPABEHCTBO ‘et n(t)‘ < Me*t, Otcropa ¢ =08 < M aas

Bcex t > 0. Ho 3T0 HEBO3MOXKHO, TaK KaK AASL AI0OOTO s

o 2 .
lim e ~%! = co. Takum obpasom, ¢’” pacter 6biCTpee AI06OI SKCIIOHEHTHI
t—o00

%%, T.e. He SIBASIETCS OPUTVHAAOM.

Omnpepeaenne 2. Vzo6paxxenuem byHkumm f(¢) mo Aamaacy (pasee
IIPOCTO U306pameHuem) HasbiBaeTcss GpyHKUus F (p) KOMIIAEKCHOTO Iepe-
MEHHOTIO p = S + IG, OIIpeAeAeHHAsI PABEHCTBOM

F(p) = [ f(t)e Pdt. (2.3)
0
Tor ¢daxr, uto PyHkuus F (p) sBAsieTcss M300pakeHneM opurrHaaa f (t),
o6yaem 3amuchiBaTh B Bupe F(p) = f(t) uau f(t) = F(p), vau
F(p)=LIf®)].

@opmyaa (2.3) ABAsIETCS MHTErPAAbHBIM IPe0Opa3oBaHMeEM, CTABSIIUM
B COOTBETCTBUE OAHOU yHKUuM f(t) Apyryto ¢dyHkuuio F(p). D10 uHTe-
rpaAbHOe ITpeobpa3oBaHe Ha3bIBAETCS npeobpaszosanuem Aanraca. 3ame-
TUM, YTO PaCCMATPMBAEMO€e B MaTEMaTMYECKOM aHAaAM3e ITpeobpa3oBaHme
Oypbe

flw) = / f@)e " dt
0

SIBASIETCSI YaCTHBIM CAy4aeM npeobpasoBanust Aamnaaca (ecau B3sTh B (2.3)
p=iw).

PaccMOTpUM ABa IIPUMeEPA HAXOXKAEHUS U300 PasKEHMSI HEITOCPEACTBEH-
HO 110 popmyae (2.3).

IIpumep 2.3 JM3o6pamenue ¢pynkyuu Xesucaiioa.
1
ni) = > (Rep > 0). (2.4)
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B camom aeae,

roo [ TR b R
L ()] =/n(t)e Pt =/e Pt = —e P = — lime P+
—-p 0 —pP t—>©
0 0
+l =L erior L Ly st ot l,
P P Pt P Ptooco P
KaK TOABKO 5 = Re p > 0, Tak Kak e~ — 0, a e~/ — orpaHuyeHa:
le™| = 1.
Ilpumep 2.4
1
M=—"— (Rep> Rel). (2.5)
p—A
B camom aeae,
(e.¢] o
1 o
E[e“] = [e“-e_l’tdt = /e_(p_x)tdt = — e M
p— A 0
0 0
Ilyctb p=s+iocul = o+ if. Torpa
’ e—(p—x)t‘ _ ) o (6=t e—i(G—B)t‘ _ et

nput — oo, ecau Re p = s > o = Re L. Otciopa moayyaem Tpedyemoe.
Bo3HMKaIOT ecTeCTBEHHbIE BOIIPOCHL: AAsI BCA-
Ay+Imp KOTO AU OpUIMHAaAQ CYLIECTBYET U300paskeHue

F (p) ? KaxoBsl cBoiicTBa pyHkuuu F (p) ?

Rep>so Teopema 2.1 Aas aw06020 opueunara f(t)
> e20 uzobpamerue F (p) onpedereHo B noryniocko-
s=Rep  cmu Rep = s > sy, 2de s — nokazameirv po-
cma opuzuHara f(t) u ABAAeMCA AHAAUMUHLECKOLL

Puc. 2.1 pyHKkyueti 8 smoii noryniockocmu (puc.2.1).
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/A OKa3aTeAbCTBO MEPBOIT YaCTU TeOpeMbl MPOCTO. Tak KaK
t
|f ()] < Me™,

To Ipn s = Re p > 5o, UMeeM

oo

/f(t)e_‘”dt < / | f()e " |dt <M/eSot : ‘e—(sﬂc)t
0 0

0

dt =

00 M

e—(s—so)tdt _ _ M e—(S—So)t iy
0 §$—350

§— 3580

=M (2.6)

Orcropa o NpusHaKy CpaBHeHMsI HeCOOCTBEHHBIX MHTETPAAOB U BbITEKAET
CXOAMIMOCTD MHTerpaaa (2.3), T.e. cymecrBoBanue ¢yHkuun F (p). AHaan-
TUYHOCTDh GyHKUMK F (p) npu Re p > sy AOKa3bIBaeTCsi CAOSKHEE U Mbl €T0
OITyCTHM.

CaeactBue. lim F(p) =0.

Re p—+o00

D10 yTBep)KA€eHUe cAepyeT 13 (2.6) mpu Re p = s — +o0.

13 Teopemsl (2.1)11 ee CA€ACTBMS BBITEKAET, YTO He BCSIKasd QYHKLVS
KOMIIA€KCHOT'O apryMeHTa MOXKET ObITh M300pa’keHeM HEKOTOPOTO OpU-
rrHaAa. Bece oco6ble Touku GyHkuMu F (p) AOAXKHBI A€XKaTb A€Bee HEKOTO-
POJ BEPTMKAAbHOV NMPSIMO Ha KOMIIAEKCHOM NTAOCKOCTHU p. [ToaTomy, Ha-
npumep, GyHkuus F(p) = tg p He MOKeT ObITb N300pakeHeM, TaK KaK y
Hee OeCKOHEYHOE KOAUYECTBO MOAKOCOB p;, = g +7mn, n=0,=%1,+£2,...,
paclipepeAeHHbBIX MO Bcell AeiicTBUTeAbHOM ocu. Dyukuuu F(p) = pu
F(p) = /P He ABASIOTCA U300pa)KeHMAMY, TAaK KaK OHM He CTPEeMATCA K
HyAlo TIpu Re p — +o00.

3ameTuM, 4TO MpeobpazoBaHye Aarnaaca MOXeT CyLIeCTBOBATb AASI PyHK-

. 1
LU, He SBASIIOLIUXCS opurnHasamu. Hanpumep, dyukuus f(¢) = 7 He

SIBASIETCST OPUTMHAAOM, HO AAsI Hee uHTerpaa (2.1) cxopurcs, 1.e. usobpa-
JKEHMe AASL 3TOM PyHKLMM cyuiecTByeT. VIHbIMU cAOBaMH, ycaoBus 1, 2, 3
onpeAeAeHus 1 SIBASIIOTCSI AOCTaTOYHBIMY, HO HEe HEOOXOAMMBIMU AASI CY-
[eCTBOBaHMsI U300 pasKeH M.
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Cdopmyanpyem 0e3 A0Ka3aTeAbCTBA Heopemy eOUHCHBEHHOCIU OPU-
ruHaAa: Ecan F (p) siBAsieTcs1 U300 pakeHVeM ABYX OPUTMHAAOB f1(£) U fo(t),
TO 9TV OPUTMHAABI COBIIAAQIOT BO BCEX TOYKAX, B KOTOPBIX OHM HEIPEpPbIB-
HBI.

§ 2.2. CpoiicTBa mpeoOpa3oBanus Aamaaca

B 9TOM naparpade MOAyYUM PsIA TEOPEM, COCTABASIIOIIMX CYThb OIEpaLit-
OHHOTO VICUVICAEHMS], & B IpPUMepax K 3TUM TeopeMaM OyAeM IOAy4aTh
TaOAULY OPUTMHAAOB U U300pakeHUIL.

I. CBOIICTBO AMHETHOCTH

Ecam f(¢) = F(p)ng@t) = G(p), To

[af(t) + Pg(t) = oF (p) + BG(p)|

DTO CBOMCTBO BbITeKaeT U3 GopMyAbl (2.3) U CBOIICTB AMHETHOCTU MHTe-
rpaaa.

Ilpumep 2.5

sin ot = , Cosf = 4 (2.7)

p2+(x)2'

pZ +(D2

Pemenne. Vicrioabsys usobpakenue (2.5) 1 CBOIICTBO AMHETHOCTY, T10-

Ay4UM
elot — gmiot 1 1 1 ®
Sin af = T T a2 |:p—iu) - p—{—iw] - P+ o’
O)t _ eimt +e—imt . 1 1 + 1 _ o
cosob = 2 T 2lp-io  ptio| prP4+we?’
Ilpumep 2.6
. [ . p
Sh ot = m, Ch ot = pz — o (28)
Pemenne
et — et 1 1 1 ®
h ot = = _ — —
shot 2 T 2|p—-0 pto p?—w?’



e +e 1 1 1 P
hot = = - = .
chot 2 ) p—m+p+m p?—o?

II. Teopema mop00us
Ecau f(¢) = F(p), To Aast A0GOTO 0t > O

flary=2F (2) (29)
AOKa3aTeAbCTBO
o ol =71
flat) = | flat)ePdt=| t= T/OC f(r)e o d'c =5
/ P

I11. AuddepenuupoBanmne opurnHasa
Ecau f(¢) = F(p) u f'(t) — opuruHaa, To

]f’(t) = PF(p) —f(O)\ (2.10)

AokazareabcTBo. [1o hopmyae (2.3) MHTErpMPOBaHMEM 10 YACTSIM I10-
Ay4aeM

P =y f)dt =
du=—ePdt v=f(t)

f@)= /fuw”m

00
:f(zf)e_‘”'f|8O +p/f(t)e_ptdt.
0
Ecau sy — mokasaTeAb pocTta opurrHasa f(t) us = Rep > so, TO
lim | f()e | < lim Me6~0" = 0. Tax kax f(t)e™?| _, = f(0), 10
t—00 t—00

13 IIPOAEAQHHBIX BBIKAAQAOK U [TOAYYaeM Tpebyemoe.
CaeacTBUE

f'®) = P’F(p) — pf(0) — f'(0); (2.11)
") = pP°F(p) — p°f(0) — pf'(0) — f7(0); (2.12)
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fP) = p'F(p) — p" f(O) — P2 (0) — ... — f7V0),  (213)

€CAU BCe y4aCTBYIOIe IPOU3BOAHDIE SBASIOTCSI OPUTMHAAAMIA.
AokazaTeAbcTBO. VICIIOAB3YsI 1300pakeHNe TePBOIL IPou3BOAHOM (2.10),
nmMeeM

f'@®) =[f®] =p[pFp) - fO)] = f0) = p*F(p) — pf(0) — f(0).

@opmyaa (2.12) noayyaercs aHaAoruyHo us ¢opmyasl (2.11), a (2.13) —
METOAOM MaTEeMATUYECKOV UHAYKLIUN.

Teopema 0 AubdepeHIMPOBaHIY OPUTUHAAA SIBASIETCSI OCHOBHOM T€O-
pemolt npu pewieHuy A depeHIMaAbHBIX ypaBHeHUI1. C ee TOMOILBIO ITe-
pexopum ot AuddepeHLIaAbHOTO YPaBHEHUS K OIIEPaTOPHOMY.

Ecan f(0) = f'(0) = f”(0) = --- = 0, To popmyas! (2.10)—(2.13)
MPUHUMAIOT MPOCTOM BUA;

f@) = pF(p), f'@®) = p*F(p), f"(t) = P°F(p), ...

V,rakum o6pas3om, B 3TOM cAydae AuddepeHLMpoBaHie OPUTMHAAA CBO-
AUTCST K YMHOXKEHUIO M300paKeHUs Ha p.

3ameTum™, uyTo u3 popmyas! (2.10) cAeAyeT mpeAeAbHOe COOTHOLIEHNEe
AASI U300PasKeHMIT

lim pF(p) = f(0). (2.14)
Re p— oo

B camom peAe, 3T0 cOOTHOLIEHME BBITEKAET U3 TOTO, YTO PF (p) — f(0)
sIBAsieTCsI U300paskeHreM opurmHaaa f’(t) u, CAeAOBAaTEABHO CTPEMUTCS K
HyAl0 11pu Re p — oo.

IV. Auddepennpopanue n3odpa>keHust

Ecau f(t) = F(p), T0o

F'(p) = —tf(t).F'(p) =2 f(t), .. F(p) = (-1)"t"f(t)| (2.15)

AokasareabcTBo. [To Teopeme (2.1) F(p) B moAynaockoctu Re p > s sB-
ASIETCST QHAAUTMYECKON QYHKIMEN U ee MOXXHO AuddepeHLpoBaTh 1o p.
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®opmaabHbIM A bepeHLIIpOBaHeM paBeHCTBa (2.3) moAydyaemM

de
d

p

Fpy =1 [ foeras= [ 0% " = [ -efeneriar
0 0 0

Ho 5T0 1 03Hauaer, yto —t f(¢) = F'(p).
AuddepeHiupys elte pas, IOAyIUM
o

F'(p) = / t2f(t)e P dt,

0

UT.A.
Mo>XHO A0Ka3aTh, uTo GopMasbHOe A depeHLIpOBaHNE IO TApaAMET-
Py HOA 3HAaKOM MHTETpaAa 3aKOHHO.
3ameuaHue. B cBs3M C MOCAEAHMM 3aMETUM, YTO BOIIPOC M3MEHEHUs
nopsipka AuddepeHLMpOBaHNS U UHTETPUPOBAHUS — TOHKOE MEeCTO MaTe-
MaTUYECKOT0 aHaAM3a. MO>KHO IPMBECTY NPUMeEPBI, KOTAQ

d df (x, o)
0 0

ITpu cTporux MaTeMaTUIECKUX BHIKAAAKAX TIOAOOHOE TPeodpasoBaHMe AOAXK-
HO ObITH 00OCHOBAHO.

IIpumep 2.7

n!

t" = (2.16)

pn+1 :

. 1
Pemenne. Tax kak nsobpaxenue GpyHKumu XeBucanipa paBHO —, TO 110
p

. . 1
CBOIICTBY AMHENTHOCTHU " —n(t). ITo Teopeme o puddepeHLpoBaHUA

M306pa>1<e1-m1/1 ITIOCA€AOBATEABHO ITOAYYaEM:

1 1\ . _
1_ (—p) = —t(=n(t) = (@),
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= —t(-m(t)) = (@),

AR
Il
N

/
_pz)
/

1
j) ==t (-"n®) =)

2-3
P

U T.A.

Ilpumep 2.8

n . n!
the™ = 7(p—l)"+1' (2.17)

Pemenne. CoBepIeHHO aHAAOTMYHO MPEADBIAYIEMY, €CAY BMECTO (PyHK-
1
A — Ty (popmyaa (2.5)).

3amerum. yTo Ppopmyaa (2.16) — yacTHsIi cAydait popmyAst (2.17) npu
L=0.

Ly XeBucaipa B3sITh €

Ilpumep 2.9
2 2 _ 2
tsinwt,:'#, tcoscot,:'piwz. (2.18)
(pZ + 0)2) (p2 + (02)
Pemenmne. Tak Kak sinwt = lﬁ (dopmyaa (2.7)), To o Teopeme 0O
AubbdepeHIIPOBaHNY U300paXKEHM ST
/
2
PP+o (pz + mz)

ITo cBOMCTBY AMHENHOCTHU MOAYy4YaeM Tpebyemoe. Bropas popmyaa moay-
4aeTCsi aHaAOTMYHO.
It GopMyABI MOXKHO MTOAYYMTH MHave. V3 (2.17) umeem

A 1
te™” = .
(p—2)?
3Hayur,
eimt +e—im£ 1 . 1 .
tcosof =t———— = gte"”t + Ste ot —

1 1 1 P

1
T2 (p-im)? T 2 (p+in)? (p2+0)2)2.
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V. IaTrerpupoBanue opuruHaaa. Ecau f(¢) = F(p), 0

t
/ f@dr = % (2.19)
0

t

AokaszareabcTBo. [Tokaxem, 4yTo PyHkuus g(t) = / f()drt sBasieTcs
0

OPUTMHAAOM, T.€. YAOBAETBODPAET YCAOBUAM 1,2 n 3 OIIPEAEAEHU OPUTN-
HaAa.

t
1.Ecant < 0, T0o f(t) = 0. 3HauuT, g(t) = [0(711 =0, ecant < 0.
0

2. Tlyctp | f (t)| < Me*'. Toraa, BBUAY MOHOTOHHOTO BO3PACTAHUS T10-
Ka3aTeAbHOM QYHKLMY,

t t
|g(t)| < /Mes‘”d*c < /Mes"td’c = Me*t .t < Me*' - ¢,
0 0

ITocaepHee HEPABEHCTBO CAEAYET U3 TOIO, YTO HalAeTCst ¢ > 0 Takoe, 4To
t < € npu Bcex t > 0 (9TO MOXHO YBUMAETb, HAIIpUMep, U3 rpaduKoB
ynximit y =t uy = ), a Torpa ef - t < o+ = a1t
3. B MaTeMaTnyecKOM aHaAM3€e AOKA3bIBAETCSL, YTO eCAU f () — KyCOUHO-
Y

t
HenpepbIBHas GyHKLMs, TO g(t) = / f(v)dt 6yseT HenpepbIBHOM QYHKLU-
0

et (mpuatoM g’ (£) = f(¢) B KaKAOI TOUKe TOUKE HEMTPEPBIBHOCTY (PYHKLIUU

f@).
Nrax, g(t) — opurunaa. I'lycts G(P) = g(¢). Tak xax
0

g(0) = [ f(@)dt = 0, To mo Teopeme 0 pubdepeHIIPOBaHNY OPUTMHAAA

(d)opMyj\a (2.10)) umeem ¢'(t) = pG(p) utak xkak g'(t) = f(t), 10 pG(p) =
F(p). Orciopa

t
G(p) = "2 =g0) = [ s
0

p b
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Teopema pAoka3aHa.

DTO CBOJICTBO MIMeeT BayKHOe 3HaueHVe B OIlePAaTOPHOM METOAE, TAK KaK
MaTeMaTu4ecKasi onepaLysi — VHTEIPUPOBAaHME OPUTMHAAA — CBOAUTCS K
apudMeTN4eCKoll orepauny — AeAeHUIO N300paXKeHUs Ha p.

INpumep 2.10 Haiimu usobpayceHue opueuHad

t

f@) = /rze_Td*c.

0

PemeHue. AaHHBI MTHTEIPAA MOYKHO BBIYMCAUTD, ABOKABL MUHTEIPUPYSI
I10 YaCTsIM, a 3aTeM HailTu U300 pakeHme HartAeHHoM GpyHkuuu. Ho aTo mao-
xoe peienue. [To popmyae (2.19) poocTaTOUHO HANTH U300 PasKEHME IIOABIH-
TerpaapHOi pyHkumn. Tak Kak no popmyae (2.17)

w0 °
t
2 —1 . 2
at= ———.
/Te T pp
0
VI. VIuterpupoBanue usobpakenus. Ecau f(t) = F(p) u unrerpaa

/ F(q)dq cXOAUTCH, TO OH SIBASETCS U306pKEHNEM OPUTMHAAL —— / ( ),
P
o0
J® (” : / F(q)dq (2.20)
p

f( ) = @(p). Otciopa o Teopeme o pudde-

f()

Aoxa3areabcTBo. [Tyctp ——

PEHLIMPOBaHUM U300pasKeHUs (cbopMyAa (2.15)) umeem —@'(p) = t—
f(¢). 3nauut — @’ (p) = F(p). VIHTerpupys 3T0 paBEHCTBO, HOAY‘-II/IM
z z
- [ ¥@dq = [ Fgrq
p p
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nan ¢©(p) — o (z) = / F(g)dq. Torpa, mo caeacTBUIO U3 TeopeMsl 1 O(z) —
p

0 mpu Rez — o0o. Ot1cropa

A
o(p) = [ Figrdg ="?.
p
TeOpeMa AOKa3aHa.

INpumep 2.11 Havimu usobpaxerue opueuraira f(t) = SItﬂ

Pemenmne. Tak kak sint = , TO

r+1

o0

sint | dq 00 T

-~ = / i arctgq|p = ;—arctg p.
P

Ho arctg p + arcctg p = g, 3HA4YUT,

sint
- = arcctg p.

Ilpumep 2.12 Haiimu uzobpayceHus opusuHai0s:

et — gt sht

afty=""% bfey=""

Pl

Pemenue. a) Tax kak e — e = » i P ﬁ o popmyae (2.5)), To
eat_ebt . 7 1 1 _ o
; .—/(q_a—q_b)dq—ln(q—a)—ln(q—b)|p =
p
—In|1=2 —In|2=%| = In p_b.
q—b » -b p—a
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sht lef —et

b) Tax kax S = 5  TO V3 MPEABIAYIIEro mpu a = lub = -1
MOAYYaeM
ht 1 1
= prlip
t 2 p—1

VIIL Teopema cmemenust. Ecau f(t) = F(p), To

e’ f(t) =F(p—po) (Rep > so+ Repy) (2.21)

To ecTb cMelljeHMe N306paXKeHNs Ha Py PABHOCMABHO YMHOMKEHMIO OPUTH-
HaAa Ha ePof,

AoKa3aTeAbCTBO
e f(t) = / e’ f(t)e Prdt = / e~ PP £(£)dt =F (p — po).
0 0

ITpu aTOM, ecar u3oOpakeHue F (p) orpeA€A€HO B IIOAYIIAOCKOCTI Rep >
so (sop — mokasaTeAb pocta opurrHaaa f(t), To usobpaxenne F(p — po)
OIIpEeAEAEHO B IMTOAYIIAOCKOCTY Re p > 5o + Re py. Teopema pokazaHa.

IIpumep 2.13 Haiimu uszobpaierue opueuHai0B
a)eMsinwt; b)eM cosot; c) et

p n .

Pemenne. Tak kak sin of = ﬁ, cos Wt = Ao = ry TO IO
TeopeMe CMeIeHUs

) & sin ot = m; (2.22)

b) e cos ot = (p_px)ﬁ; (2.23)

oy = " (2.24)

(19 _ h)”*l :
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OueBUAHO, €CAY BBIPA3UTh TPUTOHOMETPUYECKIE 1 TUIepOOoANUecKe
CMHYCBI ¥ KOCUHYCBI Yepe3 SKCIIOHEHTY, TO II0 TeOpeMaM CMeELeHNs U AY-
HEHOCTU OyAeM MIMETb

f@t)sinot = %[F(p—iw)—F(pHm)],
fycosor = S[F(p—iw)+F(p+ o),
f®shat = S[F(p—o)-F(p+o),
fOychot = J[F(p-o) +F(p+ o),

ecau f(¢) = F(p). [Toayunte popmyast (2.22) u (2.23) 13 3TMX COOTHOLIIE-
HUIL

Ipumep 2.14 Haiimu opueunar no e2o0 uzoopameHun

. p
F(p) = pPr4+4p+5’

Pemenue. Vimeem

p _ w+2-2 = p+2 1
(P+2)2+1 " (p+2)2+1  (p+2)2+1 (p+2)2+1°

F(p) =
Orcropamo (2.22) n (2.23) npu o = 1ud = -2
F(p) =e H cost —2e ¥ sint.

VIIIL. Teopema 3ana3pbiBanusi. Paccmorpum opurunaa f(t) . OyHk-
s

0, t <1,

&) = { ft=1, t>n

rae T > 0, umeet rpaduK, KOTOPbII MOAy4yaeTcs 13 rpaduxa f(¢) ero cABu-
roM Ha T (puc. 2.2).

C ¢usuyeckoit TOUKY 3peHIs TO O3HAYAET, UTO eCAU f (£) 3apaeT HeKO-
TOPBIN Tpolecc, TO g(t) — TOT Ke MPOLeCC, HO HAYMHAIOLUIUICS C 3amas-
apiBaHueM T. OyHkuusa XeBucanaa 1 () paBHa eAMHNLIE, ECAU €€ APTYMEHT

(2.25)
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D) g(?)

A 4
A 4

Puc. 2.2

MOAOXKUTEAEH U paBHA HYAIO, eCAUM OH oTpuliaTeaeH. CAepAOBaTEABHO, 3a-
MasABIBaoLIYI0 GYHKLMIO XeBrcaiiaa MOXKHO 3aIMCaTh B BUAE

0,t <,
1, > 7,

neE -1 = {
a dyHKUMIO (2.26) MOXKHO 3aNMCaTh TakK:

ge)y=nt-vf¢-1.

VIII. Teopema 3ana3abIBaHUA YTBEP)KAQET, UTO BKAIOUEHME OPUT'MHA-
AQ C 3aMa3AbIBaHMEM Ha T PABHOCUABHO YMHOXXEHUIO U300 paskeHMsI Ha e F*:
Ecau f(t) = F(p)ut > 0,710

ft =t —1) = e PF(p) (2.26)

Aokxa3aTeabcTBoO. ViMmeem

ft—omt —1) = [f(t — ot —t)e Pdt = /f(t — e Pdt =
0 T

=1 =th
T |dt =dt

:/f(tl)e—P(T+t1)dt1 :e—m/f(tl)e—ptldtl —
0 0

= e P'F(p). Teopema pokazaHa.

IIpumep 2.15 Hatimu opuzuHai no e2o u300pameHu0
F e
(p) = TESk
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1
Pemenne. Tak Kak Gie = te~' (bopmyaa (2.24)), To mo popmyae
(2.26) mpu T = 2, a Ha HEOOXOAMMOCTb IIPUMEHEHMSI 3aI1a3AbIBAHNSI YKa3bl-

BaeT HAAMYME MHOXUTEAS € 2P, IOAy4YaeM

i

il G 2)e” It - 2).

Teopema 3amasAbIBaHNs 0COOEHHO YAOOHA IIPY OTBICKaHUM M300pasKe-
HYsT QYHKLIMIL, KOTOPBIE HA Pa3HBIX YYaCTKAX OCHU ¢ 3aAQI0TCST Pa3AYHBIMU
AHAAUTNYECKUMU BbhIpOKEHUAMMU.

Ipumep 2.16 Haiimu usobpaxmenue GyHKyUY 3a0aHHOU 2paPu1ecku
(puc.2.3).

Pemenue. YpaBHenue orpeska OA : y; =
%t. YpaBHeHMe oTpeska AB : yy = —%(t — 21). Ay
Ao momeHnTat = 0 opurunaa f(¢) = O uBaTOT
MOMEHT "BKAIOYaeTcss"GYHKUMS y1: 9TO 3aIlu-
nreTcs B BUAe y1-M(¢). B MoMeHT BpeMeHUn t = 1
aTa GyHKLM ncuesaet (y1 -n(t) —y1 - — 1)) ; >
U tosiBAsieTcst QyHKLUUA yo: y1 -n(E) —y1 -t —
1) 4+ y3 - N — 1). HaunHasg ¢ MmomeHTa Bpe-

Puc. 2.3
MeHUu ¢ = 21 ucdye3aeT U 3Ta GYHKIMS: Yy
y1-n@E) —y1-nE—1) +y2-nE —1) —y2 -t — 21).
UTtax,

SO =2tm@) =2t -1 -2 =29 nE -1+ —27) N —20) =
2
:%t n) — Ta(t -1 -nit—1)+ %(t —21) - n(t — 21).
1
TaK KaK ¢ = 22 T0s MCTIOABBYA bopmyay (2.26), OyaeM uMeThb

Lal 2a _., 1 a _ 1 a _ -
fOy=15-7e 5+ e 2”97:7(1—26 r1”+ezw):
Tp T P T p p

a —1p\2
=$(l—e Tp) .
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Ilpumep 2.17 Haiimu uzobpayeHue opusuHara
ft) = (ﬂ 3t 4 1) ne - 2).

Pemenne. Oyuxiys f(t) 3apaeT HEKOTOPBII Ipoliecc §(t), 3armasAbiBa-
fo1Mii Ha BpeMs T = 2. UToObI HaliTK 3TOT MPOLIECC, HAAO €ro IPEACTABUTD
B Bupe f(t) = ot — 2)nN(t — 2). AAsI 5TOr0O MHOTOYAEH t2 -3t +1 HYX-
HO MePepPa3sA0XKUTb IO CTENeHsIM (¢ — 2). DTO MOXXHO CAEAAThb 110 GopMyAe
Teitaopa, HO BBUAY HEBBICOKOII CTEIIEHM MHOTOYAEHA, IIPOILe MTOCTYIIUTD
TaK:

2 =3t+1=[t—-2)+2=-3[t-2)+2]+1=@1t—-2)>+ (@t —-2)—1.
CAeAOBaTEABHO,
fO = (=2 +@-2)-1)ne-2).

Taxum obpasowm, f(t) ectb mpouecc ¢(t) =t + ¢t — 1, "BKAIOYaeMbIit"
C 3amasAbIBaHMEM T = 2.

Tak xak ¢(t) = % + % - é, TO 110 hopmyae (2.26) HAXOAUM

= — _:'3 i_l —2p
fm-mr2w12y(ﬁ+ﬁ Je.

OTMeTUM, YTO STOT IPUMEP MOXKHO PEIIUTh HETOCPEACTBEHHO I10 OTIPEAE-
AeHuIo (2.3):

f(t) = (t2 —3t+ 1) ne — 2)/ (t2 3+ 1) Nt —2)e Pdt =

t—2==18
t=t+2

/ t —3t+1 ‘P"‘dt=‘ =/((t1+2)2—3(t1+2)+
2 0

o0
+1)e‘p(t1+2)dt1 e 2P / 4+t — 1 e “Pht .
2



[TocAepHMIT MHTErpaA MOXKHO He BBIYVMCASITD, 8 3aMETUTD, UTO OH OIIpe-
AeasieT nsobpaxenne GyHkimu o(t) = t2 +t — 1, KoTopoe paBHO % + iz -
1 p b
-
Bripouem, nocaeaHee 3aMeyaHue, IO CyTH, TOBTOPEHNE AOKa3aTeAbCTBa
TeOpeMbI 3aIIa3AbIBAHNS.

IX. VI3o0pakeHre MEePUOANYECKOTO OPUTMHAAA.

Ipumep 2.18 Haiidem uzobpameHue nepuoduueckozo ¢ nepuooom T =
2T NPAMOY20AbH020 PA3HONOAIPHO20 umnyivca f (t) amniumyowvt A (puc.2.4):

Pemenue. AaHHBI OPUTMHAA MOXK- A
HO 3aII1ICaThb B BUAE A

ft)=AM@) -2 — 1)+

\ A¢

+2nt —2t) —2n(t —31) +...) o| t| 2t| 3t 4«

[TepexoAst K M300pa’keHUsIM 110 Teope-
Me 3ana3AbIBaHus, OyAeM NMEThb Rk

Puc. 2.4
1 2

t)=A —e‘m—i—e_zm—e_gm—i—...) =
f@ (p E

=2 (1-2e 7 42 26 4 ).
p
Ecau Re p > 0, To B cKOOKax, HAUMHASI CO BTOPOTO CAAraeMoro, uMeem
CyMMy 0eCKOHEYHO yObIBarolileil reoMmeTpuyeckon nporpeccun. CaepoBa-
TEABHO,

A
f(t).—p(l

3aMeTuM, 4TO MEPEXOASI OT OPUTHMHAAA K M300paKEHMIO, Mbl IPUMEHUAK
TEOPEMY AMHEITHOCTYU AASL CYMMbI H€CKOHEYHOTO KOAMYECTBA CAAraeMbIX,
4YTO, B 001IeM-TO, He 000CHOBAHO.

e Pt )_A 1—e 7"

T %l4er ) T p 14er
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ITyctp f(t) — mepuoauyeckuii opurmHaa c nepuopom I' > 0, TO eCTb
aasiBeext >0 f(t+T)= f(t). Torpa

fO) =F(p)= 2| (2.27)
rae
T
O(p) = / f(t)e Pdt. (2.28)

0

B camomMm aeae

00 T .
Fo) = [ foerar= [ foerar+ [ foerar
0 0 T

[TepBbiii uHTErpaA paseH @ (p); BO BTOPOM caeAaeM 3aMeHy t =T+ T
(o] (o]
F(p) = d(p) + / Fle+ TP D — o (p) + ¢ 7 / FR)e P,
0 0

OTKyAQ IoAy4YaeM (2.27).
Ilpumep 2.19 Haiimu uzobpamerue opueurnara f(t) = |sin ot|.

Pemenne. Oyuxuus f(¢) umeer nepuop T = g ABaXABI MHTErpUpYs
T10 YaCTAM, HaXOAUM

T /@
Aw 7
O(p) = /f(t)e_ptdt = /sinmte‘ptdt =— [14+e o).
0

p2 +0)2
0

ITo popmyae (2.27) HAXOAUM UCKOMOE 1300paXkeHre

Aw 1+e*%
pr o

P+ o? . l1—e %
130

F(p) =



T
3ametum, uto pyHkuus O (p) = / f@)e Pt dt sBasierca nsobpakeHrem
0

OpuUIrnMHaAa

o) = {f (t)(; Oti tf o (2.29)

MoxHO AoKasaTb obpaTHOe yTBep>kAeHMe: Ecau nsobpakeHue nmeer
BUA (2.27), TO COOTBETCTBYIOIUII €My OPUTUHAA SIBASIETCS TIEPUOAVYECKOI]
¢dyHkumei nepuopa T, MOAyYarOLIENCs TEPUOANIECKUM ITPOAOASKEHNEM
byHkuun (2.29) Ha TOAOXKUTEABHYIO TOAYOCH .

X. Teopema ymHOxeHus. 1o 21011 TEOpEMe MO’KHO HAXOAUTH OPUTU-
HaA, COOTBETCTBYIOLINI Ipou3BepeHMIo usobpaxennit F (p)G(p), ecau us-
BECTHbI OpUIMHAABI f (t) 1 g(t) KaKAOTO 13 COMHOKUTEAEIL.

Teopema. Ecau F(p) = f(t) u G(p) = g(t), 10

t
FG() = [ fogte - ods (2.30)
0

t

AokaszareabcTBo. O603HauUM Q(t) = / f()g(t — t)dr. [Tokaxem, 4TO
0

¢(t) — opuruHaa. BeimoaHeHue ycaoBuil 1 1 3 onpepeAeHUs OpUTMHAAA
oueBUAHO (cM. cBoitcTBO "V. MHTerpupoBanne opurmntasa”). AAst Aokasa-
TEABCTBA YCAOBMSI 2 ONIPEAEAEHNSI OPUTMHAAA 0003HAYMM Yepes S] U Sy —
MMOKa3aTeA pOCTa OpUTMHAAOB f () un g(t):| f (t)| <

< Mt |g(t)| < Mae™', mmyctp sg = max(si, s2). Torpampu ¢ > 0

t

t
/f(r)g(t —1)dt| < MM, [ 070t g —
0 0

t
=M M€ / dt = My Mytesr.
0
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Hot < e, TA€ &€ — CKOADb YTOAHO MaAO€ MTOAOKUTEABHOE YMCAO. SHAUNT,
so+é)t
lo@t)| < Melot)r,

Wrak, @(t) — opuruHaa; HaifAeM ero u3oopakeHue.

00 00 t
o(t) _:'/(p(t)e_ptdt =/ /f(’c)g(t—r)d’c e Pdt.
0 0 \o
3A€ech, CIIpaBa, CTOUT ABOVHOVM MHTErpPaA
A o obAaactu D (puc.2.5), Tak KaK npu Hux-
CUPOBAHHOM f TIepEMEHHAs T MEHSETCS OT
B ¢ 0 po © = t (oTpe3ok AB), a mpeaeAbl
v P M3MEHEeHUs TIePEMEHHON [ — 9TO MPOeK-
uuga obaactu D Ha ochb t. VisMeHuM 110-
> PSAAOK UHTErpupoBaHust (MOXKHO AOKa3aTh
0 A t 3aKOHHOCTb 3TOI1 ollepauuu, ecAu Rep >
Puc. 2.5 50):

]

o(t) _:‘/ f()gt —v)e Pdt | dr :[f(r)d*c/g(t —1)e Pdt=
T 0 T

0

(BO BHYTpeHHEM MHTErpaAe CAeAaeM 3aMeHy t — T = £1)

= [ fydt | gt)e P dt, = | f(v)e Pdr | g(ty)e Pdt, =
[ 7] [rocre]

= F(p)G(p). Uto u TpebOBAAOCH AOKA3ATh.
t
Wurerpaa / f(v)g(t — t)dt HasbiBaeTcs cBepmkoii dyHkumit f () ng(t)
0

u obo3Hayvaetcs (f * g).
Teopema yMHOKeHMS YTBEP)KAQET, YTO YMHOKEHUIO U300 paKeHMI CO-
OTBETCTBYET CBEPTKA OPUTMHAAOB

F(p)G(p) = (f *9). (2.31)
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[I03TOMY TEOPEeMY YaCTO Ha3bIBAIOT 1eopeMoli 0 cBepmke (OPUTMHAAOB).
CBepTKa QyHKLMIT 00AaAQE€T CBOJVICTBOM CUMMETPUM (B CHUAY paBHO-
IpaBHOCTU COMHOXUTeAen F (p) u G(p))

(f*g) = @* 1)

1
IIpumep 2.20 [lo uzobpameruro (2722 HAUMU OPULUHAA.
b+ o

. . 0‘)
Pemenne. Tak Kak sin 0t = ———, TO
p-to

1 1 0] [0} 1 ( in of . (Dt)
= — . — = (sin ¢ * sin =
(p2+m2)2 PP+ pPrede?’

t

t

1 . . 1

== / sin wtsin w(t — 1)dt _20)2/ [cos®(2T — t) — coswt] dt =
0

0

_i[i i (2 t t ]t_i[‘ A ¢ t]
=ou | 2g SR 021 ) —cos® -10_20)3 sin ot — ot cos wt] .

XI. Nlurerpaa Aroameast. VI3 TeopeMbl yMHOKEHMSI TIOAYYAEM ITOAE3-
HO€ AASI IPUAOKeHUIT (0COOEHHO TPU AaHAAU3€ AMHEHbIX AEKTPUIECKUX
uereit) caepctBre. [To popmyaam (2.10) u (2.31) umeem

PF(p)G(p) = f(0)G(p) + [PF (p) — f(0)] G(p) = f(0)g®) + (f *g).

ITpeacTaBAsist cBepTKY (f” * g) MHTErpaAoM, IIOAYYAeM popmyry Arwamers

t
PE(0)G(p) = f(O)g(t) + / F gt —vd (2.32)
0

MHrerpaa cripasa (T.e. cBeptKa (f’+g) IpOU3BOAHOM OAHOTO OPUrMHAAA
Ha HEKOTOPBIIL APYTOVl OPUTMHAA) HA3bIBAETCSI UHMEZPALOM Atoames.

Ha ocHoBaHuu CBOVICTBA CUMMETPUM CBEPTKU POPMYAY (2.32) MOXXHO
3aM1CaTh B BUAE
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t
PE(0)G(p) = fO)g(t) + / 2@ f(t = D)de (2.33)
0

B npuAokeHMsIX HY>KHO UCIIOAB30BaTh Ty GOpMy 3amucy uHTerpasa Ara-
meast (2.32) uan (2.33), mpu KOTOPOIT MPOIIe BHIYUCASIETCS UHTETPAA.

§ 2.3. Haxo>kApeHue OpUrnHaAa mno u3o00pakeHunIo.
TeopeMbl pa3A0KeHUs

MTaK, MBI TIOAYYMAY M300pakeHVSI OCHOBHBIX SA€MEHTaPHBIX QYHKLIMIA
U OCHOBHbIE CBOJICTBa OPUTMHAAOB U U300pakeHmit. VcrnoAb3ys atu
CBOJICTBA MOKEM HaXOAUTDb M300pakeHus1 60Aee CAOKHBIX OPUTMHAAOB U
BBITIOAHSITb OOPATHYIO OllepaLyio.

D¢ dexTUBHOCTD NIPYMEHEHMSI OIIEPATOPHOIO METOAA B GU3NIECKUX U
TEXHUYECKUX MPUAOXKEHMIX 00YCAOBAEHA, B YACTHOCTH, TEM, UTO AASL AO-
CTaTOYHO 00ABLIOro Kaacca GyHKuui f(t) u F (p) MMeroTCcs TaOAULBI OpU-
TMHAAOB M COOTBETCTBYIOIMX UM U300pakeHMi1. B mpuAokxeHnM K AaHHOM
raaBe IpuBeAeHa (He IOAHOCTBIO) TabAMLa TpeoOpa3oBaHuil Aaraaca, B3si-
tast u3 KHuru: Aeu I'. PyKoBoACTBO K MpakTM4eCKOMY PVMEHEHMIO TPe0s-
pasoBaHus Aanaaca.-M.:Hayka,1965. 9ta TabAMLja IO3BOASIET, AASL LIUPO-
KOT'0 KAacca QpyHKLMIT, TI0 AAHHOMY OPUTMHAAY 3aI1CaTh €r0 M300paskeH1e
", HA0OOPOT, MO0 AAHHOMY U300paKEHUIO HAXOAUTb OPUTMHAA.

ITpu 3TOM 0COOBIE TPYAHOCTH, OOBIYHO, BBI3BIBAET HAXOXKAEHVE OPUTH-
HaAa 10 3aAQHHOMY M300paXXKeHNIO.

[Tpu pemeHuy AMHENHBIX AP depPeHLIMaABPHBIX YPaBHEHUII C IIOCTOSIH-
HBIMM KO3 uieHTaMI ONepaTOPHbIM METOAOM AASI IIMPOKOTO KAacca
IIPaBbIX YaCTEN STUX YPaBHEHUII Ha 3aKAIOYMTEABHOM 3TaIe TpedyeTcst Hail-
TV OPUI'VMHAA I10 M300pa’keHNI0, IPEACTABASIOLEMY COO0I1 APOOHO-paLMO-
HAABHYIO QYHKLIMIO

_Ap)  ap"+arp" '+ +an
© B(p)  bop" +bip" 4.+ by

F(p) (2.34)
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MPU 3TOM M < M, T.€. CTEIIEHb YMCAUTEAS] MEHbIIIEe CTENEeH 3HAMEHATEASI
(B mpotuBHOM cAydyae lim F(p) # 0, 4TO HEBO3MOXXHO).
Re p— oo

AAsT HAXOXKAEHUST OPUTMHAAQ 110 U300 pakeHNO (2.34) MOKHO UCIIOAD-
30BaTh pa3A0OXKeHIEe HA DAeMeHTapHbie (MpocTeiiine) ApoOou. ITOT METOA
OBIA pACCMOTpPEH B MaTEMATUYECKOM aHAAM3€e IPU MHTETPUPOBAHUI APOO-
HO-PaLMOHAABHBIX GyHKLMI. CHavYaAa PACKAAAbIBAEM HA MHOXKUTEAU 3HA-
MeHaTeAb. 3aTeM MPEACTABASIEM AQHHYIO APOOb B BUAE CYMMBI 9A€MeHTap-
HBIX ApODelt ¢ HeollpeAeAeHHbIMU KoadpuLieHTamMu

F(p) = o) -
bo(p—p)*t ... (p— ps)s
An 4 Ag . . Ap1
p—p1 (p—p1)
A, Ao Ay
PETNTErS

. 2.35
+ (p_Ps)ks ( )

B 5TOM paBeHCTBe IPUBOAUM APOOU K 0011IeMY 3BHAMEHATEAIO U [IPUPAB-
HUBaeM 4MCAUTEAN. [TOAyUYEHHOE PABEHCTBO AOASKHO BBIIIOAHSITHCSI TOX-
AecTBeHHO. [109TOMY, IOACTaBASISI BMECTO IIEPEMEHHOM p TOAXOASIIINE 3HA-
YeHSI, TOAYYaeM CUCTEMY AMHENHbBIX yPABHEHUIT OTHOCUTEABHO HEM3BECT-
HbIX A;; (ACHO, YTO ypaBHEHMIT AOAXKHO OBITh CTOABKO, CKOABKO HEM3BeCT-
HBIX).

3ameuanne. Pasroxxenue (2.35) sammcaHo B KOMIIAEKCHOV 00AACTH, T.€.
KOPHU Py MOTLYT ObITb KOMIIAEKCHBIMU: Py = Oy + g, ax # 0,B # 0. U3
aATeOpBbI U3BECTHO, YTO Y MHOTOYAEHA C AEIICTBUTEABHBIMU KO3 bULIMEeH-
TaMU KOMIIA€KCHbIE KOPHM IIOMIAPHO COTIPSDKEHHBIE: €CAU Py = O + iy —
KODEHb, TO py = Ok — Py — TaKKe KopeHb. Ho TOraa opurmHassbl, coot-

A Gyayr pas
| p—(axip VAP
o1 e *F P 11 y1x xeAaTeAbHO YIPOIIATh, UCTIOAB3YS hopMyAy Ditaepa

+

BETCTBYIOLME, HAIIPUMEP, 9AEMEHTAPHbIM ApO6HM

eOEBE — o (cos Bt + i sin pt).

ITOro MOXKHO ]/[36e)l(aTb, €CAM IIPpU PA3AOKEeHUU 3HAMEHATEAS Ha MHOXXU-
TeAU "He TpOI‘aTb"KBaApaTHbIe TPEXYAEHDbI C KOMITAEKCHbIMUY KOPHAMMU.
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3
Ipumep 2.21 Haiimu opueunar no uzobpaycernuio F (p) = p4p T

Pemenne. Pasaarasg Ha MHOKUTEAU 3HAMEHATEAD, IMeeM

7 A B Cp+D

Flp) = P-Dp+)(PP+1) p-1_ p+l " pPri-

Ortciopa
P=Ap+1) (P +1)+Bp-1) (P +1) + Cr+D)p-D(p+1).

IToacTaBassa p = £1 u p = =%i, noaydyaem

1 =4A, A =1/4, A =1/4,
—1 = —4B, N B+ 1/4, - B+ 1/4,
—i = (Ci+ D)(-2), 2Ci+ 2D =i, C=1/2,
i=(—=Ci+ D)(-2), —2Ci+ 2D = —i, D=0.
UTax, ,
1/4 1/4 1
)4 / n / LLlop

Fr—1_p—1 " p+l  2p2+1
ITo cBoitcTBY AMHeltHOCTU U popMyaaM (2.5) u (2.7) HAXOAUM OPUTMHAA

T _1
f&)= 1€ T 26 +5cost= 2(cht—l—cost).

IIpumep 2.22 Ais usobpamenus
5p* +13p> +9p* + 10p + 6
Fp) = p°+2pt +2p8

HAumu opuuHaA.

Pemenne. PazraraeM Ha MHOXXUTeAM 3HaMeHaTeAb p° + 2p* + 2p° =
=p° (p* + 2p + 2). Aaablue MOXXHO 6bIAO GbI Pa3AOSKUTD Ha AVIHEVIHbIE MHO-
xutean p> +2p+2 = (p+ 1 — i)(p + 1 + i) c mepcreKTUBOIL, MOCAE
pasAO>KeHNs Ha IAeMeHTapHble APoOu




U HAXOKAEHMSI HEOIIPEAEAEHHBIX K03 ULIMEHTOB, UCIIOAB30BaTh GOPMY-
ABI (2.16) u (2.5), HO 3TO IpUBEAET K HEOOXOAMMOCTM YIIPOILEHMUS OPUTHU-
HaAa.

3apava yrnpouaeTcs, eCA OPUEHTUPOBATHCS Ha MpUMeHeHue GOopMyA
(2.22) n (2.23). B Takom cAydae pazao)keHre yAOOHee MICKAaTh B BUAE

Blp+1)+C

A, A, As
R ST

IIpuBOAS K 00ILL[eMYy 3HAMEHATEAI0 M MPUPABHMBASI YUCAUTEAU, TOAYIUM
TO>XKAECTBO

5p* +13p° + 9p* + 10p + 6 = (A1p2 +A2p+A3) (p2—+—2p+2) +

+B(p+1)+C)pPP°=(A1 + B)p* + 2A, + Ay + B+ O)p°+
+(241 + 242 + A3)p® + (2A; + 2A3)p + 24s.

MO>XHO MTPUPABHSTH KO3 PULMEHTHI IIPU OAMHAKOBBIX CTENEHSIX P CAEBa
VI CIIpaBa, HO MIOAYYMTCSI FPOMO3AKasE cucTeMa. [1polije HOCTYMUTb TakK: p =
0 — HYAb KPaTHOCTU TPU AASI 3HAMEHATEAS, @ 9TO 03HAYAET, YTO IepBast
" BTOpasi IPOM3BOAHbIe 3HaMeHaTeAst GyHKLK F (p) Takke paBHBI HYAIO
npu p = 0. [Toaromy, ABaXABI ArbdepeHUnpyst IOCAeAHEe PABEHCTBO U
noAcTaBasis p = 0, OyaeM MMeTb:

p=0:6=2A3:>A3=3;

20p° +39p% + 18p + 10 =
=4(A1 + B)p® +3QA1 + Ay + B+ C)p* + 2241 + 245 + A3) p+

+24; + 243, p=0:10=245+243= A =2;
60p” + 78p + 18 = 12(A1 + B)p* + 6(2A1 + Ay + B+ C)p + 44+
+4A; + 243, p=0:18=4A; + 44, + 243 = A; = 1.

AAst HaxoKpAeHMs ocTaBLIMXCs KoadouuyeHToB B u C 3ameTuM, 4TO
MHOXUTeAb ipu p* (B MCXOAHOM TOXAECTBE) COAepXNUT B, HO He copep-
xut C, a MHOXUTeAb TIpu p°> copepxut C, HO He copepxuT B. [TosTomy
npupaBHuBas K0abOULMEHTDI TpU prupd noayuum B = 4, C = 5 u, cae-

AOBATE€ABbHO,
1,2 3 4(p+D)+5
F(p)_p+p2+p3+(p+l)2+1'
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VIcroAb3yst yKasaHHbIE BbILIE CBOVICTBA, [IOAYYa€M OPUIMHAA
3.2 -t —t
f(t)=1+t+§t +4e " cost + 5e” " sint.

AAsT OTBICKaHUSI OPUTMHAAA 110 3AAQHHOMY U300pakeHuto F (p) Moxer
OBbITb MCIIOAB30BAHO pazAaokeHue Gyukuun F (p) B psip AopaHa.

IlepBasa Teopema pa3zaoxkenusa. Ecau F(p) aHaAUTMYHA B KOAbLIE
R < |p| < oo u pasaokeHMe B psip AOpaHa B 9TOM KOABLIE IMEET BUA

00
c c Ch
n=1

(2.36)

T0 F (p) siBAsieTCs UB0OpakeHMeM opurnHaaa f (), onpeAeAsieMoro paBeH-
CTBOM

(o)
Cn — C C
feoy=> it P=at gt gt 4, (2.37)
n=1

AOKasaTeAbCTBO aTON TE€OPEMbI CPABHUTEADHO CAOXKHO 1 MbI €TI0 OITyCTUM.

n—1

EcAu BCIOMHUTB, YTO l% = (n%l)' [popmyaa (2.16)], To Teopema yTBEp-

XKAQET, YTO AAsL U300pakeHUsi F (p), yAOBAETBOPSIIOLIETO YCAOBUSIM TeOpe-
MBI B psipe (2.36), BO3MOYXEH MMOYAEHHBIN IIEPEXOA K OPUTUHAAAM.

pS

-

IIpumep 2.23 Haiimu opucurnanr no usobpaycernuio F (p) =

Pemenne. OcobOble TOUKM AQHHOI QYHKLMY HAXOASITCSI U3 YPaBHEHUS
p*—1 = 0, T.e. AeXXaT Ha EAUHIYHOIT OKPYKHOCTY. CAEAOBATEABHO, B KOAD-

1
e 1 < |p| < oo PpyHkyus aHaautuyHa. B aTom Koabue — < 1, moaro-

|
MY, UCITOAB3Ys POPMYAY CYMMBI O€CKOHEYHO YOBIBaIOIIIel FeOMETPUYECKON

nporpeccuu, MMeem

F(p) =

S
—
S|
S
/N
—_
+
y
+
™| =
+
N
Il
S
-
s



ITo mepBoI TeOpeMe pa3AOKEHUST HAXOAVM OPUTMHAA

o0

4 t8 t12 t4n
fO =1+ +5+ 5+ =y @ (2.38)
n=0
3
B npumepe (2.21) mbl Hamay, 4TO udobpaxkenue F(p) = 1 VMeeT

1
opuruHaa f(t) = E(Cht + cost). Vicoab3ys psiabl Teitaropa aast cht u

COS t, HETPYAHO YOeAUTBCsI, 4TO CyMMa psipa (2.38) MMeHHO paBHa %(ch t+
COSt), HO B APYTMX CAY4asix ObIBaeT 3aTPYAHUTEABHO (a 4allje ¥ HEBO3MOX-
HO) CBEPHYTb CYMMY psiaa (2.37) B KOMIAKTHYIO0 GopMmy.

ITepBas TeopeMa pasAOKeHMs MCTIOAB3YETCST AAST HAXOXKAEHUS OPUTH-
HAAOB I10 M300PXXEHMIO I HA00OOPOT AASI TaK Ha3bIBAEMBIX CHEYUANDHDLX
¢ynkyuii (Pynkumit becceas, Dpmura, Aareppa u Ap.). DU PyHKUMM Ya-
CTO 3aAQI0TCSI B BUAE HEKOTOPOTO CTENEHHOro psipa. Harpumep, GyHkums
Becceast (HyAeBoro nopsiaka) MMeeT BUA

Jo®) = 3" (=1 (2:39)
n=0

Ecau dyuxuuio F(p) = \/% PasAOKUTh B psip AopaHa B KOAbLE
p

1 < |p| < oo, To (BbIGMpas TO 3HAUYeHMe KOPHA, AAS KOTOPOro /1 = 1)
MOAYYUM

—-1/2 00
1 1 (2n)!
F(P) = ; (1 + 192) Z (_ ) n|)222n 2n+1 "

1 th

Ho T = — R . CAeAOBaTEABHO, 110 MTEPBOIL TEOPEME PA3AOXKEHNUS
Jot) = — (2.40)
AN/~ '

139



Bropast Teopema pazaokenus. Ecau usobpaxenue F(p) = 4w _

B(p)
ApoOHO-paLoHaAbHasl GYHKLMS, T.€.
app” +arp" '+ +a
F(p) =~ -
bop" +bip"t + -+ by
TA€ CTEIeHb YMCAUTEASI MEHbILE CTEIIEHU 3HAMEHATEASI U P1, P2, - . ., Ps —

HYAU 3HaMeHaTeAs [T.e. HoAChl GyHKuuu F(p)], TO €ro opurnHaAOM siB-
AsieTcst GYHKUMS

N

— pt
f@&) =) res [F(pye”]. (2.41)

k=1

AOKaSaTeAbCTBO 9TOM TE€OPEMBI Mbl TAK)KE€ OITYCKAa€M.

3amMeTuM, UTO paHblile MbI OT TAKUX OPUTMHAAOB ITIEPEXOAUAY K U300pa-

JKEHVUSAM pa3AOXEHUEM APO6I/I ng Ha 3A€MEHTapHbIe APO6I/I. C IIOMOIIIBIO

BBIYETOB 9T0,3a4YACTYIO, PEIIAETC MPOLIle.
CaeactBue 1. Ecau Bce moatoce! pyukuuu F(p) npocrsle, TO, IpuMe-
Hss popmyAay (1.62) raaBbl 1 AAsI BbIY€ETA B IPOCTOM MTOAIOCE, OYAEM MIMETD

A( A(
F(p) = ﬁ’g =f@) = Z B,é“) ePit. (2.42)

HamoMHuM, YTO BbIYET B OAIOCE pj KPATHOCTU I HAXOAUTCA 110 hopMyAe

r—1

pt - r pt
PIEI?/[F(p)e ] r—l)'pl—>_p dp'- 1[(]9 p)F(p)e ]
3
INpumep 2.24 Haiimu opueunanr ors uzobpamenus F (p) = 4p 7

Pemenue. OcoObiMu TOYKaMut (M UMEHHO MPOCTHIMU TIOAIOCAMM) AQH-
HOV GYHKIMYU GYAYT TOUKM py = ~/ 1. OAHO 3HaUeHIe 3TOr0 KOPHS OUeBYIA-
HO p; = 1. OcTaAnbHble 3HaY€HMs HAXOAATCS B BeplIMHaX IPaBUABHOTO Ye-
TBIPEXYTOAbHMKA (T.e. KBaApaTa), BIMICAHHOTO B EAMHUYHYIO OKPY>KHOCTD
U C BepUIVHOI B 9TOM Touke p; = 1. Takum obpasom, py = i, p3 = —1,
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pa = —i. Tak Kak npousBoaHas 3HameHaTeas (p* — 1) = 4p> # 0 B aTUX

TOYKaX, TO OHU OyAYT HpOCTbIMI/I noatocamu. ITo popmyae (2.42) HaxopuM
Ap 1

B(p) 4

1 . _ . 1 t+—t it+ —it ht+ t
f(t):4(et+e’t+et+e”)=|:e e e’ +e ]:C C()s.

OpUT'MHAA, YIUTBIBAS,

2 2 2 2

IMpumep 2.25 Haiimu opusurnar 045 usobpameHus
1
F(p)= ——.
Pr=pw+n
Pemenne. AAsi AQHHOM QYHKUMYU TOYKA p = —1 SIBASIETCS IPOCTHIM
MIOAIOCOM, @ TOYKa p = 0 — MOAKCOM TpeTbero nopsiaka. Haxoaum coor-
BETCTBYIOLI/E BbIYETHI:

ert et

s [F(pet’] = = e

p__ r*+r°)

p==1 p=-1

d? 1 d* | et
§24 - 3 §24 I
] [F(pe”] = hm [}7 Elpe ] 2 ;lqlﬁn}) ap? [p—i— 1:| -

—0 dp?
_lel’t(t2p2+2t2p—2tp+t2—2t+2) } ¢ Fa1
T2 (p+1)3 p=0 2 '

I'To BTOpO1 TEOpEME pa3AOKEHUS TIOAYYaEM
1 s
P+l 2

OTHOCUTEABHAs IIPOCTOTA PELIEHNUI B ABYX IIOCAEAHMX IIPUMeEPax 00b-
SICHSIETCSI TEM, YTO IMOAIOCHI QYHKLUM — AENCTBUTEABHbIE (1 O0A€e TOro —
yeAble). EcAu npuMeHUTb BTOPYIO TEOpeMY Pa3AOKeHUs K M300paskeHUIo

5p* +13p> +9p> + 10p+ 6
Flp) = p°+2pt +2p8
peleHrie OyA€T HeCpaBHEHHO OOAee IPOMO3AKUM, YeM MPUBEAEHHOE BbI-
Ille B YKa3aHHOM IIpuMepe.

M3Ao0xxeHHast TEOPUSI IBASIETCSI OCHOBAHUEM AASL TaOAUIIBI Ipeobpaso-
BaHMs Aamaaca, IpMBEAEHHON B KOHLIE AQHHO TAABBI, A TAKXKe AASI HAXOXK-
AEHMSI COOTBETCTBUSI OPUTMHAAOB U M300paskeHU, OTCYTCTBYIOLIUX B OTOMI
TabAMLe.

—t+1—et

, paccMoTpeHHOMY B mpumepe (2.22), To
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§ 2.4. Awumneinnbie AuddepeHIITaABHBIX YPABHEHUS C
MOCTOSTHHbBIMU KO3 duimeHTamMmu

'A'AH YSICHEHMSI CYTU MPUMEHEHMsI OTlePaTOPHOTO METOAA K PelleHUIo
AnbdepeHIaAbHbIX YPaBHEHUIT PACCMOTPUM YpaBHeHMe
MepBOro MopsAKa

X +ax = f(t). (2.43)

Tpebyercst HaiiTu peleHne x(¢) 3TOr0 ypaBHEHMs, YAOBAETBOPsIoLIlee
HavyaabHOMY ycaoBuio x(0) = xy (¥9g — 3apaHHOe urcao). To, 4To HavyaAb-
HOe yCAOBMe 3apaHo nipy ¢ = 0, He IpMHLUIIMAAbHO. Bo—nepBbIx, ipu pe-
HIEHUU TIPUKAAAHBIX 3aAa4 AAST BBIOOPA 13 DECKOHEYHOTO YMCAQ PellleHUI
AudPepeHIIaAbHOTO YpaBHEHMS ONIPEAEAEHHOTO PelIeHVsT HE0OXOAMO
3aAaTh 3HaY€HMeE VICKOMOV QYHKLMY B KaKOM-AMOO TOUKe ¢ U, OOBIYHO, ee
MPMHMUMAIOT paBHOM HYAI ¢ = 0. Bo—BTOpBIX, €CAU BCe-TaKM 3aAaHO Ha-
4yaAbHOe ycAoBue x(fp) = Xp, TO 3aMeHa T = ¢ — fy CBEAET HaIlly 3aAa-

dx(t)
4y K HAXOXKAEHUIO pellleHMs] YpaBHEHMsI 7 + ax(t) = f(t + ty), rae
x(t) = x(T — ty), C HyA€BBIM Ha4aAbHBIM ycAaoBMeM X(0) = xo.
Byaem cuutaTh, yTo pyHxuuu f(¢), x(t) u &' (¢) SABASIOTCSA OpUTMHAAA-
M.
YMHOXMM 06€ yacTu ypaBHeHus (2.43) Ha e # u mpounTterpupyem ot 0

AO 0O
/x’(t)e“”tdt +a/x(t)e“”tdt = /f(t)e_ptdt. (2.44)
0 0 0

B aT0 ypaBHEHME BXOAST U300paskeHMsI 3apAaHHOM GyHKLuK f (), MICKOMOII
¢dyHkumnu x(t) u ee mpousBoaHoit. Ilycts F(p) = f(t), X(p) = x(t). o
TeopeMe 0 AuddepeHipoBanuy opurnHarax’ (¢) = pX (p)—x(0) = pX (p)—
X0.

YpaBHeHue (2.44) nprHUMAaeT BUA

pX (p) — xo +aX(p) = F(p). (2.45)

210 YPaBHEHVE Ha3bIBA€TCs OnepamnopHbiM YpaBHEHNEM. OHoO sBAsIeT-
CS1 AMVHEVIHBIM 6l/1266p6lu"l€CKI/tM YPaBHEHUEM, T.€. C MaTeMaTU4eCKOM TOY-
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KV 3peHys1 00'beKTOM HeCpaBHEHHO O0A€e€ IIPOCTBIM, YeM UCXOAHOE Ougpe-
peHyuarvHoe ypaBHeHre. KpoMe TOro, 0HO COAE€P>KUT Ha4aAbHOE 3HaU€eHVe
X0, BbIA€AsIIOLIee 113 OECKOHEYHOTO YMCAQ pelleHnit AuddepeH1taAbHOro
ypaBHeHus (2.43) Hy’KHOe pellleHre. B 3ToM npeumy1ecTBO 0repaTopHOro
METOAQ TepeA KAACCUYECKMMM, IIPY KOTOPBIX CHaYaAa OTBICKMBAETCs 00-
ljee pellleHNe, 3aBUCALIee OT TPOV3BOABHO IIOCTOSIHHOI, a 3aTeM 3Ta Io-
CTOSIHHAsI OTIPEAEASIETCs TaK, 4ToObl PpyHKUus x(¢) npu ¢ = 0 mpuHKMMaAa
3aAaHHOe 3HAYeHNE X(.
Pemrasi onepaTopHOe ypaBHEHNE, IMeEM
Flp) | %

X(p) =2 4

via pra (2.46)

OpuzuHan, coomsemcmsyOuwutl amomy usobpayceHuro, 6yoem peuie-
Huem 0aumHo2o ypasHeHus (2.43), Yy00BAEMBOPSIOUUM HAHAALHOMY YCAO-
suo x(0) = xy.

DTOT OPUTMHAA UILEM II0 TaOAML}AM OPUTMHAAOB U M300paskeHU ! (CM.
IIPUAOJKEHIE B KOHLIe rAaBbl). Ecau B TabAMLe 3TOro M300paXkeHus HET, TO
AMO0O TIBITAaEMCS €r0 IIPeoOpa3oBaTh, UCIOAb3Ys IIOAYYEHHBIE B IIPEABIAY-
eM naparpacde cBoicTBa npeobpasoanus Aamaaca, K cymme GyHKLuIA,
VIMEIOIIUXCsI B TabAMLIE, AMOO IIPMMeEHsIEM TeOpeMbI Pa3AOXKeHMSI.

PaccmoTtpum Tenepp obiuit cayydait. I[Tycts pAaHO aAuddepeHiaapHOe
ypaBHeHMe

d"x dr1x dx
aow +ﬂlﬁ+...+an_1g +anx=f(t), (2.47)

1 HAYaAbHBbIE YCAOBI/IH
%(0) = x9, x'(0) = x1, 5" (0) = x2, ..., "V (0) = x,_1, (2.48)

TA€ X0, X1, X2, . . . , Xy—1 — 3aAQHHBIE Y1cAd. TpebyeTcs HaliTH pelleHue ypaB-
HeHus (2.47), yAOBAETBOPsiIOlllee HAYaAbHBIM YCAOBUAM (2.48).

ByaeM npeanoaararb, 4To GyHKIMA f(¢) 1 pemeHue x(¢) BMeCTe C ero
MIPOM3BOAHBIMU AO /-TO TIOPSIAKA SBASIIOTCST opuruHasamu u F (p) = f(¢),
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X (p) = x(t). Ilo cBOVCTBY AMHEIHOCTH, UCTIOAB3Ys TeopeMy 0 AuddepeH-
LUMPOBaHUM OPUTMHAAA, IIOAYYaeM OIlePaTOPHOE YpaBHEHMe

ao (p”X (p) =" "'xo = P Px — - = pany — xn—l) +

+ay (p”‘lX (B) = P' a0 = P w1 — - — ptys — xn—Z) +..
-+ ap1(pX (p) — %0) + anX (p) = F(p).

Orcropa
(aop” +arp"  +a,p+ an) X(p) =

=F (p) + xo (amn”‘1 tap 4+ “n—l) +

+x1 (aop”_2 +ap T+ + a,,_2> + -+ xp_140,

AN
A(p)X(p) = F(p) + B(p),

rae A(p) u B(p) — MHOrouAeHsl creneHeit n u n — 1. VI3 aToro ypaBHeHuA

HaXOAM
F(p) + B(p)

X(p) = Ap)

(2.49)

MbI IOAYYMAY OnepamopHoe peuieHue AUPPEpeHIIaAPHOTO ypaBHe-
Hus (2.47) ¢ HayaAbHBIMU ycAoBUsIMU (2.48). Opurunaa x(t), HailA€HHBII
o usobpaxxennio (2.49), u 6yaeT UCKOMBIM peleHreM ypaBHenust (2.47),
YAOBAETBOPSIOIVM YCAOBYAM (2.48).

ITpuBeaeM HECKOABKO IPVMEPOB pelleHNs] YPaBHEHMIT OIlepaTOPHBIM
METOAOM.

Ipumep 2.26 x' +x = €', x(0) = 0.

Pemenue. 0603Ha‘{I/IMX (p) = x(t), Torpax’ = pX (p)—x(0) = pX (p).

Tak kak e’ , TO IOAY4aeM ollepaTopHoe ypaBHeHue pX (p) +X (p) =

-1
1
p— Orciopa X (p) = . ITo ¢popmyae (2.8) Haxopum x(¢) = sht —
pelieHe AQHHOMI saAaqM
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IMpumep 2.27 x” + 4x = cos 3t, x(0) = x'(0) = 2.

Pemenmue. [Tycts X (p) = x(t), Toraa x” = p*X (p) — px(0) — x'(0) =

=p>X (p) — 2p — 2. YauTbIBas, uTo cos 3t = Py MOAy4YaeM ollepaTopHoOe

pzi 5 OTcropa HAXOAUM

ypasHenue p*X (p) — 2p — 2+ 4X (p) =

X(p) =1 4 2p+2 (2.50)

PP+9)(p*+4)  pr+4°
AAst BTOpOI1 APOOM OPUTMHAA HAXOAMM I10 TabAMLIe

2p+2 p

i p2+4+p2+4,:2c052t+sm2t.

AAs1 IEpBOIT ADOOU OPUTHHAA MOXKHO HATH IO BTOPOIT TEOPEME Pa3AOIKe-
HUs (TOTpebyeTCst BBIYMCASIT YeThIpe BblYeTa B TOUKax +2i 1 £3i), MOKHO

Pa3AOXKNUTb APOOb Ha 9A€MeHTapHbIe (HY’)KHO OYA€T HaXOAUTD YeThIpe KO-
Ap+B " Cp+D
pP+9 - pti
>KeHust n3obpaskenuit (2.31)

sdduimenTa y Apobeit ). MBI ICITOAB3y€EM TeOpeMy YMHO-

p B 1 p 2 _.1 ' -
(PP+9) (PP +4)  2pP2+9 p+4~ 5 (cos 3t » sin 2¢) =

¢ ¢
/ cos3tsin2(t — t)dt = i [ [sin(t + 2t) — sin(5t — t)] dt =
0 0

N =

1 1
=2 (—cos(t +28)[5 + 5 €os(5T — t)lf)) =

1 1 1 1
=1 (cos 2t — cos 3t + z cos 3t — A cos2t) = g(cos2t — cos 3t).

B uTore HaXOAUM OpUTHHAA AASI U300paXkeHust (2.50)
1 ) 11 1 .
x(t) = g(cos 2t —cos3t) +2cos2t +sin2t = — cos 2t — - cos 3t + sin 2¢.

dTa ¢)YHKHMH YAOBAETBOPAET AAHHOMY YPAaBHEHNMIO 1 HAYAAbBHbBIM YCAO-
BUAM.
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IMpumep 2.28 x'V —x" = cost; x(0) =0, ' (0) = —1, x”(0) = x(0) =

Pemenne. [Tycts X (p) = x(t), Torpa x” = p*X (p) — px(0) — x'(0) =
=2192X (+12" = p*X (p)—p*x(0)—p*x' (0)—px" (0)—x"(0) = p*X (p)+
p-.

Tak kak cost = ﬁ, TO TePeXOAsl K M300pasKeHUsIM U pellast TOAY-
YEeHHOe onepaTopHoe YpaBHeHI/Ie, HaXOAUM
1 1
XP)=—F73—"—73-
Pr=5 (-1 p

MO>KHO pa3HBIMU CITIOCOOAMV HAXOAUTb OPUTMHAA 3TOTO U300 payKeHNMS.
MBbl "CXUTPUM [TPOAEAAB CAEAYIOLINE TIPe0Opa3oBaHMs:

4 4 3
r-p-1) 1 y 11
X =~ m =i
pp* -1 p -1 p p
1. 1 v
OueBUAHO, » =1u 7 = t. OpuUruHaaA AAst 51 MbI HAXOAUAY (Pa3HBIMU
3
1
criocobaMiu) BbIIIIE: Iﬁ = i(cht + cost). CAeAOBaTEABHO, pelleHreM

Haiei 3apauu 0yaer GyHKUMS
1
x(t) = E(cht +cost)—1—t¢t.

IMpumep 2.29 x” + 4x = f(t),x(0) = x'(0) = 0, ecru pyuxkyus f(t)
3adaHa epagpukom Ha puc.2.3.

Pemenne. Ecam X (p) = «x(¢), TO, yuuTbiBasg HayaAbHble YCAOBUS,
x" = p*X (p). B npumepe (2.16) HaiiaeHO U306paXkeHIe

= 2 (1 _o9,~w  ,~2w
f(t),_sz(l 2P 4 e )

ITepexoast B AQHHOM YpaBHEHMH K U300paKeHMSIM, TOAYIUM

a

_ 0 4 -2 _
X0 = i (1 2™ 4 2e ) -
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(Lo i) (maeaem) ey

AV Y.

1 1 2 .1, £
== = -sint. ITe-
P+d 2p2+4 7 2
pemHOXas (2.51) 1 IpUMeHsIs TeOpeMy 3aIasAbIBAaHNS,

.
Bplllle HEOAHOKPATHO UMeAU — = [ U
p

x(0) = (¢ - %sint —2(t — DNt —T) +sin(t — TM(t — 1)+

(6~ 200( — 20) — 3 sin(t — 20m(t - 20)).

Ora QYHKLMS U SIBASIETCS pellleHieM AQHHOTO AuddepeHLaabHOrO
ypPaBHEHUsI, YAOBAETBOPSIIOIVM 3aAQHHBIM HAYaAbHBIM YCAOBUSIM.

B paHHOM npuMepe mpaBasi yacTb AuddepeH1iaAbHOro ypaBHeHS Me-
€T pa3AMYHbIE AaHAAUTUIECKIE BBIPAKEHMS Ha PA3AMYHBIX y4aCTKax OCH £,
Yl €CAM pelIaTh ero KAACCUYECKMM METOAOM, TO IIPUAETCS MCKATh YACTHOE
peleHue AASI KaXAOro yyactka [0, t], [t, 2t] u [21, 00). TIpu aTOM npupeT-
Cs1 IepeCUNThIBATh HAYaAbHBIE YCAOBS IIPU ITEPEXOAE OT OAHOTO y4acTKa K
Apyromy. YTo0bI 0CO3HATH IPEUMYIIIECTBA OIIEPATOPHOTO METOAQ, IIOAE3HO
peLINTDb TOCAEAHMIT TIPYMEDP KAACCUYECKUM METOAOM (1monpoobyiire!).

Beiiite MBI y)ke OTMEYaAH, YTO €llje OAHO MPENMYIECTBO OlePaTOPHO-
ro METOAQ B TOM, YTO Cpa3y HAXOAUTCSI HEOOXOAUMOEe YaCTHOe pelileHHe,
MUHYsI OTBICKaHMe 0011ero perreHus AnddepeHLMaAbHOTO YPaBHEHUS.

Ho ecAn Hy>)XKHO HaitTi ob11jee peliieHre ypaBHEHMS], TO, 3aAaBast HAYAAb-
Hble ycaoBus B Bupe x(0) = Cp, 4’ (0) = Cy, u T.A. (C; — npou3BOAbHbIE
MIOCTOSIHHBIE), TOAYYMM peLIeHNe, COAepIKallee HY>)KHOEe KOAUIECTBO MPO-
M3BOABHBIX TOCTOSIHHBIX (X AOAKHO OBITbh CTOABKO, KAKOB ITOPSIAOK YpaB-
HeHU), T.e. oOlee pelieHre AuddepeHLIaAbHOTO YpaBHEHMSI.

IMpumep 2.30 Haiimu obusee peuseHue ypasreHus x' + x = €.

Pemenne. ITycts x(0) = Cux(t) = X(p), ¥’ (t) = pX(p) — x(0) =
pX (p) —C.Iloayyaem onepaTopHoe ypaBHeHue pX (p) —C+ X (p) = ﬁ.
Orcropa,

1 C . —t
p2_1+m,:sht+ce
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— KCKOMOe 0011iee peleHue.
B 3aKA0Y€HME OTMETHUM, UTO OMEPATOPHBIIT METOA HEIIPUMEHUM K AUG-
bepeHLaABHBIM YPaBHEHVSIM C IPABBIMK YaCTIMU f (£), He SIBASIIOLIMUCST

1 2
opurrHaAamu (Hampumep, tgt, 7 €'”), M K TaKuM ypaBHEHUSAM OGBIYHO

MPUMEHSIOT KAACCUYECKME METOABI (HAIIpUMep, METOA BapualUy MOCTO-
SIHHBIX).

§ 2.5. IlpumeHeHue nHTerpasa AroaMeAs K pelnieHNI0
AuddepeHnIaAbHBIX YPAaBHEHUI

yCTb TpeOyeTcst HaliTH pellieHe AHETHOTO YPaBHEHUSI C TOCTOSIHHbBI-
MU KoaduieHTaMm

apx” + a1x' + arx = f(t), (2.52)

YAOBAETBOPsIIOIlee HyA€BbIM HauaAbHBIM ycAoBMsM x(0) = x'(0) = 0. Ha-
PSAY C 3TUM, PACCMOTPUM ypaBHEHMeE C TOI )XKe AeBOJ 4aCThI0 U NpaBol
4acTbio 1, TaKKe NPY HYA€BbIX HAYAABHBIX YCAOBMSX

ay?’ + a1z +arz=1,z(0) =7 (0) = 0. (2.53)
[Tepexoast K orepaTopHbIM ypaBHeHMsM B (2.52) u (2.53), moayyaem
aop*X (p) + a1 pX (p) + ;X (p) = F(p),

1
aop*Z(p) + a1pZ(p) + a2 Z(p) = >

Pa3peAMB epBoe paBeHCTBO Ha BTOpPOE, OyAEM UMeTb

X(p) = pF(p)Z(p).

ITo popmyae Aroamens (2.32) umeem

PF(p)Z(p) = f(0)z(t) + (f * 2).
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CAeAOBaTEABHO,

t

x() = f(0)z(t) + /z(r)f’(t —1)dr, (2.54)

0

AU
t t
x(@t) =z(00)f () + /f(r)z’(t —1)dt = [f(t)z/(t —1)dr, (2.55)
0 0

Tak Kak z(0) = 0 B cumAy HayaAbHBIX ycAoBUIL. OueBUMAHO, 3Ta HopMyaa
CIIpaBeAAMBA 1 B 0011[eM CAydae AAsl ypaBHeHMsI (2.47) ¢ HyAeBbIMU HaYaAb-
HBIMU YCAOBUSAMU.

ITpumep 2.31
X' —x=——, x0)=x(0)=0.

Pemenne. CHauaaa HallpeM pelieHre ypaBHeHMs 2° — z = 1 ¢ Ha4aAb-
HbiMu ycaoBusimu z(0) = 2/ (0) = 0. [Tepexoast K 300 paXkeHMSIM, TIOAyYaeM

omepaTopHoe ypaBHeHue p*Z(p) — pZ(p) = %, OTKYAQ

1 _P-@-)_ 1 -1+ _

Z(p) = _ _
P =5o-D = Po-1) —p-1_ Pr-1

CAaepOBaTeABHO, z(t) = ' — t — 1. AASL HAXOXXAEHMS PeIlleHs 3aAAHHOTO

ypaBHeHus npuMeHUM popmyay (2.55) npu f(t) = Z(t)=¢€ —1:

146’
t

x(t) :/ liex (" —1)dr =
0
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t t
et e*dt dt
B L+e 1+e
0 0

=—et(e In(1+4e”

¢ ¢
o de”” e’'dt
_e/1+er / _
0 0
))|0+ln1+e |€)=
= +1)In(1+e) - (¢ +1)ln2+e—1—
+

=( +1)In —|—et—1.

Ota QYHKLUS U OYAET SIBASITBCS UICKOMBIM pellieHreM 3aAaHHOTO AUb-
(dbepeHIIIaABHOTO YPaBHEHVSI 1 YAOBAETBOPSITh HYA€BBIM HAYaABHBIM YCAO-
BUSIM.

V3 paccMoTpeHHOro prMepa CAeAaeM ABa BBIBOAQ.

1. Ilpu ucnoab3oBanuu popmyabl Arameas (2.54) nau (2.55) Mmbr Mu-
HyeM HaxoXAeHMe nzoopakenus F (p) opurnHaaa f(2).

2. B npuAoxeHusAx 4acTo ObIBaeT HEOOXOAMMO PEIaTh OAHO U TO XKe
AuddepeHLMasbHOE ypaBHEHME, HO C pa3HBIMM IPAaBbIMU YacTSAMU. AeAo
B TOM, YTO BO MHOTMX CAy4asix QyHKuuio f(t) B ypaBHeHUM (2.52) MOXHO
TPaKTOBATh KaK BHEIIIHee BO3AEVICTBYE HA HEKOTOPYIO (PU3MYECKYIO CUCTe-
MY, KOTOpasi TOAHOCTbIO OTIPEAEASIETCST A€BOM 4acThI0 (KoadduiieHTamm)
3TOTO ypaBHEeHUA, a pellleHue x(f) 3TOro ypaBHeHUs — KaK OTKAUK CUCTe-
MBI Ha 3TO Bo3AeiicTBue. Pemmas ypaBHeHue (2.53) (py HyAeBbIX HavyaAb-
HBIX YCAOBUSIX, UTO, B CBOIO OUY€pEeAb, O3HAYAET, UTO CUCTEMA IEPEA STUM
HaXOAMAACh B COCTOSIHMM TIOKOSI), Mbl HAXOAUM OTKAMK Z(f) CUCTEMBI Ha
BXOAHOe Bo3peiicTBue 1 = 1(¢) — dyHkumio XeBucanpa. OTKAUK CUCTEMBbI
Ha AI0ObIe Apyrue Bo3aeiicTBYA f(¢) MOXKHO HailT 1o popmyAe AtoaMeast.

TpeboBaHMe HYAE€BbIX HAYAABHBIX YCAOBUI He SIBASIETCSI CYLLleCTBEHHBIM.
B camoM aeAe, ycTb TpeOyeTcs HailTH pelileHue ypaBHeHMsI (2.52), yaoBAe-
TBOpsIIolee Ha4aAbHBIM yCAOBUAM x(0) = xp, &' (0) = x;. CaeraeM B aTOM
ypaBHeHuu 3aMeHy y(t) = x(t) — tx; — xo. OueBupHO, y(0) = ¥ (0) = 0.
[ToAayuum HOBOe ypaBHeHue agy’ + ary + azy = f(t) — axtx; — ajx1 — dxxo
C HYA€BBIMM HaYaAbHBIMU YCAOBUSIMMU.
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§ 2.6. Pemenue cucreM AUHeHbIX AP PepeHITnaAD-
HBIX YPaBHEHMI C MOCTOSIHHBIMM K03 dunu-
eHTaMu

MeToA pelleHys] CUCTEM AMHEWHBIX AU depeHIMaAbHBIX YpaBHEHU

C ITIOCTOAHHBIMU KOS(i)CI)I/ILU/IeHTaMI/I HE OTANYAETCA OT METOAQ pelIe-

HUSI OAHOT'O YpaBHEHUS U Cpa3y pacCCMOTPUM IIpMMep.

Ilpumep 2.32 Haiimu peuwieHue cucmembt ypasHeHUIL

%+2x+2y= 10e*,
@y _ _ 2
R 2x+y="7e",

yoosaremBopsiouee HavarvHuim yeaosuam x(0) = 1, y(0) = 3.
Pemenne. Ecanx(t) = X(p) uy(t) =Y (p), 10
dx . dy _.
5 =X () =x(0) =pX(p) -1, - = pY(p) —x0) = pY(p) -3,

[I03TOMY, TIEPEXOAS B AQHHOM CUCTEME K M300pasKeHISIM, IOAYYaeM orepa-
TOPHYIO CCTEMY

10
P+DX(P)+2Y (p) = 5 +1,
7
Pewast 3Ty areebpauyeckyro cucremy, Haxopum X (p) = p%z = e,

— i — 2t
Y(p)_p_2,—36 .
CAeAOBaTeAbHO, pellleHNeM AQHHOM 3aaauul OYAYT GyHKLUM

x@t) =e*, y(t)=3e*.
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Ilpumep 2.33 Pewump cucmemy ypasHeH Ul

a_

%

g~y

d

© x4z x(0)=1y(0) = 2,2(0) = 3,

Pemenne. O6o3Havast x(p) = X (t), y(p) =Y () uz(p) = Z(t), mory-
YYIM OIIEPATOPHYIO CUCTEMY

pX(p) —1=Y(p)—Z(p), pPX(p)—Y(p)+Z(p) =1,
pY(p)—2=X(p)+Y(p), = Xp)+@E-DY(p =2,
pZ(p) —3 = X(p) +Z(p). —X(p)+(p—1)Z(p) =3.

y p- —p-2
W3 aTon cuctembl HaxoAUM X 7. Moxx-
° A X(p) =y Y P) = p(p 1
HO Hal'Tu U Z(p), HO 3TO AUIIHEe YCAO)KHeHI/Ie, 10 HallAeHHBIM x () u y(¢)

mpolile HaTu z(¢) U3 MepPBOro ypaBHeHUs cucteMbl z(¢) = y(t) — &/ (¢).
Pasaaras uzoopakenusi X (p) u Y (p) Ha sAeMeHTapHbIe APOOU, TTOAY-
YuM

20-D-p _2_ 1 _
X(P):WZE—H.:Q—JZVC@),
o -2 4 1 .
YO=5+ I Gy T T e R =0,
I/I,HaKOHeu,
dt)=y— 2 = 215 — 1

Mrak, peleHreM AaHHOM crcTeMbl AMiddepeHIIIaAbHBIX YPaBHEHMUIA, YAO-
BAETBOPSIOIUM 3aAQHHBIM HAYaABHBIM YCAOBUSIM, OVAYT GYHKLMK

x(t)=2—¢, yit)=-2+4¢ —te, z(t)=-2+5¢ —té

§ 2.7. Awumneiinbie AudPepeHITaAbHbIe YPABHEHUS C
nepeMeHHbIMU KO3 Puimenramu.

MEPATOPHBIM METOAOM MOYKHO pelllaTb HEKOTOpbIe AMHENHble AU-
depeHLaABHbIE YPaBHEHMS C ITepeMeHHbIMU KoadduiieHTamu, ec-
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AV 9T K03 uumeHT — MHOTOUYA€eHBL. [TycTb x(¢) = X (p). [To Teopemam
AuddepeHLIMPOBaHMS OPUTHMHAAA U M300pasKeHNs

tx=-X,t’2x=X",...,

& = pX(p) — x(0), tx' = —(pX (p)), t*x' = (pX(p))’, ...,

¥ = PX (p) = pr(0) — &' (0), t2” = — (DX (p)) +x(0),

2 = (PPX(p)", ...

u T.A. Takum obpasom, npu nepexope K U300pakKeHMIM TIOAyYaeM HOBOE
AuddepeHLIaABHOE YpaBHEHME, U €CAV MAKCMMaAbHasI CTeTleHb Koaddu-
LIMEHTOB t” ypaBHEHMsI MeHblile MOPSIAKA MUCXOAHOTO YpaBHEHUS, TO 3TO
ypaBHeHMe OyAeT UMeThb 00Aee HUBKUI MTOPSIAOK U ero Aerye pelarhb.

Ipumep 2.34 Haivimu pewserie OughpepeHuuarbHo20 ypaBHeHUs ¢ 3d-
OAHHBIMU HAYAAbHBIMU YCAOBUAMU

tx”" + &' +tx =0,x(0) =1,x(0) = 0.
Pemenne. Ilycts x(t) = X (p). Torpa
tx ==X, 5 = pX(p) -1,
¥ = pPX(p) - pota =~ X (p)) +1=—pX = 2pX + 1.
[ToAy4aem onepaTopHOe ypaBHEHMEe
1+ pHX'(p) + pX'(p) = 0.

ITO ypaBHEHMeE C Pa3AEAAOIIMMICS IlepeMeHHbIMU. VIHTerpupys ero, mo-
AyYaeMm

o
X(p) = ———,
rae C — Mpou3BOAbHasI IOCTOSIHHAS 1 BBIOMPAETCS Ta BETBb KOPHSI, AASI KO-
Topoit /1 = 1. 3Havenue nocrosHHoit C HallpeM, VICTIOAB3YsI IPEACABHOE
COOTHOIIIEHE AAST U300paXkeHuit (2.14)
C= lim —-Z_ = lim pX(p) =x0)=1.
Re p—>—+o00 vp? +1 Re p—+00
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Takum o6pasom,
1

X = —.
10 nM306paxkeHue siBasiercs [cm.(2.40) u (2.39)] nzobpakeHuem GpyHKuMM

becceas
t2n

Jo®) =3 (=1 555
n=0

§ 2.8. PemeHue nHTEerpaAbHbIX YpPaBHEHMI TUIIA
CBEpPTKU

B IPUAO>KEHMSX YaCTO BCTPEYAIOTCS MHTETPaAbHbIe YPaBHEHMS — ypaB-
HeHUs, B KOTOPBIX ICKOMasl PYHKLVSA COAEPKUTCSA MOA 3HAKOM VMHTe-
rpasa. Takue ypaBHeHMsI Ha3bIBAIOTCS UHIMEZPAAbHLIMU YPABHEHUAMU U
AASL HUX CYLIIECTBYET TAYOOKasi COAEprKaTeAbHas TeOpus, TOAOOHAs Teopun
AuddepeHIIIaAbHBIX ypaBHEHNIL.

VIHTerpaAbHble ypaBHEHVS BUAQ

t
/k(t,r)x(‘c)dt = f(@), (2.56)
0
t
x0)+ [ ke ox@de = f0) (2.57)
0

HA3bIBAIOTCS ypaBHeHUsMU Boibmeppa nepBoro u BTOpOro poaa COOTBET-
CcTBeHHO. B aTux ypaBHeHusix x(¢) — mckomas pyuxkuus, f(t) — 3apaH-
Hast GyHKLMsE, Ha3bIBaeMasi CBOOOOHbIM YAEHOM VHTETPAABHOTO YPaBHEHMS,
k(t,t) — 3apaHHas pyHKLUMS, Ha3bIBaeMas Z0pOM YpaBHEHMSI.

Ecau B ypaBHeHusx (2.56) u (2.57) sippo umeet Bup k(t, 1) = k(t — 1),
TO TaKye YPaBHEHUS UMEIOT BUA

t
/k(t —tx(dt = f(¢t), (2.58)
0
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t
x(t) + / kit —tx(t)dt = f(t) (2.59)
0

VI Ha3bIBAIOTCSL YPABHEHUIMU MUNA cBepmky (MHTETPAABI B OTHX ypaBHe-
HUSIX TIPEACTABASIIOT CO00¥I CBEPTKY (K * X) sIApa M KICKOMOIT QYHKLIVIM.
[Tpeanoaoxum, uto GyHKumm k(¢), f () nx(t) IBASIIOTCS OpUTrMHAAAMU
n nyctb K (p), F (p) u X (p) — ux u300pa>keHusl.
Vcnioab3ysi TeopeMy o cBepTKe, 13 ypaBHeHuit (2.58) u (2.59) moayuaem
oIepaTopHble YpaBHEHMSI

K(p)X(p) = F(p),
X(p) +K(p)X(p) = F(p).

Orcopa
F
X(p) = . (2.60)
_ _F» K
X)) =1k =F®0) — k) F P (2.61)

[TpaBas 4yactb ypaBHeHus (2.60) MOXKeT He OBITb U300paKeHUEM U B
9TOM CAy4Yae ypaBHeHMe (2.58) He MMeeT peleHuit B Kaacce QYHKLNI, 5B-

AAIINXCA OPUT'MHAAAMUA.

K(p)
1+ K(p)
KAacca sipep k(2) siBasieTcst M300pakeHMeM U MyCTb ¢(t) — ero OpUruHaA.

Torpaa us ypaBHenus (2.61) moayuaem pererne ypaBHeHust (2.59)

MosxHo AOKa3aTb, 4TO q)YHKLU/IH AAA AOCTAaTOYHO HMIMPOKOIO

t

x(t) = f(t) - / 4t — ) f @ (2.62)

0

Ilpumep 2.35 Pewsump ypasHeHue

t
x(t) + / (t — t)x(t)dt = sint.
0
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Pemenne. FIaopoM paHHOrO ypaBHeHus siBasiercs pyHkuus k(t) = ¢,
1
uMerolas nsobpaxketue K (p) = 7 3HayuT,

K(p) 1 ..
= =sint.
1+K(p) 14 p?

ITo popmyae (2.62) moayyaem

¢
x(t) = sint — (sint *sint) = sint —/sm(t — 1) sintdt = i(smt—i—tcos t)
0

(cBepTKa (sint = sint) HailaeHa B mpumepe (2.2.16)).

§ 2.9. IIpumeHeHUe ONEPALMOHHOIO UCYNCAEHUA K
pacyeTy 3AeKTPpUYECKUX KOHTYPOB

PaCCMOTpI/IM HecCTalMIOHapHble NPOLIeCChl, IPOTEKAalie B 9AeKTpUye-
CKOI1 LIeMN C COCPeAOTOYeHHbIMHU NapamMeTpamu. IIpeanoaoxum, uto
MapaMeTpbl pacCMaTpyUBaeMbIX CXeM — CONPOTUBAEHMS, EMKOCTU I MHAYK-
TUBHOCTY — MOCTOSIHHbIE BEAMYMHBI, T.€. HE 3aBUCST HU OT BpeMeHMU, HU OT
3AEKTPUYECKOTO COCTOSIHMSI CUCTEMBL. B 3TOM caydae roBepeHye CUCTEMbI
OTVCBIBAETCSI AMHENHBIMU AU PepeHIMaABHBIMY YPAaBHEHUSIMHU C TIOCTO-
SIHHBIMU K02 PULIIEHTaMMU, U AASI X UCCAEAOBaHUS 9P PEKTUBHO UCTIOAD-
30BaHIe OINepaLIMIOHHOTO METOAQ.

ITyctp A0 MOMeHTa t = 0 aAeKTpUUecKas Ljellb HAXOAUTCS B COCTOSIHUM
MIOKO4, T.€. B Hell HeT HU HalpPsDKeHUs, HU TOKa, HU 3apsAAa. B MomeHT £ = 0
Ha BXOA€ NIPUKAAABbIBAeTCs HanpspkeHue E(¢). B Takoil Leny Bce HavyaAb-
Hbl€ YCAOBMSI (T.€. TOKM BO BCEX LIEMSAX C MHAYKTMBHOCTBIO U 3apSIABI BCEX
KOHAEHCATOPOB) B MOMEHT BKAIOYEHVSI PAaBHBI HYAIO.

PaccMoTpyM cHayaAa OAMHOYHbIN 3aMKHYTbIN 9A€KTPUIECKU KOHTYP
C COCPEAOTOYEHHBIMY MapaMeTpaMU: UHAYKTUBHOCTDBIO L, aKTMBHBIM CO-
npotuBAeHueM R, u emxoctbio C (puc. 2.6).
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K xoHTYpy npukaaabiBaeTcst HanpspkeHue E (¢), BbI3bl-

L
Bamollee B KOHTYpe Tok / (¢). ITapeHne HanpsKeHM s Ha MH- J)_NIE
dI R
C

AYKTMBHOCTM PaBHO L%’ Ha conpoTuBAaeHUU RI 1 Ha eM-

Puc. 2.6

ITo 3akoHy Kupxroda cymmapHoe napeHye HanpsiKeH)sI B KOHTYPe paB-
Ho nipuaokeHHO DAC E(t), cAepAOBaTEABHO,

t
1
KOCTH O/I(T)d*c‘

t
dl 1
LS +RI+ - /1(1)41 = E(®). (2.63)
0

IT0 uHmezpo-oudpepeHyuarbHoe ypaBHeHNE, onpeAeasitoiiee ToK I (t)
B Lernu. Ecau B KauecTBe HOBOJ IlepeMeHHOII BBECTHU 3apsip KOHAEHCATopa

t

Q) = / I()dr,

0

TO C yuyeToM Toro, 4to Q' (t) = I(t), ypaBHeHUe (2.63) MOXKHO CBECTU K AUP-
bepeHLMaABHOMY YPaBHEHMIO BTOPOTO MOPSIAKA
2Q  dQ 1
LW +RE + EQ =E(¢).
MoskHo TaKKe, AuddepeHLMpys (2.63), TOAYUUTD ypaBHEHME BTOPOTO
HIOPSIAKA AASI TOKA B Lieny

Ho 2T0 BO3MO>XHO AMIIIb B TOM CAy4ae, ecar GyHKLM E (¢) aAuddepeH-
LypyeMa, HO MMEHHO 3TOro 4acTo He ObiBaeT (Hampumep, E(¢) — mmao-
obpasHoe HanpsbkeHne). OAHAKO AASI IPUMMEHEHMS ONIEPAaTOPHOTO METO-
A2 HET HEOOXOAMMOCTU 3aMeHsITh ypaBHeHMe (2.63) AndbdepeHLMaAbHBIM
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ypaBHeHIEM, TaK KaK [0 TeopeMe 00 MHTErpupOBaHNUM OPUTMHAAQ

t

¢ [10d=Si.
0

rae I(p) — uzobpaxenne opurnnaaa I (¢). Takum 06pa3oMm, AAS ypaBHEHUsT
(2.63) moayyaem orepaTopHoe ypaBHEHME

LpI(p) +RI(p) + 1(p) = E(p),

rae E( p) = E(t). HanomHuM, 4TO MBI IpEeANIOAATAEM, UTO KOHTYP B MOMEHT
t = 0 HaxOAUACS B COCTOsIHMMU 1TOKOs, T.e. [(¢) = O0mpu t < 0.

1
Ecau Aast coxkpaiienust 3anvcu obosuauntb Z(p) = Lp + R + < TO
oInepaTopHOe YpaBHEeHMe IIPUHUMAET BUA

Z(p)I(p) = E(p). (2.64)

B saexTporexHuke QyHKLMIO E (t) 0OBIYHO HA3bIBAIOT BXOOHOL (PYHKUU-
eli Ay Bo30ymoeHuem, a pyHkumio I(t) — BbixoOHoU pyHKyuel (MAu om-
KAUKOM, peaKyueli ) Ha AaHHOe Bo30y>KAeHMe. [TepeHeceM aHAAOIMYHO Tep-
MUHBI Ha M306paskeHus: HazoBeM I (p) — (onepamopHbim) mokom, a yHK-
o E (p) — (onepamopuvim) nanpsycenuem. Torpa ypasHeHue (2.64), oue-
BUAHO, BBIP@XKaeT He YTO MHOe, Kak 3akoH OMa, ecan dyHKiMio Z(p) Ha-
3BaTh conpotuBAeHreM. OAHAKO AAST QYHKLMUY Z (p) IPUHAT TEPMUH UM-
neoac.

Takum 06pa3oM, 3aMKHYThI 9AEKTPUYECKIUIT KOHTYP, 00AAQIOLLINIT MH-
AYKTUBHOCTbIO, COIPOTUBAEHMEM U eMKOCTBIO U OIMChIBAEMBII1 B IIPOCTPaH-
CTBe OPUTMHAAOB ypaBHeHMeM (2.63), B IPOCTPAHCTBE U300pasKeHMIT 3aMe-
HSIIOTCSI KOHTYPOM, 00AQAQIOIVIM TOABKO COIIPOTUBAEHMEM Z (p) Y IOAUM-
HAPIMMCS 3aKkoHy OMa.

I_l Ap)=Lp+R+1/Cp | | [TosToMy AASI CXeMaTU4eCKOTro 1300-
o o paKeHMsI KOHTYpa B IPOCTPAHCTBE U300-
Puc. 2.7 pakeHMiT He TpeOyeTCsl OTMeYaTh Ha CXeMe
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YCAOBHBIMM 3HAUKaMU MHAYKTMBHOCTb L, conpotuBaeHue R u eMkocTs C,
a 1300pa3suTh SKBUBAAEHTHON cxeMoii (puc.2.7).

Haiipem TOK B paccMaTpyBaeMo Lielly IPY IOCTOSIHHOM BO3AENCTBUU
E, BkarouaemoM B MOMeHT ¢ = 0. B HauaAbHBIII MOMEHT TOK B KOHTYpe U
3apsip KOHAEHCATOpa paBHBI HYAIO.

Tak kak E = En(t) = » TO OIepaTopHoe ypaBHeHMe (2.64) UMeeT BUA

- 1
Z(p)l(p) = > OrTcroopa

E 1 E

= . 2.65
PPL+R+ 5 L(P+%p+7¢) (2.65)

I(p) =

HaiipeM KopHM 3HaMeHaTeAs:

R R\2 1
pra=-—5+ (ﬂ) ~Ic

CAeAOBaTeAI)HO, packKAaAbIBasi HA MHOXKXUTEAU 3HAMEHATEAD, GYAeM MMETb

B E
T Lip—-p)(p—p2)

1(p) (2.66)

B0O3MOJXHBI TpU CcAyYas.

RN\?2 1 <
L. (ﬂ) ~Ic = 0, T.e. R = 2,/L/C. B aTOM cAyHae p; = py = T
E

Lp+35)
ITo popmyae (2.24) AAsE 3TOTO U300paKEHMST HAXOAUM OPUTMHAA

dopmyaa (2.66) npunumaet Bua I(p) =

I(t) = %L‘e_ﬂt.

ITyctp (%) — % # 0. B aTOM cAayyae KOpHU 3HaMeHaTeAsT AM0O Aeil-
CTBUTEABHBI Y Pa3AVYHBI, AOO KOMIIAEKCHO COTPsDKEHHBIE. SICHO, 4TO PyHK-
uus I(p) B TouKax P1,2 MMeeT IpoCThle OAOCHL. 1o BTOpoit Teopeme pas-
AoxeHus (uau o popmyae (7) mpuAoKeHus1 1) HAXOAMM OpPUTVHAA

E _ -
I(t) = spe (" ™),

159



_ R _ ( R )2 1
raca=rup=y3) ~ e
R\2 1
2.Ecan (—) —— > 0T1.e.R > 2,/L/C, 10 p — AEVICTBUTEABHOE YMCAO.

2L LC
Tox B Lenyu paBeH

I(t) = B%e_“t sh pt.

3. Ecan p% = (£>2 L < 0, To, 0003HaYast ® = L (5)2 u
) —\2L LC T — YIC 2L)

TOrpa B = im, AASI TOKA B LIeTIM IOAYYaeM

E _at
1(t) = oL€ sin ot.
B aTOM cAyyae B KOHType NMOSIBASIIOTCS 3aTyXalolllie FTapMOHNYECKIE 3aTy-
Xarolyie KoAeOaHus C KPYTOBOJ YaCTOTO .

B dusuxe BeanunHa, o0paTHasi CONpOTHMBAeHMIO 1 /R, Ha3bIBaeTCs Ipo-
BOAMMOCTBIO. [Ipy mocAeAOBaTEABHOM COEAVHEHUY TPOBOAHUKOB UX CO-
MPOTUBAEHHUST CKAQABIBAIOTCS, @ IIPU MTAPAAAEABPHOM — CKAAABIBAIOTCS UX
npoBoauMocTu. [ToaToMy, ecan ABa KOHTYpa c uMIlepaHcaMu Z1 (p) u Zy (p)
COeAVHEHBI IOCAEAOBATEABHO, TO TIOAYYAETCS KOHTYP C UMIIEAQHCOM Z (p) =

Z1(p)+2Z2(p), anpy ux napasA€AbHOM COeAVHEHUH
T.C.

Zp ~ np  ne)
Z(p) = 21n2(p)
Z1(p) + Za(p)

EcAM HECKOABKO KOHTYPOB COEAVHEHO B 9AEKTPUYECKYIO Liellb, TO IIPU
IepEXOAE B IIPOCTPAHCTBO M300pasKEHNI TOAYIaeM BMECTO CAOKHBIX AM-
(dbepeHILIaAbHBIX 1 UHTEIPAABHBIX COOTHOILIEHUI O0Aee MPOCThbie aArebpa-
MYecKyie COOTHOILEHMS.

AAsi mpuMepa paccMoTpuM Lenb(puc. 2.8).

DrTa lienb MMeET ABa BXOAHBIX U ABA BBIXOAHBIX 32)KMIMA, CAEAOBATEAD-
HO, IIPEACTaBASIET COOO0M YeThIPEXTIOAIOCHUK. Ha BXo mopaeTcs nepemeH-
Hoe HamnpsDkeHue E = E(t) u Tpebyercs HaitTu Hanpsbkenne Eg = E(t) Ha
BBIXOAE.

*Tpumep B3aT U3 Keuru: A4 I'. PYKOBOACTBO K MPaKTUYECKOMY TIPUMEHEHMIO Mpeod-
pasoBaHusa Aamaaca. -M.: Mup,1965.
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o
E;
o

R,

g

@

M_DR

L,

L,

R
C; C, 3 )
12 1 EO
—— —— 3 o

2
Puc. 2.8

OTMmeTUM B KaXXAOM KOHTYpe BeAUUMHY Ii () MpoTeKalollero B HeM TO-
Ka U MpOU3BOAbHO YCTAHOBUM IIOAOXKUTEABHOE HATIpaBAEHNE TOKa (Ha cxe-
Me — Be3Ae [0 ABWKEHUIO 4acoBOM cTpeAku). K KaXKAOMY KOHTYpY mpu-
MeHuM 3akoH Kupxroda. ITpu aTOM OyaeM yUuTBIBaTh, 4YTO B KOHTYPE, OT-
MeuyeHHOM uepe3 I}, Tok yepes KoHpeHcaTop C; paBeH [ — [, a B KOHTYPE,
OTMEUYEHHOM uepes [, TOK Yepe3 MHAYKTUBHOCTDb Ly paBeH Iy — Iy U T. A.
CaepoBaTteabHo, ypaBHeHust Kupxroda OyAyT nMeTb BUA,

Eo(t).

t
1 d
Rili+ & [ (h = byde+ L3k = E@),
TR 1
L=l + & [(b—bydi+ Rb+ o [ (b —hydz =0,
1 o 1 0

t
1
Rls+ & /(13 — L)dt =0,
0

d
R3I3 + Lzz(h —5L)=0,
R3l3 =

Hepeonﬂ B 3TUX YPaBHEHMAX K I/ISO6pa)KeHI/I$IM, C Y4€TOM HYA€BbIX Ha-
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JaABHBIX YCAOBUIA, IOAYYUM OIIEPATOPHYIO CUCTEMY

1 - -
(L1P+R1 + )11 - 12 =E(p),
1

_ 1 - -
——I L R L — —I3—Lyply =0
1+ | Lop+ 2+ +C2p) 27 Gp? 2Py )

—*12-1- R3+)13—0

—szfz + (Lop + Ry)ly = 0,
Rsl3 — Eo(p),

rae I — omeparopusie Toxu, E p) u Eo(p) — onepaTopHbie HampsiKe-
HUSL.

IIpu AOCTATOYHOM OIIBITE B BHIYMCAEHUSIX HET HEOOXOAUMOCTU BBITIU-
CbIBaTh MHTETrpo-AnddepeHIaAbHbIE YPaBHEHYS AAS LIENH, a8 MOXKHO Cpa-
3y COCTAaBUTb COOTBETCTBYIOIE M OIlePAaTOPHbBIE YPAaBHEHMS: AAST KOKAO-
IO KOHTYpa BBECTU NPOTEKAIOLE B HEM TOKM U AAST KOKAOT'O U3 3TUX TO-
KOB 3aI}CaTbh COOTBETCTBYIOIUI eMy uMIeAaHC. [lepeMHOXXUTD cOOTBeT-
CTBEHHbIE TOKM Y MUMITEAQHCHI M, HAKOHEL], CAOXKUTb IIOAYYEHHbIe IIPOM3Be-
AEHMSI C Y4eTOM HallpaBAEHMsI TOKOB.

Tak Kak IO YCAOBMIO HaM TpeOyeTCsl HATM HAIpsDKEHME Ha BBIXOAE
YEeTBIPEXIIOAIOCHMKA, TO HET HEOOXOAVMOCTY MOAHOCTBIO pelliaTh Orepa-
TOPHYIO CUCTEMY, a AOCTaTOYHO HAIITY OTlepaTopHoe Hampskenue Eo(p).
BoccTaHOBAEHHBIN 110 3TOMY U300pasKEHUI0 OPUIMHAA U OYAET ICKOMBIM
HaIpsDKeHMeM Ha BBIXOAE Lielll.

Ecan penp B MoMeHT BpeMenu ¢ = 0 He OblAa B COCTOSIHUM ITOKOS,
TO B IIPAaBOJ YaCTU OIEePaTOPHOI CUCTEMBI, KaK 3TO CAEAYEeT 13 TeOpeMbl
o pAuddepenupoBaHny OpUrnHasa, A0OABATCS CAaraeMble, 3aBUCSILYE OT
HaYaAbHBIX YCAOBUIL.

162



TIPMAOXEHME 1 TABAVILIA
TTPEOBPA3OBAHII AATIAACA

Ne || Uzobpakenue F (p) | Opurunan f (t)
1
1 I n(?)
1
2 2z t
1 t"_l
3 pT,(n=1,2,...) m
1 A
4 m e
1
5 W te)J
p—
1 1 -
P T
n=12,...)
; ; at bt
T o-ae-» s (=)
I S ; at _ bt
Sl o-0e-» a—p (@€ =be™)
1
9 m — sin ot
P 1
10 m acoso)t
11 (l)%z ée_u sin of
P+ + o
pth _y
12 m e Ccos ot
1 1
P 1
14 27 —a? achmt
1 1 1
15 m E( —COS(Ot)
1 1
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17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

1
(p-a)?
P
(r-a)?
pz
(p-a)?

1

(p—a)(p—b)?

P

(p—a) (p—b)?

p2

(p—a)(p—b)?

1
P4+ ot

1
7t2eat

1 2 at
(t + 2at )e
(1 + 2at + %aztz) et

at _[1 + (a — b) t]e?!
(a—b)*
—[a + b (a—b)t]eb”
(@ —b)?
a2e® —[2ab — b2 + b2 (a — b) t]e??

(a—bﬁ

ch — .sin ——

3[ J2

ot
—sh —— + COS —)

~/§ V2

a)t
cos — - sh

wf( f it

ot
+ sin — - ch

«/_ V2

osw— chm—t
J2 V2
1
273 (Sh(l)t - Sh(l)t)
[0}

1
202 (ch ot — cos wt)
()

1 .
o (sh ot + sin ot)
1
2 (ch ot + cos wt)

sin o7 - sh ot
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32

33

34

35

36

37

38

39

40

41

4

43

44

45

46

47

cos ot - sh ot

p4 + 40
® (p2 + 2(02) . b
n .
P+ dat sin of - ch of
P’
27+ 4ot cos of - ch ot
1 1 .
— (sin of — of cos ot)
(p? + o?) 203
t .
P 3 g Sin ot
(PZ + m2) (0]
r* 1
~— (sin ot + ot cos ot)
(r? + mz)z 20
3
4 ot .
> cos of — ~ sin ot
(P? +0?)
1 1
— (of ch ot — sh ot)
(p? _mz)z 203
t
( 5 L4 2)2 %Sh ot
pF—w
r* 1
~— (shot + of chot)
(p? _mz)Z 20
p3 ot
— chot — — shot
(r2- m2)2 2
ab asin bt — b sinat
(p? + a2) (p? + b2) a2 — b2
¥/ cos bt — cos at
(p? + a2) (p* + b?) a2 _p2
p? asinat — b sin bt
2 4 a2) (p2 + b2 a2 —p2
(p P
p3 a2 cosat — b2 cos bt
(p? + a2) (p? + b2) a2 — b2
ab b sh bt — ash bt
(p2 - a2) (p2 - b2) a2 —p2
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P chat — ch bt

48 (p? = a2) (p2 - b2) a2 _p2
49 p? ashat — b sh bt
(2 = a?) (p2 - b2) a2 —p2
50 p3 aZ chat — b2 ch bt
(p2 = a2) (p2 - b2) a2 —p2
4 t
51 miz 1 —cosaf — = sin ot
? (p? + o?) 2
0)4 ot
52 — 1 —-chot + — shot
p (p? - o?) 2
53 a%b? 1+ b2 cosat — a2 cos bt
? (P% + a2) (p* + b2) a2 _p2
54 a%p? 1+ b2 chat — a? ch bt
p (% — a2) (p? — b?) a2 —p2

Boaee moApoOHbIe TAOAUIIBI AASI TIPEOOPa3oBaHMst AaAaca MOXKHO Hal-
TU B KHUTAX:

1. Autkun B.A., IIpyanukos A.I1. CipaBoYHMK IO OTIepaLiMOHHOMY MC-
yncaenumo. -M.;I'octexuspar,1951.

2. Aéu I'. PyKOBOACTBO K IPaKTMYeCKOMY NPUMEHEHMIO Tpeobpa3oBa-
Hus Aamaaca. -M.; Mup,1965.

3. Kopu I'., Kopx T. CipaBoYHUK 110 MaTeMaTUKe AASI HAyYHBIX paboT-
HUKOB U H)XeHepoB. =M.; Hayxka,1968.
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[TPMAOXEHUE 2.

KoHTpoabHas pabora Ne 7

110 Teopuy PYHKLUMY KOMIIAEKCHOTO ITepEMEHHOT0
1 OII€PALMIOHHOMY MCYMCAEHUIO

B AQHHOIT KOHTPOABHOI pabOTe MPUHSATA CAEAYIOLIAsi HYMepaLys:

[TepBast yudppa — HOMEp KOHTPOABHOM PabOThI;

Bropas u tpetbs uudper — Homep 3apauu (c 01 mo 09);

YerBepTas undpa — HoMep BapuaHTa (KOTOPBIN, KaK OOBIYHO, COBIIA-
AQeT c TIocAepHelt uudpoit mudpa CTyAeHTa).

B BBIIIOAHEHHOIT KOHTPOABHOM paboTe 3aAa4M AOAXKHBI OBITh PACIIOAO-
JKEHBI B €CTECTBEHHOM ITOPSIAKE Y UMETb AQHHYIO HyMepaLuIo.

Fdkd

': 7 O OrnpepeAnTb MHOXKECTBA BCEX TOUEK, YAOBAETBOPSIIOLIVX AQH-
. HBIM COOTHOLLIEHUSIM, Y IIOCTPOUTD MX HAa KOMIIAEKCHOM ITAOC-

KOCTU.
7.01.0 Im% —1. 7011 |z42|+1z—2|=5.
7012 |z+2/—|z—2l=1. 7013 |z—2i|+]z+2i]>5.
7014 |z—i]=|z+3|. 7015 |z <Rez+1.
7.01.6 0 <Re2iz <1. 7.01.7 Im% <1.
7018 1l<|z+1—i<2. 7019 |t—argz| <~

3

v 7 O BbruncauTb 3HaUeHMsI PYHKLUI B 3aAaHHOI TOYKe (OTBET AQTh
. B aArebpauveckoit popme).

7.02.0 a) Arsh3; b) +-5-12i.
7.02.1 a) Arccos3; b) +15-—8i.
7022 a) Ln (ﬁ + i) . b) ¥=8.

T . 4/
7.02.3 a) th (3 — E) . b)

7.02.4 a) Arctg3; b) J—64.
67

—

—



7.02.5 a) cos(3+1i); b) 3+4i.

7.02.6 a) sh(2—i); b) Ji—1.
7.02.7 a) ch( +2i); b) 3 —4i.
7.02.8 a) Arch.2i ; b) +~—-12+5i.
7.02.9 a) cth% ; b) 4i—3

7 O Haiity 3HaueHue napaMeTpa 4, Ipy KOTOPOM AQHHasI QYHKLIMS
. SIBASIETCSI TADMOHMYECKO, I HATY aHAAUTUYECKYIO (PYHKLIMIO
f(2), ynoBAETBOpSIIOLIYIO YCAOBUIO f(Z0) = Wy, AEICTBUTEABHOM U(X, V)
VIAM MHMMOM V(¥, ) 4acTbl0 KOTOPOI siBAsieTCsl AaHHast pyHkuusa. OTBer
BBIPA3UTh Yepe3 IIePEeMEHHYIO Z.

7.03.0 u(x,y) =x*+ay* —xy; fO)=i.
7.03.1  v(x,y) = ax® + 6xy + y*; f0)=1.
7.03.2 u(x,y)=ax*+2xy+x—3y; f(0)=2i.
7.03.3  u(x,y) = x> —ay* +xy; f(0) = —2i.
7.034 v(x,y)=ay’? +2xy+y—3x; f(0)=3.
7.03.5 u(x,y) = ax® +y* — 2xy; f0)=i.
7.03.6 v(x,y)=ay* —2xy+2x—y; f(0)=2.
7.03.7 u(x,y)=x*+ay*> —x—4y;  f(0)=5i.
7.038 v(x,y)=ax’> —6x+y+9y>;  f(O0)=1.

7.03.9 v(x,y)=ay* —x*+2x+3y; f(0)=4.
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': 7 O BbI4MCANTD MHTErPAABI (3aMKHYTbIE KPUBbIE OOXOASITCS TIPO-
. TUB YaCOBOI CTPEAKH).

7.040 a) <J£zdz, 2] = 1;
)
b) 9§zdz, [:1zl=1.

[
7041 a) 9§§dz, )2 =2
l‘
1

b [(28—i+e¥)dz.

0
7.04.2 a) / Rezdz, [—oTpe3ok npsmoi,

I
COEAVHSIIONIVI TOUKU Zg = i, 21 = 2 + 2i;
2ni

b) [ z-sinizdz .
0
7.04.3 a) ¢Im zdz, |—IOAYOKpPYXHOCTb |z] =2,0 <argz <mx
l
C HAYaAOM B TOUKe Z = —2;
i
b) /(z+ 1)- (22 + 2z+2)4dz.

0
7.044 a) 95(2z—1)-zdz, i)z =1
)
e 2242
zZ° — 4Z
b) /Wdz‘

0
7.04.5 a) 9§|z| -zdz, |—TIOAYOKpPYXXHOCTb |z| = 5,
l
—n/2 < argz < T/2 C HAYaAOM B TOUKe Z = i;

b) [ (z+1i)-edz.

—1
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7.04.6 a) 9§Im Z’dz, |—mapaboaay = x?
l

OT TOUKM Z = 0 p0 TOUKU Z = 1 + i

Tt .
——i

2
b) [ cos?(z + i)dz .
n—i
7.04.7 a) fﬁeRezdz, [—oTpes3oK mpsMon

[
OTTOUKM Z = 0 AO TOUKU Zz = 1 + i
1+i

b) / z e ¥dz.
7.04.8 a) %zdz , |—HVDKHSAS MTOAYOKPY>XHOCTD |z| = 1
I

C HaYaAOM B TOYKe z = —1;
—i+n

b) / (z+1i) cos(z+i)dz.
—i+m/2

7.04.9 a) fﬁezdz, [—oTpe3oK npsiMon

I
OTTOUYKM Z = 0 p0 TOUKU Z = 1 — i

1
b) [(z —1)-e™dz.
0

7 O McroAb3yst pa3A0>KeHUsI OCHOBHBIX 9A€MEHTaPHBIX QYHKLIMIA,
. a TaKKe TIoYAeHHOe ArddepeHLMpOBaHNe U UHTETPUPOBaHME
CTEIIEHHBIX PSIAOB, PA3AOKUTD AaHHBIE QYHKLIMM B psiA AopaHa B 3aAaHHOM
KOAbLle 11 < |z —2zp| < rp U yKazaTb 00AACTU CXOAVIMOCTM MOAYYEHHBIX
PSIAOB.

1
(z+1)(z=-2)’

1
7.05.1 f(2) = Dzt

7.05.0 f(z) = O0<lz+1] <1.
3<|z+2] <4.
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7.05.2

7.05.3

7.05.4

7.05.5

7.05.6

7.05.7

7.05.8

7.05.9

f(2) = :

f(2) =

1

1

f& = e

1

J@= ey

1

f&=es

1

&= s

1

f&=tmes

1

f&=iners

z+D(@Ez—-4)"

(z+3)(z-2)’

0<|z—4| <3.
5<]z+3| <6.
0<|z—4| <5.
1<|z+1] <5.
2<|z-3] <5.
6<lz—1|<7.
6 <|z—4| <8.
1<|z+5| <3.

7 O E BbIuMCAUTD MHTErpaAbl C IOMOIIbIO BHIYETOB.
L4

7.06.0 515 2 (sin% +sin z) dz. 7.06.1

7.06.2

7.06.4

7.06.6

7.06.8

lz|=1

1
99 z (cos o + COSZ) dz.
|z|]=1
1
Slgz(sin—2 +ez)dz.
z
|z|]=1
1
?S z (sinzz + cos 7) dz .
z
|z|=1
2
S]S (z+ 1)-sin;dz.
lz]=1

|zl=1
7.06.3
|z|=1
7.06.5
|z|]=1

7.06.7
|z|=1
7.06.9
lz]=1
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$£ z(e* +e*)dz.
% Z2 (sin 2z + sin %) dz .

2 2
§£(z +2)-sin —dz.

56 z(ei + cos z)dz .

1
sﬁzz . (ezz +sin;) dz .



': 7 O Haittu nsobpaxkenue: a) opurnHaaa f (t), ykasaTb MpyMeHeH-
. Hble CBOVICTBa; b) opurunaaa k(t), 3apaHHOro rpadpuveckiu.

7.07.8 a) f(t)=e" cost-cos3t; b)

1—e2

t

7.07.9 a) f(t)= ; b)

2t h(?)
111
7.07.0 t)=t-cos’t; b) =
a)  f() cos ) o,,_-74__1 v
21 h(?)
7.07.1 i b 1/—]4——
a) f@) cost - sin ) R EEYY;
21 h(t)
7.07.2 h2 b) ek
072 a) f(@)=t-ch2 ) 5,-1234t
21h(t)
7073 a) f(t)=t-e - sint; b) 1”1/
.07. a )=t e -sint; 6,-123415
, 21h(t)
7074 a) f(t) = [ Be-3dr; b) el
: ’ O-1234t
, 21 h(®)
7075 a) f(@t)= /eT -sin(t — t)dt; b) g
o _0 ’ O-1234t
21
14
7.07.6 a) f(t)=e* sin’t b) 5
2
1
7.07.7 a) f(t)=cht-cost; b) 5
2,
1,
O
2
1,
[0
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': 7 O Peunth cucremy AudpdepeHLnaAbHbIX YpaBHEHNUI OTIEPaTOP-
. HBIM METOAOM.

7.08.0 { ;: :11?26’2 x(0)=0, y0)=1.
7.08.1 { ;: :lex__f;os}:’ x0)=2, y(0)=0.
7.08.2 { ;: :z——i_?;mt x#0)=0, »(0)=-2.
083 { X = 3x + 2y + 4e*,

Y =x+2y, x0) =1, y(0)=-3.
7.08.4 { ; :iﬁ__z‘Zt #0)=1, y(0)=3.
7.08.5 { ;C: _ ixz: : ;:t’ #(0)=0, y(0)=0.
7086 { P A ¢ x(0) =0, y(0)=-2.
7.08.7 { ;: ; ;Cx_—yy_f_ rent x0)=0, y0)=1.
7.08.8 { ;’ :ix—_zyBer 2sint,  x(0)=4, y(0)=1.
7:08.9 { ;C :ix—_g;% 3¢, x0)=1, y0)=2.
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': 7 O 9 Peunte A depeHLmaabHOe ypaBHEHNE, UCIIOAb3YSI MHTErPaA
. Atoamenasi. OTBeT MOXKHO OCTaBUTD B BUA€E UHTEIPAAQ, HE BbI-

YUCAAA €ro.

7.09.0 &"+3x +2x = oo x(0) = «'(0) = 0.
/" _ — A/ —
7091 ' +dx =5 x(0) = x'(0) = 0.
/” ’ . e o o
7.09.2 x" —2x —l—x_—“_ﬁ, x(0) =x'(0) =0.
7.09.3 & +2x =tt, x(0) = %/(0) = 0.
/" / _ e — 4/ —
7.094 X" —3x +2x = i e x(0) =%'(0) =0.
7.095 &’ +x =tgt, x(0) = «'(0) = 0.
7.09.6 &' +x=tg’t, x(0) = «/(0) = 0.
/ et
7.09.7 &' +x = L x(0) =«'(0) =0.
7.09.8 X" —x' =2t siné, x(0) = «/(0) = 0.
7.09.9 & 4x=——, x(0) = x/(0) = 0.
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