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1. OCHOBHhIe IOHATHA MaTeMaTl/lquKOﬁ CTAaTHCTHKH

MartemaTnueckass (MAM TeopeTHUecKasi) CTaTHCTHKA ONMHPAETC HAa METOAbI M IIOHSATHS
TEOPHH BEPOATHOCTEH, HO pelllaeT B KAKOM-TO CMbICAE O6paTHbIE 3azayH.

B Teopuu BeposTHOCTeH paccMaTpPHBAlOTCS CAydaWHbIE BEAMYHHbBI C 3aZaHHBIM pacrpe-
ZeAEHHEM HAM CAydaiHble SKCIEePHMEHTbI, CBOMCTBA KOTOPbIX LEAMKOM H3BecTHbI. |lpeamer
TEOPHH BEPOATHOCTEH — CBOMCTBA M B3aHMOCBA3H 3THX BEAMYHH (pacripezereHuit).

Ho wacto akcmepumeHT mpezacTaBAsieT co60H YepHBIR AINMK, BbIAAIOIIME AHIIb HEKHE
PEe3YAbTAThI, 10 KOTOPbIM TpebyeTcs cAeAaTb BbIBOZ, O CBOHCTBAX CaMOTO SKCIIEPHMEHTA.
Ha6arozaterb umeer Hab60op uMcAOBbIX (HAM HX MO2KHO CJ€AATb YHCAOBBIMH) PE3YAbTATOB,
TIOAYYEHHbIX OBTOPEHHEM OZHOTO M TOTO ke CAyHaHHOTO SKCIIEPUMEHTA B OZMHAKOBBIX YCAO-
BUSX.

[lpu stom BosHMKaOT, HanpuMep, CAeAYIOIIHE BOMPOCHI:

Ecau mbr Habarozaem oaHy cAydafiHyl0 BeAMYHHY — Kak 10 Habopy ee 3HaueHHH

B HECKOAbBKHX OIIbITaX CAEAATb KaK MO2KHO 60A€e TOUYHBIH BbIBOZ, O €€ paCHPELLe}\eHI/II/I?

EC]\I/I MbI Ha6mo,/1aeM OZJHOBPEMEHHO IIPOSABAEHHE ABYX (I/IJ\I/I 60]\66) IPHU3HAKOB, T.E€.
HMEEM Ha6op 3HAYEHUH HECKOAbKHX C]\y‘laﬁHle BEAHYHH — YTO MOXKHO CKa3aTb 00 HX

3aBucumoctu? EcTb oHa uAu HeT? A ecAM ecTb, TO KAKOBAa DTa 3aBUCHMOCTb?
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YacTo 6biBaeT BO3MO:KHO BbICKA3aTh HEKHE MPEATIOAOZKEHHS O PACHPEAEAEHHH, CIPS-
TaHHOM B «YEPHOM SILHUKE», UAH O €ro CBOHCTBaX. B 3TOM cAydae MO ONBITHBIM JZaHHbBIM
TpebyeTcsl OATBEPAUTb MAH ONPOBEPTHYTb 9TH NpeanoAoxkenus: («rumoresei»). |lpu stom
HaZo MOMHHTb, YTO OTBET «Zla» HAH «HET» MOKET ObITb JaH AHIIb C ONPEAEACHHOH CTe-
MIEHbIO IOCTOBEPHOCTH, M Y€M JOAbINE Mbl MOKEM IPOZOAZKATb SKCIEPUMEHT, TEM TOUYHEe
MoryT 6biTh BbiBoAbl. Hanboree 6AaronpusTHON AAs HCCACZOBAaHHs OKA3bIBAETCS CHTYALlMs,
KOIZla MOKHO YBEPEHHO YTBEPKaTb O HEKOTOPbIX CBOHCTBAX HAOAIZAEMOrO SKCIEPHMEHTA
— HamnpuMep, 0 HAAMYMH (YHKIIMOHAABHOH 3aBHCHMOCTH MEKY HaBAIO/laeMbIMU BEAHYMHA-
MH, O HOPMAAbBHOCTH PACIPEEACHHs, O €r0 CHMMETPUYHOCTH, O HAAMYHH Y PACTIpeeAeHHS

IIAOTHOCTH HAH O €ro AMCKPETHOM XapaKTepe, U T. A.

I/ITaK, o (MaTeMaTH‘IeCKOﬁ) CTaTUCTHKE HUMEET CMbICA BCIIOMHHATb, €CAH

HUMEETCA CAy‘{ﬁﬁHbIﬁ 9KCIIEPHUMEHT, CBOUCTBa KOTOPOI'o 4aCTHYHO HAH INOAHOCTbIO

HEHU3BECTHDI,

Mbl yME€EM BOCIIpDOHU3BOAHUTb 3TOT 3KCIIEPDHMEHT B OZHHUX H TE€X K€ YCAOBHUIAX

HekoTopoe (a AydIlle — Kakoe YroHO) YHCAO pas.

[lpumepom Takoll cepuu SKCHEPUMEHTOB MOKET CAY?KHTb COLIMOAOTHYECKHH ONPOC, Ha-
60p YKOHOMHMYECKHX IOKasaTeAeH HAH, HAKOHEL, II0OCAEJOBATEAbBHOCTb repbOB M peleK IIPH

TbICAYEKPATHOM HO,Z[6paCbIBaHI/II/I MOHETBDI.



OrnaBnexve

44 144 ‘
4 4 ‘
Hactp. ... 3179
Haszan
Bo Becb akpaH

Yitu

Ctp. 7

1.1. OcHoruble nonaTUs BbIGOPOUHOrO MeETOAA

[lyctp & : QO — R — cayuaiinas Beanuuna, HabAlOzaeMasi B CAy4aHHOM 9KCIIEPUMEHTE.
[Ipeanoaaraercs, 4To BepoATHOCTHOE MPOCTPAaHCTBO 3aZaHo (M He 6yZAeT HAC HHTEPECOBATD).

Byaem cumrarh, uTo mpoBeas TL pas STOT IKCIIEPUMEHT B OAMHAKOBBIX YCAOBHSX, MbI
MOAYYHAH uyhcAa X7, X2, ..., Xy — B3HaueHUs] DTOH CAy4aHHOH BEAHYHHbI B IEPBOM,
BTOpPOM, H T.Z. 3KcnepumenTax. CayualiHas BeAMuMHA & HMeeT HEKOTOPOE PacIpezeAeHHe
F, xoTopoe HaM YAaCTHYHO HAM MOAHOCTbIO HEH3BECTHO.

Paccmorpum moapobuee mabop X = (X71,..., Xy ), HasbiBaeMbIii BbIGOPKOH.

B cepun y:xe mpousBeseHHbIX 9KCIIEPUMEHTOB Bbi6opka — 3To Habop umcer. Ho ecam
3Ty CEpHIO SKCIIEPUMEHTOB MOBTOPUTD ellle pas, TO BMECTO 3TOT0 Habopa Mbl MOAYYHM HOBbIH
Habop umucer. BmecTo umcaa X MosBUTCS Apyroe YMCAO — OJAHO M3 3HAYEHHH CAydalHOH
Beanuunbl &, lo ectb X7 (1 X2, u X3, u T.4.) — mepeMeHHas BeAMYHHA, KOTOpas
MOKeT NIPUHHMATb Te ke 3HaueHHs, 4TO M CAydallHas BeAHMYMHa ¢, M Tak ke yacto (c
TeMH ke BeposTHOCTAMM). |losTomy a0 ombita X7 — cAydafiHas BeAMYMHA, OZHHAKOBO
pacripezeAeHHasi ¢ &, a MOCAe OMbITa — YHCAO, KOTOPOE Mbl HabAIOZaeM B JaHHOM IMEPBOM

SKCIIEpUMEHTE, T.€. OZHO M3 BOSMOKHbIX 3HAYEHHH CAy4alHOW BEAMYHHBI X1.

Boi6opka X = (Xj,...,Xn) obbema . — 5To Habop M3 TL HE3aBUCHMbBIX H OJMHAKOBO

pacrpezieAeHHbIX CAydaiHbix BeAnunH («xomui &»), uMmeromux, Kak u &, pacrnpeaerenue F.

Yro sHauMT «10 BBHIGOPKE CAEAATH BBIBOA O pacipegereHHH»? PacnpeaereHue xapakTe-
pU3yeTcs (PYHKLHEH pacIpeseAeHHs, TAOTHOCTbIO HAM TabAMIIEeH, HaGOPOM YMCAOBBIX Xapak-
tepuctuk — E &, D&, E £ u . a Ilo BbI6OPKE HY2KHO YMETb CTPOUTb MPUOAUZKEHHS AAS

BCEX ITHUX XAPAKTEPHUCTHK.



1.2. Bnbi6opounoe pacnpeaerenue

PaccmoTpum pearnsaiuio BIGOPKH Ha OZHOM SAEMEHTapHOM HCXoZe (V) — Habop duCceA

X1 =Xj(wo), ..., Xpu = Xn(wyp). Ha moaxoasimem BeposTHOCTHOM IIPOCTPAHCTBE BBeZEM
CAy4aliHyI0 BeAHUHHY &, mpuHMMaloIyio 3HaueHus X1, ..., Xn C BepOATHOCTAMH Mo 1/M
SRR (ecAM KakHe-TO M3 3HAYEHUH COBIAAH, CAO2KHMM BEPOSITHOCTH COOTBETCTBYIOIEE YHCAO Pas).

Tabauna pacnipezerenust BeposATHOCTER U (QYHKIHs PACIIPEAEAEHHs CAydaHHOH BEAHYHHBI &*

BDBITAALZAT TaK:
« " ‘ £ ‘ X3 ‘ ‘ Xn P (y) = Z l_ KoamdecTBOo Xi € (—00, )
P i/m ... 1/m nE LT n '
< > \ Xi<y

Ha ctp s 179 pacnpeﬂ,eJ\eHI/Ie BEAHYHHDI E,* Ha3bIBAOT 3MIIHPHYIECKUM HAH BbI60p0‘{HbIM pacrpeseAeHUuEM.
BbI‘{PICJ\I/IM MaTEMAaTHYE€CKOE O:KHJZaHHE€ H JAHCIIEPCHIO BEAHYHHDI E,* H BBEJAEM 0603HaYEHHST

Hasag AN 3THUX BEAHUYHH:
Bo Becb akpaH E*—n]X—]nX—X D*_n]X E*2_1nXXZ_SZ
ﬁ—g* i—*Z i =X, ﬁ—ZE( 1—5)—52( i—X)® = 57

Yitu = :

B o6mem cayuae o6osnaunm uepes ¢(X) BernumHy

CTp. 8 n
1

Eg(£) == g(X:) =o(X.
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Ecau mpu nocrpoennu Bcex BBeZEHHBIX HAMH XapaKTEPHCTHK CYMTATb BbI6OPKY X1, . .., Xn
Hab0pOM CAy4aHHbIX BEAMUHH, TO M CaMH 3TH xapakTepuctuku — i (y), X, Sz, ﬁ m =
CTaHYT BEAMYHHAMH CAyYaHHbIMH. OTH XapaKTEPHCTUKH BbIGOPOYHOTrO PACIIPENEACHUS] HC-
HOAB3YIOT AAsl OlleHKH (IPUOAMKEHHS) COOTBETCTBYIONIUX HEU3BECTHDIX XapaKTEPHCTHK HC-
THHHOTO paclipeZieAeHus.

[lpuunna ucroab3oBaHHsA XapaKTEPHCTHK pacripezeAeHHss & AAsl OLEHKH XapaKTepHCTHK

ucTuHHOTO pacnpeaereHus: & (uam Xq1) — B 6AM30CTH STHX pacHpeAeAeHHH MPH GOAbITHX TL.

Paccemorpum, AN TIpUMepa, T noabpachlBAHMH  IPAaBHABHOTO  Ky6uKa.
[Tycrp X; € {1,...,6} — koaumuecTBO OuKOB, BbIMaBmHX TpH i-M 6Gpocke, 1 = 1,... M.
I—[peﬂ,l‘IOJ\OMHM, YTO eJWHHIA B BbIOOPKE BCTPETHUTCST T pas, ABOMKa — T2 pa3 " T.A.
Ilom,a cAydaiiHas BeauduHa ¢&F 6yaer mpunuMarp 3HadeHust 1, ..., 6 c BeposTHOCTAMH

1

— ..., —— COOTBETCTBEHHO. HO 9TH TIIPOIIOPHHH C POCTOM n HpHﬁJ\H?KaIOTCH K 1/6
n n

COTAACHO 3aKOHY 60AbIIHX YHCeA. 10 ecTb pacmpezeicHHe BeAuuuHbl & B HEKOTOPOM cMbICAe
cOAMKAaeTCs C HMCTHHHBIM paclpeleAeHHeM YHCAa OYKOB, BbINAZAIOIIUX IPU I0A6pachbIBaHHH
[IPaBUABHOIO KyOHKa.

Mpbi He cTaHeM yTOYHATD, YTO HMEETCS B BUAY M0J GAH30CTbIO BbIGOPOYHOTO U HCTHHHOTO
pacnpezerenuii. B caeayromumx naparpagax Mbl mozpo6Hee MOSHAKOMHMCS C KazkOH U3
BBEJEHHDBIX BbIIIE XapAKTEPUCTHK M HCCAEAYEM €€ CBOUCTBA, B TOM HYHCAE €€ MOBEJEHHE C

pocTtoM ob6beMa BBIOOPKH.
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1.3.

AMnupuyeckas (PyHKUUSI pacripeleAeHHsl, THCTOrpaMmMa

[Tockorbky HemsBecTHOe pacnpezerenne F MO:KHO OmHCaTh, HapUMep, €ro (QyHKLHEH

pacnpegerenus F(y) = P (X7 < y), moctpoum mo BbiGOpKe «OLEHKY» AAS 3TOH (YHKIIMH.

Onpeaerenne 1. Amnupuueckoll QyHKUMEHR pachpezereHHs, ITOCTPOEHHOH IO BbI6OPKE
X = (Xj,...,Xn) obbema M, HasbiBaeTcst caydaiimas Qynkuus Fi @ R x Q — [0,1],

npu kaxzaom Y € R pasnas

N koamuecTBo Xi € (—o00,y) 1 &
i=1

Hanomunanue: Cayuaiinas gpynkius

1, ecam Xj <y,
I(Xi <y) =

0 HHade

D
uMelomas pacnpezerenne Depuyaru ¢ mapamerpom p = P (X; < y) = F(y). @I

HasbiBaeTcsi HHAHKaTopoMm cobbitus {Xi < y}. [lpu kaxzgom Y ato — cayyaiiHas BeAMdHHa,

Huaue rosops, mpu Aro6om Y sHauenue F(Y), paBHOE HCTHHHOH BEPOSTHOCTH CAYHaHHOR

BEAHYHHE X] ObITb MEHbIIIE U, OLlEeHHBAETCA ﬂ,OJ\Cﬁ 9AEMEHTOB BbIﬁOpKl/I, MEHDbIIHX .
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Ecau snementnr Bbibopku X7, ..., Xy, YHOPAZOYHTb MO Bo3pacTaHMIO (Ha KamkzaoM
SAEMEHTapHOM HCXOZe), OAYYHTCS HOBbIA Hab0p CAyYaHHbIX BEAMYHH, Ha3blBaeMbIH BapHa-

LIMOHHbIM pﬂﬂOM:
X1y £ X2 €00 € X1y € Xy

3zech
Xy = min{X1,..., Xn}, Xy =max{Xq,..., Xn}.

Aement X(y), k = 1,... M HaspiBaercs K-M 4YAeHOM BapuamMOHHOrO psiza MAM K-i mo-
PAAKOBOH CTAaTHCTHKOM.

Ilpumep 1. Boibopka: X = (0; 2; 1; 2,6; 3,1; 4,6; 1; 4,6, 6; 2,6; 6; 7; 9; 9; 2,6).
Bapuanuounnmiit pax:  (0; 1; 1; 2; 2,6; 2,6; 2,6; 3,1; 4,6; 4,6; 6, 6; 7; 9; 9).

OAmnupuyeckas QYHKLIHUS pacrpese-

FLlu)
A€HHsI MMeET CKayKH B TOYKaX BbIGOp-
'1 d
KM, BEAMYMHA CKayKa B TOuKe Xi paBHa !
= <—‘
/N, rae M — KOAHYECTBO 3AEMEHTOB — l
i -— | |
BbIGOPKH, COBMAZAIOIINX C Xi. | T !
MozxHO MOCTPOUTH SMIHPHYECKYIO =~ l L |
- | | | | | |
(YHKLHIO pacripeZieAeHHsl 110 BapHallU- ~r !
OHHOMY PSIZLY: I T R 1
} } : T‘ T : T } } T } T T -
y
0, ecan Y < X(])a 0 1 2 3 4 5 6 7 8 9 10
3
FLly) = , ecam X <Y < Xq1), Puc. 1: Tpumep 1

K
n
1 mpu Y > Xip).
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Zpyroii xapakTepucTHKO# pacnipesereHUs ABAseTCS TabAMLA (AN ZHCKPETHBIX pacrpese-
A€HHH) HAH NAOTHOCTb (ZAs1 aBCOAIOTHO HEMPEPbIBHDBIX). JMIHPHIECKHM, UAH BbIGOPOYHBIM
AHAAOTOM TabAHIIbI MAH IAOTHOCTH SIBASIETCS TaK HasblBaeMas THCTOTpaMMa.

[ucrorpamma ctpoutcs mo rpynnuposannbiM AaHHbIM. | lpeamoraraemyio obaacTb 3Ha-
yeHHH cAydalHOH BeAmuuHb! & (MAM 06AaCTb BBIGOPOYHBIX JAHHBIX) AEAAT HE3ABUCHMO OT

BbIGOPKM Ha HEKOTOPOE KOAMYECTBO MHTepBaAoB (He 06a3aTeAbHO oguHaKoBbix). I [yctp A7,

., Ax — HHTepBaAbl Ha NPAMOH, HasblBaeMble HHTepBaraMH TpynmupoBku. (O603HAYUM
araj =1, ..., k uepes Vj YHCAO BAEMEHTOB BbIGOPKH, MONABIIHX B MHTEPBAA A]':
n k
Vi = {'{I/ICAO X; € Aj} = E I(Xi S Aj), 3J€eChb E Vi =M. 1
i=1 =1

Ha xaxzom u3 uuTepBaroB Aj CTPOAT NPAMOYTOABHMK, IIAOILAZb KOTOPOTO MPOIOPLHO-

HaibHa Vj. OG6uwas naomazb Bcex NPsMOYTOABHHKOB /JOAXSHa paBHsATbes ezuHuue. [lycrtp

lj — ZAAMHA MHTEpBaAa Aj. Boicora fj MPSIMOYTOABHHKA HaZ A]- paBHA
f;=
j = —-.
TL],)'

[Toryuennas gurypa HasbiBaeTCsi THCTOTPaMMOM.

Ilpumep 2. Wwmeercs Bapuanuonnniit psa (cm. npumep 1):

(0; 15 15 2, 2067 2,6, 2,6; 3,1; 4,6; 4,6; 6; 6; 7; 9; 9).

Paszobpem orpesok [0,10] ma 4 paBubix orpeska. B orpesox A7 = [0;2,5) nmomaru 4
saemenTa BbI6opkH, B Ay = [2,5:5) — 6, 8 A3 = [5;7,5) — 3, u B orpesok Ag = [7,5;10]
nomaru 2 anemenrta Bbi6opku. Crpoum rucrorpammy (puc. 2). Ha puc. 3 — Ttoxe

THCTOTpaMMa JAsl TOH e BbIGOPKH, HO TMPH pasbHeHHH 06AACTH Ha ) paBHBIX OTPE3KOB.
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8/75

0.1

0Ol 1 2 3 4 5 6 7 8 9 10

T T T

Y 0l 123 4567891 Y

Puc. 2: Tlpumep 2 Puc. 3: Tpumep 2

Bameuanne 1. B xypce «Dxonomerpuka» yTBep:kaaeTcs, 4TO HAHAYHIIHM YHCAOM HH-
tepBaroB rpynmupoBku («popmyra Crepaxxecca») sBaserca k = k(n) =1+ [3.322 Ig n].
Baecp lg N — zecaruunbiii rorapugm, nosromy k = 1+ [log, 10logion] = 1+4[log, nJ,

T. €. IIPH YBEAHYEHUH BbIGOpKI/I BZBO€ YHCAO HHTEPBAAOB IPYIIIHPOBKH YBEAHWYHUBAETCS Ha 1

3ameTHM, 4To ueM 6OAbIIE HHTEPBAAOB TPYIIITUPOBKH, TeM Ay4iie. Ho, ecan 6paTb yucro
HHTEPBAAOB, CKazkeM, MOpsAKa T, TO C POCTOM T THCTOrpaMMa He OyzeT HMPUOAMKATbCA K
IIAOTHOCTH.

CripaBezauBO caeaylolee yTBep:K/EHHE:

EcaAu naoTHOCTD pacnpezeseHuss 3AeMeHTOB BBHIGOPKH SIBASETCS HEIPEPbIBHOH (DYHKIIMeH,
to mpu k(n) — oo Tak, uro k(n)/n — 0, umeer MecTo moTOYeYHAasA CXOZUMOCTb

I10 BEPOATHOCTH THCTOrpaMMbl K ITAOTHOCTH.

TaK 4TOo BbI60p Aorapu@ma pasyMeH, HO He SIBASIETCSI €JHHCTBEHHO BO3MOXKHDbIM.
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1.4. Bni6opounbie MomeHTDI

3HaHHe MOMEHTOB pacIpesieAeHHs TaKze MHOTOe MOKET CKasaTh O ero BH/E M CBOHCTBaX.
Beezem Bbi60pouHbIE aHAAOTHM HEM3BECTHBIX HCTHHHBIX MOMEHTOB PACIIPEJEACHHS.

[Myers EE =EXy =a, DE=DX; =02 E&k = EX]]< = MMk — TEOPETUUECKHE
cpeauee, aucrnepcus, K- moment. Mpbl y:ke 3HAKOMbBI C COOTBETCTBYIOIIMMH XapaKTEPUCTH-
KaMu BbIGopounoro pacnpeaerenns E & = X, D& = S2, E (§*)k = XK.

Teoperuueckue xapakrepucTuru IOMIHpHYeCKHe XapaKTepHCTHKHU
_ 1 n
EE=EXi=a X = — > Xi{ — Bbibopounoe cpeanee
i=1
1 n =
D&E=DX; =02 $2=_— > (Xi— X)? — BbibopouHas gucnepcus,
T =1
Au60
2 T & )2
K PR
i=1
HecMellleHHasi BbI6OPOYHAsH JAUCIIEPCHUS]
N n
EEk—EXk— my Xk = — > X]f — BbIGOPOYHDbIH K-H MOMeHT
ni—

CI'II/ICOK YHCAOBbIX XaPAKTEPHUCTHK H HX OLIEHOK MOKHO IIPDOAOAzKaTb, PaCCMOTPEB, Ha~

npuMep, 1IeHTPaAbHbIE, aBCOAIOTHbIE U T.Tl. MOMEHTbl. B obmem caydae

1 <&
momenTr E g(&) 6yZeM OllEHUBAThb BEAUYHMHOHN g( ) = E Z g(Xi).



1.5. CxoaumocTp 3MNHPHYECKHX XapPaKTEPHUCTHK K TEOPETHUECKHM

MbI BBEAH TPHU BHJA IMIIHPHUYECKHX XaPAKTEPHUCTHK, IIPEJHABHAYEHHDbIX AASA OLEHHBAHHUA

HEH3BECTHDIX TEOPETHIECKUX XaPAKTEPHCTHK PACIIPEEAEHHUS: DMITUPUIECKYIO (PYHKIIHIO pac-

npeZieAeHusi, THCTOTPAMMY, BbIGOPOYHbIE MOMEHTbI. F.CAM HAIlM OILEHKH yZayHbl, PasHUILA

SRR Me:KAY HUMH ¥ UCTHHHBIMH XapaKTEPUCTHKAMH JOAKHA CTPEMHTCS K HYAIO C POCTOM OObe-
Ma BBIGOPKH. | akoe CBOHCTBO SMIMPHYECKHX XapPaKTEPHCTHK HA3bIBAIOT COCTOATEABHOCTDIO.

y6€ﬂ,l/IMCH, YTO HaIIH Bbl6090‘{HbIe XapaKTEPUCTHKH TaKHM CBOUCTBOM 06]\&1[,&}0T.

ﬁﬁ 1.5.1. CgolicTBa aMnupHuecKol (PYHKIMH paclpexeAeHHust
|
Teopema 1. Tlycts X = (Xq,...,X;,) — BbibopKa 06beMa Tl U3 HEM3BECTHOTO pacIpeziene-
M‘ nusa J ¢ pynkuuei pacnpegerenus F. Ilycrs F}, — smnupuueckas Qynkuus pacnpeaerenns,
“Eeen IIOCTPOEeHHas 1o 9ToH BbIGOpKe. lorza aas awboro Y € R
Bo Becb akpaH F;(U) L) F(y) IIpH n — oQ.

Bameuanne 2. Fj(y) — cayuaiinas Beaumumna, Tak Kak oHa sBAsAeTCS (QyHKUHEH OT
YiTu CAy4JaHHbIX BEAHIHH X1,...,Xn. 10O 2Ke caMOe MO!KHO CKasaTh IIPO THCTOrPaMMy H BbI6O-

POYHbIE MOMEHTDI.

JoxasareabctBo Teopempbr 1. [lo onpegerennto 1,

n

Ctp. 15 Z I(Xi < y)
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Cayuainbie Beanaunnnt (X7 < y), I(X2 < y), ... HesaBHCHMBI H 0ZHHAKOBO pacIpeseAeHbl,

HX MaTeMaTHYeCKOe O2KHMJaHHe KOHEYHO:
EIX; <y)=1-P(X;<y)+0-P(X3>2y) =P(Xy <y) =Fly) < o0,
noatomy npumenim 3bY Xunuuna, u

mn
> IXi<vy)
1 P
Faly) = S ——— P EIX < y) = Fly).
Taxum o6pasom, ¢ pocTom o6beMa BbIGOPKH IMIMpPHYEcKas (DYHKLIHUSA paclpeseAeHHs

cxoautcs (M0 BEPOATHOCTH) K HEHM3BECTHOH TeOPETHYECKOH. ]

Bepen 6oaee 06muii pesyabTat, MOKasbIBAIOIMH, YTO CXOAHUMOCTb SMIHPHYECKOH (YHK-

LUHH PaCIIpPeEAeHHsI K TEOPETHYECKON UMEET «PABHOMEPHDBIH» XapaKTep.

Teopema ['nupenxko — Kanrearn. I[lycrs X = (Xj,...,X.) — Bbibopka obbema T u3
HEHM3BECTHOTO pacnipeserenns J ¢ Qpynkuuedn pacnpegenenns F. [lycre Ff, — smnmpuueckas

(YHKIMs pacripefieAeHHs, TIOCTPOEHHas 110 3TOH Bbibopke. |orza

SUP|F;(U)_F(U){LO mpu N — 0.
yeR

3ameuanne 3. Donaee Toro, B ycroBusix Teopem 1 u 'ausenko — Kanrtearu umeer mecto

CXOZUMOCTb HE TOABKO IIO BEPOSATHOCTH, HO H IIOYTH HABEPHOE.


http://www.nsu.ru/mmf/tvims/chernova/tv/lec/node54.html#th13-3
http://www.nsu.ru/mmf/tvims/chernova/tv/lec/node52.html

Ecau @ynkuus pacnpezerenus F nenpepbiBHa, TO CKOPOCTb CXOAMMOCTH K HYAIO B T€O-

peme ['auBenko — Kaunrtearu umeer mopsgox 1/+/m:

Teopema Koamoroposa. Ilycts X = (Xj,...,X;,) — Bbibopka 06bemMa T H3 HEM3BECTHOTO

Ornaenetue pacnpeaerennss J ¢ HempepbiBHOH (yHKuUHMel pacnpeserenns I, a Ff, — smnunpunueckas
(PYHKUIMs pacrpeiereHus. |orza

vnsuwp |Fr(y) —Fy)|=n mpm n — oo,
< » ‘ yeR

< N ‘ rZe cAydyaiiHasi BeAMYMHa 1] MMeeT paclipezereHre Koamoroposa c HempepbIBHOH (yHKIIHe#
pacripezieAeHus1

Hactp. ... 3179 ~
o Kx)= > (=1 ¥ npux >0, K(x)=0npux <0.

j=—o0
Bo Becb akpaH

Caeayiomue cBoHCTBa SMIHPHUYECKOH (DYHKIIMH pacpefeAeHHs — 3TO XOPOIIO 3HAKO-

ViiTu Mble HaM CBOHCTBA CPEJHETO apU(PMETHIECKOrO Tl HEBABUCHUMbIX CAAraeMblX, HMEIOIUHUX, K TO-
My :Ke, pacrpeaeieHue Depryaaw.

B nepsbix AByx nyHKTax yTBep:KzaeTcs, 4TO cAydaiHas BeauuuHa I (Y) umeer ma-

Fly)(1 —F(y))
TEMATHYECKOE OxKHJaHHUE F(y) H AUCIIEPCHO —

Crp. 17 . n
Tpernit mynxr nokaseisaer, uto Fi(y) cxoaures k F(y) co ckopoctpio 1/4/M.

, KoTopasi ybbiBaeT Kak 1/T.
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Croiicteo 1. /[laa aob6oro y € R

1) EF;(y) = F(y), r.e. F;(y) — «uecmemennas» ouenxa ars F(y);

2) Dy = T Fw),

3) ecam 0 < F(y) < 1, o vn(F(y) — Fy)) = Norwy-ru)» e Fnly)

— «aCHMITOTHYECKM HOpPMaAbHasi» oleHKa ais F(y);

4) cayuaiinas Beamunna M - Ff(Y) umeer 6unomMHaArbHOe pacripezerenue Bn)p(y).

ZJoxkasareabcTBo cBofictBa 1.  3amerum cuosa, uto I(X7 < y) umeer pacnpeaerenue Bep-

HYAAH BF(y), I103TOMY
EIXi <y)=Fy) u DIX;<y)="Fy)-Fy)).

1) Cayuasinbie Beanunnnt 1(X7 < y), I(X2 < y), ... oauHakoBo pacmpeseAeHbl, IO3TOMY
‘I‘ﬂ,e HCIIOAbB3YEeTCA OJHWHaKOBasi paCHpELI,EJ\EHHOCTb?I

n

i > E i
eregy Y EENY e <y

n n n

= F(y).




2) Cayuatinbie Beanmannnt [(X7 < y), (X2 < y), ... HesaBucumbr u oguHakoBO pacrpeze-
‘l‘ﬂe HUCIIOAb3YEeTCA He3aBHCHMOCTb?I

A€HbI, IIO3TOMY

n n

i DI(X;
S &Y EPIEY pi <y)_ Fy)o - Fy)).

n n2 n2 n

5
3) Bocnoabsyemca LIITT Asnynosa:

OrnaBnexve D Fil(y) =

e il(Xi<y) <il(xi<y)—nF(y)>

< | VR(FL) —Fy) = v | 5————Fy) | = = =

Hactp. ... 3179

Hasap (Z I(X;i<y)—nEI(X; <vy)

i=1
Bo Bech aKpaH — \/TTL = NO,DI(X1 <y) — NO,F(U)“—F(U))'

4) TTockoabky I(X7 < y) (uucaro ycrexoB B 0HOM HCIIBITAaHHH) HMeeT pacnpeaeieHHe bep-

n
nyann By, to n-Fi(y) = X I(Xi < y) umeer 6unomuarntoe pacnpezenenne

Yitn iz
B [moyemy? | [a uTo Takoe ycroitumBOCTb IO CymMMHpoBaHHUIO? |
n,FHy)-
O
3ameuanne 4. Bce ompezenenus, Kak TO: «OIeHKa», «HECMEIIEHHOCTb», «COCTOATEADb-
Crp. 19

HOCTb», «aCHUMIITOTHY€CKasi HOPMAAbHOCTb» 6yLI,yT AaHbl B I'AaBeE 2 HO CMBICA 3THX TEPMHU~

HOB JOAZKEH ObITH BIIOAHE MOHSITEH yxe ceHyac.


http://www.nsu.ru/mmf/tvims/chernova/tv/end/node4.html

1.5.2. CagoiicTBa rucrorpamMmbi

[Tycto pacnpeaerenne F abcorrotno HenpepwisHo, f — ero mctunnas maotHocTb. I lycts,
KPOMe TOTro, YHCAO K MHTepBaAOB rpynmupoBkH He 3aBucut oT M. Cayuail, korza k = k(n),

OTMEYEH B 3aME€YaHHHU 1

OrnaBnexve

Crnpasearusa

4« »»
JJ Teopema 2. Tlpu N — 00 ara awboro j =1,...,k

< > Vi p

lj-fj:fHP(X]GAj): f(X) dx.
Hactp. ... 3179 n
Aj
Haszan

Bo Becb akpaH

Yupa:xknenne. /lokasarb Teopemy 2, ucmoansys (1) u 3bY.
Teopema yTBepazaer, uTo mAomazb CTOAGIIA THCTOrPAMMbI, MOCTPOEHHOTO Haz HHTEP-

YiiTu BaAOM TPYIIIHPOBKH, C POCTOM ob6beMa BbIOOPKHM COAMzKaeTcs C IAOIIAZbIO OOAACTH IHOZ
rpa)uKoOM IAOTHOCTH HaJ, STHM 2K€ HHTEPBAaAOM.

CTp. 20



1.5.3. Cagoiictea BbI6OPOUHBIX MOMEHTOB

Bri6opounoe cpeanee X siBAseTCS HeCMEIIEHHOH, COCTOSATEADHOR H aCHMIITOTHYECKH HOP-

MaAbHOH OI;I,eHKOf/’I ANl TEOPETHIECKOI'O CPEAHETrO (MaTeMaTI/I‘IeCKOFO O?KI/I,ZLaHPIH)Z

OrnaeneHve ©
=‘ Ceoiictro 2.

1) Ecan E|X;| < 00, 0o EX=EX; = a.
RS 2) Ecan E|X;] < 00, 10 X =5 EXj = a mpu . — 0.
IR 3) Ecan DXy < 00 n ne paswa yio, 10 /it (X —EX1) = Nopx, -
Ha ctp. ... n3 179
Hasag
Bo Becb akpaH JoxasareabcTBO cBOMCcTBa 2.

. n
1) EX:lZEXi:l~nEX1:EX1:a.
n i n

1=

# 2) Cornacuo 3BY B gopme Xununna, X =

3) Coraacuo LIIIT,

1
EZX1LEX1:(1.

=
=

n
ZXi—nEX1

Crp. 21 vn (X = EX]) == \/ﬁ = NO,D % ¢



Boi6opounbiit k-ii Moment XK sBAsieTcss HecMeILEHHOM, COCTOATEAPHOR H aCHMIITOTHYE-

CKM HOPMAaAbHOH OLIEHKOH ZAsl TEOPETHYECKOTO K-Tro MOMEHTa:

OrnaBnexve CBOﬁCTBO 3

1) Ecan E [X;]¥ < 00, o EXK = EXK = my.

RS 2) Ecau E [Xq]% < 00, 1o XKk 25 EXY = my npu n — oo.
s 3) Ecan DX¥ < 00 u e pawa nynio, 10 v/ (XK — EX¥) = Ny -
Hactp. ... u3 179

Haszan
Bo Becb akpaH

Yupaxuenne. /lokasatb cpoiicTso 3.

B aaabueiimem mbl He 6yzeM oroBapuBaTh CYIECTBOBAHHE COOTBETCTBYIOIIUX MOMEHTOB.
B uacTHOCTH, B MepBbIX ABYX MyHKTaX CAEZYIOIIErO yTBEPHKAECHUS TPE/NOAAraeTCsl HaAHIUe

NN |
Y BTOPOrO MOMEHTa y CAy4YaHHbIX BEAMYHH Xi, @ B TPETbeM NyHKTe — ueTBepToro (aucrepcuu
BEAHYHHBI X%)

CTp. 22
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Cgoiicteo 4.

1) Boi6opounsie aucnepcuu S u SO SIBASIOTCSI COCTOSITEABHBIMH OLIEHKAMH ZIAs HCTHHHOH
aucrepcun: S2 2yDX; = o2, SZ DX; =02

2) Beauuuna S2 cMellleHHasi, a S% — HecMelleHHas OlleHKa JAMCIIepCHH:

ESZ:nT_]DX1 _ -

]Gz7éc72, ES3=DX; = o°

3) BbI60pO‘{HbIe AUCIIEPCUH SZ H S% ABASAKOTCA aCHMIITOTHY€CKH HOPDMAAbHbIMHU OLIEHKaMH

MCTHHHON AucrepcHu: /T (SZ —-D X]) = Nop (x;—Ex)2-

JloxasareabcTBO cBOHCTBa 4.

1) Bo nepBbix, packpbiB cko6KH, MOAE3HO Y6eAUTbCS B TOM, YTO

n

§% = %Z(xi —X)? =X2 - (X)2
i=1

HUs (2) u BBLI creayer, uto S? = X2 — (X)? 2, EX% — (EX;)?2 =

n
Kpome Toro, —— — 1, Tak uro SO =7 s2-P, g2
n_ —_—
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2) Bocnoabsyemcs qopmynoit (2):

ES?

E (ﬁ— (X)Z) —EXZ— E(X)? = (no remme 3) = EX2 — E (X)?

EX3— ((EX)%D(X)) —EX2— (EXq)%—

2

7E52
n—1

Z

o2 n-—1

n

3) Bri6opounyio aucrepcuio Mo:KHO MPEACTABHTb B CAEAYIONIEM BHJE:

1
n

n

—Y (Xi—X)*=

i=1

1
n

i=1

Tora v (S2—o?) = v ((x a7~ (X-a)’ =) =

raemoe (Y — a) . \/TT (Y — a) cAab0 CXOZUTCSI K HYAIO KAaK IPOU3BEAEHHE CXOASILEHCS

K HYAIO IIO BEPOATHOCTH IIOCA€ZOBATEADHOCTH U INOCAEZOBATEABHOCTH, cAabo CXOZ[,HLHCI;;ICH

M=

_\f(

T
L

E(X1—a)2> \/ﬁ(x a)

(Xi — a)2—nE (X; — a)?

N

K NO,D X - | KaKoe CBOMCTBO cAaBOH CXOAMMOCTH HCIIOAb30BAHO ABAKABI? |

ZX

1
o — —nD Xq = ol — — = GZ, OTKyZa cpasy CAezyeT
n

3 (i-a-(X-a) =K (X-a)’.

- (Y—a) -\/E(X—a) = No.p (x_at»

IIOCKOADbKY II€EPBOE€ CAaraemMoe cAabo CXOAHUTCA K NO D(X]*O.]Z 1o QI_IT, a BTOPOE CAa~
’
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1.6. prnnnpOBaHHble JaHHbIE (HeKoTOpbIEe BBOAHDIE MOHATH K 9KOHOMETPHUH)

Ecaun o6bem BbIGOPKM OYeHb BEAHK, YacTo paboTalOT HE C IAEMEHTaMH BbIOOPKH, a
C IPyNIHUPOBaHHBIMHM JaHHbIMH. |lpuBeseM psa TOHATHH, CBSABaHHBIX C TPYNIHPOBKOH.

AJ\H IIPOCTOThI 6yZLCM AEAUTDb obracTb BbI60p0‘-IHbIX JaHHDbIX Ha k OZ/MHAKOBbIX HHTEPBAAOB

A1, ..., Ax arunb A:
A1 =lag,a1),...,Ax=lax_1,0K), aj—aj_1 =A.

KaK npexxae, nmyCcTtb 'V] — YHCAO 3AEMEHTOB BbI60pKI/I, IIOITaBINIKUX B HHTEPBAA A), H W] —

JacCTOTa IollaZaHHUA B MHTEPBAA A] (ogeHKa BEPOSAATHOCTH IIOIIaZaHUSA B I/IHTepBa]\)I

n

’V.
Vj :{'—II/IC}\O Xi € Aj} = E I(Xi € Aj), Wi = #
i=1
W.
Ha xaxzom us untepsaros A]' CTPOSIT MPSIMOYTOABHHK C BbICOTOH f]' = K) U TMOAyYaloT

THCTOrPaMMYy.

PaccmoTpum cepeauHbl HHTEPBAAOB: a; =051+ A/2 — cepeauna Aj;. Ha6op

a,...,ay, ..., Qk,...,0x
N M
V1 pas Vi pas

MOKHO CYHTaTh «OrPyGAEHHOM» BBIGOPKOH, B KOTOpOH Bee Xi, Momagariue B MHTepBaA Aj,
3aMeHeHbl Ha 0j. [lo sToli BrIGopKe MO21HO MOCTpOUTH Takue 2xe (HO 6oaee rpybbie) BbIGO-
POYHbIE XapaKTEPHCTHKHU, YTO M 110 McXoZHOH (0603HaYMM HX TaK :Ke), HallpuMep BbI6OPOYHOE

cpeaHee

3 k
— 1 - -
K== E ayv; = E a;w;
n
=1 j=1



HAH BbIGOPOYHYIO JHCIIEPCHIO

1 k k
S2=—Y (@—X)%v;=) (a—X)*w;.
n ) ) ) )
j=1 i=1
O _ _
m Kpusas, coegunsiomas touku (ap,0), (ai,fi), ..., (@, fx), (ax,0), zasbiBaerca
noauroHoM (4actoT). B oTAMuYMe OT rHCTOrpaMMbl TOANTOH — HeIpepbiBHAsA (YHKIIH
(romanas).
4« 144
1.7. Bonpoco! u ynpa:kuenus
) $ 1. Moo AM O SMIHMPHYECKOH (DYHKIIHM paclpeieAeHHs, IPUBEJEHHOH Ha pHC. 1, BOCCTaHOBHTD
o = BbI60PKY X1, ..., Xn, ecAau N ussectHo? A Bapuanmonnbiii psg? Kak ato caenrarp? A ecam M
acrp. .. u3
HEU3BECTHO?
Hasapn 2. Cymecryer au BpIGOpKA (X7, ... ,X6) 06béma 6 ¢ HapucosaH- F;(y)
i i i b -
. Hofl crpaBa SMIHpHECKoi pyHkuued pacnpegereHus? A BbI |
0 BECb SkpaH 6opka (X7,...,X72) o6béma 12?7 Ecam «za», To 3amucatb ee -~
H HAPHCOBATb SMITHPHYECKYIO (DYHKIIHIO PAacClpeieAeHHsl BbIGOPKH —
(2X1,...,2X12).
1 2 3 4 5 6
Yintu
3. Mo2HO AM MO THCTOrpaMMe, NMPHBEJEHHOH Ha pPUC. 2, BOCCTAHOBHTb BbIGOPKY X7i,...,Xn?

4. HapucosaTb sMnupuyeckyio QYHKIHIO pacrpeeAeHHs], COOTBETCTBYIONIYIO Bhib6OpKe o6bema TL U3
pacripeserenns Bepuyaru B,. Mcnoabsosars BoiGopounoe cpeanee X. Jokasarp merocpescTen-
HO, 4YTO BbIMOAHeHa TeopeMa | auBenko — Kanteanu:
Ctp. 26
sup‘Ffl(y)—F(y” +50 npu T — 00.
yeR
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7.

Bcnomuuth, kak HaliTH M0 (DyHKIHM pacripesieAeH sl BEAMYHHDBI X] (DYHKIIMIO pacrpezeAeHHUs mep-
BOH ¥ nocaezHedl mopsiakosor craructukm: X(1) = min{X1,..., Xn}, X(n) = max{X7,..., Xu}.
Broinucarp BbipazkeHus AAS MAOTHOCTH STHX NMOPSAZKOBBIX CTATHCTHK Yepes (DYHKIHIO PaclipeseAe-

HHUsA U IIAOTHOCTb BEAHYHHbDI X] .

Joxkasats (MM BCIOMHHTD), 4TO (QYHKUHMs pacmpezereHus K-f mopszakoBoi cratuctuku X (i)

HMeeT BHJ:

n . . .

P (X(k) < y) = P (xors 6b1 k aremenToB BoIGOpKH < Y) = Z C;F(y)lﬂ —Fly)™
i=k

rae F(y) — Qynxuus pacripeserenus BeAHIHHbI X1 .

M3 kypca «DxoHOMeTpHKa»: Z0Ka3aTh, YTO CPEZHEE CTENEeHHOe

@ - (3E 0
ni:] '

a) crpemurcs Kk X(1) npu K — —00  6) crpemurca k X(n) npu K — +00

==

HMwmeerca B BuAY cxogumocTb aAsi Aroboro Habopa umcer X7i,...,Xp, TaKOro, YTO CpeAHEE CTe-
IIeHHOE OIIpeJeAeHO, T. €. CXOAWMOCTD II. H.

ylcasal-me. BbIHeCTI/I X(]) (HJ\I/I X(n)) H3-110Z KOPHs, BOCIIOAb30BAaTbCsl AEMMOH O ABYX MHAHLIH~

OHEepax M CBOHUCTBaMH: W — 1 mpu k — +o0, m — 1 mpu k — +00, u T.a.

B ycaoBuax mpeabizymell sazauu JoKasaTh, YTO MOCAEZOBATEAbHOCTD

<
HE y6bIBaeT no K. ylcasal-me. BOCHOJ\bBOBaTbCﬂ HEPaBEHCTBOM I/ICHCeHa.
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2. TO‘-[C‘-[HOC Ol €HHBaHHE

2.1. Tlapamerpuueckue cemeiicTBa pacnpeaereHuit

[lpeanoroxum, uTo mmeeTcss BbIGOpka Ob6beMa T, SAEMEHTbI KOTOPOH X7i, ..., Xn
He3aBUCHUMbI, OJIMHAKOBO paclipeZieAeHbl M HMEIOT paclipeseieHHe Jg, H3BEeCTHbIM 06pasoM
3aBHCAIIEe OT HEH3BECTHOTO MapameTpa 0.

Baecp Fg — Hexuil KAacc pacrpeseAeHHH, LEAUKOM OIPEAEASIOIMXCS 3HAYEHHEM CKa-
AspHOTO MAM BekTopHoro mapametpa 0. [lapamerp © mpunumaer smauenus U3 HeKOTOPOTo

MHO2kecTBa O.

Hanpumep, ars Bcex i=1,... ) n

e X; wumetor pacnpezerenue Ilyaccoma [y, rae A > O — mueussectHblli napamerp;

sgech Fg =Ty, 0 =A, © = (0, 0);

e X uMeoT pacrpezereHHe DepHyAAn Bp, rae p € (0,1) — mHeusBecTHbI mapamerp;

szecp Fg = Bp, 0=p,©®=(0,1);

[ ] X HMEKT aBHOMEpPHOE aclipeseAeHue U , rae a < b — HEHU3BECTHbIE IIapaMeETPBbI;
i a,b

saeco Fg =Uqp, 0 =(a,b), ®={(a,b) : a<b}

] Xi HMET PABHOMEPHOE pPaACIIPELEAEHHE Uo‘e, rae 9 > O — HEU3BECTHbIH nmapaMeTp,

3aech Fg = one, © = (0, );

e X umeror HopmarbHoe pacnpeaerenne Ny 2, rae a € R, 0 > 0 — neussectHbie napamerpbi;

sgece Jo = Ny 52, 0 = (a, 02), ® =R x (0,00);

L4 Xi HMEIT HOPMAAbBHOE pPacCIPEAEAECHUE Na,4, rae a € R — HEM3BeCTHbIH nmapaMeTp,

sgece Jg =Ng 4, 0 =a, @ =R
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Taxas nocranoBKa UMeeT CMbICA, TIOCKOABKY PEZKO O MPOBOAHUMOM SKCIEPHMEHTE COBCEM
HMYEero HeAb3ssi ckasatb. (OObIYHO THI pacripeseAeHMs] sSICEH 3apaHee, H TPEOGYeTCs AHIIb
yKasaTb 3Ha4€HHs I1apaMeTPOB ITOTO PaclpeeAeHHs .

Tax, B muPOKHX MPEANOAONEHUSAX POCT IOHOUIEH OZHOrO BO3pPACTa HMEET HOPMAaAbHOE
pacnpezerenye (C HEM3BECTHBIMH CPEHHM H AHCIIEPCHEH ), a YUCAO MOKyNaTeAed B MarasuHe
B Tedenune yaca (He yaca mMHUK) — pacmpezereHue | lyaccoHa, W OmsATh-TaKH C HEH3BECTHOH

«HHTEHCHBHOCTbIO» A

2.2. Toueunnbie ouenxku. Hecmemennocrb, cocroareapHocTp oneHok

Hrak, nmyctp Xq, ..., Xy — Bblbopka obbemMa TL U3 MMapaMeTPUHUECKOTO CeMeHCTBa

pacnipeaerenuin Fg, 0 € O.

Tax, HallpUMeEpP, AAA Xi C pacCrpeaeA€HHEM HyaCCOHa n}\

)\2
EX; =A, P(x122)=7e4, DX;i=A wura

O3HA4Ya€e€T JUCIIEPCHIO, BPIYHCAEHHYIO B IIPEAIIONOKEHHH 9 = 91 5

MPOCTO GECCMBICAEHHOH.

BameTum, YTO BCe XapaKTEPUCTHKH CAyYaHHbIX BEAMYHH X1, ..., Xy 3aBHCAT OT mapamerpa 0.

LITOGI:;I OTPA3HUTb 3Ty 3aBHCHMOCTD, 6yaeM IIucaTb E9 X] BMECTO EX] U T.A. TaK, D91X]

Bo muorux cayuasx ata ycaoBHocTh Heobxoauma. I Ipeamorozum, uto Xi umeroT pacnpeaenenue
[Tyaccona [My. B mpeamoroxzennu, uro A = 1, umeem EX; = 1, Torza xak mpu A = 7 umeem

EX; = 7. Taxum o6pasom, samuce E X;, 6es yxasanus ma pacrpezerenme Xi, okasbiBaercs




Onpeaenenne 2. Craructuxoil HasbiBaeTcs NpousBoAbHasa Qynkuua 0% = 0%(Xq, ..., X,)

OT 3AEMEHTOB BbIOOPKH.

OrnaBnexve

3ameqal-me 5. CTaTPICTPIKa €CTb (PYHKUHs OT 3MIHPHUYECKHX JAaHHbIX, HO HHKAK He
OT IIapaMeTpa 9 CTaTPICTPIKa, KaK IIpAaBHAO, IIp€AHa3aHa4€Ha HMEHHO JAsd OLI€EHHBaHHs

HensBecTHOro mapameTpa O (103TOMy ee HHaue Ha3bIBAIOT «OIEHKOH»), H y2Ke MOITOMY OT

« s ‘ HEro 3aBHCETb HE MOIKET.

BRI

Koneuno, cratuctuxa ectb He «Alb6asi», a «usMepuMasi» (QYHKLMs OoT Bbibopku (6opereBckasd,

Hacrp. .. n3 179 A KOTOPOH mpoo6pas Ar060ro 6opereBCKOro MHo:kecTBa M3 R ecTb cHoBa 6opereBCKOe MHO-
n
:kecTBo B R'"), HO Mbl HHKOrZa BCTpETHMCS C MHBIMH (DYHKIHsAMH, U 6oiee Ha 3TO obpalaTh
Haszan
BHHMaHHe He Oyzem.

Bo Becb akpaH

Onpeaerenne 3. Crartuctuka 0* = 0%(X7,...,X,,) HasbIBaeTCs HeCMeLIEHHOH OLEHKOH
P 1y y /M a1 a
A napametpa 0, ecau ars aroboro O € @ Bpimoaneno pasenctso Eg 0% = 0.
Onpeaerenne 4. Cratuctuxa 0* = 0%(X4,...,X;,) HasbiBaeTCs1 COCTOATEABHOH OLEHKOH
P
o, 30 napametpa 0, ecau aaa aoboro 8 € © umeer mecto cxoaumocth 0F — 0 mpu N — oo.
Tp.
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Hecmemennocts — cBolicto omenok mnpu ¢ukcupoBanHoM T. (OsnHavaeT 3T0 CBOH-
CTBO OTCYTCTBHE ONMIMOKH «B CPEJHEM», T.e. IPH CUCTEMATHYECKOM HCIIOAb30BAHMH AAHHOH
OLIEHKH.

CBOHCTBO COCTOSAITEABHOCTH O3HAYAEeT, YTO IOCAEJOBATEABHOCTb OILIEHOK IPHOAHKAETCS K
HEH3BECTHOMY MapaMeTpy TPH YBEAMYEeHHH KOAMYECTBAa AAHHbIX. | [OHATHO, YTO TPH OTCYT-

CTBHUHU 3TOr0 CBOMCTBA OLIEHKa COBEPIIEHHO «HECOCTOATEAbHA» KaK OLIEHKa.

Ilpumep 3. [lycts X1, ..., X;, — BbI60pKa 06beMa Tl M3 HOPMAABHOTO PacCpeeAeHHs

2, ecAau oba 3aTH

Ngo2, tae a € R, 0 > 0. Kak naiitn ouenku ars napamerpos @ u ©
napamerpa (MOMKHO CYHTATh STO U OJHHM JABYMEPHbIM MapaMeTPOM) HEH3BECTHDI?

Mb1 y:xe sHaem XOpoIHe OLEHKH AAS MaTEMaTHYeCKOTO OMUAAHUS M AHUCTIEPCHH AI060TO
pacrpesieAeHusl.

Ouenroit ars ucrunnoro cpeanero @ = E; 2 X1 mozmer caymutp BoiGopounoe cpennee
a* = X. CgoficTBo 2 yTBepz/aeT, uTO 5Ta OlLEHKA HECMEIIECHHAs U COCTOATEAbHAS.

Jrst aucnepeun 02 = Do 02 X1 y Hac ectb cpasy ase ouenxu:
n 1 n
Y X=X o Sj=—7) (Xi—X)?
i=1 n-145
(Bbi6OpOUHAs AMCTIEpCHS M HeCMelleHHas BbI6OPOYHAs AUCTIEPCHS ).

Kak nokasano B cBoiicTee 4, 06e 3TH OLEHKH COCTOATEABHDI, H OZHA M3 HHX — HeCMe-
IIeHHas.

Caeayromuii MeTOZ TIOAYHEHHs OILEHOK AAS HEeM3BECTHBIX NapaMeTPOB Kak pas M Tpei-

Aara€T HCIIOAb30BaThb BbI60pO‘{HbIe MOMEHTbI BMECTO HCTHHHDIX.
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Ctp. 32

2.3. Mertoapl Hax0KJEHHSI OLEHOK: METOJ MOMEHTOB

MeToa MOMEHTOB 3aKAIOHAETCA B CAEAYIOIIEM: AOOOH MOMEHT CAyYaHHOH BEAHYHMHBI X
(manpumep, k-it) saBucur, yacto yHKIHOHaAbHO, oT mapameTpa . Ho Torza u mapamerp
0 mozkeT okasaTbcs (pyHKIHEH OT TeopeTHueckoro K-ro momenra. |loacTaBus B Ty (pyHK-
LIMI0 BMECTO HEU3BECTHOTO TEOPETHYECKOTO K-TO MOMEHTA €ro BbIGOPOUHDBIH aHAAOT, TIOAYYHM

BMecTo mapameTpa 0 omenky 0*.

[lycts Xy, ..., X;, — BbIGOpKa 06beMa TL U3 MapaMeTPUYECKOTO ceMeHcTBa pacrpese-
rennit Fg, rae 0 € ©. Bribepem nexoropyo gynkunmio ¢(y) Tak, 4Tobbl CymecTBOBaA

MOMEHT

u pyHkuus h 6bira obpatuma B obaactu ©. Torza B kauectse ouenku 0 zraa O Bosbmem

pellIeHHe ypaBHEHHS

Hru (uto To ke camoe), cHauara pemraeM ypaBHeHue (3) oTHocureabno 0, a sarem

BMECTO HCTHHHOI'O MOMEHTa 6epeM BbI60pO‘{HbIﬁZ

Ee g(X1) = h(0), (3)

g(X) =h(6%).

0=n"(Eeg(x)), 0 =h"'(g(X)) ="' lZ] 9(X,)
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Llal_ge BCEr0 B KayeCTBe (PYHKLIHUHU g(y) 6epyT g(y) = yk. B stom CAy4Yae
Eo XX = h(0),

U, ecAM (pyHKUHA h obpaTuma B obractu O, To
0=h"' (Ee Xk) 0" =h! (ﬁ) _pt (L i Xk
1)) n — i

Mozsno ckasaTh, uTo MbI 6epeM B KadecTBe OIeHKH Takoe (CAywaiiHoe) 3HadeHHe Tapa-

METpa 9, IIPH KOTOPOM HCTHHHBIA MOMEHT COBITaZa€T C Bbl60p0‘{HbIM.

Ilpumep 4. Ilycts Xq, ..., X;, — Bbibopka o6bema T M3 PaBHOMEPHOrO Ha OTPE3KE
[0, 8] pacnpeaerenns Up g, rae 8 > 0.

Haiizem onenky meroza momentos (OMM) mo nmepsomy momenrty:
0 ) _
Eo X7 = 5> TorAa 0 =2Eog X7 u OMM rakosa 07 =2X.
Haitzem onenxy metoza momentos (OMM) no k-my momenrty:

ek

="
Y=y

0
1
EoXf=|uy*-
X = v
0

Torzaa

0= 1{/(k+1)EgX¥, u OMM raxosa: 0} = {/(k+ 1)Xk. (4)
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Ilpumep 5. [lycts Xq, ..., X;; — BbI6OpKa 06bema M us pacnpeaerenus I [yaccona [y

c neusBecTHbiM napamerpom A > 0. Beeaem HoBbIH mapamerp
B=0A)=Pr(X3=1)=Ae
U HaHzZeM OIeHKYy MeToza MoMeHTOB aAs O ¢ momompio Gynkuuu g(y) =I(y =1):

Exg(Xq) =Exl(X; =1) =Px(X; =1)=Ae " =0,
1 &
0" =I(X=1) :n;I(xi:n.
1=

Bamerum, uTo omenky ars mapamerpa A > O ¢ momompio ¢ynxuuu g(y) = Iy = 1)
Haiitn Heabss: Qynkuus N(A) = A e~ He sBAseTCH B3aMMHO-0HOSHAYHOM H, CAEZOBATEAD-
HO, obparumoit mo A B ob6ractu A > 0. Onenxy ais mapamerpa A pasyMHO HaXOAMTb IO

nepsomy momenty: ExX7 = A, u A* = X — oueHka MeToza MOMEHTOB.

Bameuanne 6. Mozxer cayuntbest Tax, uro 0% = h™1(g(X)) € O, rorza xax 0 € O.
B sTom cayuae ouenky xoppextupyior. Hanpumep, B kagzecree OMM 6epyT 6amzxaiinryro

k W™ 1(g(X)) touxy us © uru us sambikanus ©.

Ilpumep 6. [lycts Xi, ..., X;, — BbiGopka o6beMa T U3 HOPMAABHOTO PACIIPEEAE-

uust N 1 ¢ Heotpunareabubiv cpeannm a > 0. Miem ouenky aas @ no neppomy mMomeHty:
EXi=a, mnostomy a*=X.

Oznaxo mo ycaosuio a > 0, Torza kak X MoxeT 6bITb U oTpumareAbHo. Ecam X < 0,
To B KauecTBe oueHku aAsi A 6oree mogoizer 0. Ecam e X > 0, B kauecTBe onenxu HyzHO

6parp X. Mroro: a* = max{0, X} — «ucmpaBrenHas» oleHKa MeTOZa MOMEHTOB.



2.4. CocrosaTeAbHOCTb OLIEHOK METOJa MOMEHTOB

Teopema 3. Tlycrs 6% = h™! (g(X)) — oueHka napamerpa 0, MoAyueHHass MO MeTOAY
OrnaenexHne

MOMEHTOB, IpHUYeM (QYHKIIH h! HenpepbiBHa. lorza 0% cocTosTeAbHa.

« s ‘ JoxasareabctBo Teopembr 3. [To 3BY Xunuuna umeem:

R o

9(X) = —

Hactp. ... n3 179 [
Hasan IMockorbky @ynkuust ™! nenpepbisra, TO 1

Bo sece arpar 8. =h~" (9(X]) 5 h'(Eg g(X1)) =h~'(R(8)) = 6.

> g(X:) & Ee g(X4) = h(6).
i=1

Yitu

Hanomunanne: /las obparumoli, T.e. B3aumuo-oanosnaunoit gyukuuu h : R — R

HEIPEPbIBHOCTb h H HEIIPEPbIBHOCTDb hil 9KBHBAACHTHDI.

Crp. 35 Ecau noayuennbie pasymMHbIM myTem OllEHKH 06513aHbl GbITh COCTOSITEABHBIMH, TO CBOMH-

CTBO HECMEIUEHHOCTH — CKOpP€€ HCKAIYEHHE, HEKEAH IIPABHUAO.
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Jeiicteurenno, necmemennocts OMM suga 0% = h™! (g(X)) o3HayaAa 6bl, YTO IIPU

Bcex O € © BbIIOAHEHO paBEHCTBO
Eoh™" (90X]) =0 =h"" (h(8)) =h~" (Eo 9(X)) - )

Ho ¢ynxuus h™! ouens uacto okaspiBaercs BBIIYKAOH HAM BOTHyTOH. B sToM caydae
<

HepaBeHCTBO lleHcena yTBepaszaeT, 4To Mexzy AeBOH W mpaBoi wactbio B (5) paBeHCTBO

BOSMOKHO AMIIb €CAH CAydaiiHas Beawuuna ¢(X) BbIpo:JeHa HAH ecAH QyHKgus !
AMHEHHA B 06AACTH 3HAYEHHH STOH CAyYaHHOH BEAMYHHBI.

Paccmorpum, K mpuMepy, MOCAEA0BATEABHOCTb OLEHOK JAAS HEH3BECTHOTO Mapamerpa O
paBHoMepHoro Ha otpeske [0, O] pacnpezerenus, moayuennyio B mpumepe 4 u Hccaeayem

HAIPsIMYI0 WX CBOUCTEA.

CocrosiTreabHOCTD:

1. Tlo 3BY, 0% = 2X -5 2Eg Xg = 20/2 =0, t.e. ouenka 03 = 2X cocrosTerbna.

2. 3ametum, uto no 3BY (urm mo coiicTBY 3 — TOABKO AASl TeX, KTO €ro Z0KasaA) IpH
n — oo
vk P k ek
Xk — EgX{ = ——.
k41

[Tockoabky @yukuus {/(k + 1)y mempepniBua ars Bcex Y > 0, To mpu 1L — 00

* vk ek
0r = v/ (k+ )Xk 25 § (k17 =¢

Ynpaxuenne. Bauem Hy:xHa cchbiAKa Ha HempepbiBHOCTb pyukuuu +/(k + 1)y?



Hecmelgem—locrb:

1. I'lo onpeaerenmuro,
Eg 0] =Eg2X =2EgX = (mo croiicray 2) =20/2 =16,
OrnaBnexve

T.e. ouenka 07 = 2X HecmelgenHas.

2. Paccmorpum ouenky 03. Bamernm, uro

“« | o» _
< > ‘ Eo 05 =Eop \/&,
M TOrZa Kak IO CBOHCTBY 2
| ree | 6 = \/3Eo X2 = \/3E, 2.

Bo Becb akpaH . o vl
g Pagencrso Eg 0% = 6 osnauano 6b1, uto ars caywaitnoit Beanuunsr & = 3X2 BbinoaneHo
EovE& = VEg&, a ana seanuunnr 1] = /& somoaneno Egn? = (Egn)? uau Dgn = 0.

v Ho Beanunna 11 = \/ 3X2 umeer neBbipoxzennoe (60ree TOro, aBCOAIOTHO HEIPEPHIBHOE)
ntn

pacnipezeenne. [losTomy onenxa 05 = \/3X2 — cmemennas. Takumu ke cMemeHHbIME
6yayt u ouenku Oy, k > 2. /lokaxure 3T0, BOCIIOAB30BABIIKCD, KaK B (5), HepaBeHCTBOM
3]
Hencena.
00 k Yk
Crp. 37 To ectp Bcsa mocaezoBaTeABHOCTD {ei}k;1 = { (k + ])Xk} COCTOMT M3 COCTOSTEAbHbBIX

OLIEHOK, TIPH 3TOM TOAbKO oueHka 0] = 2X — Hecmeiyennas.
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2.5. Meroab!l Haxo:KAeHHSI OLIEHOK: METOJ MaKCHMAaAbHOTO MPaBAONoA06us

Metoa MakcHMaAbHOTO MPaBAOMOAOGHS — elle OAMH pPasyMHbIH CIOCO6 IOCTPOEHHs
OIleHKH HensBecTHOro mapamerpa. CocTOMT OH B TOM, YTO B KauecTBe «HaHBOAee MPaBOIO-
Z06HOrO» 3HAYEHHs MapaMeTpa 6epyT 3HaueHue ), MaKCHMH3HPYIOIIEe BEPOSTHOCTD TIOAYYHTD
npu M onbitax gauayio Bei6opky X = (X1,...,Xn). DTo 3Hauenue nmapamerpa O 3aBHCHT
OT BBIGOPKH M SABASETCS HCKOMOH OIEHKOH.

Pemmyum cHauana, 9To TaKoe «BEPOSATHOCTD MOAYYHTb JAHHYIO BHIGOPKY», T. €. YTO UMEHHO
HY>KHO MaKCHMH3HPOBaTh. BCIOMHMM, 4TO ZAs aGCOAIOTHO HeNpepbIBHBIX pacrpezerenuit Fo
ux naotHocTb Tg(y) — «moutn» (¢ Tounoctbio 70 dY) BepoATHOCTD NONAZAHHA B TOUKY Y.
A ars auckpernbix pacnpeaerenuit Fg BeposTHOCTb momacTh B Touky Y pasHa Pg (X7 = y).

H 1o, u apyroe mbr 6yzaem HasbiBaTb MAOTHOCTbIO pacrpeaerenus Fg. Mrak,

Onpeaerenne 5. (Mynkiumo

Mbl 6yZeM HasbIBaTb MAOTHOCTbIO pacrpezereHus Fg.

mrotHocTb Tg(y),  ecam pacnpezerenne Fg abcoAIOTHO HempepbIBHO,

fo(y) =
Pg (X7 =vy), ecAu pacrpezereHue Fg AHCKPETHO

A}\ﬂ T€X, KTO 3HAKOM C IIOHATHEM HHTErpaiAa Io Mepe, HET HHUYEro CTPAHHOIO B TOM,
YTO Mbl BBEAHU IIOHATHE IIAOTHOCTH AAA AHCKPETHOTO PAaCIIPEAENEHHUS. 9TO — HE€ IIAOTHOCTb

OTHOCHTEADHO Me€pPbI ]\6661"7:1, HO IIAOTHOCTb OTHOCHTEABHO chTamlgeﬁ Mephbl.
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myio mepy # Ha 60pereBcKol O-airebpe Kak

B B ai€B

EC]\H xe X] “MeeT abCOAIOTHO HEIIPEPDBIBHOE PACIIPEAEAEHHE, TO fe (y] €CTb IIPpUBbIYHAs

otHocuTeAbHO Mepbl NAebera A(dy) = dy:

Po (X, € B) :er(ywdy) :er(y)dy.
B B

EC]\I/I AAA JUCKPETHOIO paclipefieA€HHUusI BEAUYHHDI X] CO 3Ha4YeHHsiIMH (A7, A2, ... BBECTH CUYHTAIO~

#(B) = xoamuectBO (i, mpuHagiexkamux B, To #H(B) = J #(dy) = Z 1,
B ai€B

aroma P (X1 € B) = [fa(y) #(dy) = | Pa (X —u) #(dy) = T Pa (X =)

IINOTHOCTb

Onpeaerenne 6. (Dyuxuus (cayuaiinas BeAmunHa Tpu PUKCHpoBaHHOM 0)
f(X,0) =Tfo(Xq) - fo(X2) - ... fo(Xn) = ﬁfe(xi)
i=1
HasbIBaeTcsa (yHKiued npaszonozobus. Dyukuus (Toxe cayuaiinas)
L(X,0) =Inf(X,0) = i Infg(Xi)
i=1

Ha3bIBAETCS AOTaPU(PMHUYECKON (PYHKLHEH NPaBAONOAOGHSI.
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B auckperHom cayuae (yukuus npaezomozobus f(X1,...,Xn, 0) ecTb BeposTHOCTD
Boibopke Xi, ..., Xn B JAHHOH CepHHM SKCIIEPUMEHTOB PABHATbCA X, ..., Xn. OJTa

BEPOSATHOCTb MEHAETCA B 3aBHCHMOCTH OT 9:

n
f(x, 0) :er(xi) =Po (X1 =x%x1)-...-Pg(Xn =xn) =Po (X5 =x%1,..., Xn = xn).
i

A
Onpeaerenne 7. Onenxoli MakcuMaAbHOTO mMpaBzornozobusi O HemsBecTHOro mapamerpa O
HasbIBaloT 3HadeHue 0, npu koropom Qynkums T(X,0) aocruraer makcumyma (kax QyHKIHA

ot O npu pukcupoBanubIx X1,. .., Xn):

0 = arg mgxf(X, 0).

Bameuanne 7. [lockorbky pyukuua Iny monortonna, To Touku maxcumyma f(X,0) u
L(X,0) copnagator. Ilostomy onenxoii maxcumaabhoro mpaszomozobusi (OMIT) moxmo

HaspIBaTh Touky Makcumyma (mo 0) gymkuun L(x,0):
0 =arg max L(X,0).

Hanomuum, uto Touku skcTpeMyma QyHKIMH — 3TO AM60 TOYKH, B KOTOPbIX HNPOU3BOJ-
Has 06pAaINaeTcsi B HyAb, AM60 TOUKH paspbiBa (yHKLUHH/IPOM3BOAHOH, AM60 KpalHHe TOYKHU

obAacTH omnpegeAeHUsT QYHKIIHH.
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Ilpumep 7. Ilycts Xj, ...

, Xn — Bblbopka obbemMa T us pacnpeaerenus | lyaccona

My, rae A > 0. Hasizem OMII A HemsBecTHOrO napamerpa A.

noaXi .
f(X,)\) = H W e
1 M

1

A XXi 5
I €

y =0,

nA

1,2,...

AnX

X<

nA

[Tockorbky ata (ynkuus mpu Bcex A > O HempepbIBHO Aup@epeHIHpyeMa 10 A, MO2KHO

HCKaTb TOYKHM SKCTPEMyMa, NMPHPABHAB K HYAIO 4acTHYI0 npousBogHyio no A. Ho yaoGuee

9TO ZEAATb JAASI AOTapU(PMHUYECKOH (DYHKUHH IPABAONOAOOMS:

TO raa

H TOYKa 3KCTPEMYyMa

L(X,A) = lnf(X,A) = In

Py

Ynpa:xuenne.

0
—L
oA

X €

AnX

(X,A) =

A — pellieHHe ypaBHEHHSI:

nX
N
nX
2T

n
ST :nXmA—mIIxu—nx

i=1

0, To ectp A =X

A —
1) Y6eaurncsa, uto A = X — Touka MakcumMyMa, a He MUHHUMyMa.

~
2) Y6eautbes, uto A = X coBmazaeT ¢ 0fHOH M3 OLIEHOK METOa MOMEHTOB.

o kakoMy MomeHTy? |
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npnMep 8. l_IyCTb X1, v Xn — BbIOOpKa 06beMa Tl U3 HOPMAABHOTO paclipeJeAeHHUs]
N(1 o2, TAe a € ]R, o > O; U oba napamMmerpa a, 0‘2 HEU3BECTHDI.
Boimumem NAOTHOCTb, (PYHKIIHIO npaBaonozLo6Hﬂ H AOTapH(PMHYECKYIO (PYHKIHIO IpaB-

,ZlOl'[O,ZLOGI/[ﬂ. l_[]\OTHOCTbI
1 —(y—a)?
f(a,cz)(y) = m exp <262 )

(DYHKLHS MPaBAONOAOOH:

o i — a)? =
f(X, a, 0‘2) = H —F—— exp ( (X a) ) = ( 1 exp B B 5
i=1

2
n 270

Aorapu(MHuyuecKass (PYHKIIHs MPaBAONOA00OHUs:

L(X,q,02) = Inf(X, a,02) = —In(2m)™"% — % no? - 51

B Touke sxcrpemyma (1o (a, 0‘2)) raazkol pyHkuuu L obpaimiaroTcs B HyAb 06e 4acTHbIe

IIPOU3BOAHDIE:

0 = nX —na 0
—L(X 2y _ i=1 _ . Y
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Ouenka MakcMMaAbHOTO HpaBzomozo6us (@, ars (@, 0%) — pelmeHHe cuCTeMbl ypaBHe-

HUH

n

_ (X; —
Xoma o w HU
=0 2T g

pemaﬂ, IIOAYYHUM XOPOIIO 3HAKOMbIE OLIEHKH:

o2

n

_ 1 _
a=X, o2=-) (X;—X)?=82
n <
i=1
Yupa:xuenne.
1) Y6eaurnca, uto @ = X, G2 =52 — touxa MaKCHMyMa, a He MHHHUMYMa.

2) y6CZI,I/ITbCH, YTO 3TH OLEHKH COBIIAZAIT C HEKOTOPbBIMH OLIEHKAMH METOZAa MOMEHTOB.

Ilpumep 9. Ilyctp X1, ..., X;1 — BbibopKa 06beMa Tl U3 PaBHOMEPHOTO PaCIpeeAeHHs
Uo,e, rae © > 0. Toraa 0= Xm) = max{Xq,..., Xn} (em. [ ], npumep 4.4, ¢.24 unu [ |,
npumep 9, ¢.91).

Ilpumep 10. Ilycts Xj, ..., X;, — BbI6OpKa O6beMa Tl U3 PAaBHOMEPHOTO pacIpeze-
renns Ug g5, rae O € R (em. raxaxe [ ], mpumep 4, ¢.91).

Boimumem maoTHOCTD pacnpesereHMs U (QYHKIHIO HpaBaonogobus. |IroTHocTb:

1/5, ecamy € [0,0 + 5]

0 uHaue,

foly) =
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(YHKLHA NpaBAONoA00Us:

fix o) = J (/50 coamnee Xi € [0,045] _ [(1/5)™ 0 < X(1) < Xy <045 _
) - O — _

HHaue 0 HHaye

(1/5)™,  ecam X(5) —5 <0 < Xy

0 HHa4e.

(Dyukius npapzaonozobus gocTUraeT cBoero mMakcumaabzoro sHauenusi (1/5)™ Bo Bcex

toukax O € [X) — 5, X(1)]. Tpaguk sroii pynkunn usobpaxen na puc. 4.
(X, 0)

Ato6ast Touka O € [X(n) — 5, X(1)] moxer caymurs

OLIEHKOH MaKCHMaAbHOTO npaBzonozobus. | loryuaem

5 60Aee YEM CYETHOE YHCAO OLIEHOK BHJZa

0o = (1 — o)(X(n) —5) + aX(1)

e R '
Xin) =2 (1) 0 npu pasupix & € [0, 1], B Tom uncare 8 = X(n) —5
Puc. 4: Tlpumep 10. uby = X(1) — KOHLbI OTpEe3Ka.

Yupa:xuenne.

1) Y6eaurncs, uro orpesox [X(n) — 5, X(7)] ne mycr.

2) Haiitu ouenky meroza momenTtos (1o mepBoMy MOMEHTY) M y6eZUTbCS, YTO OHA MHAs II0
cpaBrenmio ¢ OMIT.

3) Haitru OMIT napamerpa 0 pasnomeproro pacnpegerenns Ug 2¢.
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2.6. Bonpocnl u ynpaxxnenus

1.

=

Jana Boibopka Xi, ..., Xn us pacnpeaerennss Bepuyaan By, rae p € (0,1) — neussecr-
ubiit mapametp. | lpoeeputb, uto X7, X1X2, X7(1 — X3) sBAsAIOTCS HECMEIEHHBIMH OLEHKAMH

COOTBETCTBEHHO ZAd P, ‘pz, p(1 —p). SAsasdrorca Au 3TH OLEHKH COCTOATEABHBIMU?

AaHa BbI60pKa X], soop XT’L H3 pPaCIPELEAECHHA nyaCCOHa rl}\, rae }\ > O — HEHU3BECTHbIN

napametp. [ Iposepurs, uro X7 u I(X; = k) sBAsioTCS HecMeleHHBIMY OlIEHKAMH COOTBETCTBEHHO
k

JAA A u F ei)\. HBJ\H}OTCH AH 9TH OLI€EHKH COCTOHTeJ\beIMH?

Jana Beibopka X1, ..., Xy us paBHomepHoro pacmpezerenus Up g, rae © > 0 — neussect-
upiii mapamerp. IlpoBeputs cocrosrerpHOCTD M HecMemeHHocTh oueHok 0] = X, 05 = 2X,

3 = X(n) + X(1) &ra mapamerpa 6.

[TocTpouTh olleHKH HEH3BECTHBIX MapaMeTPOB II0 METOZY MOMEHTOB JAAS HEH3BECTHBIX IapaMeTPOB

CAEAYIOIIMX CEMEUCTB PacIpeeAeHUn:

a) B, — mno nepeomy momenty, 6) [\ — mo nepeomy n Bropomy momenty, B) Uqp — mo

nepsomy u Bropomy Momenty, r) Eo — mo Bcem momentam, z) Ej/x — no mepsomy momenry,
2

e) U_g,0 — xak moayuurcs, ) [x A — mo mepsomy u Bropomy momenty, 3) Ny ;2 (ars o

NP (L UBBECTHOM H TIPH (I HEU3BECTHOM).
Kaxue us onenox B 3azaue 4 HecMmemeHHbIE? COCTOSTEAbHbIE?

CpaBHUTD BHZ OIIEHOK JAS TapaMeTpa (X, MOAYHeHHBIX MO IepBOMy MOMeHTy B 3azauax 4(r)
u 4(a). JZoxasaTb, yTO cpeaM HUX TOABKO OZHA HecMelleHHas. Ykasanume. IlcrmoabsosaTb
o

nepaseHcTBo Hencena.

[TocTpouTh OlEHKH HEH3BECTHBIX MapaMeTPOB MO METOAY MaKCHMAAbHOTO IPAaBAONOAOGHS AAA
caezylomux cemeHcT pacmpegenenuii: a) Bp, 6) MMhy1, B) Up2g, 1) Exny3, a) U_gp,

e) Na)gz (a ussectHO).

Kaxue us onenok B 3azaue 7 HecMeleHHbIe? COCTOSITEAbHbBIE?
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I/ICHOJ\bByH METOZ, MOMEHTOB H METOJ, MaKCHMAaAbHOTIO HpaB\llOHOZl,O6I/IH, MbI IIOAYYHAH
AAA KaxKZ0ro IrnapamMerpa yzk€ AZOCTATOYHO MHOTO PA3AHMYHBIX OLIEHOK. KaKI/IM Ke o6pa30M
ux CpaBHI/IBaTbP I'ITO JONZKHO ObITh ITOKa3aTEAEM «XOPOIIECTHU» OI;I,CHKI/I.;)

I_IOHHTHO, 4YTO Y€M JaAblll€ OLI€HKa OTKAOHSIETCs OT IlapaMe€Tpa, TEM OHa XY:iKe. HO
BEAHYHHA |9* — 9| AN CPABHEHHMA HEIIPHIOoZHA: BO-IIEPBDBIX, INapaMETP 9 HEHU3BECTEH, BO-~

BTOPDIX, 9* — C]\y‘{ai;IHaﬂ BEAUYHHA, TaK YTO 3TH BEAHUYHUHDbI 06bIYHO CPAaBHHUTDb HEADb3S. KaK,

2.15—6

HaTpuMep, CPaBHUBATh |X—9] u |Xk—9|? MAu, Ha ogHOM dAEMEHTApHOM HCXOZE,
u[3.1—0]?

[losTomy mmeer cmpbicA cpaBHHBaTb He OTKAOHEHHS KaK TaKOBblE, a CPEJHHE 3HAYEHHs
3THX OTKAOHeHHH, To ectb Eg |0 — 0.

Ho marematnueckoe oxmzaHue MOAYAS C.B. CYMTATb OOBIYHO 3aTPYAHHTEABHO, TTOSTOMY
Boree YAOBHOI XapaKTePHCTHKOMN AAS cpaBHeHUs oueHok cumutaercsa Eg (0* —0)2. Ona yao6-
Ha ellle M TeM, YTO OYeHb YyTKO pearHpyeT Ha MaAOBEPOSITHbIE, HO GOABIIME MO A6COAIOTHOMY
3HaueHHIo oTkAoHeHHa 0* ot O (BosBoguT MX B KBazpar).

Bamerum eme, uro Eg (0* — 0)2 ectp gynkumsa ot 0, Tak YTO CPABHUBATD STH «CPEA-
HeKBaJpaTHYECKHe» OTKAOHEHHsl HY:KHO Kak (GyHKIuH oT O — morodeuno. |akoi moaxoa
CPaBHEHHIO OLIEHOK HAa3bIBAETCS CPEZHEKBA/PaTHYECKHM.

Pasymeerca, B 3aBHCHMOCTH OT IOTPeGHOCTeH HCCAeZOBaTEAs MOKHO MOAb30BATbCS H
ApyruMH xapakTepuctikamu, Hanpumep, Eg (0F — 0)* uau Eg 0% — 0.

CymecTByeT u Tak HasblBaeMbIA aCHMIITOTHYECKHH IOAXO0J K CPABHEHHIO OIIEHOK, IPH
KOTOPOM JAS CPAaBHEHHsS OLEHOK HCIIOAb3YETCS HeKasi XapaKTepHCTHKa «pasbpoca» OLEHKH

OTHOCHTEAbHO ITapaMeTpa MPH OOABIIHX M.



3.1. CpeanexBagparnueckuit noaxoa. JPPHEKTHBHOCTb OLEHOK

[Tycte Xj, ..., X;, — BbIGOpKa 06beMa T M3 MapaMeTPHYECKOro CeMeHCTBa pacrpese-
renuit Fg, rze 0 € O.

OrnaenexHne
Onpegerenne 8. T'oBopsT, uto ouenka 07 Ayuine ouenkn 05 B cMbicAe cpesHeKBagpaTHYe-
CKOTO I0JX0/a, €CAH AAsl Aro6oro O € ©

Eo (67 —8)> < Eq (65— 0)7,

4« »» ‘
< > ‘ U XOTs Obl IpH OZHOM 0 sTo HepPaBEHCTBO CTPOroe.
Hactp. ... 3179

CngCCTByeT AU CpeAH BCEX OLIEHOK HaHWAy4llasi B CMbICAE€ CPEAHEKBaAZPATHYECKOI'o IIOA~

Haszag )
—‘ xoza? Crkenrtuk cpasy oreetut «HeT». |lokamem, uto o mpas. [lpegnmoromum, uto mbI
© CI © *
Bo Bec okpan HMeeM ZIeAO C HEeBbIPOZKICHHOH 3azaded: HH AASl KakoH cTaTHCTHKHM OF HeBO3MO:KHO TOMKZE-

ctBo: 0* = 0 npu Aw6BIX O € O.

TeopeMa 4'. B KAaCC€ BCEX BO3MOIKHbIX OILI€EHOK HB.I/IJ\y‘{[Heﬁ B CMbICAE CpEAHEKBaJZpPaTHYE~
Yitu ’
CKOTO IIogX0Ja OLUEHKH HE€ CYILUECTBYET.

JoxasateabctBo Teopembl 4. [lycrtb, nanporus, 0% — mauayumas, To ectb ars At060H ApY-

Crp. 47 roii ouenku 07, npu ro6om 0 € O BrimoAHeHO

Eo (6" —0)2 < Eq (83 —0)2.
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[lycts 07 — npoussoabnas touka ©. Paccmorpum cratucruky 07 = 01. Toraa
Eg (0% — 9)2 < Egq (07— 9)2 npu Awbom O € O.

B wactmoctn, mpu 0 = 07 moayuum Eg, (0% — 9])2 < Eg, (61 — 9])2 = 0.
[Tosromy Eg, (8 — 01)2 = 0. Ho, mockoabky 07 mnpoussoabro, mpu arbom 0 € ©
oioansiercst Eg (0 —0)2 = 0. A 310 BosMozsHO ToAbKO ecant 0% = 0 (oweHKa B TOYHOCTH
OTraZblBaeT HEH3BECTHDIH MapaMeTp), T.€. AAS BbIPO2KIEHHOH C TOYKH 3pEHHS MaTeMaTHye-

CKOHM CTAaTHCTHUKH 3aZayH. ]

BbipozkgeHHbIMM ABAAIOTCH, HallpUMep, CAeAYIOIIHE 3aJaul:
* aas Boibopku us lIg, 0 € R, Boimoaneno toxaectso X1 = 0;
* aas soiGopku us Ug g1 1, O € Z, Boimoaneno ToxzecTso [X]] = 0.

ynpamx—le}me. O6’bHCHI/ITb CAOBECHO ZAOKAa3aTEAbCTBO TEOPEMbI 4

EC]\I/I B KAaCC€ BCEX OLIEHOK Haw\ylxmeﬁ HE CYIUECTBYET, TO, BO3BMO2KHO, CAEAYET paB6I/ITb
KAaCC BCE€X OLIEHOK Ha OTZEAbHbIE ITIOZKAACChl U B KazKZOM HCKATb HAHAYYIIYIO.

O6b1uHO paccMaTPUBAIOT OLIEHKH, UMEIONIUE OZMHAKOBOE CMEIEeHUe
b(0) = Eg0* — 0.

O6osnaunm uepes Ky, = Kb(g) KAA4CC OLEHOK, UMEIOIUUX CMeEIUeHHe, PABHOE 3aZaHHOU

¢Qyuxuuu b(0):
Ky ={0" : Eg0"=0+1b(0)}, Ko={0" : Eg0" =0]}.

Baecb Ko — kracc HecMeleHHbBIX OIEHOK.
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Onpeaerenne 9. Onenka 0% € Ky, nasbiBaetcs apdexTuBHON omenxol B kaacce Ky, ecan
ona Ayume (He Xyxke) Bcex JPYTHX OlEHOK KAacca Kp B cMbIcAe cpesHEKBazZpaTHUECKOTO

nogxoza. To ectb gas awb6oit 07 € Ky, ars aoboro 0 € ©

Ee (6" —0)2 < Eg (07 —0)°.

Onpeaerenne 10. Dppextusnas ouenka B kracce Ko HasbiBaeTcss IpoCTO 3(PPEKTHBHOM.

Bameuanne 8. g 0° € Ko, mo onpezerennio aucnepcuu,
Eo (0" —0)% = Eg (0* — Eg0*)? = Dg 0%,

TaK 4YTO CPaBHEHHE B CPEAHEKBAaZPAaTHYHOM HECMEIIEHHbIX OLIEHOK — 3TO CPaBHEHHE HX
aucniepcuit. [ loaTomy addexTusnyto onenxy (B kracce Kp) wacTo HasbiBaloT «HecMeleHHOH

OILIEHKOH C PaBHOMEPHO MHHHMAAbHOH AucIIepcHeii». [PaBHOMepHOCTb MozpasyMeBaeTcs II0

Bcem 0 € O. Jra 0* € Ky,
Eo (0% —0)? = Dg (0" — 0%) + (Eq8* — 0)% = Dg 0* + b%(0),

TaK 4YTO CPaBHEHHE B CPEJHEKBAZPATHYHOM OLEHOK C OZWHAKOBBIM CMeEILEHHEM — 3TO TaKzKe
CPaBHEHHE MX AMCIIEPCHH.
Yupa:xuenne. Mbr cobupaemcs uckaTh HauAyumyto ouenky B kaacce Kyp. O6mbscuure,

HOoYeMy I0Ka3aTeAbCTBO Teopembl 4 He mpoizer B kracce Kyp.
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3.2. EaunctBenHoCTb 3)(peKTHBHOH OLEHKH B KAacce ¢ 3aJJaHHbIM CMeIIeHHEM

Teopema 5. Ecaun 07 € Ky u 05 € Ky, — aBe a@@ekrusnble ouenku B kracce Ky, To ¢

BeposiTHOCTbIO 1 oHm coBmagator: Pg (07 = 05) = 1.

JoxasareabcTBo Teopembr 5. Bamernm cHavara, uto Eg (07 — 0)2 = Eg (0% — 0)2. Jeit-

CTBUTEABHO, Tak Kak 0] a@@exrnBHa B kAacce Kp, To oHa He xyxe ouenku 05, To ectn
2 2
Eo (07 —0)" <Eg(8;—0),
u Haobopor. [losromy Eg (07 — 0)2 =Eg (05 — 0)2.

03 + 0% '
Paccmorpum onenky 0% = ———2. Oua Takme npunagremut kraccy K.

2

BbI'—II/IC]\I/IM €€ CPEAHEKBAAPATHYECKOE OTKAOHEHHE. BHMCTI/IM, 4qTOo

(a—;b)z_i_(azb)z:az—;bZ. ©)

[oromnm a = 07 —6, b =05 —0. Torma (a+b)/2 =0"—6, a—b =07 —063.

nO,Z[,CTaBI/IM 9TH BbIPAKEHHA B (6) U BO3bMEM MATEMATHYECKHE O:KHUJAAHHUS obenx Yacrem:

0* — g* 2 e*_ez e*_ez
Eo (0" —6)2+ Eq (122> _ g, 0i-02+(e3-0)
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Ho ouenxa 0% nmpunaarexkur Ky, To ectb ona He Ayume, Hampumep, 3(p(EKTUBHOH OleH-

ku 07. ITosTomy

Ee (6" —6)> > Eo (07 — 0).

Cpan—mBaﬂ 9TO HEPABEHCTBO C PAaBEHCTBOM (7), BUAHUM, 4YTO

01 —03\% 1
Eo (122> =7 Eo (05 —03)2 <0 u, caegosarernno, Eg (05 —0%)% = 0.

3
Torzaa Po (87 = 0%) =1, uro u tpeboBaroch Aokasarb. O

JAs npumepa paccMOTpUM cpaBHeHHe ABYX OleHOK. [Pasymeercs, cpaBHHBasi OLEHKH
[OIIAPHO ME:KAY COOOH, HAMAYUIIEH OLIEHKH B LIEAOM KAacCe He HAUTH, HO BbIOPATh AYYIIYIO

H3 ABYX TOzK€ IIOAE€3HO. A crocobamMu MOHMCKa Ham\queﬁ B IIEAOM KAaCC€ MbI TOzKE CKOPO

3alMeMCsl.
Ilpumep 11. Tlyctp Xy, ..., X;, — Bbi6OpKa 06beMa T. U3 PaBHOMEPHOTO pacIpezeAe-
uust Ug g, rae © > 0. B npumepax 4 u 9 mbr naman OMII 6= Xm) = max{Xq,..., Xn}

1 OMM 1o nepsomy momenty 0% = 2X. CpaBauM MX B CpeHEKBaZpaTHIHOM.
Ouenka 0* = 2X HecmewenHas, 109ToMy
Do X 62 02

Eo(0* —0)? =Dg0* = Dg2X =4DgX =4 =4— =,
n 12n  3n

Jas 0 = Xm) = max{Xy, ..., Xy} nmeem

Eo (0 —0)2 =Eg 02— 20E¢0 + 02
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A
l_[OC‘-II/ITaeM NnePpBbIM U BTOPOHU MOMEHT CAYyYaWHOU BEAHYHUHDI 9 = X(TL)

Haitzem (mo-

A€3HO BCIIOMHHTb, KaK 3TO ZeAaAOCh B mpomiaoMm cemectpe!) (yHKIMIO pacripesereHus u

A
IIAOTHOCTb O:

0, y <0,
yTL
Po(Xm <y) =P (X3 <y)" = o y €0, 6],
1, y>6,
0’ ecan y ¢ [0)6])
fX(n)(U) — yn_]
n en ) eCAHye[O)e]
n-1 2 n—1
Y n 2 2. Y n
EeX(n) :Jyn o dy = me, EeX(n] :Jy n o dy = —5 0
0 0
[TosTomy
n n 2
Eo(Xy—0)7=——06*—2——92+0°=—— 92
o (X(n) —0) — s CEm Iy

[lTpu n = 1,2 xBaapaTuueckue OTKAOHEHMS PaBHbI, a MpH TL > 2

202 02
E — 0= —
0 (Xny = 0) (n+1ﬂn+2)<3n

- =Eq(2X-0)

TO €cTb X(n] Aydlle, 4yem 2X. Ilpu stom Eg (X(n) = 6)2 CTPEMHUTCSI K HYAIO CO CKOPO-

ctbio N2, toraa kak Eg (2X — 0)% — co ckopocTbio '
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Yupa:xuenne.

0
1. Zoxasars, uro X(y) € Ky, rae b(0) = ThET

1
Xn) € Ko (necmermennas).
n—+1

2. /Jokasarp, uTo

3. CpaBHHUTb OlIEHKH X(n) U X(n) B CpeJHeKBaJZPaTHYHOM.

3.3. ACHMHTOTH‘{CCKPI HOPMAADbHbIE OLI€EHKH (AHO)

Jas Toro, 4tobpr yMeTh cpasHuBaTh ouenkn Buaa 05 = 1/ (k 4+ 1)X¥ (cm. npumep 4),
CpeJHeKBaAPaTHYECKOTO M0AX04a HeJJOCTATOYHO: BTOPOH MOMEHT TaKOH CAYYaWHOH BeAHYHHBDI
nocuurarb Bpsig Au yaactcs. Ouenku takoro Buzga (GyHKIMH OT CyMM) yaAaeTcs cpaBHHBATb
C TOMOIIPIO ACHMIITOTHYECKOTO MOAXOZA. Doaee TOYHO, 3TOT MOAXOA NPHMEHHM K TaK
Ha3bIBAEMbIM «ACHMITOTHYECKH HOPMAAbHBIM» OLIEHKAM.

[Tyctp Xy, ..., X5, — BblbopKa 06beMa T U3 MapaMETPHYECKOTO CeMeHCTBa pacrpeze-
renuit Fg, 0 € O.

Onpeaerenne 11. Onenka 0 HasbiBaeTCA aCHMOTOTHYECKM HOPMAAbHOH OLIEHKOH MapaMeT-

pa O ¢ kKoappuuUeHTOM 02(0), ecan

0" —0
V(8 —8) = Nj »2(e), MAY \/ﬁ(cr(e)) = No,1.
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IMpumep 12. Tlycrp Xj, ..., X;, — Bbibopka o6beMa T M3 PaBHOMEPHOTO DACIIpE-
aerennst Ugg, rae © > 0. Tlposepum, spasmiores am ouenku 0F = 2X u 6 = Xm)
acumnroruyecku Hopmarbubivu (AHO). [To LITTT,

n n
Z Xi Z ZXi —n0
i=1

V(0* —0) = vn(2X—0) = vn ziZL -0 ===

n
Z ZXi — TLE@ 2X1
==l W = Nop, 2x;, = Noap, X, -

To ectb ouenka 0% = 2X acHMITOTHYECKH HOPMAABHA € KOS(PQPHULHEHTOM
02(0) = 4Dg Xq = 46%/12 = 62/3.
Jrs ouenxn 0 = X nveem:
V(@ —8) = vn(X(n) — 8) < 0 ¢ sepostrocTbio 1. (8)

[To onpeaerennto, & = F, ecam ars A060H TOUKM X, SBASIOIIEHCS TOYKOH HEIPEPbIBHOCTH
@yHKuHK pacnipegerenust |, umeer mecto cxoaumocts Fg (x) =P (&, < x) — F(x).

Ho Pg (v/n(X(n) —6) < 0) =1, Toraa kak AAs HOPMaABHOTO pacIpeeAeHHUs No.o2(0)
(YHKLUSI paclipeZieAeHHs BCIOZY HEIpepblBHA, U B HyA€ paBHa (DO,UZ(G)(O) =0.5. Ho 1 me
cxoaurca k 0.5 mpu N — 00, mMosToMy cAabas CXOAUMOCTb \/H(X(n) —0) No o2() MecTa
He MMeeT.

Taxum o6pasom, ouenxa 0 = X(n) acumnToTHyecku HopmarbHO# He sBasercst. Ocra-

AOCb OTBETHUTDb Ha HallpAITHWBAIOLIHECA BOIIPOCHI:
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1

2)

3)

4)

Kyza Bce ke cxogures mo pacrnpeaerenuio \/ﬂ(X(n) —0)?

Ynpaxnenne. [lokasarp, uto /n(X(n) —6) = 0.

Ilopaaok aeiictemit: Boinucars onpeaerenue caaboit cxozumoctu. Hapucosatb gynkumio pac-
npegerenus nyas. Haiitn no onpeserenmio gynkuuio pacnpezerenns /(X () —0). Ybeantscs,

YTO OHa CXOAHUTCSA K (pyHKgHPl pacnpeseAeHusi HyAsi BO BCEX TO4YKaAX HEINPEPbIBHOCTH HOC}\CZLHeﬁ.

He 3a6yabte o cymecTBoBaHMM 3aMeuaTeAbHbIX MPEEAOB, AOTapUPMOB U psiZa | eiropa.
Ecan \/> —0) = 0, To Ha KakyIO CTeneHb TL Hy:KHO MOINPO6OBATb YMHOMKHTD Xn) — 6,
4TO6DI rlOJ\y‘II/lTb CX0AMMOCTb K BeAuuuHe, oTAu4HOH oT 0 u 00?

Ynpaxuenue. /[lokasars, utro —M(X (1) — 0) = 1, rae cayuaiinas BeanuuHa T] UMeeT Hokasa-
TeabHOe pacupezerenne Eq /g.

Ilopsaox geiictemii: npe:xuui.

+1

Jra ouenku X(n) cBofictBo (8) He BomoAHeHO. Mozser an ara ogenka 6orro AHO?

ynpa;ﬂﬂem«le. MOZ[Hq)HngOBaTb pacCy:KJA€HHus1 U AOKa3aTb, UYTO 3Ta OLIEHKA TOzKE€ HE SABASIETCS

ACHUMIITOTHYECKH HOpMaAbHOﬁ.

A
[Troxo am, uro ouenxa 8 = X(;) He acumnTornueckn HopmarbHa? Mozer 6bITb, CX0AMMOCTD
N(Xn) — 0) = —n ewe Ayume?

[Tonpo6yem oTBeTHTb Ha MmocAegHHH BOMPOC.

3.4. «CkopocTb» cX0ZUMOCTH OLEHKH K MapamMeTpy

Teopema 6. Ecan 0 — acumnrorudeckn HopmaabHas oueHka ais 0, To 0% cocrosareabna.
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JoxasateabcTBO Teopembr 6. Bcenomuum cBolicTBo cAaboH CXOZMMOCTH: IIPOM3BEJEHHE
ABYX IOCAEZOBATEABHOCTEH, OZHA U3 KOTOPBIX CXOAHUTCS (o0 BCpOﬂTHOCTI/I) K IIOCTOSIHHOH, a
apyrast cAab0 CXOAUTCS K HEKOTOPOH CAyYaHHOU BEAHYHMHE, CAab0 CXOAUTCS K NPOU3BEAEHHIO

npezeros. I loaTomy
0" —0=—— /n0" —0)=0-£=0,

rae E, HMEET HOPMAaAbHOE€ pacCIipeZeA€HHE NO 0‘2(6)' HO cAabast CXOAUMOCTb K HYAIO BAEYET
i

CXOZMMOCTb K HYAIO TI0 BEPOSITHOCTH. O

Ynpa:knenne. Bepno au yTeep:xaenue Teopembr 6, ecau npesesbHas BeauduHa & umeer

pacrnpeseAeHue, OTAHYHOE OT HOpMaJ\bHOFO?

P P
Taxum o6pasom, ecan 0* acummroTHuecku HopMaabHa, To 0 — 0, wam 0* —0 —— 0.

CBOfICTBO aCUMIITOTHYECKOU HOPMAAbHOCTH IIOKa3bIBa€T, B YaCTHOCTH, YTO CKOPOCTb 3TOU

1 1

T, T.e. paccrosiuue mexay 0° u O Bezer cebs kak ——:
n

Jn
0" —0 50, no vn(0*—0) = Ny

CXOAUMOCTH HMEET IIOPAAOK

A
Barasmem ¢ sroit Touku spenus Ha ouenky O = Xy B npumepe 12. Jrs wee (u ars

TeX, KTO CIPABHUACS C YNPa:KHEHHSMH )
n(Xm) —0) =&, 9
A
rae & — HekoTopasi cAydaiiHas BeAuuuHa. Vlmade rosops, paccrosiuume mexay O u O Bezer

cebs1 Kak —.
n

Ynpa:knenne. Ayume 3To uAn xyzxe?
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3.5. AcumnroTuueckaa nopmarbaocts ONMM

B npumepe 12 mb1 Bugeaun, uto aas omenok tuma 2X CBOHCTBO aCHMIITOTHYECKOH HOP-
MaAbHOCTH cpasy caeayer us LITTT.
YcTaHOBUM aCHMMOTOTHYECKYI0 HOPMAaAbHOCTb OLEHOK 60A€e CAOXKHOTO BHJA, KaKHMH

0OBIYHO OKa3bIBAIOTCS OLIEHKH M€TOoJZa MOMEHTOB.

Caeoiictro 5. [lycts @ynxuua g(y) taxosa, uto O # Dg g(X7) < oo.
— 1

Toraa cratucruka g(X) = — ) g(X{) sBAseTCH acUMNTOTHYECKH HOPMaAbHOH OLEHKOH
n

art Eg g(X1) ¢ xosgpuuuentom 02(0) = Dg g(X7):

\/ﬁg( )E?Q(X1):>NOJ‘

v/De g(X71)

Ynpa:xknenne. Bcenomuuts LIITT u aokasatp csoiictso 5.
Caeayromas Teopema yTBep:KZaeT aCUMITOTHYECKYI0 HOPMAABHOCTb OLEHOK BHZA

0" = H (gX)) = H | Z1 9

B 1
Takue oLeHKH TOAYHAOTCS OBBIYHO IPH HCIIOAb30OBAHMH METOZA MOMEHTOB,
A Yy P
npu atom Beerza O = H (Eg g(X7)).
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Teopema 7. Ilycrs @yuknus g(y) Takosa, uto 0 # Dg g(X7) < 00, a ¢ynxuua H(y)
HernpepbIBHO Aupdepennupyema B Touke a = Eg g(X7) u H'(a) = H/(y)|y:a§£ 0.

Toraa omenka 0* = H(g(X)) SIBASIETCSI  aCUMOTOTHYECKH HOPMAaAbHOH OLIEHKOH

ar 0 =H (Egg(X;)) = H(a) ¢ xoappuuuenrom 0%(0) = (H/(a))z -Dg g(X7).

JoxasaTeabcTBO Teopembr 7.

Coraacuo 3BY mocaeaosareabnocts g(X) crpemurcs k a = Egg(X7) nmo BepostHocTH
¢ poctom M. Dyukuus
’ o Hy) —H@
Gly) = y—a ' ’
H'(a), y=a

[0 YCAOBHIO HernpepbiBHA B Touke (. |lockoAbKy cX0AMMOCTb MO BEPOSATHOCTH COXPaHSETCS
o o P
oz zeficTBHEM HempepbiBHOR (yHKuHH, moAyuanm, uto G(g(X)) — G(a) = H'(a).
BameTuM TaKzKe, UTO MO CBOACTBY ) BEeAHYHMHA \/ﬁ(g(X) — a) caabo cxoguTca K
HopmarbHomy pacnpeaerennio Nopo g(x;). [lyers & — cayuaiinas Beamumna us sroro

pacripeszereHus. 1oraa

Vi (H (90X]) —H(a)) = v (¢(X) ~a) - G (9(X]) = £ H'(a).
i«é l-ll’]za)

© @ P
Mb1 ucrnioabsoBaAM CBOHCTBO cAaBOH CXOAMMOCTH: e€cAH &n = & u T, — C = const,

10 EnMn = ¢&. Ho & - H'(a) xak pas u umeer pacmnpezerenue No, (H(a))2-Dg g(X;)- ]
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Ilpumep 13. Ilyctp X1, ..., X;u — Bbibopka 06bema Tl M3 PAaBHOMEPHOTO PaCIpPEZeAe-

uust Ug g, rae © > 0. Ilposepum, sasiorcs an ouenkn 0 = V(k+1XK k=1,2,...,

IIOAYy4YE€HHbIE METOZOM MOMEHTOB B IIpDHUMEPE 4‘, ACHUMIITOTHYECKH HOPMAAbHbIMH.

Iyers g(y) = (k+ 1)y, H(y) = ¥y. Torza

/k—f— k/Zk+] )
['Ipu aTom
0 =H(Egg(Xj) \/Eg (k +1)X (k+1)
09(X1)) = {/Eo (k+ \/ + k+1

)
Bl'IpO‘-ICM, vHaye ObITb HE MOTAO IIO OIIpeAENAEHHIO ME€TOJa MOMEHTOB. W npOBepI/IM

ZpyTHE YCAOBHS TeopeMbl /:

ek
=Egg(X1) = (k+1 =k
a=Epeg(Xi)=(k+1) i ,
2~y 2k 2 2 GZk 2k __ kz 2k
aucniepcuss Do g(X7) = Eg (k+1)°X7—a“” = (k+1) m—@ BTN 0
KoHeuHa M oTAmuHa oT Hyad. (Dynknusa H(y) mempeprisHo audpepennupyemMa B Touke a:
, 1 1=k , " 1 4
H'(y) = Ey k , u H'(a) =H'(8% = 9 HenpepbiBHa npu 0 > 0.
Ilo Teopeme 7, ouenka 0} — AHO ars 0 ¢ xospuuuentom
2 / 2 T 22 k? 2k 0’
0%(8) = (H'(a))"De g(X1) ) T T

_ 92
B tom uncae aaa 07 = 2X umeem kos@duuneHT O‘%(@) =3 (cm. mpumep 12).
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OCTaJ\OCb IOHATb, IIPH 4Y€M TYT CPABHEHHE OLIEHOK H YTO IIOKa3bIBAET KOD(P@MHIIHUEHT

aCHMHTOTH‘{eCKOI;,I HOPMAAbHOCTH.

3.6. ACPIMHTOTPI'—ICCKH;JI nmoaxoh K CPOABHEHHIO OLIEHOK

Bosbmem zBe cayuaiinbie Beamumnbl: & us HopmaibHoro pacrpezerenus No1 1 10 &
u3 HopmarbHoro pacmpegerenus No 100. Ecan ara &, nanpumep, 0,9973.. = P (|&] < 3),
10 aaa 10 & yxe 0,9973.. = P (|&] < 30). Pas6poc snauennit seanaunnt 10 & ropaszao
60AbmIME, U aucriepcusi (MOKasaTeAb PacCesiHHsl) COOTBETCTBEHHO GOAbIIE.

Yro mokasbiBaeT KO3(P(UIHEHT aCHMIOTOTHYecKOH HopMaibHocTu? Bosbmem ase AHO

c xoappuuuentamu 1 u 100:
Vn(87 —8") = No1 u v/n(83—6") = No100.

Ilpu 6orpmmx M pasbpoc smadenuit Beandnnnl /N (0% — 0%) okoro myrs ropaszo 60ab-
we, 4em y Beamuunnl \/T(0} — 0), nockoabky Goabme mpezerbnas aucmepcns (oma e
KO3()(PUIIMEHT aCHMIITOTHYECKOH HOPMAaAbHOCTH).

Ho 4em menbmie orkronenue onenxu ot mapamerpa, tem aydime. OTcioga — ecrecTBeH-

HbIH CIIOCO6 CPaBHEHHSA aCHMIITOTHY€CKH HOPMAAbHDBIX OLIEHOK:

Onpegerenne 12. Tlycts 07 — AHO ¢ xos@duunentom 0‘%(9), 05 — AHO c¢ koapu-
LIUEHTOM 0‘%(9). [oBopsiT, uro O7 Ayuure, yem 0% B cMbICAe aCHMNTOTHYECKOTO NOAXOZAA,

€CAH A5 Aroboro 0 € ©
o1(8) < 03(0),

U XoTa 6b1 npu ogHOoM O 3TO HepaBEeHCTBO CTPOTOE.
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Ilpumep 13 (mpomor:wenme).  CpaBHuM Mmexay co60H B aCHMITOTHYECKOM CMbICAE
oueHku B nociegoBaterbHoctn 07,0%,.... Jaa O} xoa@uuueHT acumnToTHYECKOH HOP-
MaAbHOCTH MMeeT BHJ 0‘%(9) = 02/(2k + 1). Kosp@uuuent tem Menbie, uem 6orbme K,
TO €CTb Kazkzas CAe/yIolas OleHKAa B 9TOH MOCAEZOBATEABHOCTH AyYlle MPeAbIAYIIeH.

Ouenxa 07, sBasiomwascs «mocaegHeil», Moraa 6b1 6bITb Aydlle BCEX OLEHOK B 9TOH
[IOCAEZ0BATEABHOCTH B CMbICAE aCUMITOTHYECKOTO IOAX0AA, ECAH 6bl SBASAACH aCHMIITOTH-
4eCKM HOPMAAbHOH. YBbI:

Ynpaxuenne. Cwm. sazauy 7 (6) B pasagere 1. Jokasars, uro 0} — Xy mm., To

€CTb AAA Ar060ro 3AEMEHTAPHOIo ucxojga W Ipu k — OO

. 3 XNw)
(k + 1)% — max{X1(w), . .., Xn(w)}.

AN
Eme pas obpamaem BHMMaHHe YHTaTeAsl, YTO OLEHKa O = X(n) OKas3bIBaeTCs Ayullle
AIOG60OH aCHMIITOTUYECKH HOPMAABHOH OIIEHKH: «CKOPOCTb» €€ CXOJUMOCTH K MapaMeTpy, Kak

nokasniBaer (9), paBna n~! B oranume or N2 gas aw6oit AHO.

3.7. Bonpocn! u ynpaxxnenus

1. Tlycrs Xy, ..., Xy, — Bbi6opKa o6bema N us paBHOMepHoro pacnpeserenns Ug g5, rae 0 € R.
PAY PAY
Cpapuuts ogenku 09 = X(n) — 5, 87 = X(1) us npumepa 10 B cpeanexBagpariunoM cMbICAe.
CpaBHUTDb C 3TUMH OLIEHKaMH OleHKy MeToza mMoMeHToB 0% = X — 2.5,
2. /lxs mokasaTeAbHOTO pacIlipeieeHHsl C TapaMeTpoM (¢ OLeHKa, MOAYYeHHash METOZOM MOMEHTOB
k!
.| k!

no K-My MOMeHTy, HMeeT BHZA: & = = Cpasuutp ouenxn o3, kK =1,2,... B cmbicae

*
ACHUMIITOTHYECKOIO II0ZAX0Za. ,Z[oxasa’rb, 9TO OLE€HKa 0(1 HaHuAy4Ilas.
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4. 3q)q)e1<TnBHble OLIEHKH

Bepuemcs k cpaBHeHHIO OLIEHOK B CMbICAE CpejHEKBaApaTHYECKOTO Moaxoza. B kaacce
OZIHAKOBO CMEIIEHHBIX OIEHOK 3(P(EKTHBHOH Mbl Ha3BaAM OLEHKY C HAMMEHDBIIHM CpPeJHe-
KBaZpaTHYeCKUM OTKAOHeHHeM (MAM HaumMeHblled aucnepcuei). Ho nomapmoe cpaBHeHme
OlIEHOK — ZlaAeKO He AydIIHH crocob oTbickaHusi a@@exTuBHol omenku. Ceroams mbl mo-
3HAKOMHMCSI C yTBEp:K/JAEHHEM, TIO3BOASIOIINM BO MHOTHX CAyYasX /0KasaTbh 3(P(MEKTHBHOCTD
onenku (€cAM, KOHEYHO, OHa Ha caMOM JeAe I(P(PEKTHBHA).

dto yTBep:keHHe HasbiBaeTcsa HepaBeHcTBoM Pao — Kpamépa u rosopur o toMm, uto
B Al060oM kaacce Kp(g) CyllecTByeT HHMKHAS TPaHHIA AAA CPENHEKBAZPATHIECKOTO OTKAOHE-
uus Eg (0% — 9)2 A1060H OLIeHKH.

Taxkum o6pasom, ecau HafizeTcst olleHKa, OTKAOHEHHE KOTOPOH B TOYHOCTH PABHO 3TOH
HMsHEH rpaHuie (camMoe MajreHbKOE), TO JaHHAs OEHKa — 3((QEKTHBHA, MOCKOAbKY Y
IIPOYHX OLIEHOK OTKAOHEHHME MEHbIIe GbIThb HEe MOZKET.

K coxairennio, zaHHOe HepaBeHCTBO BEPHO AHIIb AAS TaK Ha3bIBAEMBIX «PETYAAPHBIX»

CEMEHCTB paclpesieAeHHH, K KOTOPbIM He OTHOCHTCS, HallpHMep, GOAbIIHHCTBO PaBHOMEPHDIX.

4.1. Peryaspuoctp cemeiicTBa pacnpeaereHHH

[lyctp Xq, ..., X5, — BbibopKa 06bEMa T U3 MapaMETPHIECKOTO CEMEHCTBA pacIpeze-
rennit Fg, 0 € O. Ilyerp fg(y) — mrotHocTs Fg (B cmbicae onpeaerenus 5). Breaem

MOHsATHE HOCHUTEAs ceMelicTBa pacnpeseieHun JFg.

Niwoboe wmuozkectBo C C R Takoe, uto mpu Bcex 60 € @ sbmoaHsercs

pasercTBo Pg (X7 € C) = 1, nasosem HocuTereM cemeficTBa paciipeiereHuin Jg.




Bameuanne 9. Mbr BBeAn nousiTue Hocuters cemeiictBa Mep B R, orauunoe ot o6ue-
[PUHATOTO. | aK, HOCHTEAb B CMbICA€ AHHOTO HAMH OIPEJEACHHS] HE €JMHCTBEHEH, HO BCe

9TH HOCUTEAH OTAHYAIOTCA Ha MHOXKECTBO Hy]\eBOf/’I BEPOSATHOCTH.

D — Caeayommee ycAoBHE HA30BEM YCAOBHEM PETYASIDHOCTH.

(R)  Cymecrsyer Takoit Hocuteab C cemeficTa pacnpezerenuit Fg, uto npu xaxaom y € C

< » ‘ oyukuus +/Tg(y) HenpepnisHO AUPPepennupyema mo O Bo Beex Toukax 0 € O.

Ca
Hactp. ... 3179

Hasan 4.2. «Peryrsipubie» u «HeperyAspHbie» CeMeHCTBa paclpeieieHHi
5 Ilpumep 14 (peryaspuoe cemeiicteo). Paccmorpum nokasareabHoe pacnpeaerenue E o
0 BeCb aKpaH
c mapamerpom & > 0. [IrorHOCTD 3TOrO pacmpeserenus umeer BuZ
fo(y) = oxe”®,  ecamy >0, W) = Vae /2 ecany >0,
X - x e
VitTn 0, ecan Yy < 0, 0, ecan Yy < 0.
B kauectse mmomectsa C moxuo B3sth (0,+00), mockoabky Py(X7 > 0) = 1. Tlpu

aobom Yy € C, r.e. mpu y > 0, cymecrsyer npouspogHas gyHkuur /fx(y) mo &, u sra
IIPOM3BO/IHAsT HETpepbIBHA BO Bcex Toukax & > O:

CTp. 63 d 1

9 _ ' oay2 =Y o2
ooV elU) = 57%€ ERE



OrnaBnexve

44 144 ‘
4 4 ‘
Hactp. ... 3179
Haszan
Bo Becb akpaH

Yitu

CTp. 64

IMpumep 15 (neperyrnpuoe cemeiicteo). Paccmorpum paBHoMepHoe pacnpeaerenue Ug g

c mapametpom O > 0. ITrorHoCcTh 3TOrO pacmpeserenus umeer Buz

1 1

n’ CCAHO§U<9, n’
foly) =< 6 = 0

0, ecauy & [0,0] 0

ecau 0 >yuy >0,

HHa4e.

[Tockoabky mapamerp O mozkeT mpUHHUMATb AIOGBIE MOAOZKMTEAbHbIE 3HAYEHHsI, TO HHKAKOH
orpanuyenHbii unTepBar (0, X) He sSIBASETCA HOCHTEAEM STOTO CeMeHCTBa paclpefeAeHHH:
Pg (X7 € (0,x)) < 1 mpu 6 > x. Bosbmem C = (0,4+00) — ono npu awbom 6 > 0
obaazaer coiictBom Pg (X7 € C) = 1. Tak urto HocuTeAb 3TOrO cemeficTBa pacrpeseAeH I
— BCS TIOAOZKHTEAbHas MOAYyOCh (C TOYHOCTBIO /0 MHOMKECTB HYAEBOH Ae6ErOBOH Mepbl).
[Toxazkem, uto ycaosue (R) me Bbimoameno: wmuomectso Tex Yy € C, mpu kamaom us

xoTopbix QyHkuusa /Tg(y) auppepenunpyema no 0, mycro.

fo(y) [Tpu purcuposannom Yy > 0 usobpasum (yHK-
uuio Tg(y) (uau ee xopenp — MmacmTab He co-
6AI0ZIeH) KaK (PYHKIHIO MepeMeHHOH 0.

Buaum, uro xakoe 6o1 Yy € C Mbl Hu B3sAH,
fo(y) azazke me sBAsieTcss mHempepmiBHOHR mo O, a

TeM Goree AUPPEPEHLIUPYEMOH. CaiezoBaTeabHO,

y 0 ycaoue (R) me Bbimoaneno.

Puc. 5: Tlpumep 15
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Ilpumep 16 (ueperyrapmoe cemeiictBo). PaccmMoTpum «cMelneHHOe» MOKa3aTeAbHOE

pacnpegenenue ¢ napamerpom casura 0 € R u naornoctbio

ee_y, ecau Yy > 0, eG—y’ ecaum 0 <y,

oty 0, ecan Y < 0 0, ecam 0 > y.

[Tockoabky mpu Alo6om O pacmpeaerenue cocpegorodeno Ha (0,+00), a mapamerp O
MO2KET NPMHHUMATb AlobGble BemecTBeHHble 3HaueHusi, TO Toabko C = R (maroc-munyc muo-
?KECTBO Mepbl HyAb) TakoBo, uTo mpu Awbom 6 > O Bemoameno Pg (X7 € C) = 1.
[Toxazkem, uto ycrosue (R) onarb e Bbimoameno: muoxsectso Tex Y € C, mpu kazkaom us

koTopbix QyHkuus /Tgo(y) anppepennupyema mo 0, cToab e mycTo, kKak u B npumepe 15.

fo(y)
[lpu puxcuposannom Yy € R na pucynke 6 uso6-

paxxena pyukuus Tg(y) (a moxer 6bITb, KOpeHDb
U3 Hee) KakK (YHKIMS TepeMeHHOH O.

Kakoe 6b1 Yy uu 6b1r0, Tg(Yy) zake He saBAsieTcs

HerpepbIBHOHU 1o O, a Tem 6oree AMPPepeHIIHPY -

Y 0 eMOH.

Puc. 6: Tlpumep 16

Bameuanne 10. Bwmecto HempepbiBHON aud@epennupyemoctu +/Tg(y) mozxuo Tpebo-

Bathb Toro e ot Infg(y).



4.3. Hepagencrro Pao — Kpamepa

[lyctp Xj, ..., X5, — BbibOpKa 06bEMa T U3 MapaMETPHIECKOTO CEMEHCTBAa pacrpeze-
rennit Fg, O € O, u cemeiictso Fg yaosaersopsier ycaosuio peryasproctr (R).

nych, KPpOM€ TOro, BbIIIOAHEHO YCAOBHE

OrnaBnexve

d 2
(RR) «Mugopmanus Mumepa» 1(0) = Eq <ae In fe(X1))

< > ‘ CYILECTBYeT, MOAOKHTEAbHA M HellpepbiBHA 1o O Bo Bcex Toukax O € ©.

R
Haletp: ... nsii7o CnpaBeaAuBo caezyiollee yTBep:KAeHHE.
Haszag

. Hepagencreo Pao — Kpamepa.

[Iyctp cemefictBo pacnpeaerenusi Fg yaosaersopsier ycaosuam (R) u (RR). Torza ars

A060# HecMemenHo# ouenku 0° € Ko, amcmepcus koropoit Dg 0% orpanuuena na Aro6om

KOMIIaKTe B 0OAACTH @, CIIpaBEJAHNBO HEPABEHCTBO

Yitu

2 1
Dg0* =Eg (0" —0)" > ——.
~ nl(0)
Yupa:knenme. [ Iposeputb, uTo aAs mokasaTeabHOro cemeiicTBa pacmpezeneHHE E o

CTp. 66
C nmapaMeTpoMm X > 0 JAUcCriepcusi D“X1 He OrpaHuYeHa rAob6aAbHO HpU X > O, HO OrpaHH4YeHa

Ha KOMIIaKTaxX.
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HepaBeHCTBO C(POPMYAHPOBAHO JAsl KAacCa HECMEILUEHHBIX OLIE€HOK. B KAacCCe€ OLIEHOK C

Hpou3BOAbHBIM cMemenuem b(0) nepaBenctso Pao — Kpamepa Bbirasaur tak:

Hepagencreo Pao — Kpamepa.
[Tyctb cemelictBo pacrnpezerenusn Fg yaosaersopsier ycrosuam (R) u (RR). Torza zasa
ao6oit ouenkn 0% € Ky(g), ancnepcus koropoir Dg 0% orpanuuena na ao6om kommakre B

obracTH @, CIIpaBEAAHBO HEPABEHCTBO

(1+1b’(8))?
nI(0)

(1 +1b’(8))?

2 *
e >
+b°(0), T.e Do nI(0)

Eo (6" —08)* >

AJ\H AOKa3aTEAbCTBa HaM l'IOHaZL06PITCﬂ CAaeayrollee yTBEPXKIAEHHE.

Aemma 1. Tlpu Bomoanenun ycaoeuit (R) u (RR) zas amo6oit crarucruxku T = T(X),

JAUCIIEPCHsI KOTOPOH OrpaHMYEHA HAa KOMIIAKTaX, HMEET MECTO PABEHCTBO

0 0
—E =E - — .
30 oT 0 (T aeL(X’e))

Ynpaxuenne. Benomuuts, uro Takoe qynxuus mpasaomnozobus (X, 0), rorapudmuye-
ckas pyukuus npasgonozobus L(X,0) (onpeaerenne 6), kKak OHH CBSA3aHbBI APYT C APYTOM,

C MAOTHOCTBIO X| H COBMECTHOH MAOTHOCTBIO BBIGOPKH.
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JoxasareabctBo Aemmbr 1.
Hanomunanue: maTemaTuueckoe O:KHAAHHE (YHKIHH OT HECKOABKHX CAyYaHHbBIX BEAHYHH
ectb (MHOTOMEpHBIN) HHTETPaA OT ITOH (YHKIIMH, IIOMHOKEHHOH Ha COBMECTHYIO IMAOTHOCTD

9THUX CAy‘IaﬁHbIX BEAHYHH. I_IOSTOMy

EOT(X])"'?Xn) — J T(y],...)yn) 'f(y],...’yn,e) dy1 tc dyn'
Rn

B caeayromedt nemnouke pasenctBo, momedenHoe (%), Mbl JokasblBaTb He 6yzZeM, TIOCKOABKY
€ero /I0Ka3aTeAbCTBO TpeOyeT 3HAHHs YCAOBHH AH((EPEHIIHPYEMOCTH HHTErpaAa 110 TapaMeTpy
(Tema, Boixozamas 3a mnpeaeibl kypca MA na JM). Dto paBeHCTBO — cMeHa MHOPAAKa
AuPPepPeHIIHPOBAHHA U HHTETPHPOBAHHA — TO €JAMHCTBEHHOE, paZH 4Yero BBeJEHbl YCAOBHSA

peryaspuocTu (cM. TpuMep HHzKe).

wET0 = [T fweldy X | ST fweldy -
& ;
0 =y, 0)
- | T yweldy - JT(y»(%)-f(y,e)dy -
R" R"
= [T (L)) iy ey = e (TOO: LX)
&

Uepes Y B unTerparax ob6o3HaueH BeKTOP (Y7i,...,Yn)- ]
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JoxasareabcTBo HepaBencTBa Pao — Kpamepa.

Mpbi zokazkem ToAbKO HepaBeHCTBO AAs kKaacca Kg. Heobxogumble msmenenuss B zokasa-

TEAbCTBE A KAaccCa Kb YUTATEAb MOzKE€T BHECTH CaMOCTOSTEAbBHO.

Bocnoabsyemcst aemmoit 1. Byaem 6patb B kauecte T(X) pasuble yHKUHM U MOAydaTh

3abaBHbIE (POPMYADBI, KOTOPbIe TIOTOM cobepeM BMecTe.

1. IIycrs T(X) = 1. Toraza

d d
0= 251 =Eo55L(X,0).

Janree, nockoavky (X, 0) =[] fo(Xi), To L(X,0) Zln fo(X

0

0 0
0=Eq55L(X,0) =Eo > 5 nfe(Xi) =m-Eo o5 Info(X1).
2. Tlyers T(X) = 0* € Kp, T.e. Eg0* = 0. Torza
0 0 0
—Eg0*=—0=1=Eq0"- —
30 0" = aee 1=Eq0*- aeL(X ).
BcenomuuM cBoHCTBO KO3(M@UIIMEHTa KOPPEASAIIHH:
cov(E,m) =E&n—EE&EN < VD EDN.
Hcnoabsys cpoiictea (10) u (11), umeem
(9* iL(X 9)) =E (9* iL(X 6)) —Eg0"E iL(X 0) =
cov ) J0 ) — Lo J0 0 (S} J0 y —

(10)

(11)



OrnaBnexve

44 144 ‘
4 4 ‘
Hactp. ... 3179
Haszan
Bo Becb akpaH

Yitu

Ctp. 70

0 0
Eo (e aeL(X,O)) 1< \/Dee Do 55L(X,0). (12)

0
Haiizem Dg @L(X’ 0):
D iI_(X 0) =D En il fo(Xi) =nD il fo(X1) =nE (il fo(X7))? = nl(6)
Gae ) — e aene i) — Gaene1_ eaene1 - .

i=1
[ToacraBasisi aucnepcuio B Hepasenctso (12), moryuaum

1
< Dg 0" - De0* > ——,
1 00" -nI(0) wuan p 0 n1(0)

4TO U TPe6OBAAOCH AOKA3aTh. O
Chezyromuii mpuMep MOKA3bIBAaET, YTO YCAOBHE PETYASPHOCTH SBASETCS CyIIECTBEHHBIM

AAA BDBITIOAHEHHA PAaBEHCTBA, IIOMEYEHHOTO (*) B A€EMME 1

Ipumep 17 (neperyrsipuoe cemenicreo). Paccmorpum paBHomepnoe pacnpegerenne Ug g
c napametpom O > 0. Boimumem npu 1 = 1 kakoii-nubyab uHTerpar U cpaBHHUM MPOU3BOZ-

HYI0 OT HEro M HHTErpaA OT MPOM3BOAHOH: ckaxeM, aas |(Xq) =1

0 (]
d 3 1 d 31 1
CETX) = 2 | 2ay=21=0 2 qy——- 2o,
390 1(X1) aejedy 39’ =0 Jaeed” 570
0 0
BaMeTI/IM, qyTO U CaMO yTBep?KZ[,eHPIe HepaBeHCTBa pao — KpaMepa A JAaHHOTIO ce~

MeHCTBa pacnpezl,eJ\eHHffl HE BbIIIOAHEHO: Haﬁﬂ,eTCﬂ OLI€HKa, AHUCIIEPpCHUs KOTOpOfI BEZET cebst

kak 1/n?, a ne kax 1/N B nepasencrse Pao — Kpamepa.
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ynpamx—lelme. npOBepl/ITb, YTO B KaueCTBE 3TOU <<Bbl£l,al0]geﬁcﬂ» H3 HEPABEHCTBA pao —

Kpamepa ouenku mozno 6path, ckazem, cMelnennyio oueHKy X(y) HAH HECMEIUCHHYIO OLeH-

n—+1

Ky X(n) € Ko.

4.4. Hepagencrro Pao — Kpamepa u apdekrurnoctn ouenok

Cpopmyrupyem oueBuzHOe caeacTBHe us HepaBeHcTBa Pao — Kpamepa.

Caeacreue 1. Ecau cemefictso pacnpezerenuit Fg yaoBaeTBOpsieT YCAOBHAM pe-
ryaspuoctn (R) u (RR), u ouenka 0% € Ky(g) TaxoBa, uro B nepasencrse Pao —

KpaMepa AOCTHUTAa€TCA PAaBEHCTBO:

(1+00)% > (1+b(9))?
Eo (0 —0)> ="———" 1+ b6 Dgb* = ————
10 ouenka 0 sppextnBHa B kKAacce Ky(g).
Ouenky, ars xoropoii B HepaenctBe Pao — Kpamepa zocturaercs pasenctso, unoraa

Ha3bIBalOT R-a(pq)eKTI/IBHoﬁ OLLEHKOH. Careacreue 1 mozxno C(POPMYAHPOBATb TaK: E€CAHU
oueHKa R-a()pexTHBHA, TO OHa 9(PPEKTHUBHA B COOTBETCTBYIOLIEM KAACCE.
ITpumep 18. Ast BBIGOPKU X1, ..., X, u3 pacnpegerenust Depuyaru By, necmernennas
1 n P

onenxa p* = X spexTHBHA, TaKk KaK AAS Hee JOCTUTAETCS PAaBEHCTBO B HepaBeHcTBe Pao —

Kpamepa (cm. [ ], mpumep 13.20, c. 67).
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IMpumep 19. Ilycts Xy, ..., X;, — BbI60pKa 06bEMa TL U3 HOPMAABHOTO PACTIPEEAE-
musi Ny o2, rae @ € R, 0 > 0. Tlposepum, ssasiercs au ouenxa a* = X € Ko ap@exrusroit
(cm. Taxzke [ ], mpumep 13.6, c. 64).

Haiizem undopmanuio Mumepa otHocuTeAbHO mapamerpa @ (cyuTasi, YTO UMEETCS OAUH

HEH3BeCTHbIA MmapameTp — ().

1 (X7 —a)?
o812 (e

o2 202
2
212 (Xi—a)
lnf(a‘cz)(Xﬂ = —lH(ZTEO— ) / — T,
0 (X1 — a)
% lnf(a’O-Z)(X” = T,
o) 2 E( : 2](X1 = (1)2 D( ) z)X1 1
I(a) = E(ayo-Z) <aa ll’lf(ayo-Z)(X])) — a, o 04 = a(;.:4 — g_
Urax, I(a) = 1/02. Haitaem aucnepcuio ouenxu X.
= 1 o?
D(a,O‘Z)X = ED(Q,O—Z)X] = ;
ZJlaree, cpaBHMBas AeByl0 W TpaBylo yacTH B HepaBeHcTBe Pao — Kpamepa, moayuaem
PaBEHCTBO:
2
_ o 1
D X = — = .
(a,0%) n nl(a)

To ectb onenka a* = X sappexrusna (o6razaeT HauMeHbIEH AUCIepCHEH CPEAM HECMEIEH-

HbIX OIIEHOK).
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[Mpumep 20. Ilycts Xy, ..., X;, — BbiGopKa 06bemMa TL M3 HOPMAABHOTO pacIHpeze-
AE€HUs NO,O'Z’ rae 0 > 0. l_[pOBepyIM, SIBASIETCSI AH OLIEHKa 0‘2* = %i Xiz = ﬁ € Ko
(P (PEKTUBHOU. -

Ynpa:knenne. [loayunts sTy olenxy MeTozoM MOMEHTOB H METOZOM MaKCHMaAbHOTO

MIPaBAONOA0OUS.

Haiizem ungopmanuio Mumepa oTHOCHTeAbHO MapameTpa o2,

1 X3
fUZ(X1) = WCXP <_M> )

Inf,2(Xq) = —In(2m)'/%2 — % In 02 — zsz
%mf@ (X1) = —ﬁ + 2Xj4
I(0%) =E. (Z)ao*z 1nf62(x1))2 = (;i - 23;2)2 =
— %EUZ(X% —0%)?= mDGZX%.

Ocranroch HalTH DGzX% = Ecer411 — (EO-ZX%)Z = EGzX? — 0% Jas Tex, kTo momuuT
HEKOTOpble (OPMYAbI BEPOSITHOCTH: BeAMYMHA & — X1/0 HMeeT CTaHZApTHOE HOPMAaAbHOE

pacrpeaeAeHue, U AAd Hee
E&2k=(2k—1=2k—1)2k—=3)-...-3-1,

Toraga X1 =& -0u
EX]=E&*. o* = 30%



Te, kTo He MOMHHUT, cuMTaeM 3aHOBO:

2
t?e ~ dt=30"-D&=30"1,

1
V21

—00
rae & uMeeT cTaHZAPTHOE HOPMAADHOE PACIPEZEAEHHE.
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CpaBuupBasi AeBylo U mpaBylo yacTu B HepaBeHcTBe Pao — Kpamepa, nmoayuaem pasen-

CTBO:

DaX2 = =
Taxum obpasom, ouenka o =X2 3(P(PeKTHBHA.

Ynpaxuenne. Ilyctp X7, ..., X;; — BbiGopka o6bema 1L U3 HOPMAABHOTO pacripe-

aerennst Ny 52, rae @ ussectno, 0 > 0. [lposeputp, sBAseTCS AM SQ@EKTHBHOH OlleHKa
* 1] n S
02" = =Y (Xy— a)? = (X — a)2. Tlpunaaremur rn s1a omenka kraccy Ko? Kaxumu
=)

METOZaMHu HO]\y‘{EHaP HB]\HCTCH AH COCTOSITEABHOM H aCHUMIITOTHYECKH HOpMa]\bHOI:;IP

Ilpumep 21. [lycts Xj, ..., X;; — BbI6opKa 06beMa Tl U3 IOKA3aTEABHOTO pacIpeze-
aenust Eq /o ¢ mapamerpom 1/, rae o > 0. Ilposepum, sBaserca au ouenka & = X € Ko
(ouenka aas mapamerpa o¢!) appeKTHBHOM.

Haiizem nngopmanuro (Dumepa oTHOCHTEABHO mMapameTpa &

I(o) = Eo (ilnf“(xn)z.

l_[J\OTHOCTb AAaHHOTI'O ITIOKAa3aTEAbHOI'O pacCIIpeJEeACHUsI UMEET BUA:

1T _y 0
—e &, ecamy >0,
faly) = (c)x

ecan Yy < 0.
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1 X
Toraa fo(X1) = —e o, InfalXy)=—lna— =1,
06 [0 6
d 1T X 1
I fo(Xi) = —— + 75 = (X1 — ),
06 (0.6 06

ox

I(a) = Eq (61 1nfa(x1)>2 _

Hrak, I(«) = 1/x?. Haitaem ancnepcuio omenku X.
— 1 2
DX =—-DyxX;=—.

n

[ToacraBus aucnepcuio u ungopmanuio MDumepa B HepasencTBo Pao — Kpamepa, moryuaem

pPaBEeHCTBO:

To ectp onenka o = X — apexTuBHas omeHKa mapameTpa (X.

Yupaxknenne. [loayuntp 3Ty omeHky MeTOZOM MOMEHTOB H METOZOM MaKCHMAaAbHOTO
npasgonogo6us. OHa zedcTBUTeAbHO HecMmelneHHas? A elme KaKUMH CBOHCTBaMM ob6AazaeT?
Ynpaxuenne. [lposepbre, uTo A Hecmemenno#t omenku X = X; paBeHCTBO B
nepaBeHctBe Pao — Kpamepa me gocturaerca. O6mbsacHure, mouemy, HCXozs TOABKO H3
5TOrO, HEeAb3sl CZeAaTb BbIBOA O ee HeapdextuBHocTH B Kaacce Ko. Caenafite atoT BBIBOZA
Ha OCHOBaHHH TOro, 4ro omeHkn o = X um o* = Xy mpuHazAesaT KAacCy OLEHOK C

OZIMHAKOBbIM CMEIEHHEM, U OZHA U3 HUX 3pdekTuBHa. VcmoabsyiiTe Teopemy 5.
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OrcyrcrBue paBencTBa B HepaBeHcTBe Pao — Kpamepa BoBce He 03HauaeT Hea((PEKTHB-
HOCTb oleHKH. | [puBeseM mpumep oLleHKH, KOTOpasi ABAsIETCsl 3PMEKTHBHOM, HO AASl KOTOPOH
He JocTHraeTcsi paBeHCcTBO B HepaBeHcTBe Pao — Kpamepa. B apgpexrunocTn onenku us

9TOro InpuMepa Mbl XOTEAH 6bI, HO HE€ CMOKEM y6eﬂ,I/ITbCﬂ.

Ilpumep 22. Ilycrp Xj, ..., X;, — BbibopKa o6beMa Tl U3 IOKa3aTEABHOTO pacipe-

aerennst Eo ¢ mapamerpom &, rae o« > 0. Bosbmem uyTp mompaBiennyio onenky meroza

MOMEHTOB
, n—1 1 n—1
o == = ==
= — .
nooX XX
y6el[,PIMCﬂ, 4YTO 3TO — HECMEIIEHHas OLI€HKa. COI‘}\aCHO CBOﬁCTBy ycTOi/’I'-II/IBOCTI/I 110
mn

cymmuposanuio aas [ -pacnpeserenns, cymma D Xi cAydalHbIX BEAMYHH C pacrpeseieHHeM
=il
Ex = l«,1 umeer pacnpegerenne [ ¢ mrorHOCTDIO

(XT\.

Voc,n(y) — r(TL)
0, y <0.

Yyt le ™,y >0,

Hanomuum, uro '(n) = (n — 1)! Beraucaum maremaruueckoe oxuzanue

* n—1I _ _ ool ot n—1 ,—o _
Eqx E“(ZXJ_(TI ])Jy (n—])'y e %V dy
n—1) " o o4
oy e dte) = T =
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Hrak, onenka o* mpunagrexut kaaccy Ko. Halizem ungpopmanuio Mumepa orHocuTerbHO

InapameTpa :

) 1
fo(Xq) = xe X1 Infg(X7) =Ino— Xy, —Infa(Xq) = — — Xy,
o o

0 2 1
[(a) =Ex« <a‘p lnf(x(X1)) =E4(X7 — o()2 =DyX; = ol

Urak, [(«) = 1/x?. Haiizem Bropoii MOMEHT u AucrepcHio oueHKH OCF.

(n—1)? 2001 o 1
E(oc*)z:E:(n—UJ e W dy =
o« tx(zxi)z oyz (n_”,y Y
(n—1)2 5 T - — (n—1) 5 n—-1 ,
_ 1 — . Mn—2)=
1) o | (ay) e M d(ay) m—2)! (n—2) L
0
Tom,a 2
—1
D“a*:Eo((oc*)z—(E“oc*)zzLocz—oczz *
n—2 n—2

[loacraBus aucnepcuto u ungopmanuio Mumepa B Hepaenctso Pao — Kpamepa, moryuaem,

49TO IIpH AIO6OM T ecThb CTPOTrO€ HEPABEHCTBO:

o2 o2 1

D = _ _— =
e n—2 - n  nl(x

—_—

Tem e menee, onenka X* siBAsieTCs: 3()(PEeKTUBHOH, HO AOKa3bIBaTb MbI 3TO He GyaeM.
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4.5. Haunayummue auneiinble HecMellleHHbIE OLEHKH

B naanme noarotosku k kypcy «DKOHOMETpHKa» IIOAE3HO 3aMETHTb CAEAYIONIEe: B MPaK-

THYECKOM CTATUCTHKE YacTo pacCMaTPUBAIOT OLIEHKH, ABAAIOLIHECSA AHHEUHbIMHU (PI I1I0 BO3~
n

MOZKHOCTH HeCMeIUeHHbIMH) (QYHKLMAMH OT BbIGOPKH, TO ecTb oueHkH BuAa 0% = ) aiXj.
i=1
B kAacce Takux oIleHOK HamAydIIas B CMbICAE CPEJHEKBAZPATHYECKOTO MOAXOJAA OllEHKA

06b11HO HaxoguTcs u 6e3 nHepaBencta Pao — Kpamepa (uto ocobenno moresno ars mepe-
o 2 -

TYASIDHBIX CEMEHCTB) — /J0CTATOYHO MUHHMH3HPOBAThH E ai npu 3azaHHOM ai. Taxywo

OLIEHKY TIPHHSATO HA3blBATh «HAHAYYIIEH AHHEHHOH HECMEIEHHOH OIeHKOH», HAHM, MO aH-

rauiicku, BLUE (“best linear unbiased estimate”).

Tak, ckaxem, ars pacnpegerenns Ug g ouenka 0y = 2X ssasercs BLUE, Tak kak

ee AuCIepcust |mafirn!_wan scnownnts mprmep 1] 1o 600 pme JMCIIePCHH AIOGOH OLIEHKH

n n
Buga 0% = Z aiXi, rae Z ay = 2. ‘notxemy 9TO rapaHTHPYeT Hecmergeﬂﬂocrb?l
i=1 i=1

CunpasearuBoctu paau caeayer aobasuth (cm. npumep 11), uro ouenka 075 = 2X, xorp
u sisasercs BLUE, He MoxeT KOHKYypHPOBaTb B cpeZiHEKBaApaTHIHOM CMbICAE C HEAHHEHHOH
A
o _ n+tl o
ouenkonn O = =Xy (koTopas sBAsIETCS SPPEKTHBHOM B KAACCE HECMEIIEHHBIX OLIEHOK,

HO 3TOro Mbl JOKa3bIBaTb HeE CTaHeM).

4.6. Bonpoco! n ynpa:xuenus

1. Tlposeputp sappextusrocts OMIT ars creayromux pacnpeaerenuit:
a) By, 6) My, B) Nq 1, 1) Bi,p (6unomMuanshoe), O < p < 1, mpu usectHom M.

2. BbIHOJ\HI/ITb BC€ yIIpa:KHEHHs, COJEPKalllHECsI B TEKCTE I'AaBbl 4
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5. I/IHTepBaJ\bHOC OLl€HHUBaHHE

[lyctb, xak o6bruno, umeerca Bbibopka X = (Xq,...,Xn) us pacnpegerenus Fg c
neusBecTHbiM mapametpom 0 € © C R. Zlo cux mop Mbl 3aHMMaAHMCh «TOYEYHBIM OIlEHHBA-
HHEM» HEM3BECTHOTO MapaMeTpa — HAXOAHAH YHCAO («OLEHKY»), CIOCOBHYIO, B HEKOTOPOM
CMbICA€, 3aMEHHTb MapaMeTp.

CymecTByer apyroii moaxos K OLEHHBAHHIO, NMPH KOTOPOM Mbl yKa3blBaeM HHTEPBAA,
HaKPbIBAIOIIMH MapaMeTp C 3aZaHHON Hallepes] BEPOSITHOCTbIO. | aKoH MOAXOJ Ha3bIBaeTCH
«MHTepPBaAbHBIM oOLeHHBaHHeM». (pasy 3aMeTHM: 4eM GOAblIe YBEPEHHOCTb B TOM, YTO
HapaMeTp Ae:KMT B MHTepBAaAe, TeM LIHPe HHTepBaA. |ak YTO MeuTaTh HAiTH AMAmasoH, B

KOTOPOM 9 AE€ZKHUT C BEPOATHOCTDIO 1, 6ecCMBICAEHHO — 3TO BCsl 06AACTb @

Onpegerenne 13. Ilyers O<e<1.  Hurepar (07,07) = (07 (X, ¢), 07(X, ¢))
HasbIBaeTCA JOBEPUTEAbHbIM HHTEPBAaAOM ZAAA MapameTpa O ypoBHa zosepus | — €, ecam

aas aroboro 0 € ©

Po (8- <0<0")>1—c¢.

Onpeaerenne 14. Tlyers 0<e<1. Hurepparn (07,07) = (07 (X, ¢), 07 (X, ¢))
Ha3bIBAa€TCA ACHMIITOTHYECKUM JOBEPHTEAbHbIM HHTEpBaAOM aAAa mapamerpa O (acummro-

THYECKOT0) YPOBHS JZoBepHs | — €, ecau aas Awoboro 0 € O

liminf P (87 <0 <07) >1—c¢.

n— oo
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Ha CaMOM J€A€ B OIIPEAEAEHHUH 14 pedYb HAET, KOHEYHO, HE 06 OZHOM HHTEPBAAE, HO O

IIOCAeZ0BATEABHOCTH HHTEPBAAOB, 3aBHCALIUX OT 06beMa BbIOOPKH .

Bameuanne 11. Cayuaiiup 3gech rpanunb untepsara (07,07), nostomy unraior gop-
myay Pg (07 < 0 < 07) xax «unrepsar (07,07) maxpbiBaer mapamerp 0», a me kak «0

A€XKHT B HHTEPBAAE...».

Bameuanne 12. 3nak «>» 1 — & 06bIYHO COOTBETCTBYET AUCKPETHBIM pacIpeAeAeHHsM,
KOrZa HeAb3s 00s3aTbCsi ZOGHUTbCA paBEHCTBA: Hampumep, AAd & € B1/2 npu A60M X

paeencteo P (& < x) = 0,25 HeB03MO2KHO, a HEPABEHCTBO MMEET CMbICA:
P(E<x)>025 ana x>0.

ECJ\PI BEPOATHOCTb ZOBEPUTEADHOMY HHTEPBAAY HAKPbIBAThb INapaME€TP B TOYHOCTH PaBHA ] —&
(I/I}\I/I CTPEMHUTCA K ] — E), HHTEPBAA HA3bIBAIOT TOYTHDBIM (I/I}\I/I ACHUMIITOTHYECKH TO‘{HbIM)

JOBEPUTEADHBIM HHTEPBAAOM YPOBHsA JOBEPHUA ] — E&.

[lpexsae 4em paccmaTpuBaTh KaKHe-TO PETyASIpHbIE CHOCOObI MOCTPOEHHS TOYHBIX H
acumnrortuyeckux /I (aoBepurerbHBIX HHTepBaAOB), pasbepeM aABa MpHMepa, MpeAAara-
IOIMX OYeHb Moxoxue crocobbl. /Jlaree mMbl mompobyeM u3BAEUb U3 ITHUX TPHMEPOB HEKO-
TOPYIO OBIIYI0 (PHAOCOPHUIO TIOCTPOEHHSI TOYHBIX M ACUMIITOTHYECKH TOYHDIX ZOBEPUTEAbHbIX
MHTepPBaAOB. HauHeM ¢ HOPMaAbHOrO pacripeiereHHs Kak ¢ HauboAee BazKHOTO M YacTo

BCTPEYAIOILIETOCH.
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IMpumep 23. Ilycts Xj, ..., X;, — Bbl6OpKa 06bEMA TL U3 HOPMAABHOTO PACTIPEZEAE-
nust N o2, rae @ € R — neussectnbiit napamerp, a 0 > 0 ussectno. Tpebyercs moctpoutn

tounntit [/ aas mapamerpa a yposus zosepus 1 — €.
B . :
CIIOMHHM, YTO HOPMAaAbHOE pacIipeieAeHHe YCTOHYHBO MO CYyMMHPOBAHHUIO:

Caoiictro 6. [Iycts &7 umeer HOpmarbHOE pacmpezeneHHe Na] o2» &2 umeer Hop-
07
MaAbHOE paclpefeAeHHe N(12 o2, M 9TH CAydaliHble BeAMYMHbl He3aBHCHMbl. lorza
03

1 = b&1 + c&y + d umeer HopmarbHOE pacnipesereHME C TapaMeTpaMH

En=baj+car+d, Dn = b%0? 4 c?o3.

[ losTomy

n
E Xi uMeeT pacnpeseneHUe Nnayngz,
1

n
E Xi— 1na umeer pacnpesereHue No’ncz,
1

"X —na X—a
Z]\/%G :\/TT

HMEET pacCripeeAeHHue NO)].

X—a

HMEET CTaHZAPTHOE HOPMAAbHOE€ pPaCIIPEJEAEHHE. I_IO

Urak, sermuuna 1 = /M

3aJaHHOMY € € (0,1) Haifizem uucro ¢ > 0 rakoe, uto P(—C <mn< C) =1—c¢.
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Yncro ¢ — kBaHTHAD ypoBHA | — €/2 CTaHZAPTHOTO HOPMAABHOTO PACIIPEAEACHHUS:

P(—c<mn<c)=®dp;(c) — Dpi1(—¢) =
=®@p1(c) = (1 =Dp(c)) =2@p1(c) —1=1—¢,

uan Qo q(c) =1—

Nl

Hanomunanue:

Onpeaerenne 15. Ilyctp pacnpeaerenve F ¢ @yunxumedr pacrnpeaerenus F abcorror-
HO HemnpepbiBHO. UMcAO Tg HasblBaeTCs KBAaHTHABIO YPOBHsI O pacrpezereHHs JF, ecau

F(ts) = 8. Ecan @yuxuus F MoHOTOHHa, KBaHTHAb ONpeAeAseTCs eAHHCTBEHHBIM 06pa3oM.

HMrax, ¢ = T1_ 2, uan —C = T, /p (KBaHTHAM CTAaHZAPTHOrO HOPMAABHOTO PACTIPEEACHHUS ).

e/2 e/2

—C c Y
pI/IC. 7: n]\OTHOCTb CTaH.ZlapTHOI‘O HOpMaJ\bHOFO pacnpeaez\eﬂnﬂ U KBAaHTHAH.
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Paspemus HepaBeHcTBO —C < T] < C OTHOCHTEABHO (l, IOAYYHM TOYHDBIH JOBEPUTEAbHbDIH

HHTEPBAA
X—a
1—e=Pq(—c<n<c)=Pq —c<\/ﬁT<c =

:Pa<X—CG<a<X+CG). (13)

vn vn

Mo:xno moacraButs ¢ = T1 /2t

_ T1_ (0} — T1_ (0)
pa<X_]5/2<a<X_|_1£/2>:]_€'

vn vn

Hrak, uckomblli TOYHbBIH ZOBEPUTEAbHDbIH HHTEPBAaA YPOBHS ZOBEpHS | — € MMeeT BUJ

v T1-e20 - T1—s/20>
X———— X+ — ).
(x-=5 %+ 2

Bonpocei, na xoropnie crout cebe oTBETHTD.
1. Bauem mbr 6paru cummerpuunble kBaHTHAH? | louemMy He 6paTh rpaHHUbl AAS T
Buga P (T./;3 <M < Ty_2./3) = 1—¢? Ms06pasutb 511 kBaHTHAM Ha rpa@uKe IAOTHOCTH.
Kak usmenuroch paccrosuue mexzy kBanTHAAMH? Kak usmenurca aiuna JH?
2. Kaxkoit us asyx JIW oanoro ypoBHst z0Bepusi u pasHOH AAHHBI CA€ZAYET NPEATIOYECTD?
3. Kaxkosa cepeguna nmoryuennoro B npumepe 23 /JIM? Kaxosa ero aauna? Yro npoucxozut

c rpanunamu AW npu n — oo?
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Ilpumep 24. I[lycts Xq, ..., X;y — BbI6OpKa 06beMa Tl U3 ITOKA3aTEABHOTO pacIpeze-
aenns Eq, rae o« > 0. Tpebyercs moctpouth acumnrorndeckuii (aCHMITOTHYECKM TOYHbIH )

AW ars mapamerpa ¢ ypoBHs zoBepus 1 — €.
Benomuum LITTT:

n
Z Xi —n E“X1
1

VvV D“X1

rae CJ\y‘-Iaf”IHaH BEAHYHHA T] UMe€eT CTaHZAapTHOE€ HOPMAAbHOE paCIpEAEAEHHE. 1_[0 OIipeaeAe-

_ i Ve —1/oc

f(ocX—1)=>n,

HMIO cAabOl CXOZUMOCTH, TPH TL — 0O
P“(—c< vn (ocY—]) < c) —Pyl—c<n<c)=1—¢ mpuc=1_/p.
To ects
= (—T]_E/z < \/TT. ((XX— 1) < T]—E/Z) =

1 T 1 1—
:POC<X_\}HE§(2<OC X \FE/)?>_>]_€ npu M — oQ.

Hrax, uckomeiii acumnrorudeckuit AW yposusa aosepus 1 — € umeer Buz

1 Tiep l+’f1—a/z
X ynX X mX)
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Cpopmyaupyem obimuii mpuHLUN noctpoenus tounbix JAH:

. Haiitu gpynxuuio G(X, 0), pacnpeaerenne xoropoit § He 3aBucHT oT mapamerpa 0.

. nych 4YuCAa (1 U (2 — KBAHTHAHU PACIIPEAEAEHHS g TaKHE, 4YTO

. Paspemus nepapencteo g1 < G(X,0) < gy orHocureabno O (ecam 3TO BO3MON-

Heo6xoaumo, uto6ur G (X, 0) 6b10a 06patuma mo O mpu Ato6om GuKcHpoBaHHOM X.

1—e=Po(g1 <G(X,0) <g2).

Ho), moAyuum tounbii /M.

COBCpLLIeHHO AHAAOTHYHO BbITAAAHUT 06I.gl/lﬁ IIPHUHITUII MIOCTPOEHHUS aCUMIITOTHYECKUX AI/I

1. Haiitu ¢ynxuuio G(X, 0), crabo cxoasmyrocs k pacnpeaerenuio G, He 3aBucs-
memy ot mapamerpa 0. Heobxoaumo, urober G(X, 0) 6pira obpatuma mo O mnpu

AI06OM (PUKCHPOBAHHOM X.

2. Ilyerp g1 u g2 — xBaHTHAM pacnpezereHus G Takue, 4TO

Po (g1 < G(X,0) <g2) 2 Pel(gr<n<g2)=1—c¢.

3. Paspemus nepapenctso g1 < G(X,0) < g, ornocuterpno 0, moryunm acummro-

tuueckun JU.
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Bameuanne 13. Yacto B KauectBe g1 m ) 6epyT kBaHTHAM ypoBHsA £/2 u 1 — €/2
pacnipezerenus G. Ho, Boobiue roBopsi, KBaHTHAM cAezyeT BbIOHpPATb TaK, YTOObI HOAYIHTD

Hauboree xoporkui M.

Ilpumep 25. Ilonpobyem, moabsysicb mpUBeZEHHOH BbINle CXEMOH, MOCTPOUTb TOYHbIH

ZOBepPUTEAbHbIH HHTepBaA Aad nmapamerpa 0 > 0 paBHomepHoro Ha [0,20] pacnpeserenus.

X.
Mer sHaem, urto ecan Xi nmeror pacnpegerenne Ug 29, To Yi = 31 — 1 umeror pacmnpe-
aexerne Up 1. Torza Bernunna
max{X X X
Vi = max(¥1, ... Vo) = 2K Xk g A g gx )

0 0

pacrpeieAeHa TaK :Ke, KaK MaKCUMyM M3 Tl He3aBHCHMbBIX PAaBHOMEPHO pacClpeZeAeHHbIX
ma [0, 1] cAyuaiiHbIx BeAMYMH, TO eCThb MMEeT He 3aBHCAIIYI0O OT mapaMeTpa O (QYHKIIHIO
pacrpezeAeHust

0, wy<o
Fy,,,(y) =Pe(n <y)=qy™, yelo,1]
1, y>1.

ZJlAst ATO6BIX MOAOZKUTEABHBIX (1 U (2

Xm)
Po (g1 <G(X,0)<g2)=Pe (g1 <—F——-1<9g2) =

0
Xm) &m)
—Py (2 g < . (14
e(w+1 g1+ 1 (14




OrnaBnexve

44 144 ‘
4 4 ‘
Hactp. ... 3179
Haszan
Bo Becb akpaH

Yitu

Ctp. 88

JlAuHa z0BepUTEAbHOTO HHTEpBaAa paBHA Xy (g2—01 )/((91 +1)(g2+1 )) H yMeHbIIaeTCs
C POCTOM g1 U (2 U C UX CONMKEHHEM.
I Y [0, 1] nl
AOTHOCTDb paclpeAereHHst Y(n) Ha orpeske [0, paBHa TY H MOHOTOHHO BO3-
pacraer. [loaTomy camble 6oabiive 3HadeHHs KBaHTHAEH (] U 2 TIPH CAMOM MaAeHbKOM
PACCTOSIHUU Me:KAY HUMH H IPHU PUKCHPOBAHHOM IAOILIAZH [MOA Pa@UMKOM MAOTHOCTH JOCTH-

raetcsi Bbibopom g2 = 1, a g7 Takoro, utobn 1 — & = Pg(g7 < Y(n) <1).
Pe(g] < Y(Tl-) < 1) :FY(n)“) 7FY(n)(g1) =1 *9?2 1— £, T.e. (g1 = T\L/E

IToacTaBum naiizennnie xantuAu B (14):

_ n _ X(n) Xn

Yupa:knenme. Moxno An, moabsysch cxemoit mpumepa 23, moctpouth Tounbin /I
A O TIPU UBBECTHOM (, €CAH paspeuTb HepaBeHCTBO —C < 1] < C B (13) orHOCHTEAD-
Ho 0? Mozxno npeanorozkuts, Hanpumep, uto X—a > 0. Yem nrox unrepsar 6eckoHeuHoi

arunb? A noayumaca au 'y Bac unrepsaa 6eckonedunoi gAmmbI?

X—a

s ynpasmuenns Buguo, uro gyuxuus G suza \/n He TOAHUTCS JASl TIOCTPOEHHMsI

tounoro /I axa o npu ussecTHOM @, a Tem 6Goaee mpu HeusBecTHOM (. B caeayromeit
rAaBe Mbl 3aiiMemcsi mouckoM noaxoasmux @yukuui. Careayromuit mpumep (xak u npu-
mep 24) nokaswbiBaer, uto LII[TT aaer ynusepcarbubiii Bua ¢ynukuuun G aas nocTpoenus

acumnroruyeckux /M.
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Ilpumep 26. Ilyctp Xq, ..., X;, — Bbibopka obbema M us pacnpeaerenus llyacco-
ma [y, rae A > 0. Tpebyercs moctpouts acumnroTuueckuit W ara mapamerpa A ypopms

zosepusa 1 — €.

Benomuum LITTT:

n
ZXi—nE;\X1 =

X—A
‘ = V===,

vnDaX; VA

rzae 7| UMeeT CTaHZAaPTHOE HOPMAaAbHOE paclipeZleA€HHUe. 1_[0 OIIpEAEAEHHIO crabou CXO0AHUMO~

CTH, IIpH L. — OO

X—A
Pl —c< \/EW <c|—=Prxl—c<n<c)=T1—¢enpu c=Ty_/.
Ho paspemnTs nepaBeHCTBO MoA 3HAKOM BEPOATHOCTH OTHOCHTEABHO A He MPOCTO — IOAyYa-
eTcs KBaZpaTHOE HEPaBEHCTBO M3-3a KOPHsA B 3HaMeHaTeAe. e MCIIOPTHTCSA AM CXOZHMOCTD,
ecan mpr savennm VA ma VX?
o o P
[To cBoiticTBam caaboii cxogumoctu, ecan & — 1 u My = 1, 10 &N = 1. Ouenka

A* = X cocrosiTeAbHa, M0TOMY

Toraa

Xl >
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[TosTomy u

X—A
Pri| —Ti—e2 < ﬁﬁ <Ti_ep2 | 2 PAl-Tiep<n<Tip) =1—¢.

paspemaﬂ HEPABEHCTBO I104 3HAaKOM BEPOATHOCTH OTHOCHTEADBHO A, IMIOAYYHUM

Px X — Tioe/2VX <A< X+ By /Y
A vn Jn

Hrax, uckompiii acumnrorudeckuit AW yposusa aosepus 1 — € umeer Buz

X— T],s/z\/i X+ T],s/z\/i
v vn

— 1 —¢&nmpu N — oco.

Bmecro LIITT aas moctpoenuss acumnroruueckux /I mozknOo ucnoabsosaTb acumim-
ToTHYecku HopmaAbHble onenku (uto mo cytu — Ta ke LI[IT): ecaw 0° — AHO aas
napamerpa 0 ¢ koadpuuuentom 02(0), To

G(X,0) = vn =2

rae T UMeeT CTaHAAPTHOE€ HOPMAAbHOE pacCIpeAeAeHHE.

3ameuanne 14. Ecaun 0(0) B 3namenaTere memaer, To, Kak B mpuMmepe 20, ee MO2KHO
3aMeHMTb cocToaTeAbHOl ouenkon 0(0*). Zocrarouno, urobbr gpyuknua o(0) 6bira Hempe-
pbIBHOH Bo Beel obractu @. Tpebyercss aumb oTBeTuTh cebe: mouemy 0 — cocrosiTerpHas

oreHka aas 0?
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6. pacnpeaeJ\eHnﬂ, CBA3aHHbIE C HOPMAAbHBIM

B npeapiaymei raase mbr moctpourm (B 4YMCAE APYTHX) TOYHBIA JOBEPUTEAbHBIH HH-
TepBaA JAA NapamMeTpa (I HOPMAAbHOTO PacCHpeleAeHHs] IPH H3BECTHOM o2, Jrs aToro mbi

paccMOTpeAr (PYHKLHIO OT BbIOOPKH H HEM3BECTHOro INapamMeTrpa O

G(X,a) = yn X292,

o
HMEIOIIYI0 pU AI060M (. CTaHZAPTHOE HOPMAaAbHOE paclpezeAeHHeE.
Ocranuch HepelmeHHbBIMH CAEAYIONIHE MPOGAEMBI:
2) noctpouts Tounbii AW ars 0 npu msBectHOM a,
3) noctpouts Tounnit [V ars a mpu memssectHOM O,
4) nocrpoutp Tounnbiii AW arxs 0 mpu HemssecTHOM Q.

Kax mb1 y:xe BuzeAn, aas pemenusi 3TuX 3azad TPebyeTcsl OTBICKATb (DYHKIIMH OT BbI-
60pKM U TapaMeTPOB, paclpeZeAeHHe KOTOpbIX 6biA0 6b1 u3BecTHO. |lpu atom B 3azaue (3)

HCKOMasi (QYHKIIMSI He JOA2Ha 3aBHCETb OT HEH3BECTHOTo O, a B 3azaue (4) — or a.

Taxoii oco6bifi HHTEpeC K HOPMAABHOMY pPAaCMpEEACHHIO CBS3aH, Pa3yMeeTcs, C IeH-
TPaAbHOH TIpeZeAbHOH TeopeMOH — Io 6OAbHIOMY CYETy BCe B 3TOM MHpE HOPpMaAbHO (HMAH

6AH3KO K TOMY).

BaﬁMeMCH IIO3TOMY pacCIpeAEA€HUAMH, CBA3aHHbIMU C HOPMAAbHbIM PpaCIIPEAEAEHHEM, UX

CBOHMCTBAaMH U CBOUCTBAaMH BbIGOPOK U3 HOPMAABHOTO PACIIPELEAEHHS.



6.1. Tamma-pacnpegerenne u ero cpoiicTBa

C omnpezereHneM ramMma-pacrpezeAeHHs Mbl MO3HAKOMHAHMCh B KypCe TEOPHH BEPOST-
o | BcrOMHHTB! o o
HOCTEH. HaM HOHaﬂ,O6HTCH CBOHUCTBO YCTOHYHBOCTH II0 CyMMHPOBAHHIO 3TOrO

pacripesieAeHHs,, KOTOPOe 0 CHX MOp ObIAO ZOKA3aHO TOABKO B 4aCTHOM CAy4ae — KOI/a
CIMEIE e He3aBHCHMbIE CAAaraeMble HMEIOT OJHO M TO ke IoKasaTeAbHoe pacrpezerene Eq =g 1.
Ceoiicreo 7. Ilycrs &7, ..., & HesaBucumbl, u &; umeer ramma-pacupegerenne [ o .,

44 144 ‘ iZ],...,TL. Toraa n
p N ‘ Sn = Z &i uMeeT pacnpezeneHMe I‘(X)Z? o

i=1
Hactp. ... 3179

IR ZJloxasaTeAbcTBO CBOHCTBA YCTOMYHMBOCTH IO cyMMupoBaHHIo (cBoHcTBa 7).
5 Bocnoabsyemcs cBolicTBaMu XapaKTepHCTHYECKUX (PYHKIHH. XapaKTepUCTHYECKas (QYHKIIMS
0 BECb 3KpaH

ramma-pacrnpezeAeHHs1 r“‘)\ BbIYHCAEHA HaMH B KypCE€ TEOPHH BEPOSITHOCTEH M paBHA

Lo\ A
i it
@g(t) =Ee™e=(1-—
o«
Yintu
XapakTepucTuyeckasi (yHKIIHsI CyMMbl HE3ABUCHMbIX CAyHalHbIX BEAHYUH €CTb IPOH3BE/e-
HHE XapaKTEPHUCTUYECKUX (DYHKLUHMH CAAraeMbIX:
= = ity N ity X1 N
es, () =[Jee®=]](1-= =(1-—
i1 « %

Ctp. 92 i=1

— X.. pacrpezeieHHs r“,z? A\ - O

1


http://www.nsu.ru/mmf/tvims/chernova/tv/lec/node40.html#gamma
http://www.nsu.ru/mmf/tvims/chernova/tv/lec/node40.html#le10-4
http://www.nsu.ru/mmf/tvims/chernova/tv/lec/node40.html#le10-4
http://www.nsu.ru/mmf/tvims/chernova/tv/end/node8.html#ex15-5
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CBOﬁCTBO 8. EC}\I/I E, HMEET CTAaHJZAPTHOE HOPMAAbHOE pacCIlpeZeA€HHue, TO E,z HMeEeT

raMma-pacrpezereHue |_1/2Y1/2.

JoxasareabctBo. Halizem npoussognyto @yHkuuu pacrnpesereHuss BeAMUHHbI E,z u ybeaum-

Csl, YTO OHA SIBASIETCS TMAOTHOCTbIO pacrtpenerenus. [lpu y < 0
Fe2(y) =P (£2 < y) =0, nostomy 1 mrorroers fy2(y) = 0.
[Tpuy >0
Fe2(y) =P (8% <y) = P (¥ < £ < V) = Fe( V) — Fe(—).

TOI‘,H,a
fer(y) = (Fe )’ = FL/A) - (VE)' — Fh(—v) - (—v)'
1 f 1
= (felyB) + fel~vT) - 7z - 5%3) =

Ho @yukuus g2 (y), pasuas 0 npu y < 0, u paBnas

1 vz U2y

felv) =7 =~ T0/2) €

npu Y > O, sBAsIeTCSE TAOTHOCTBIO ramMa-pacripeserenus [/ 1 /2. O




6.2. Pacnpeaerenne «XH-KBaJpaT» H €ro CBOMCTBa

W3 cpoiictea 7 u croiicta 8 HemocpeaCcTBEHHO CAelyeT yTBEpsAEHHUE:

5 Chreacteue 2. Ecau &7, ..., & HesaBUCHMBI M HUMEIOT CTaHZAPTHOE HOPMAAbHOE
rmaBneHne

pacrpeseAeHHe, TO CAyYalHasi BEAUYHHA

Xe=E83+...+¢&

44 144
J ‘ uMeeT ramma-pacnpezgerenue 72y /.
[

Hactp. ... 3179

Hasag
OnpeaeJ\eHne 16. paCHpeﬂ,eJ\eHI/Ie CYMMbI k KBaJPATOB HE3aBUCHUMbIX CTAaHAAPTHBIX HOP-
Bo Becb akpaH MAaAbHBIX CAYYAaHHbIX BEAHUYHH HA3bIBAIOT pacCIipelEAEHHEM «XH-KBaJpaT» C k crenensimu cBo-

6oap1 u obosuavaror Hy. Corracno caeactsuio 2, pacnpeaerenne Hy cosmazaer c r1/2)k/2.

Yitu

Ha rpaguke nmxe nsobpaxennr maotsoctu pacnpeaerenuss Hy =Ty ,51 /5 mpu k pas-

wom 1, 2, 4 u 8.

Yupa:xknenme. /okasarp, uto mpu K > 2 MakcumyM mAoTHOCTH pacinpegerenus Hy

Crp. 94 nocturaercsi B Touke K — 2.
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1.

H;
Buz nrotHocTH X2 -pacnipesereHns B 3a-

BHCHMOCTH OT YHCAa CTEleHeH CB0OOOZIbI

0 2 6

Mpr gacto 6yaem o6osHauaTh Uepes X% CAy4aliHyI0 BeAMUHHY C pacnpezerenuem Hy.

Paccmotpum cpoiicTsa Xz-pacnpeaeJ\eHuﬂz

Yeroliunsocts mo cymmuposanuio. IlycTb cayuailinas BeAMuMHa Xﬁ HMeeT paclipeze-
aenne Hy, cayuaiinas seamunna X%n umeetr pacrnpeaerenue Hy,, mpudem aTi cayuaiinble

BEAHYHUHDbI HE3aBUCHUMBbI. Tom,a HX CyMMa X% aF XTzn HMEET pacCIipeIeAeHHue Hk+m.

ZJoxasareabctBo. [lyctp &7, &€, ... HesaBHCHMMbI M HMEIOT CTAaHZAPTHOE HOPMAAbHOE

pacripezeAenue. |orza
Xi pacIpesieAeHO Kak E% +...+ &i, X%n pacrpezieAeHO Kak ‘Eiﬂ +...+ &ﬁ+m,

a UX CyMMa — Kak E,% 4+ ...+ aierv T.e. uMeeT pacnpegereHre Hiyim. ]



2. MOMEHTDI pacnpeaeAeHuA XZ. ECJ\PI Xi HMEET pacIipeZeAeHUue Hk, TO
Ext=k u Dyxi=2k

JoxasareabctBo. [lycts &7, &€, ... HesaBHCHMMbI M HMEIOT CTAaHZAPTHOE HOPMAAbHOE

OrnaBnexve T
pacnpezeaeHue. lorza

EeZ=1 D& =E&f—(DEH)’2=3-1=2

« »» ‘ (cm. mpumep 20). Tlostomy

« > Exi=E(&3+...4+&) =k, DxZ=D(&+...+&)=2k. O
Hactp. ... 3179
Hasan CJ\C,ZI,CTBHC 3. EC}\I/I E,], coog E,k HE€3aBHUCHMbl H HMEIOT HOPMAAbBHOE pPaACIIPELEAE~
HHUe Naygz, TO

k 2
Bo Becb akpaH 2 E’i —a
X = Z
< o
i=1

HMeeT Xz-pacnpeaej\em/le Hy ¢ k crenenamu cso6ozpr.

Yitu

Ynpa:knenune. Jloxasarb caeactsue 3.

CTp. 96
ynpa;ﬂHeHue. KaK, [IOAB3YsICb Ta6J\ngﬁ CTaHZAPTHOrO HOPMAAbHOTO pacIpeleAeHHUd,

HAUTH KBaHTHAb 33/laHHOTO YPOBHS A Xz-pacnpeaef\eﬂnﬂ C OIHOH CTemneHbI0 CBO60AbI?
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6.3. Pacnpeaerenne Crpiogenra u ero crolcTBa

Onpeaenenne 17. Ilyctp &g, &1, ..., & He3aBUCHMBI M HMEIOT CTaHZAPTHOE HOPMAAbHOE

pacnpesenenue. PacnpesereHne cAydalHOH BeAHYHHBDI

&o &o

S 1 - 2
\/k(£%+...+£ﬁ) Xic
k

Ha3bIBAIOT pacrpeeAeHUeM Crpiozenta ¢ k cremenssmMu cBo60zbl U 0603HAYAIOT Tk.

nJ\OTHOCTb pacrpeaereHHus1 CTbI-OLLeHTa II0 CPAaBHEHUIO

C MAOTHOCTbIO CTaHZAPTHOTO HOPMAAbHOI'O pacrHpejeAeHus

e

a3rAAZETb KaK CAe CT!
l_[}\OTHOCTb pacrpeseAeHuA CTbI-Oﬂ,CHTa C k CTEIIEHsIMHU CBOﬁOﬂ,bI paBHa ‘p i 2y I

rk+1/2) (1, v\
] T+ : (15)

MbI HE€ CTaHEM BbBIBOAHUTDL 3Ty q)OpMy}\y, IPEANOKHUB YHTATEAIO~-MATEMATHKY AHOO BBIBECTH

frly) =

ee CaMOCTOSTEAbHO, AH60 IOCMOTPeTh BbiBoZ B [ , m.6-7 §2 raasmr 2].



Caoiictpa pacnpezerenus CrbrogenTa:

1. Cummerpuunocts. Ecau cayuaiinas seamunna ty umeer pacnpeaerenue Crprozenta

Tk Cc k. CTElNNEeHAMH CBO6OZ[,bI, TO H —tk HMEET TaKO€ K€ pacClipeEeAE€HHUE.

Yupaxnenne. 0Ka3aThb.
Ornaenexve p ﬂ'

2.  Acumnrorudeckas HopMmaibHOCTh. Pacnpegerenne Crbiogenta Ty caabo cxoguTes K

CTaHZAPTHOMY HOPMAAbHOMY PAaCIpeZEAEHHIO TP K — 00.

44 > ‘
JoxasareabctBo. [lyctb &g, &1, ..., &) HE3aBHCUMBI H UMEIOT CTaHZAPTHOE HOPMAAbHOE

< > ‘ pacnpeseneHue. orza E E,% =1, u mo 3b4
2 2 2
Ha crp. . +... 4+
% &:Mi}]npn k — oo.
k k

Torza u
0

3
t = ;
\/k(a%+...+aﬁ)

OTKyZa CA€AYET U cAabast CXOAUMOCTDb ITOCAE€ZLOBATEADHOCTH CAy‘{aﬁHbIX BEAHYHUH tk C

P
— EvO)

Yt pacnipeserenneM Crblozenta k &p, uMMelome#d CTaHZApTHOE HOPMAAbHOE paclpeeAcHHE.
To ects Ty = No 1. ]
3. Pacnpeaerenne CrplogeHTa ¢ 0ZHOH CTemeHbi0 cBOGOZBI €CTb CTAHZAPTHOE paclipeje-

renne Komu.
CTp. 98
Ynpaxnenne. Kax noryuuts cayuaiinyro Beauunny c pacnpegerenuem Komu, umes ase

HE€3aBHCHMbIE€ CTaHZAPTHbIE HOPMAaAbHbIE CJ\y‘-I&ﬁHbIC Be]\I/I‘{HHbI?
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Jlokasateabctso. [loactasum k = 1 B maotnocts (15), mcmoavsys I'(1/2) = /7T u

I'(1) = 1, u noAy4um mAoTHOCTb pacipesereHus Kormmu:
] 2 _1
iy == (1+v’) . O

4. Y pacnpegerenns CrbrogeHTa CyIIeCTBYIOT TOABKO MOMEHTHI mopsizka M < K, u He
CyIIecTBYIOT MOMeHTbI mopsaka M > K. [lpu sTom Bce cymecTsyromue MoMeHTbI HeueT-

HOTO IIOPpAZKa pPpaBHbI HYAIO.

Yupa:xnenne. [locmorpers ma maornocts (15) u y6eautbes B cXoAMMOCTH MAM pacxo-
ZAUMOCTH Ha 6ECKOHEYHOCTH IPH COOTBETCTBYIOIIMX 1Tl MHTErpaioB

(0¢]

1
m
C(k) : ’y‘ : (k_l_yz)(k_l_])/z dy

—00

OTMCTI/IM, 4YTO U paclpesaereHHe Xz, H paclipesieAeHue CTb}Oﬂ,CHTa Taﬁy}\I/IpOBaHbI, TaK
4YTO €CAH B KaKHX~TO JOBEPHTEADHDBIX HHTEPBAAAX MOABATCA KBAHTHAH 3THUX pacr[pezl,e}\eHHﬁ,

TO MbI Haﬁl{,eM HUX I10 Ta6}mge.

Chreaymee pacnpezeneHHe TOZ€ TECHO CBSI3aHO C HOPMAAbHBIM pacpeseAeHHEM, HO
IIOHaZOOUTCST HaM He IMPH IIOCTPOEHHs JOBEPUTEAbBHDBIX HHTEPBAAOB, a 4YyTb I032Ke — B
3aZayax MPOBEPKU TUIIOTE3. |am :ke Mbl TOHMEM, MOYEMy ero HasbIBalOT YacTO pacrpe-
JeAeHHEeM JMCIIepCHOHHOTO OTHOIIEHHsA. | IpusblBaeM MaTeMaTHKOB CPaBHHTDb OINpeZeAeHHE
[, m6 §2 ra.2] c Hammm ompesereHHEM H YHeCTb, 4TO B CTAaTHCTHYECKHX TabAHIIAX BCe-

raa Tabyampyerca pacnpeaerenue (Dumiepa B Tom Buze, Kak Mbl ero ceidac OMPeZEAHM.
‘q'ro 6bINO paHble - KypHULIA HAH ﬂﬁgo?l
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6.4. Pacnpeaerenne Pumepa

Onpeaerenne 18. [lyctp Xﬁ uMeeT pacnpeaerenne Hy, a X%n — pacnpegeresue Hqp,

IIPUYEM 3TH C]\y‘{&ﬁHbIC BEAUYHUHDbI HE3aBHUCHMBbI. pacnpeaeAeHne CAy‘IaﬁHOﬁ BEAHWYHHDbI

2

— Xi/),  m-xE
km = —3 )
Xm/m Xim

HasbiBatoT pacnpegerennem Dumepa ¢ K, M crenensmu cBo6oab u o6osHavarr Fy m.

CsoiictBa pacnpezerenuss Mumepa (uan Mumepa — Crezexopa):

1. Ecan hy iy umeer pacnpeserenne Mumepa Fi m, 1o 1/hy m umeer pacnpeserenne

Mumepa Fop x.

2. Pacnpeaerenne Mumrepa Fk,m cAab0 CXOAMTCS K BbIPOZKAEHHOMY B TOYKe | pacripe-

JAEAEHHIO I] IIpu AO60OM CTPEMAEHHUH k. U M K 6eCKOHEYHOCTH.

JoxasareabctBo. Y6eautech mo 3DbY, uro Abas mocaeZoBaTEABHOCTb CAyYaHHBIX Be-
AuyHH hy m, pacipezereHHe KOTOPOH COBIAZaeT C pacrpefeAeHHeM OTHOILUEHMs JABYX
CPEAHHUX apH(PMETHIECKHUX
B+ & onit..4nh
k m ’
cxoautca K | mo BepoATHocTH mpu K — 00, M — oo. Baecb &7, &,
U 11, 72, ... — He3aBHCHMble MOCAEIOBATEABHOCTH, COCTaBAEHHblE M3 HE3aBHCHMbIX

CAY4YaHHbIX BEAHYHH CO CTaHZAPTHbIM HOPMAAbHBIM PACIPEAEAECHHEM. O
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6.5. Ilpeo6pasosanua HopmarbHbIX BbI6OPOK

[Myerse X = (Xj,...,Xn) — Boibopka us Np 1 (Habop HesaBuCHMDBIX M OAHHaKOBO

pacrpezereHHbIX BeanunH). [lyets C — oproronaibmas matpuma (1L X 1), T.e.

1 0
CCT=t= -,
0o 1

— . — n .. .
uY = C-X — Bexrop ¢ kKoopaunatamu Y; = 2511 CyX;.

Kakoe pacnpezesenne umeror koopauHathl BekTopa Y? 3aBucumbl Au oHH? T06bI OT-
BETHTb Ha STOT BOMPOC, BBIACHHM, KaK H3MEHHMTCS MAOTHOCTb paclpefeAeHHs BEKTOpa MOCAE

YMHO2KE€HHsI €r0 Ha IPOU3BOAbHYIO HEBDbIPOKAEHHYIO MaTpPHULY.

IIpeaeAeHuA E,I

fee(y) =le| ™ - fe (7" -y).

MOTyT AOKa3aTb €ro CaMOCTOSITEABHO.

u C — uesbipomzaennas matpuna. lorza Bektop Y = C - X uMeeT mAOTHOCTb pacripezeAeHHst

fy(y) = fex(y) = [det C| ' - fx (C'-y). (16)

Bcnomuum, kak HaHTH MAOTHOCTb paclpeeAeH s CAyYaHHOW BeAMYHHBI C - & MO MAOTHOCTH pac-

[Tosepum, 6es zokasaTeAbCTBa, aHAAOTHYHOMY YTBED:K/JEHHIO B MHOTOMEPHOM CAydae. le, KTo

3HAKOM C 3aMEHOH IEPEMEHHBIX B MHOTOMEPHOM HHTErpare W He GOHUTCS TepMUHA «sIKOGHaH»,

I/IBMCHCHHC INAOTHOCTH COBMECTHOI'O pacnpeneA€Husi npu AHHEHHOM npeoﬁpasosal—mn BEKTOPaA.

[Tyctp cayuaiiubiii Bektop X mMeer mAoTHOCTb pacmpezerenus Tx(Yi,...,Yn) = Tx(y),
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AOK&)KCM CaMoO€ yAUBUTEADHOE CBOMCTBO HOPMAAbHOTO pacIpeLEeACHUS.

Croiicteo 9. Tlyctp BekTop X COCTOMT M3 He3aBHCHMBIX CAyYaHHBIX BEAHYHH CO CTaH-
ZapTHbIM HOpMaAbHbIM pacnpezerenuem, C — oproronaipnas matpuma, u Y = C - X,
Toraa u xoopaunatel BexTopa Y HE3aBUCHMbBI U HMEIOT CTaHZApTHOE HOPMAAbHOE pacripe-

JeAEeHHE.

ZJloxasaTeAbcTBO. BamuiieM MAOTHOCTb COBMECTHOTO paclpeieAeHHs] KOOpAMHAT BeKTopa X.
B cuay HesaBucuMocTH 3TO ecTh NpousBezeHME MAOTHOCTEH KOOpAMHAT BekTopa (To ke

camoe, 4TO (PyHKIIHS MPaBAONOA0OUs):
n 1 _

fx(1,...,un) = [ [ fx. (i) = 22

i=1

1
T 1 3P

= 22 2

SIE

2
Baech aas npousBoabHOro BekTOpa Y KBagpar Hopwmbl ||Y||” ectp
n
2 _ 2 _ .. T
ll*=) vi=vy"-v.
i=1
[Toabsysce (16), Bbrumcaum maotHocTb pacmpeaerenus Bextopa Y = C - X. Marpuma C

oproronaabta, nostomy C ' = CT u det C = 1.

1 2
1 —3lcTyl

o) = fx (€7 v) = e
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Ho YMHO:KEHHE Ha OPTOrOHAAbHYIO MaTPHILy HE MEHSIET HOPMY BEKTOpa. ﬂeﬁCTBHTeAbHO,
2
1Tyl ="y (CT-y=w"-0O)-(CT-y=y"-E-y=yl> a7

OKOH‘{aTe]\bHO HMeeM
1 2 1
1 —2lvll 1 S PREY

fY(U):We :fx(y)zwe

I/ITaK, BEKTOP Y paclripeseAeH TaK 2K€, KaK H BEKTOP X, T.€. COCTOHUT H3 HE3aBUCHMDbIX

CJ\y‘{&ﬁHbIX BEAUYHH CO CTAHZAPTHBIM HOPMAAbBHBIM pacClpPEeAEACHUEM. D

ynpamx—leﬂue. BCHOMHHTb OInpeAeA€HUE HE3aBHCHUMOCTH cz\yqaﬁHbe BEAHYHH C abco-
AIOTHO HEIIPEPDbIBHbIM pPacCIIpeAEA€HUEM B TEPMHUHaX IIAOTHOCTEH. LITO MOKHO CKa3aTb IIPpO
HE3aBHCHMOCTDb H IIPO pacClpeAeA€HHE KOOPAHHAT BEKTOPA, €CAH COBMECTHasA IIAOTHOCTb pac-

IIPpEAEAEHUA KOOPAHWHAT BEKTOPA PaBHA

._ n 1 — )
kS | oo

Yupa:xnenne. [lyctp & u 1) HesaBHCHMBI 1 MMEIOT CTaHZAPTHOE HOPMAABHOE PaCIIPEZE-
AeHMe. 3aBHCHUMbI AH CAy4YalHble BEAMYHHbI % (E—m) u \% (£4+m)? Kaxoe pacnpezerenme

umeroT? SIBAseTcs AM OPTOrOHaAbHOH MaTpHIIa

V2

V2
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ars aoboro kK =1,... ,n—1
n
T(X) :ZX%—Y%—...—Y% He 3aBHCHT OT Y7,..., Yk
i=1

H UMEET Xz-pacnpeaeJ\eHne HT‘L*k cn— k. CTElNIEHAMHU CB06OZI,bI.

Aemma Mumepa. [lyctp Bektop X cocTOUT U3 He3aBUCHMBIX CAyYaHHbIX BEAUYHH CO CTaH-

JapTHBIM HOpMaAbHbIM pacnpegeieHueM, C — oproronaabnas matpuua, 1 Y = C-X. Torza

Joxasareabctso. Kak mbr Bugeau B (17), nopmbr Bekropos X u Y = C - X coBnazaior:

n n
2 2
D XE=IXI*=lc-X|* =) Y.
i=1

i=1

[TosTomy
n n
TX)=) XF—Yi—...—V2=) YI-Y{— . —-V=Yl,+.. . +Yi
=l i=1
Cayuaiinble BeAuuuHbl Y7, ..., Yn 10 cBOHCTBY 9 HesaBHCHMBI M HMEIOT CTaHAAPTHOE

HOpMaAbHOe pacrpezeAeHue, mostomy 1 (X) = YIEH +... —|—Y121 umeet pacripeaerenue Hy j

U He 3aBUCHT OT Y71,..., Yi. O



Bropoii u TpeTuit myHKTBI cAeAyIOMIEro yTBEPKAEHHs BbITAAAAT HENPaBAONoA06HO, 0CO-

60EHHO €CAM BCIIOMHHTb O0O3HAYEHHS:

OrnaBnexve =1 =1

OCHOBHOC CAE€ACTBHE AEMMbI q)nmepa. EC]\I/I X‘| s oo ey Xk HE€3aBHCHUMbI U UMEIOT HOPMAAb~

HOe pacrpeaeAeHHe Nacz’ TO
<« > ‘ ’
X—a
< S ‘ 1) \/?L —— HMeeT CTaHZapTHOe HOPMAaAbHOE pacCIIpelleACHHE;
(0
—\2
Hactp. ... u3 179 (n — 1 ) S% n (Xl - X) 5
2) — s = E ———5  HMeeT X~ -pacmnpegeaeHue ¢ N — 1 crenennio CcBO0OObI;
o . (0
Hasag i=1 .
3) CAy‘{aﬁHbIe BeAHMYHHDbI X H S(z) HEe3aBUCHUMBbI.
Bo Becb akpaH

Bsrasuure: Bompeku onpegerenuio 16 pacnpegerenuss Hy_1, Beanunna (n — 1)3(2)/02

Yitu
=‘ — CyMMa HE€ n—1, a Tl caaraeMblXx, IIPpUYEM 3TH CAara€émMbl€ 3aBHCHMDbI H3-3a IIPUCYTCTBHUA

B kaxzaom X. K Tomy e OoHHM XOTb M OZMHAKOBO paclpeieAeHbl, HO HX paclipeJeAeHHe
|a kaxoed pasbickats! |

— He NOJ.

Gy 08 Hazeemcs, uyto BHHMaTeAbHBIH 4HMTaTeAb, MOMHSA, YTO B HEBDbIPOKAEHHOM CAy4Yae BEAU-
TP.

ypnbl & u & + 1] Bceraa 3aBUCHMBI, M BHJS, KaK B BbIDA:KEHHM JAS S% sIBHBIM 00pasom

y4acTByeT X, NPUZET B HENOJAJLEAbHBIH BOCTOPT OT HE3aBUCHMOCTHU X un S(z).
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OTrmerum 6€3 A0Ka3aTeAbCTBA, YTO HE3ABUCHMOCTb X H S% — CBOHUCTBO, XapaKTEPHOE TOABKO
A HOPMAABHOTO PAaclipeZieAeHHsl. |O04YHO TaK ke KaK M CIIOCOGHOCTb COXPAHSATh HE3aBHCHMOCTb
KOOPZAHMHAT TIOCAE YMHOKEHHsl Ha OPTOTOHAAbHYI0 MaTpuily. |logpo6Hee 06 5TOM MOZHO TPOYECTb

B 3ameuaTerbHon kuure B. Meanepa [2, 1. 2, ra. III, § 4].

AOKaBaTeJ\bCTBO OCHOBHOTI'O CAE€ACTBHSA AEMMBbI CDmuepa.

OKa3aTb, YTO O4YE€BH HO!
1. OueBuano. & 2 anol]

2. nOKa?KeM CHa4vaAa, YTO MOzKHO pacCMaTpPHBATb BbI60pKy H3 CTAaHZAapPTHOI'O HOPMAAbHOIO

pacnpeaerenus Bmecto N o2t

2 n = 2 n

" _
(n—1)S8% Xi—X\" Xi—a X-—a) 5
T_Z o _Z o o _Z(Zi_z)’

i=1 i=1 i=1
Xi—a _ X—a
rae Zi = T HUMEIT CTaHZAPTHOE HOPMAAbHOE€ pacCIIpEJEeA€HHUE, U zZ = T

T. €. MOXKHO C CaMOro Ha4YaAa CHHUTaTb, 4YTO Xi HMEKT CTaHAZAaPTHOE HOPMAAbHOE pacIlipe~

ZeAeHHe, U ZI0Ka3blBaTh MyHKT 2 caeactsus mpu d = 0, o2 =1.
[Tpumenum remmy (Dumrepa.

n

T =(n-153=Y (—X) =Y ¥ -n(X2P=) -2
i=1 i=1

i=1
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Mb1 o603HaunAN yepes Y] BeAHUHHY

- X X
Yi=ynX=2L4 42%
W W
Yrobbr npumenutb remmy (Dumepa, ny:xkHo HaliTu oproronaipHyio Matpuuy C Takyio,

uto Y] — mepsas koopaunara sekropa Y = C-X. Bosbmem matpuny C c nepsofi ctpokoit

1
——,...,— |. Tak xak aaruna (HOopMa) 3TOro BEKTOpa — eAHHHUIIA, €r0 MOZKHO
s Um

n
JAOIIOAHUTDb 0 OPTOHOPMAAbBHOTI'O 6asuca B R (HHa‘{e — 3TOT CTO]\6eg MO2KHO AOIIOAHHTD

110 opTOroHaAbHO# Matpuubl). lorza Y7 = /1 X u 6yaer neppoii koopaHHaTO# BeKTOpa

Y=C-X

i |
Ocraroch npumenutb remmy (Dumepa. | nenpemento caenaiite ool |

3. Us remmpr Mumepa cpasy caeayer, aro T(X) = (n—1)S2 = ZI;] X%—Y% HEe 3aBHCHT
or Y1 =n X, 1o ectp X m S% HEe3aBHUCHMBI.

O

O‘{epem—loe CAE€ACTBHE H3 AEMMbI CDuLuepa HAaKOHE€L] IO3BOAHUT HaM CTPOHUTb ZAOBEPH-
TEAbHbIE HHTEPBAAbI AAA IIaPaMETPOB HOPMAABHOTI'O PaCIIPEAEAE€HHSA — TO, paZHl Y€ro Mbl H
JAOKa3aAH YK€ TaK MHOI'O yTBep)K.ZI,eHPIﬁ. B KazKZOM ITYHKTE YKa3aHO, AAA KaKOro ImapaMeTpa

MbI IIOCTPOHUM AOBepHTeAbeIﬁ HHTEPBAA C IIOMOIUbIO AAHHOTO YTBEPKACHHUSA.
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CAeachue OCHOBHOI'O CA€ACTBHA A€MMbI mnmepa.

1) @

HMeeT CTaHJZAPTHOE HOPMAAbHOE paclpezieAeHHe (Aas A npu O UBBECTHOM);

X3 2
——— | wumeer pacnpegerenne Hy, (ars 0% mpu a ussectHoMm);

2y

i=1

= 5 O Lmeer pacnipezerenne Hy_1 (arn 0% npu a menssectHom);
(0}

3) .

n
1=

(=)
(o)
2 2
Xi*X (n—])S
1 (0

X — R =
z(l:‘/ﬁ s(l

4) Vn

HMeeT pacrpegerenue |1 (ars @ npu O HewsBecTHOM).

ZJlokasaTeAbCTBO CAeACTBHS.
1) u 3) — us remmbr MDumepa, 2) — us caeacteus 3. Ocraroch BOCIOAB30BAaTbCA AeMMOH

Mumepa u onpegerennem 17 pacnpeaerenus Crbrogenta, uTobbr gokasaTb 4).

\/ﬁﬂ _ ﬁ@ % 1 _ & .
No,1 02 n-—1 n—1

———

. mesasuc. H. 1

ITo ompeaerenuio 17, takoe oTHomenue umeer pacnpeaerenve CrbrogenTa 1. O
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6.6. Tounnie IU ara napamerpor HopMarbHOrO pacnpeieAeHHs

1. Jlxa a npu ussectHoM O2. DTOT HHTepBaA MbI yie MOCTPOMAH B TpuMepe 23:

— T1_ (o) — T1_ (o)
Poo2 <X—1 2 a< X4

vn vn

2. Aaa o2 npu ussectHoMm d. [lo m. 2 caeacTus,

> =1- £, rae (Doy](’ﬁ,g/z) =1- 8/2.

ns? 1 —

—21 umeet pacripeserenne Hpn, rae S% = — E (Xy— a)z.
o n
i=1

[lyerp g1 = Xﬁ,s/z gy = Xﬁ,ps/z — KBaHTHAM pacnpezerenuss Hy yposus €/2
ul—e¢/2. Torna

ns? ns? ns?
1—e=P <1< =P Sl L,
€ a,o? <91 = 92> a,o0? ( 92 Y 91

3. Jasn 02 npu neussectnom a. Io m. 3 caeacrsus,

(n—1 )S(z)

T o -
2 L 2
) umeet pacnpegerenue Hn_1, rae S§= —— Z(X1 X)“.

i=1

[Iycts g1 = Xﬁ_]‘a/z ugo— Xi_m_s/z — xBaHTUAH pacnpeaerenuss H,, 1 yposus €/2
ul—¢/2. Toraa

_] 2 _1 2 _] 2
o= (1< PR <)y (1 2 InDSE)
, o ’ 92 g1

Ynpa:knenne. Haiitu 17 otanuuii n. 3 or n. 2.
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4. /[aa a npu HeussectHom 0. Ilo m. 4 caeacTus,

X —
VRe—=

n
T $= )
HMeeT pacnpegereHue |n_1, rae 59— ——
So n— i

[lycts a1 = th1epmay =1ty 171 ¢/2 — KBaHTHAH pacHpeAeAreHHsT Th_1 ypoBus /2

Hu 1 — 8/2 pacnpeﬂ,eAeHne CTb}OZ[,eHTa CHMMETPHYHO, ITO3TOMYy (A1 = —d). TOl"ZLa

X—a
1—e=Pgo | —th11-e2< \/HTO <thti-e2] =

- tno11-¢/250 -  tn11-¢/25
=P <X—“\/T{<a<x+“\/ﬁs).

Ynpa:knenne. Cpasuuts n. 4 ¢ . 1.

Bameuanne 15. /M, noayuennnie B n. 2 u 3, BoirasasT ctpanHo mo cpaBHenuio ¢ M wus
n. 1 u 4: ouu cozepxar T B UHMCAHTeAe, a He B 3HaMeHaTeAe. Ho ecAM KBaHTMAH HOPMAaAbHOTO
pacrpezeAeHHs OT TL He 3aBHCAT BOBCE, KBaHTHAM pacripesereHusi CTbiozeHTa aCHMIITOTHHYECKH He
3aBUCAT OT M 110 cBolicTBY 15y = No 1, To kBaHTHAK pacnipeserenns Hy, saBucsT ot N cymectseHHo.

JedictBurerpno, mycts g = (M) Takoso, uTO F’()(Tz1 < @) = 0 mpu Bcex M, B TOM uHCAe U
—Mn

V2n

— KBaHTHAb CTaHJAPTHOTO HOPMaAbHOTO pachpezaerenus. B camom zere: mo LIITT ¢ pocrom n

npy N — oQ. Toraa mocaezopaTerbHOCTD g(n) TaKoOBa, 4YTO — Ty npu M. — OO, rae Ty

g—
P(x3<g)= Z£2<g P<r <\/7)—)(D071(T5)_5.
[ostomy kBanTHAD ypoBHs O pacmpeaerenust Hy, Beaer cebs xak g = g(n) = n+715v2n+o(y/n).
Ynpaxnenne. [logcrasuts B rpanunsr W us nm. 2 u 3 acumnroTnyeckue BblpaieHHs A

KBaHTHAEH U BbIACHUTDb, KaK BE€AET cebst AAUHaA 3THUX AI/I C pocToMm M.



OrnaBnexve

44 144 ‘
4 4 ‘
Hactp. ... 3179
Haszan
Bo Becb akpaH

Yitu

Crp. 111

6.7. Bonpoco! u ynpaxxuenns

1. Beruuunnr &7 u &, HesaBucumbl u umeror HopmarbHoe pacripeaerenue N (0, 16). Hairu k, mpu

kotopoM BeAauuunbl &1 — 3&) u k&7 + &, mesaBucumbl. MoxHo ucrnoabsoBath cBoiicTBo 9.

Joxasatp, uTo aAA BeAmunubl X2 ¢ pacnpezerennem Hy, cripasegausa ammpokcumanus (Dumepa:

\/ﬁ—\/zzéNo,h

H BbIBECTHU OTCHOZA, YTO IIPH 6OABIIHX TL AAAA BbIYHCAEHHUA KBaHTHAEH pacrpeaeAeHHusa Hn MOZ2KHO

IIOAB30BATbCsA aHHpOKCI/IMagI/Ieﬁ
Hn(x) =P (Xi <x)=P <\/2xf1— \/2n < V2x — \/2n> ~ g 1 (\/2>X— \/Zn) :

Yxasanue. Jlomuomutb u nozeruts Ha compsizkennoe u BocrnoabsoBarbest LITTT u 3BY Bmecre
CO CBOHCTBaMH IPOU3BEAEHHsl CAab6O CXOAALIEHCS M CXOAAIIEHCS 10 BEPOSTHOCTH K IOCTOSIHHOH

MOCA€Z0BAaTEABHOCTEH.
H3z06pasutb kBantuAu yposusa €/2 u 1 —¢/2 na rpaguxe mrotHoctH pacnpeaerenus Hy u T, 1.

BbI‘-II/ICJ\PlTb, 3HasA pacClipeaereHue (Tl*])S%/O‘Z H IIOAb3YsICb H3BECTHbIM MAaTEMATHYECKHM OxKH~
JaHUEM H Aucnepcueﬁ pacrpemeAeHust XZ, MaTE€MaTHYE€CKOE€ OxKHZAAHHE U AUCIIEPCHIO AAHHDI AI/I

AAS ZMCTIEPCHH HOPMAAbHOIO paclpejeAeHHs MPH HEU3BECTHOM CpPeJHeM.
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7. Ilposepxa runores

Ecau Bo3sMOKHO BBIZBHHYTb HECKOABKO B3aHMOHMCKAIOYAIONINX «TUIIOTE3» O PACIIPEEAe-
HHMH 3AeMEHTOB BbIGOPKH, TO BOSHHMKAET 3azaya BbI60pa OJHOH M3 3THX THIIOTE3 Ha OCHOBA-
HMH BbIGOPOYHBIX ZaHHBIX. Kak mpaBuAo, 1Mo BbIGOpKE KOHEYHOro obbema 6e30IIM6OYHbIX
BbIBOZIOB O PACIIPE/IEAEHUH CJEAAHO ObITb HE MOMKET, MOITOMY IMPHXOAUTCS CYMTAThCS C
BO3MOKHOCTDBIO BbIOPAaTbh HEBEPHYIO THIIOTESY.

[Tyctp gama Bmi6opka X = (X7,...,Xn) us pacnpezerenns F. Ecau me orosopeno
IPOTHBHOE, CYMTAETCA, YTO BCE HAOAIOZEHHA HMMEIOT OZHO M TO 2Ke pacipegeieHHe. B
psiZie CAyHaeB 3TO MPEATIONOKEHHEe TaKie Hy:JaeTcs B npoBepke (cM., Hampumep, HUze:
rUMoTe3a 06 OZHOPOAHOCTH HAM THIIOTE3a O CAy4aHHOCTH) — B TAaKHX CAydYasX OZHHAKOBAas
pacIpeze \eHHOCTb HabAIOZEHHA He IIpearioAaraeTcs. 1o 2Ke KacaeTcsi M He3aBHCHMOCTH

HaOAIOZEHHH.

Onpeaerenne 19. Tunoresoit (H) masbiBaeTcsa Alo6oe Mpeanoro:keHHE O paclpeieAeHHH

HaOAIOZEHUH:

H:{ff:gﬁ} HAHU H:{QFE{@“}}.

['umoresa H HasbiBaeTca mnpocToit, ecAM OHa OZHO3HAYHO OIpeJeAseT pacHpeieAeHHE,
T.e. H = {Tf = 3"1}. HMuaue H wnasbiBaetcsa caoxuoi rumoresoi. ChroxHas rumoresa

A
IIPEATIOAATAET, YTO PACIIPELEAEHHE 97 — OZHO U3 HEKOTOPOI'O MHOZKECTBaA PACIPEAEAEHHH {3:}

EC]\H rUrnoTes BCEro AB€, TO OAHY H3 HHUX IIPDHHSATO Ha3bIBaTb OCHOBHO;I, a Jpyryro

— aJ\bTepHaTI/IBOﬁ HAH OTKAOHEHHEM OT OCHOBHO;I THUIIOTE3bI.
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Hpnmep 27 (Tﬂﬂﬂ‘lﬂble IIOCTAaHOBKH 33;[3‘-[).

1.

Boi6op us Heckoabkux mpocTbix rumotes: Hj 2{3'“ =% }, ceey HkZ{l}'~ = ?k} (u apyrue npearo-

AO2KEHMS] HEBO3MOZXKHDI).

[lpocTtas ocHoBHasi rumoTesa M CAOKHAs aAbTepHATHBA: H1:{? = 55 }, HZZ{f}' #+ F }
Hanpumep, H]Z{ff =Uop 1 }, sz{ff # Uo 1 }

Eie Bapuant: gana BbiGopka us cemeficta pacnpegerenuit By, rae 0 < p < 1/2. Tlpocras runoresa
H1:{‘p = 1/2}. ChrozxHasgs OZHOCTOPOHHSSI aAbTepPHATHBA HZZ{p < 1/2}. Caywait p > 1/2

HCKAIOYEH aIlIpHOPH.

ChoxHas OCHOBHasi THIIOTE3a M CAOXHas aAbTepHaTHBa: Hj :{ff € {9\7}}, HZZ{fT ¢ {g'“}}
Hanpumep, runoresa o mopmarbuoctan H; Z{ff €{Ngos2,a€R 0> O}} HZZ{H1 HeBepHa}.

['unoTesa ogHopoaHOCTH. BaZaHbl HECKOABKO BBIGOPOK:

(X11,.-,Xin,) us pacnpeaerenns Fi, eee, (Xk1,--+,Xkn,) us pacnpegerenns Fy.
[lposepsiercst rumotesa H1:{5"1 = ... = ?k} — CAO2KHasg THIIOTe3a — MPOTHB (CAOXKHOH) aAb-

TepHATUBBI HZZ{H1 HeBepHa}.

['unoresa mesaBucumoctu. Habarozaerca mapa caywaiinbix Beamuun (€,1]).
['lo BeI60pKE ((X] Y1), ., (X, Yn)) U3 T\ He3aBUCHMbIX HabGAIZEeHHH Haa mapon (&, 1)) mposepsercs

THUIIOTE3a H] :{(Z_, uTm HeBaBI/lCl/IMbI} — CAO2KHasi THIIOTE€3a — IIPOTHB (CAO)KHOﬁ) AAbTEPHATHBDI

HZZ{H] HeBepHa}.

[unoresa caywaiinoctu. B skcnepumenTe HaGaozatoTcs T caydaiiubix BeamuuH (&71,...,&n).
[lo Boi6opre X7, ..., X;,, B KOTOpOoH Kaxzasi CAydaliHasi BeAMYMHa MpPEACTaBA€HA OJHHM 3HaueHH-
eM, npoBepsieTcsa runoresa Hj :{5,1 y+++,En HE3aBHCHMbBI H OZHMHAKOBO pacnpeae}xeﬂm} — CcAO2sHas

runoTesa — MPOTHB (CAOKHOH) aAbTepHATHBbI HZZ{H1 HeBepHa}.

STy 3aZa4y CTaBsAT, HAIIpDUMEP, €CAH Tpe6yeTCﬂ IIPOBEPUTb KA4Y€CTBO ZaT4YHKa C}\y‘{aﬁHbIX YHCEA.
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Onpeaerenne 20. Ecau umerorcs runoresnt Hy, ..., Hy, To xpurepuem (uepanzommsu-

poBaHHbIM kpuTepueMm) O = &(Xq, ..., X;) HasbiBaeTca oTobpazieHHE

6:]Rn—>{H],...,Hk}.

O paHZOMH3UPOBAHHDIX KPUTEPUSX, KOTOPbIE MPEAMHCHIBAIOT MPUHUMATb KaKAyi0 THIIO-

Tesy ¢ HEKOTOpPoH (3aBHCsIEH OT BHIGOPKH) BEPOSTHOCTHIO, Mbl IIOTOBOPHM IMO3ZHEE.

Onpegerenne 21. /rs sagzaunoro kpurepus d : R™ — {H1, ..., Hy} 6yaem rosoputs, uro
npousomAa ommbka 1-ro poza, ecAu Tumoresa Hi oTBeprHyTa KpuTepueMm, B TO BpeMs Kak

oHa BepHa. BeposTHOCTbIO omubku 1-To poga KpuTepus O HasbiBaeTcs

oi(0) = Py, (8(X) # Hy).

Bameuanue 16. ['oops «H; Bepma» u Bprumcass Py, (+), mpr umeem B BuAy, uTO pacmpezeieHue Bbi-
60pKH UMEHHO TaKOe, KaK MpezAroAaraeT rumnoresa Hi, ¥ BbIYHCASIEM BEPOATHOCTb B COOTBETCTBHH C STHM
pacnpegereHueM. Ecau runoresa Hi mpocTas, T.e. ykasbiBaeT poBHO Ha OJZHO BO3MOXKHOE pacripezieieHHe
BbIGOPKH, To Xi(0) — umcro. Ecam :xe Hi — croxmas runoresa, To ;i(0) 6yzer 3aBHceTb OT TOro, TpH

KaKOM HMMEHHO H3 pacnpeaej\eﬂnﬁ rJri, OTBEYAIOIIUX Hi, BbIYUCASAETCA BEPOSTHOCTD:

o (8) = i (8, Fi) = P (8(X) # Hy)
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Ilpumep 28 (xonTporp KauecTBa M ommbkm).

[lyctp At060e M3AEAME HEKOTOPOTO MPOU3BOJACTBA OKA3BIBAETCS GPAKOM C BEPOSTHOCTHIO .
KonTpoab mpoaykiuu zomyckaer ommbke: rogHoe HsgeAue 6paKyeT C BEPOSITHOCTHIO Y, a
6pakoBaHHOE TpomycKaeT (IPH3HAET TOAHBIM) C BEPOSTHOCTDIO €.

Ecan BBecTH ars Hayzauy BssiToro msgeAust Ape rumoTesn:: Hip = {I/IBZLCJ\I/IE rozr,Hoe} u
H, = {PIB,ZLCJ\PIC 6paKOBaHHOC}, U KpUTEpHEM BbI60pA CYHTATh KOHTPOAb MPOAYKIIHH, TO Y
€CTb BEPOSTHOCTb ONIUOKH MEPBOTO POJa, @ € — BEPOSTHOCTb OMHOKU BTOPOTO POAA AAHHOTO
KPUTEPHS:

Y = P, (& = H2) = Pusenne roanoe (KOHTpOAD 3a6paxoBar nszerue);

€ = P, (0 = H1) = Pusgerue 6paxoansioe (KOHTPOAD mporycTuA nszerne);

Ynpaxunenne.  Bbrumcautb BeposiTHOCTH OMHG0K NMEPBOro M BTOPOTO PoAa TOTO 2Ke
KPHUTEPHs, €CAH THIIOTe3bl 3aHyMepoBaThb MHade: Hjp = {I/IBH,CJ\I/IC 6paKOBaHHOC} u Hy =

{ H3ZIEAHE TOLZHOE } .

HaZlCeMCH, YTO YHUTATEAb CAEAAA AAsI cebst CAeayroliue BbIBOZADI:

1. Craructuyecknii KpuTepuil He OTBe4aeT Ha BOIPOC, BEpHAa MAM HeT mpoBepseMas rumoresa. On
AMIIb PEIIAET, IPOTHBOPEYAT UAH He IPOTHBOPEYAT BbIZABUHYTOH TMIIOTE3€ BbIGOPOYHBIE AAHHBIE,

MOZKHO AH IIPHHSATb HAH CA€AYET OTBEPTHYTb AAHHYKO I'HIIOTE3Y.

2. EC}\I/I €CTh OZlHa OCHOBHaAs THIIOTE3a, a BCE€ OCTAaAbHOE€ — HEXKEAATEAbHbIE OTKAOHEHHSA OT HEE, TO
BbIBOJ, «ZaHHbIE IIPOTHBOPEYAT IHIIOTE3€» BCErga BeCOMeEe, HEKEAH BbIBOJ «JaHHbIE HE IIPDOTHBO~

peYaT IUurnoTese».

3. HaM HEH3BECTHO, KaKasd H3 THIIOT€3 BEPHA B ﬂeﬁCTBHTC}\bHOCTH, IIO3TOMY CAEAYET CUUTATbCA C
THIIOTETHYECKHUMH BEPOATHOCTAMH omub0oK KPHUTEPHUA. ECJ\I/I MHOIo pas3 INPHUMEHATDb KpI/ITepHﬁ K
BbIGOpKaM H3 pacrpeseAeHusa, LA KOTOPOro THIIOTE3a Hi BEpHa, TO NMPHMEPHO JOAs (X{ TaKHX

BbI60POK 6yzeT NMpusHaHa MpPOTHBOpedared rumorese Hj.
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7.1. [lge npoctbie runoresbi

paCCMOTpI/IM HOleO6H0 Cquaﬁ, KOorza UMEITCs ZB€ IIPOCTbIE THIIOTE3bI O pACHPEIEAEHHUH

HabAIOZE€HHH:

Hi={F=F1}, Hy={F=%)

Kako 661 nu 6bia kpurepuin 6(X) : R™ — {H;j,Hy}, o npunumaer me 6Goree asyx

3HaYEHHH. TO ecTtb 0b6AACTb RTL JAEAUTCA Ha AB€ 4YaCTH RT‘L = S U (Rn\S) TaK, 4TO

Hi, ecam X € R™S,

8(X) =
Hy, ecam X € S.

O6AaCTb S, B KOTOpOﬁ IIPUHUMAETCA BTOpPas (a]\bTepHaTI/IBHaH) THUII0TE€3a, HA3bIBAIOT KPUTH~

4eCKOH 00AaCTbIO.

Onpeaenenne 22. Beposraocts omubxu mepsoro poga 6¢;7 = 1(0) HaswiBaroT pasmepom

HAM ypOBHEM 3HAYMMOCTH KPHUTepHs O:

MomnocTbio kpuTepuss O HasbiBalOT BeAMuuHY 1 — (X2, rae &2 = (&) — BeposTHOCTD

omubKxHu BTOporo poza kputepust O. MomHocTb kKpuTepus pasna

op = o01(8) = Py, (8(X) # Hy) = Py, (8(X) = Hz) = P, (X € S).

T—a2(0) =1—Pn, (8(X) # Ha) =Py, (8(X) = Hp) =P, (X €S).
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3amerum, 4To BEPOSITHOCTH OLIMOOK MEPBOTO U BTOPOTO POZA BBIYHCASIOTCS HNPH Pa3HBIX
MPEANONOKEHHAX O pacIpeleAeHHH (CCJ\H BEPHA Hi u ecan BEPHA Hz), TaK 4YTO HHKaKHX
pa3 U HaBcerga (PUKCHPOBaHHbIX COOTHOIIIEHUH (HaHpHMep, X1 = 1— X2, HE3aBHCHMO OT

BHUZa THIIOTE3 U BHJaA KpI/ITepHﬂ) MexKAy HHUMH HET.

Paccmotpum kpalHME cAydal, KOrza KPUTepHH, HE3aBHCHMO OT BbIGOPKH, BCerza IpH-

HHUMA€E€T OAHY U Ty K€ THIIOTE3Y.

INpumep 29. Hmerorca runoresst Hi, Hy u xpurepuii 8(X) = Hy, to ectb S mycro.
Toraa &1 = Py, (mpumsare Hp) =0, & = Py, (npunsate Hp) = 1.
Hao6opor: mycrs nmerorcs runoressr Hy, Hy u kpurepuit 6(X) = Hj, To ectp S = R™

Toraa ot = Py, (mpunsre Hy) =1, & = Py, (mpunste Hy) = 0.

[Tpumepnr 29 u 30 mokasbiBaloT 06IIYI0 TEHAEHIINIO: IIPU MONbITKE YMEHbIIUTb OZHY H3
BEPOATHOCTEH OMMOG0K KPUTEPUs APyrasl, Kak MPaBHAO, YBEAHYHBAeTCA. |aK, €CAH yMeHb-
maTh (] = PH] (X € S) mb1 6yaeM, cyxas KPUTHYECKYIO 0OAACTb S, TO OZHOBPEMEHHO

OyZeT yMeHbIUATbCs MOIGHOCTb KpuTepust | — &2 = Py, (X eS).

IMpumep 30. Mmeercs Boibopka o6bvema 1 us HopmarbHoro pacnpeserenns Ng 1 n aBe
npoctbie runotespbl o cpeanem: Hip = {a = 0} u Hy = {a = 1}. Paccmorpum creayrommuit
KkpuTepuil (IPH HEKOTOPOM BEIIECTBEHHOM C):

H;, ecam X; < c,

5(Xq) =
! H,, ecam X; > c.

Ms06pasum Ha rpaguke COOTBETCTBYIOLIME TMIOTE3aM HAOTHOCTH M BEPOSATHOCTH ONIMOGOK
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MepBOTr0 U BTOPOTO PoAa KpUTepHs O:

o = Py, (8(X5) = H2) = Py, (X7 >¢), o2 =Pp, (8(X7) = Hy) =Py, (X7 < c).

0 c 1

pl/lC. 8: ABC IIPOCTbIE€ I'UIIOTE3DbI.

BHZLHM, 4YTO C POCTOM C BEPOSITHOCTDb OIITUOKH IEPBOro poza (X1 yMeHbIAeTCs, HO BePO-

SITHOCTb OIIMOKH BTOPOro poAa (X2 PacTeT.

I/ITaK, KpI/lTepI/Iﬁ TEM Ay4ll€, Y€M MEHbIIIE BEPOATHOCTH €ro OIITHOOK. HO CpaBHHUBATb

KPUTEPHH 110 Iape BEPOSITHOCTEH OMIMOGOK
xi(81) < «q(d2) mpn  i=1,2,

KaK IIPaBHAO, HE YZA€TCH.

7.2. Tloaxoab! k cpaBHeHHIO KpUTEpHER

Orpanuunmcs, aAs1 IPOCTOTDHI, 3aZadedl MPOBEPKH ABYX IPOCTBIX rumores. llyctp ume-
I0TCSl KPUTEPHUH O M ) C BEPOATHOCTAMH OIMGOK mepBoro M Broporo poza o1(0), ao(6)

u x1(p), x2(p).

Hepe‘H/ICJ\PIM O6I.Hel'[pI/IHﬂTbIe nogxozbl K CPDABHEHHIO KPUTEPHEB.
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1. Munumakcubiii moaxox.
[oBopsiT, uTo KpuTepuii O He Xy2Ke KPUTepHs P B CMbICAE MHHHMAKCHOTO IOAXO0Ja, ECAH

max{o1(d), 2(8)} < max{x1(p), x2(p)}.

Onpeaerenne 23. Kpurepuit O HasbiBaloT MHHUMAaKCHBIM KPHTEpHEM, €CAH OH HE XyxKe

BCEX APYIrUX KPHTEPHEB B CMbICA€ MHHHMAKCHOIO nozaxoza.

HMuaue rosopsi, MHHHUMaKCHBIH KPHTEPHH MMEET CaMyl0 MAaACHbKYIO «HaHOOABIIYIO

omubry» max{o(0), x2(8)} cpeau Bcex mpoumx kpuTepues.

Yupaxuenne. Y6eautocs, uto B mpumepe 30 kputepuit O sBAsSETCA MHHUMAKCHBIM,
ecau ¢ = 1/2.

2. BaiiecoBckuit noaxox.

ITOT MOAX0A MPUMEHSIIOT B ABYX CAyHasx:

a) eCAM H3BECTHO allpHOPH, YTO C BEPOSITHOCTbIO T CIpaBeZAMBa rumoresa Hi, a ¢ Be-
poATHOCTBIO S = | — T — rumnotesa Ho,

6) ecAu 3azaHa AMHEHHAas «(QYHKIHS IOTePb»: MOTEPH OT OUIMGOYHOTO PEHIEHHS PaB-
HbI T, €CAHU IPOUCXOAUT OIIMOKA IEPBOro pPoZa, U PaBHbI S, ECAH BTOPOTO. Bazeco T+ S yxe
He 0053aTeAbHO PaBHO |, HO MOTEPH MO2KHO CBECTH K eZHHHIE HOpMHpPOBKoA T/ = T/(T+ )

ns’ =s/(r+s).



[Tyctp anmpuopHble BepOATHOCTH HMAM TOTepu T M S 3azaHbl. | 0BOPAT, YTO KpUTepHH O

HE Xy2K€ KPUTEPUsi ) B CMbICAE HAHECOBCKOrO MOAXO0JA, ECAH

Ty () + s0a(8) < raxq(p) + saa(p).

OrnaBnexve

Onpeaerenne 24. Kpurepuit 0 HasbiBaloT 6alieCOBCKMM KPUTEPHEM, €CAM OH He Xy:ke BCeX

APYTHX KPUTEPUEB B CMbICAE HAHECOBCKOrO MOAXOZA.

L [w |

< > ‘ HMuave roBopsi, 6aiieCOBCKHI KPUTEPHEI MMEET CaMyl0 MAACHbKYIO «CPEAHEB3BEIICHHYIO
ommbry» TX1(86) + sx2(8) cpean Bcex npounx kpurepues. |lo popmyre moAHOR BepoATHO-

REIGR, o UB CTH 3TO €CTb BEPOSITHOCTb ONIMOKH KpUTepHs B cAydae (a) MAHM MaTeMaTHYeCKOE O:HZAHHE
norepb B cay4ae (6).
Hasn p y4ae (6)

Bo Bech akpaH Yupaxunenne. Y6eautbcs, uto B npumepe 30 KpuTepuii O sBAseTcs 6aHeCOBCKHM B

CAy4Yae T' = S, eCAH B3sTb C = 1/2

3. Bri6op nan6oree mommoro KpuTepus.
Yitu
OI.LII/I6KI/I IIEPBOro U BTOPOro poza 00OBIYHO HEPABHOIIPABHBI. nOSTOMy BO3HHKAET 2KEAaHHE
KOHTPOAHPOBATh oZHY M3 omubok (ckaxem, mepsoro poza). Hampumep, sadukcuposathb ee
BEPOATHOCTb Ha JOCTaTOYHO HH3KOM (6e30IacHOM) ypoBHE, H PacCMAaTPHBaTb TOABKO KPH-
TEPUU C TaKOﬁ HAU €Ile MeHbH.Ief/,I BEPOSATHOCTbIO OIIMOKHU IEPBOro poza. Cpezu/l HHUX HaH-~
Crp. 120 AYYIIIMM, OYEBHUZHO, CAEAYET MPU3HATh KPUTEPHH, 0OAAZAOIIHH HaHMMEHbIIEH BEPOSTHOCTBIO

OIHOKHU BTOPOTO POJA.
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Beeagem mpu € € [0, 1] krace kpurepuen K, = {8(X) : o1(8) < ¢}

Onpeaerenne 25. Kpurepuit 09 € K nasniBator nau6oree momubiv kputepuem (HMEK)
pasMmepa €, ecAH
x2(80) < x2(8)

ars awboro apyroro kputepus O € K.

7.3. nOCTpOBHHe ONITHMAAbHDbIX KPHTEPHEB

Caeayrommee sameuaTeAbHOE yTBEP2KAEHUE, 10 HEJZOPA3yMEHHIO Ha3bIBAEMOE AEMMOH, 3a-
ABASIET, YTO ONTHMAaAbHbIE BO BCEX TpeX cMbicAax (MHMHHMMakcHble, 6aliecoBcKHe, HaHboAee
MOIIHbIE) KPUTEPUH MOTYT ObITb NOCTPOEHbI B caMOM OO6IIEM CAy4ae IPOCTbIM BbI60POM
PA3AMYHBIX KOHCTAHT B OZHOM H TOM K€ KPHTEPHH — KPUTEPHH OTHOIIEHHs TIPaBAOToz06us.

[Tycte X = (X1,...,Xn) — Boibopka (Habop He3aBUCHMbBIX, OZHHAKOBO PacHpeleAeH-

HbIX BeJ\I/I‘lI/IH), U UMEIOTCA ABE T'HIIOTE3bI O paCHpeaeJ\eHI/Ilfl X-’L:
H; = {X; umetor pacnpezerenne F1} u  Hy = {X; umeror pacnpezerenne Fo}

[Tycts f1(y) — nrotHOCTD pacmpeaerenuss Fq, f2(y) — mroTHOCTDL pacmpeaerenus Fo, a
n n
f1(X) = f1(X1,... . Xn) = [[FX0) w0 f2(X) = f2(Xq,..., Xn) = [ [ f2(X3)
i=1 i=1

— COOTBETCTBYIOIIHME (PYHKLHH IPaBAONOAOOMS.
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l_lpe,zqu\araeTCﬂ, uro pacnpegerenuss F1 u Fr aubo oba guckperHnl, AH60 0b6a abco-

AIOTHO HEIPEPbIBHBI.

Bameuanne 17. Ecau ozno us pacnpeserennit auckpeTHo, a zpyroe abCOAIOTHO HENPEPHIBHO, TO
BCerjza CyIecTBYeT KPHTEPHH C HyAeBbIMH BeposiTHOCTAMH omu6ok. CMemmaHHble pacrpeseAeHHs Mbl
paccMarpuBath He 6yzem. VlaTemMaTHKH BMECTO 3TOr0 MOTYT HpeAIOAaraTh, 4To 06a pacrpezeieHHUs]
a6COAIOTHO HEIPePbIBHbI OTHOCHUTEABHO OAHOHW M TOH K€ O-KOHEYHOH MePbl U HMEIOT OTHOCHTEABHO

nee maotnoctu T1(y) u f2(y).

Mb1 6yaem BbIGHpaTh UTIOTE3y B 3aBUCHMOCTH OT OTHOIIEHHS (QYHKLIUH IPaBAONOA06HS.

Hamnowmnto, uto gpyHnkuus npaBaonoso6Hus ecTb MAOTHOCTb pacHpeAeAeHUs] BbIGOPKH.

O6partumcs k npumepy 30. EcrecTBeHHBIM KazkeTcsi MPUHMMATb BTOPYIO THIIOTE3Y, ECAH
X1 AexuT npaBee Touku mepecedenus naoraoctein C = 1/2. To ectb tam, rae Bropas maot-
HOCTb 60AbIIe, MPHHHMATh BTOPYIO THIIOTE3Y, TaM, TZe mepBas — MepBYI0. | akoH KpHTepHH
cpaBHHuBaeT otHomenue T7(X1,...,%n)/f1(X1,...,Xn) c eauHnIeH, OTHOCA K KPHUTHYECKOH
obractu Ty wacts R™, rze sT0 oTHOmIEHMe GOAbIIE eAHHHUIbBL 3aMETHM, 4TO HPH STOM MbI
MOAYYHM POBHO OZHH, He 0653aTEAbHO ONTHMAAbHBIH, KPHTEPHH C HEKOTOPHIM (PUKCHPOBAH-

HbIM pa3M€POM H MOILIHOCTDBIO.

Ecam e HyxHO MOAYYHTb KpHTEpHH C 3apaHee 3aZaHHBIM pasMepoM X] = €, AH60
HMETb BO3MOXKHOCTb BapbHPOBAaTb M pa3Mep, U MOIIHOCTb KPHUTEPHs, TO CAeAYyeT PacCMOT-
pPeTh KAACC NOXOKHX KPUTEPHEB, BBEAsl CBOOOAHBIM MapaMETP: TaM, IZe BTOPasi IIAOTHOCTb
B C pas IPEBOCXOJUT IIEPBYIO, BbIOHPATb BTOPYIO THIIOTe3y, HHade — IIePBYIO: CPAaBHH-
BaTh OTHOIIEHHe MAOTHocTed T2(X1,...,%Xn)/T1(X1,...,Xn) He c eauHHULEH, a ¢ HEKOTOPOH

MOCTOSIHHOH C.
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HaSOBeM OTHOLIEHHEM HpaBZl,Ol'IOﬂ,O6IrlH YaCTHOeE

fZ(Xb s »Xn)

T(X):T(X],...,Xn):ﬁ(x1 X )

) (18)

paccMaTpuBasl €ro AHIIb [PH TaKUX 3HAYEHHsIX X, KOrZa XOTs Obl OZHA W3 IAOTHOCTEH OT-

AnmuHa ot HyAsa. Mwmeerca B Buzy, uro 0/a = 0, a/0 = +oo0.

KoncTpykuus kpuTepus, KOTOPbIH Mbl KHBOIMHCAAM BbIIIE, CHABHO YCAOKHMTCA B CAyHae,
KOrZa pacIpeieAeHHe CAydaiHOi BeAuuuHbI | (X) He SABASETCS HeNpepbIBHBIM, T.€. CYIIECTBYET
Takoe 4ucA0 C, uto A, = PH1 (f2(X)/f1(X) = ¢) oramuna or myas. ITo o03HaYaeT, 4TO Ha
HEKOTOPOM «BOABIIOM» MHOKECTBE 3HAYEHHH BbIOOPKH 00€ IMIIOTE3bl «PAaBHOIPABHBI»: OTHOIIEHHE
npaBzonozo6usi mocrosHHo. (OTHOCS 9TO MHOZKECTBO HEAHKOM K KPUTHYECKOMY MHOMKECTBY HAM
IIEAUKOM MCKAIOYAasi U3 HEro, Mbl MEHSieM BEPOSITHOCTb omM6KM mepBoro poaa (pasmep) KpuTepHs

Ha MOAOKHTEAbHYIO BeAHUHHY A:
P, (T(X)=>¢) =Pn, (T(X) > c) + P, (T(X) =c¢) =Py, (T(X)>c) + A..

M ecau Bapyr Mbl 3aX0TUM MPHPABHATb BEPOSATHOCTb OIIHOKH MEPBOTO Poja K 3apaHee BbIGPaHHOMY
YHCAY €, MOMKET CAYYHMTbCS TaK, 4TO KPHTEPHH ¢ KpuTHYecKuM MHoxsectBoM S = {T(X) > c} umeer
pasMep GOAbLIMH, ueM €, a KpMTepuil ¢ KpuTHdeckuMm MHoxectBoM S = {T(x) > c} — pasmep
MEHbIIHUH, YeM €.

[Tostomy ars maremaTukoB, He uuraromux [1], Mbl chopmyrupyem samedaTeAbHO MOIIHOE
yTBep:KZIeHHe MEAKHM MIPU(TOM, 3aTO B 0OIIEM CAydae. 3aTeM JAS IOYTH MaTeMAaTHKOB COPMY-
AHPYeM H J0KaxieM JacTHBIH, HO HaHOGOAee YacThIH CAydad, KOrza oTHoIeHHe mpaBzomozobus T (X)
HUMeeT NP BEPHOH IIePBOH THIIOTE3€ HENpPEePbIBHYIO (PyHKIHIO pacnpeaerenus, T.e. A. = 0 aasa

Ar060TO C.




7.3.1. U3 ueroBexorrobusa

Onpegerenne 26. Myuxuusa 6(X), npunumalomas 3Hauenus B unrepsare [0, 1] B 3aBUCHMOCTH OT
3HayeHMH BbIOGOPKH, Ha3bIBAETCH PaHIOMH3HPOBAHHBIM KPHTEPHEM. -3HAueHHe TOH (DYHKUHM TPaK-
TYIOT KaK BEpOSITHOCTb INPHHATb BTOPYIo (Tak yao06Hee) THIOTE3y B HEKOTOPOM JAOTOAHHTEABHOM

OrmasneHve skcmepuMenTe. 1.e., moayuu 3Hauenue O(X) = 3/4, Mbl ZOAKHBI JZOTIOAHHTEABHO MPOBECTH HC-
IbITaHHE C BEPOATHOCTbIO ycnexa 3/4, u B caydae ycmexa nmpuHaTb Hj, B caywyae Heyzaum — Hj.
Buauenne 6(X) = 1 npeanucobiBaet npuHATH BTOpyio runotesy (c BeposTHoCTbIO 1, T.e. o6s3aTeAb-

HO), a 3Ha4Y€HHe 6(X) = O NPEAINNCDIBAET HE IIPUHHUMATb BTOPYIO IHIIOTE3Y, a INPHHATD IIEPBYIO.

L [w |

< 4 ‘ Hanomuuwm, uro T(X) ectp orHomenne mpaBzonogo6us, kotopoe mbi BBean B (18).
Hactp. ... 3179 . . .
Onpeaerenne 27. PanzoMH3HPOBaHHBIA KPUTEPHH, YCTPOEHHBIH CAEAYIOIIHM 06pa3oM:

Haszag
0 €CAH T(X] <, NPUHHUMAETCS H], €CAU T(X) <Gc,

Bo Becb akpaH 5c,p(X) =<p, ecan T(X)=rc, = { c BepoarnocTbio P npunuMaerca Hy, ecam T(X) = c,
1, ecam T(X) > C, npunumaerca Hy, ecam T(X) >C,

Ha3bIBA€TCsA KPUTEPHEM OTHOILIEHUS l'IpaBZ[()l'I()ZLOGI/IH (I{Ol_[)

Yitu

Pasmep u mommocts KOIT Boruncasitorea mo gopmyae norsoi BepositHocTH. Pasmep paBen

Crp. 124 o (5c,p) = Py, (mpumars Hy) =1 - P, (TX)>c)+p- P, (T(X) =c) = Ew, 6C‘p(X).
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Mornoctb paBHa
1 —x2(8¢,p) = Pr, (mpunste Hy) =1 Py, (T(X) >¢) +p - Pr, (T(X) =c¢) = En, 0 p(X).
BeposiTHoCTb 0mH6KH BTOPOrO poza MO:KHO HAHTH M HHAYe:

Ocz(éc)p) = PH2 (l'lpI/IHﬂTb H]) = PH2 (T(X) < C) +(1 —‘p) ~PH2(T(X) = C) = 1—EH25C‘p(X).

Aemma Hefimana — ITupcona. CymecTtByioT mocTosiHHbIe C M P, IPH KOTOPHIX KPUTEPHH OTHOIIEHHS

HpaBLLOHOﬂO6I/IH ABASIETCS

1) MunumakcHbiM KpuTepueMm; uyHcAa C U P CAeAyeT BbIOPAaTb TaK, YTOObI BEPOSITHOCTH OIMIM60K

TepBOro M BTOPOro poja 6biau oauHakoBbl: 01 (dc p) = 2 (dc p);

2) 6ailecCOBCKMM KpHTepHeM TPH 3aJaHHbIX alPHOPHDBIX BEPOATHOCTSX T M S; YHCAO P MOKeT 6bITb

AI06bIM, a C BbIGHPAETCA PaBHBIM OTHOIIEHHIO T/S;

3) ars awboro 0 < € < 1 mauboree MOIIHBIM KpUTepUEM pasMepa €; YMcAA C U P AOAZKHDBI GbITh

BbIOpaHbl TaK, YTOObI pasMep KPUTEPHsI PaBHSIACH E£:

01 (Be.p) = Pty (T(X) > ¢) +p - P, (T(X) = ¢) = ¢.

Mpbr He orpanuunBaem sHauenusi C obractbio C > 0. Bosmozkuocts 6pars ¢ = 0 (menbme 6ec-
cmbicaenHo, n6o T(x) > 0) usbasaser or orpanmyenns € < Py, (f2(X) > 0) na Bosmomubiit pas-
mep HMK. 310 z0BoABHO coMHHTeAbHOE 06061menne — Beab yaxxe kputepui O(X) = I(f2(X) > 0)
MMeeT eAMHHYHYI0 MoluHOCTb mpu pasmepe paroM P, (f2(X) > 0). Momxuo yseauunsarn pasmep
U JaAbllle, HO MOIIHOCTH pacTH yxxe Hekyaa. laxoit HMK 6yzer mpunumartbh ¢ moroxuTeAbHOH

BEPOSITHOCTDHIO THIIOTE3Y HZ TaM, I'Jl€ OHa BE€PHa ObITb HE MOKET — B 00AACTH fz (X) = O



7.3.2. Aemma Heiimana — Ilupcona

BClOZI,y AaAee IIpEeAIIoAAraeTCA, YTO

Mynkuus R(c) = Py, (T(X) > c) nenpepeiera no ¢ mpu ¢ > 0. I (19)

OrnaBnexve o o
(:Dy'HKI;I,I/IH R(C) €CTb IIPOCTO XBOCT (DYHKILHH pacrpesereHHs] CAYyYaHHOH BEAHYHHBDI T(X):

R(c) =1— Py, (T(X) < c).

44 144 ‘
J Ee mnenpeppiBHOCTD O3Hauaer, uro BeamumHa A; = PH] (T(X) = c) paBHa HyAl0 aAs
< > ‘ ao6oro ¢ > 0. ITo mpeamono:keHHe HM36ABASET HAC OT HEOGXOAUMOCTH PaCCMATPHBATDh

paHzomusHupoBanHble KpuTepuu. Hrak,

Hactp. ... 3179

o Onpeaerenne 28. B npeamoroxennu (19) xpurepuit

BECb 9KpaH fZ(X1)--~>Xn)
EE= g [ T <, _ [Ho o g <o
| Hy, ecn TX) e, Hy.  ecnm f2(X1,. .,><n)>C
) f1(X1,..., Xn) 7

Yitu
=‘ Ha30BEM KPHTEPHEM OTHOIIEHHS HpaBﬂ,onozLOfiI/m (KOH)

Pasmep u BeposATHOCTD OMIHO6KH BTOPOrO POZA TOTO KPUTEPHS PAaBHBI COOTBETCTBEHHO

Crp. 126 x1(dc) =Py (T(X) =2 ¢) =R(c);  az(8c) = Pr, (T(X) <¢).
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Aemma Hefimana — Ilupcona. [lyctp Brimoaneno (19). Toraa cymectyer mocrosinnas C,

IIPU KOTOPOH KPUTEPHH OTHOILEHHUsI NPABAOINOAOOHUS SABASETCS

1) MHHHMAaKCHbIM KPHTEPHEM; YHCAO C CAEAYET BbI6paTb Tak, 4TOOBI BEPOATHOCTH OIIUOOK

IIepBOr0 U BTOPOTro poAa 6biau oguHakoBbl: 0¢1(0c) = ot2(0c);

2) 6aileCOBCKMM KPHTEPHEM IPH 3aJaHHbIX alpHOPHBIX BEPOSITHOCTAX T U S; YHCAO C BBIOH-

paeTcsi PaBHbIM OTHOILIEHHIO T/S;

3) ars awboro 0 < & < Py, (f2(X) > 0) nauboree mowmbiv kpuTepuem pasmepa €;

4HCAO C ZOAKHO ObITh BBIGPAHO TaK, 4TO6bI pasMep KpuTepus paBHsAACA € &1(dc) = €.

AOKaBaTe}\bCTBO. AOK&B&TD AOCTAaTOYHO JBa YTBEPXKJAEHHA: CYIHECTBOBAHHE MIOCTOSIHHOHN ©,
yZI,OBJ\eTBOpﬂIOIgei/JI IIEPBOMY U TPETbEMY IIYHKTaM A€MMbI, H OIITUMAaAbHOCTb COOTBETCTBYIO~

mero kpurepusi. Haunem ¢ tperbero nynkra.

1. Jokaxem, uto ars awboro 0 < € < Py, (f2(X) > 0) cymecrByer nocrosinnas ¢ Takas,
aro R(c) = 1(dc) = €.
Mynxuus R(c) = Py, (T(X) > ¢) e Bospacraer no c. Ilpeger R(c) npu c—oo pasen
HyAto, nockoabKy cobbithe {1 (X) = oo} = {f1(X) = 0} umeer myreByio BeposTHOCTDH
P, (f1(X) = 0) = 0. 3amerum Tak:xe, uro
R(+0) = Py, (T(X) > 0) = Py, (f2(X) > 0) > «.

Hrak, R(c) uenpeppiero mensercs ot R(+0) zo 0, moatomy aas aro6oro 0 < &€ < R(+0)
cymecTByeT C Takoe, uto R(c) = 1(d.) = €.
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2. /lxs mepBoro myHKTa ZOKazkeM CyllecTBOBaHHe Tako# C, uto o(1(d¢) = oxp(d¢).

Mynkuus &2(dc) = P, (T(X) < c¢), B oraname or R(c), ne y6biaer mo ¢. K romy xe
npu ¢ — O Beamunna 0(d¢) crpemures k Py, (T(X) = 0) = Py, (f2(X) = 0) = 0.

Ona Toxxe, nogo6uo R(c), mpu ¢ > 0 HenpepbiBHa Mo C u3-3a mpeanorozkenus (19):

Pr, (TOX) = ¢) = j foy)dy = c J f1(y) dy = cPyy, (T(X) = ¢) = .

{f2(y)=cfy ()} {f2(y)=cfy (y)}

[Tostomy @ynxkuuu R(c) = a1(6c) u x2(0c) mepecexarorcst XoTsi 6bl ogHANADL.

. Jlaree nam morpebyercsa caeayioiee KpacHBOE PaBEHCTEO.

Aemma 2. Beeaem pynkmuio ¢(y) = min{f2(y), cfi(y) }. Ara uee

otz(Be) - ot (5c) = J o(y) dy.
J

JoxasateabcTBo.
02(8e)+co(8e) = Pray (T(X) < ¢)+cPyy, (T(X) 2 ¢) = J f5(y) dy-e J f1(y) dy.
{T(y)<c} {T(y)=c}

Ho na muozxectse {T(y) < c} = {f2(y) < cf1(y)} noapiurerparbuas pyukuus (y)
cosnagaer ¢ G(Y). M na muoxecrse {T(y) > ¢} = {f2(y) > cfi1(y)} noabinTerparpnas



¢pynxuua cfq(y) roxe cosmagaer ¢ G(Y). Ilpogorxas uenouky pasencts, moryuum

0o(8¢) + cor(Be) = J o(y) dy + J o(y)dy = J o(y) dy.

{T(y)<c} {T(y)>c} R™

OrnaBnexve

[Tyctb & — Awboit apyroit kputepui. Aemma 2 BAedeT cTpaHHOE CAEACTBHE:

4« »» ‘
< > ‘ Caeacrrue 4. Kaxoso 6b1 Hu 6b1r0 ¢ > 0, BeposATHOCTH OMH60K AO6OTO
kpuTepusi O csizanbl ¢ BepositHocTamu omubok KOIT . nepasencTom
Hactp. ... 3179

Haszan
Bo Becb akpaH

02(8) + cax1(8) = axp(dc) + caxq (). (20)

JokasateabcTBo. PaccmaTpuBas A KPaTKOCTH HepaH/OMH3HMPOBAHHBIH KpUTepui O,

HO.’\y"IHM
v wa(8) + cony(5) = J lmdy + e J ey =
{8(y)=H1} {8(y)=Hz}
> J oly)dy + j cb(y)dyzJ¢(y)dy=ocz(6c)+cm(5c).
{8(y)=H1} {8(y)=Hyo} R™

Ctp. 129
]



4. Wcnoansysa nepasenctso (20), zoxaxem ontumarbroctb KOIT Bo Beex Tpex cmbicaax.

[. I'lyctb ¢ Takoso, uto &1(dc) = x2(dc) = max{otq(dc), x2(6c)}. Toraa mpasas wactb
nepasenctBa (20) pasna (1 + ¢) max{o(dc), 2(0c)}, u ara Aroboro unoro xpurepus O

OrnaBnexve

(1 + ¢) max{o1(c), *2(8c)} < *2(8) + cotr (8) < (1 + ¢) max{ar (8), x2(8)).

Hrax, max{o1(8c), ®2(6c)} < max{a1(8), ¢2(6)}, T.e. 6 — MMHMMaKCHBIA.
44 44 ‘

p > ‘ II. Ilyctb ¢ = 1/s u s # 0. Toraa ars A6oro unoro kputepusi O nepasenctso (20)
HpeBpaIlaeTcss B onpegeieHHe 6alecOBCKOTO KPUTEPHS:
Hactp. ... 3179

Haszan

3 Ecau e s = 0, to ¢ = co. Torma KOII umeer nyresoit pasmep u aBTOMaTHUeCKH
0 BeCb aKpaH

ABAsIETCSI GAaHECOBCKHM.

ox2(0) + 2061(5) < axp(dc) + 2061(5‘:), urn 80(8) + 1oy (8) < soa(de) 4+ Toxq(de).

III. Ilycts ¢ TakoBo, uto x1(dc.) = €. Awboit unoit kpurepuit d us xracca Ko umeer

Y pasmep x1(6) < €. HMcmoabsys B Hepasenctse (20) oba atux pasmepa, moAydum
o2(8c) +ce = oz(8dc) +cor(de) < xa(8) + caq(8) < oxz(8) + ce.
Hrax, o)(dc) < 2(8), T.e. 8¢ — HMK B kaacce K.

Ctp. 130
Haxoneny remma Hefimana — [lupcona aoxasana. O
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Ilpumep 31. Kwmeercs Bbi6opra X1, ..., X;, H3 HODMAaAbHOTO PACIIPEZNEAEHHS CO CPE-
HMM ( M eJuHH4HOH aucrepcued. |locTpoum MMHMMakcHbIH, GafiecoBckui aas T = 1/3,
S = 2/3 u nauboaee MOIIHbIH pasMepa € KPUTEPHMH AAs mpoBepku runoresst Hy = {a = a;}
npotus aabTepHatuBbl Hy = {a = ay}, rae a7 < a,.

OrHolenye npaBAoONoZo6Hs MMeeT aGCOAIOTHO HENPephIBHOE paclipeZieAeHHe NIPH AGOH M3 THIIO-

Tes, MO03TOMY KPHTEPUH OTHOIIEHMs NpaBzonozobus 28 6yaeT HepaHAOMM3HPOBAHHBIM, H ZOCTATOYHO

OIHCaTb TOAbKO ero Kpurudeckyio obaactb 0(X) = Hj. Omua ompezersierca uepaBeHCTBOM

1 1
T(X) = =expq5) Xi—a)?—5) Xi—a)?s>c 1)
i=1 i=1

Kpurepuit 6yzer 6aiiecosckum npu ¢ = 1/s = 1/2. Ynpoctum nepasenctso (21). [Toayuum

5X)=H; mpu X> %(az—a%)—%lnz'

a — ag
Hanpumep, npu a7 =0 u ar = 1 kpuTudeckas o6racTb umeer Buz X > 12 — 1;ln 2.

Uro6b1 MOCTPOMTH MHHHMMAKCHBIH M HauboAee MOIIHBIH KpUTepuu, sanumeMm HepaseHcTBo (21) B
3KBHBaAeHTHOM BuzZe X > C1, U HCKaTb 6yzeMm Cj, a He C. Pasmep n BepoATHOCTb OMMGKH BTOPOTO

pOZa PaBHBI COOTBETCTBEHHO

a1 (8) = Py, (X >cy) =Py, (\/E(X*Ch) >Vnlei—a1)) =1— g1 (Vn(c1—ar)),
x2(8) =P, (X < ¢1) =P, (VR (X—a2) < Vi (c1—az)) = @o 1 (v (c1—az)).

Ipu o1 (8)=¢ nmoayaum HMK pasmepa €. Orcioga /n(c1—aj) = T1_¢, rae T1_ — KBaHTHAD
ypoBHa | — € CTaHZAPTHOTO HOPMAABHOTO pacmpegerenms. lorza €1 = a7 + T1_./A/n u HMK

pasmepa € HUMeeT BU[
T1—¢

d3X)=H, mpu X>a;+ Vol
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[Mpu &7 (6) = ®2(8) moryunm muHMMakcHbIH KpuTepuid. |loabsysich cBocTBaMM (DYHKIHH pacripe-

AEAEHHsI CTaHZAPTHOI'O HOPMAAbHOI'O 3aKOHAQ, 3aITHIIEM

1—@o; (Vnler —ar)) =Do (Ve —az2)) =1— Do (Vn(az —c¢1)),

OTKyZa C1 — a1 = dp — €1 u €1 = (a7 + a2)/2. MunumakcHbIi KpUTepHil MMeeT BHZ

- a+a
8(X) =Hz npu X>%.
Ilpumep 32. Wwmeercs Bbibopka Xq, ..., X, H3 HODMAABHOTO pPACTPEAEAEHHUS CO CPez -

2

uum O u aucnepcueit 6, 0 > 0. [loctpoum namboree mommbli KpuTepHil pasmepa € AAs

nposepku runoreabl H1 = {0 = 01} nporus arbrepuaturnt Hy = {0 = 03}, rae 01 < 0.

OrHomenve npaBaoONoOA06Us CHOBa HMeET aGCOAIOTHO HENPEPBIBHOE paclpefeAeHHe MPU A0GOH
U3 TUIIOTE3, NMO3TOMY KPUTEPHH OTHOLIEHHs MpaBAonozobus 28 6yzeT HepaHAOMHU3HPOBaHHBIM. FE.ro

KpI/ITI/I'-ICCKaﬂ 06J\aCTb 6(X) = Hz Ol'Ipell,eJ\ﬂeTCﬂ HepaBeHCTBOM
o 1/1 1\ &
TX)=Lexpss(5—=)D Xip=>c
( ) 0_121 (Y 2 0_12 O'% — i =z

4TO SKBHBAAEHTHO HepaBeHCTBY X2 > C1. Halizem C7, mpu KOTOpoM pasMep KpHTepHs paBeH £:

— nX2 _ ne ney
x1(8) = P, (X2>C1) =Pu|—F2—7F|=1-Hu|—F | =¢
05 05 O
Orcioga nc1/cr% = hi_., rae hy_; — KBaHTHAb X’-paclpeieACHHA C TL CTEMEHAMH CBOGOZbI

ypoBus 1 — €. Toraa c1 = h1,50%/n u HMK pasmepa € umeer suza

2
h1,50'1

n

5(X) = [rly npu ﬁ >
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8. KpnTepnn Coraacus

Kputepusivu cornacusi HasbIBalOT KpHTEpHH, MpejHa3HAYEHHDbIE AAS MPOBEPKH MPOCTOH
runoteabt Hi = {F = F7} npu caroxuoit arbrepuatuse Hy = {H; meBepmal. Mpr pac-
cMOTpUM 60Aee MIHPOKMEA KAACC OCHOBHBIX THIIOTE3, BKAIOYAIOIIMEA M CAO2SHblE TMIIOTE3bI, a
KPUTEPHAMH COTAAcHs 6yzeM HasblBaTb AlOOble KPUTEPUH, YCTPOEHHbIE MO OZHOMY U TOMY
»Ke MPHHIUIY. A MMeHHO, MycTb 3azaHa HEKOTOPas (DYHKIIUS OTKAOHEHUS SMIIMPHYECKOTO
pacrpeieAeHHs] OT TEOPETHIECKOTO, paclipe/leAeHHe KOTOPOH CYIIECTBEHHO PAa3sHUTCA B 3aBH-
CHMOCTH OT TOTO, BEpHA HAM HET OCHOBHAs THIIOTe3a. I\pHTepHH cOrAacHs NPUHHMAIOT HAH
OTBEPralOT OCHOBHYIO THIIOT€3y MCXOAS M3 BEAHYHHDI 3TOH (YHKLIHUH OTKAOHEHHSI.

Hrak, nmeercs Boibopka X = (Xj,...,Xn) us pacnpegerenus F. Mbr cpopmyan-
PYeM psz TOHATHH AAS CAydasi IIPOCTOH OCHOBHOH THIIOTE3bI, a B JaAbHeHieMm 6yzeMm HX

KOPPEKTHPOBAaTh MO Mepe HM3MeHeHusl 3azaud. | IpoBepsieTcss mpocTasi OCHOBHasi TMIOTE3aA

H; ={F = F1} npu croxuoit arbrepnatuse Hy = {F # Fil.

K1. ITyctp Bosmozno 3agarts gyukumo P(X), o6Aazaiomyio cBOHCTBAMH:

a) ecau runotesa Hj sepna, To p(X) = G, rae G — uenpepbiBHOe pacrpeseAeHue;

6) ecau runoresa Hj mesepna, To |p(X)| LGNS npu N — 00.

K2. Iycts ¢yuxuus p(X) sazama. Jlas cayuaiiHoli BeaumumHbl 1| M3 pacrpeiereHus G

onpezeaum nocrosuuyio C us pasencrsa € = P (|| = C). Ilocrpoum xpurepwit:

Hy, ecan [p(X)| < C,

8(X) =
Hz, ecau |p(X)| > C.

(22)
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Mpbr noctpouan kpurepuit coraacusi. OH «paboTaeT» MO MPUHIMIY: €CAH JAAS ZAHHOH
BbIOOPKH (DYHKILIHs OTKAOHEHHsI BeAMKa (MO aGCOAIOTHOMY 3HAY€HHIO), TO 3TO CBH/ETEAb-

CTBYET B IIOAb3Yy aAbTEPHATHBDbI, U Hao60p0T. y6eﬂ,I/IMCH B TOM, 4YTO 3TOT KpHTepHﬁ HMEET

(acumnToTHYECKHH) pasMep € U ABASETCA COCTOSTEABHDBIM.

OnpeaeJ\eHne 29. FOBOpﬂT, 4qTO KpI/ITepHﬁ 6 ANSI TIDOBEPKHU HpOCTOﬁ THUIIOTE3bI H] ABASIETCA

KPUTEPHEM ACHMIITOTHYECKOT'O pa3Mepa €, €ECAH €ero pasMmep HpI/I6J\I/IH{aeTCH K € ¢ pocTOM TL.:

x1(8) =Pn, (6(X) #Hj) — € mpn mn — oo.

pacripeaeAeHuAa ?2 H3 CIIMCKa BO3MOZKHbIX aAbBTEPHATHB {9’.2 5 :Tz # 3‘] }

l_[OCKO}\be aAbTEpHAaTHBA HZ BcCerzga siBAAETCA CJ\O}KHOI?[, TO, KaK MbI y:K€ OTM€4YaAH B 3aM€4YaHHH 16,

BEPOSATHOCTb OIIHOKH BTOPOTO poja Al06oro kpurepus O ectb ymkumsa 02 (d,F,) or komkperHoro

Onpeaerenne 30. Kpurepuit & ara nposepku rumotessi Hj mpoTuB cAo2kHOH aAbTepHa-
tuBbl H) HasbIBaeTcs COCTOATEABHBIM, €CAH AAS AOGOTO pacrpeeieHHs F», OTBedaromero
arbTepHaTHBe H), BEpOSTHOCTD OMHOGKH BTOPOrO POZA CTPEMHUTCA K HYAIO C POCTOM obbeMa

BBIOOPKH:

062(5,?2) = Pyz(é(X) = H]) — 0 npu TN — OQ.
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Ceoiicteo 10. /ra xputepusa O, sagzannoro B (22), nmpu n — oo:

L o (8) =P, ([p(X)[ > C) = P (n| > C) =&

2. x2(8,32) =Pg, (|p(X)| < C) = 0 ara awboro pacnpeaerenns F, orsevaromero Hy.

HMuave rosopsi, mocTpoeHHBIN KPUTEPHH HMEET ACHMIITOTHYECKHH pPasMep € H COCTOSITEAEH.

Yunpa:xnenne. /loxasars csoiictso 10.

Yxasanue. [lo onpezerenmio, samuch &, LNV o3HadaeT, 4To aAg Aoboro C > 0
P(n<C)—0 mpu n — oo.

Bameuanne. Ecau Bmecto «p(X) = G» B Kl(a) Bommoanserca «p(X) umeer pacnpe-

aerenne G», To kpurepuit (22) 6yaer umeTb TO4HBIH pasmep €.

8.1. Kpurepuu corracus: xpurepusi Koamoropora

HMmeerca Boibopra X = (Xq,...,Xn) us pacnpegerenus F. [lposepsiercs npocras ru-
noresa Hy = {F = F1} npotus croxuoit arbrepnatuebt Hy = {F # F1}. B tom cayuae,
KOTZa pacrpesereHHe J] HMeeT HEIpPepblBHYIO (PYHKIHIO pacIpeseAeHHs F{, MO2KHO MOAb-

30BaThCsi KpuTepueM Koamoroposa.

[yctsb
p(X) = \/ESSPIF?L(U) —Fi(y)l.
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[Toxazkem, uto p(X) yzosaerBopsier ycaopusm Kl(a,6).

a) Ecau Hj Bepna, To Xi umeror pacnpezerenune F1. ['lo Teopeme Koamoroposa p(X) = n,
rae T| ©UMeeT paclpejereHHe ¢ yHKLHeH pacrnpezaeienus: Koamoroposa.

6) Ecau runoresa Hi nesepna, To X; umeror xakoe-to pacnpezerenue Fo, oranunoe ot F7.
[lo Teopeme I'aupenko — Kanrearn Fj(y) 25 F5(y)  ars awboro y mpu M — 00.
[Tockorvky Fy # F), naitaercs Yo Ttaxoe, uro |F2(yo) — F1(yo)| > 0. Ho

s%p!Fi(y) —F1(y)| = [Fr(yo) — F1(yo)| - [F2(yo) — Fi(yo)| > 0.

Ymuozas Ha /M, noAyunm mpu N — 00, uto P(X) = \/ﬁsupy|F;(y) —F1(y)] 2, .

K(y)
1 \

Hych cz\yqaffmaﬂ BEeAHYHHA T] HMeEEeT paclipeZieAeHHe

¢ gynkuueii pacnpegerenuss Koamoroposa

0.5 0

s 922
| | Ky =) (1edV, y>o.
\ \ j=—o0
\
0.5 1 y 1o pacrpezeAreHre TabyAHPOBAaHO, TaK 4TO IO 3aJaH-

e, O Maawme G (6 Homy € Aerxo maiitu C Taxoe, uro € = P (1 > C).

Hi, ecam p(X) < C,
Hy, ecam p(X) > C.

Kpurepuit Koamoroposa BeirAsguT Tak: 5(X) =
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8.2. Kpurepun corracus: kpurepnii x° Ilupcona

Kpurepuit X2 (K.Pearson, 1903) ocHosbiaercst Ha rpynmupoanubpix zanubix. O6racts
3HaYeHHH MPeANOAaraeMoro pacrpefereHus J | AeAST Ha HEKOTOPOe YHCAO MHTepBaAioB. I lo-
CA€ 4ero CTPOAT (PYHKLIHIO OTKAOHEHHs P MO PasHOCTAM TEOPETHYECKHX BEPOSITHOCTEH MOMa-
JaHUS B UHTEPBAAbl TPYIIHPOBKH H IMITUPHYIECKUX HACTOT.

HMmeerca Boibopka X = (Xj,...,Xn) us pacnpegerenus F. Ilposepsercs mpocras
runoresa Hy = {F = F1} npotus croxuoii arprepnatusnt Hy = {F #£ Fil.

[lyctp, kax B maparpage 1.6, Aj, ..., Ax — HHTepBaAbl TPYNIHPOBKH B 06AACTH
3HauYeHHH CAy9alHOH BeAmuMHbI ¢ pacnpegeieHuem JF1. O6osmaunm ara j = 1,. ..,k uepes

'V] YHUCAO IAEMEHTOB BbI60pKI/I, IIOTIaBIIUX B HHTEPBAA A]

n
vj ={amcro Xi € A} =Y I(X; € Aj),
i=1
u depes Pj > 0 — Teoperuueckyo BepositHoctb Py, (X7 € Aj) nonmaganus B untepsar Aj
cAyuyaiHOH BeAmuuHbl ¢ pacnpegerenuem F1. C meobxogumoctbio, P+ ...+ px = 1. Kak

MIPaBHUAO, JAHHBI HHTEPBAAOB BBIOMPAIOT TaK, YTOObI P = ... = Py = 1/k.

[yctnb
g — a2

n .
= P

(23)

3ameuanne 18. Caroiictso K1(6) BhimoAHeHO zanreko He AAs Bcex aAbTepHATHB. Ecam
pacnpegenenue BbiGopkn F) # F1 nmeer rakue e, kak y F1, BeposTHOCTH Pj nomazanus
B KamKAbli U3 MHTePBaAOB Aj, TO 10 AaHHOH (YHKUMH ) STH PaclpeJeAeHHs PAaBAHIHTD

HEBO3MOZKHO.
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[losTomy Ha camom zere KpuTepHi, KOTOPbIA MbI IOCTpouM mo (yHkuuu P us (23),

pelllaeT COBCEM MHYIO 3aJauy. A HMeHHO, NMycTb 3aZaH Habop BEPOSTHOCTEH P1,...,Pk
takoit, uto P1 + ...+ px = 1. Kpurepnit X2 npeanasnauen AAA NPOBEPKH CAOKHOIM
THIIOTE3bI

Hj = {pacnpea,ej\eﬂne X7 obragaer cpoiictBom: P (X7 € Aj) =pj ara Beex j =1,... ,k}

[IPOTHUB CAOKHOU aAbTEPHATHBBI Hé = {H{ HeBepHa), T. e.
/
H; = {xom 6bl AT OZHOTO M3 MHTEpPBaAoOB BepoaTHocTb P (X7 € A]-) OTAMYAETCsl OT pj}.

[Toxaxsem, uto p(X) yaosaerBopsier ycaosuo Kl(a).

Teopema [Nupcona. Ecau sepna rumoresa H{, TO NpH (PUKCHPOBaHHOM K M mpu M. — 0O

K (vi — np:)2
o) = 3 TRl

np;

= Hk*h
j=1

rae, HallOMHHUM, Hk,] €CTb Xz-pacnpeaeJ\eHHe C k—]OCTeHeHb}O CB06OZI,bI.

°CrouT OoCcTaHOBHTbCSA M 3azZaThb cebe BOIIPOC. Beanunna P ecTb cymMma k caaraempix. Caaraembie, ecAu BbI
He 3a6bIAK IJHT HAU TEOPEMY MyaBpa — Aamaaca, umeror pacrpezeAeHHsi, OAUBKHE K KBajgpaTaM KaKHX-TO
HOPMAaAbHbIX. Kyaa noTepsAAach OZHa CTENEHb cBo60ADbI? l_[pwml-la KPOETCsI, KOHEYHO, B 3aBUCUMOCTH CAaraeMbIX:
Ve =M —V]1 —...—Vk_1.
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Joxaxem Teopemy Ilupcona mpu k = 2.

B atom cayuae v =n —vy, p2 =1 —p1. Ilocmorpum na p u senomuum LITTT:

o(X) = (vi —np1)? i (v2 —np2)? _ —npq)? i (n—vi—n(1—p1))? _
npj npz npj n(l—p1)
2
_ (v —np1)?  (—vi+npy)? _ —npq)? _ V1 —Mp7
npj n(1—p1) npi(1—p1) npi(1 —p1)

HO BEAHYHHA V] €CTb cCyMMa Tl HE3aBHCHMbIX C]\y‘{&ﬁHbIX BEAUYHH C PACIPELEAEHHEM Bep-

uyan By, nomo LTIT
Vi —Npq

npi(1 —p1)

rae & MMeeT cTaHZapTHOe HOpMaAbHoOe pacrpezaeAeHue. | losTomy

= &,

2

Vi —npg g2

X) = [ — P
= npy(1—p1)

Beanunna &2 umeer x2-pacnpeaenenne Hq ¢ ognoii crenenbio cBo6ozpl. ]

At SKOHOMHCTOB, TOABKO NPUCTYMAIOIIMX K 3HAKOMCTBY C MHOTOMEPHBIM HOPMAAbHBIM pacrpe-
ZeAeHMeM, MAaTPHLAMM KOBAapHALMH H BCEBO3MOXKHBIMH KBaZPaTMYHBIMH (POPMAMH, COCTaBACHHBIMH
u3 (aCHMIITOTHYECKH) HOPMAABHBIX CAAraeMblX, HCKAIOYHTEABHO TOAE3HO MO3SHAKOMHTBCS C Z0Ka3a-
TeAbCTBOM TeopeMbl | lupcona B obmem cayuae. [laparpag A npuroxseHus, KOTOPbIH ITO3HAKOMHT
YHTaTeAs ¢ MHOTOMEPHBIM HOPMaAbHbIM pacnpeserenuem, crout Haredaratb (CTRLA4P) u nosecurn

B H3IOAOBbE€ KPOBATH AO OKOHYAaHHA KypCa 3KOHOMETPHKH.



Mynxuua p(X) yaosaeropser ycaopuio K1(6). JelicTBureanho,

/
ynpa;ﬂﬂe}me. BCHOMHI/ITb 3aKOH OOABIIMX YHCEA H JAOKasaTb, YTO €CAH H] HEBEPHa,

to Haiizerca j € {1,...,k} Takoe, uro
2
OrnaenexHne ('Vj — npj)z n (v P
% 2 = (2 —p;] B 0.
npj P; \n
« > ‘ Ocranoch nocTpouTh KpuTepui B cooTBeTcTBHU ¢ K2.
) 2
< > [lyctb cayuaiinas Beamdmna Xj_; umeer pacnpeserenue Hy_7. Ilo Tabamue pacnpe-
aerennss Hy_q maiizem C paBHOe kBaHTHMAM ypoBHA | — € 3TOro pacmpezeAeHus. |orza
Ha ctp. .. u3 179 -
% e=P (Xﬁq > C) u kpurepuil corracus X2 BBILASAMT KaK BCE KPUTEPUH COTAACHS:

Hasag H, (X) C
, €cAn p <,

. 3(X) =<
0 Becb aKkpaH Hj, ecan p(X) > C.

Bameuanne 19. Ha camom zere kpurtepnii X2 NPHMEHAIOT H AAA pELIEHHs TePBOHA-

Vit yaAbHOH 3azauu o mpoepke rumotesbl Hi = {F = F1}. Heobxogumo ToABKO MOMHMTB, 4TO
STOT KPUTEPUHA HE COCTOATEAEH JAASl aAbTEPHATHB C TEMH 2Ke BEPOSTHOCTAMH IIONaJaHHS B

HHTEepBaAbl pasbuenus, uto u y F1. [losTomy 6epyT 60abiioe urcAo HHTepBaAOB pasbueHHs

— 4YeM 60}\]3”_[6, TEM Ay4YlE, "ITO6bI «YMEHbIIUTb» YHCAO AABTEPHATHB, HEPA3AHYHMDBIX C

npearnoAara€MbIM pacClpPeLEACHUEM.

Ctp. 140
Buumanue! Onacuocts!
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3ameuanue 20. Cxoaumoctb mo pacnpegerenuio P(X) = Hy_1 obecneunpaerca LITTT,
[I03TOMY PasHHULA JOIPeLEAbHOH U IpPeJEAbHOH BEPOSITHOCTEH HMEET TOT :Ke MOPSZOK, YTO U

IOrPpEeIHOCTb HOPMAABHOI'O l'IpI/I6J\I/I2KeHI/I}I

b
IP(p(X)>C)—P (Xiq > C)| < npumepno! max{ ———
np;(1 —p;)
(cm. mepasenctso Deppu — Occeena aas morpemnoctu B LI[TT), rae b - nexoropas

nocTtosinHasg. ManeHbKue 3HaueHMs TPj B 3HaMEHaTeAe IIPUBEAYT K TOMY, YTO paclpeseAeHHe
p(X) 6yazer cymecrsenno otamuarbes ot Hy_ 1. Torza u pearbnas eposrmocts P (p > C)
— TOYHBIH pasMep MOAYYEHHOTO KPHUTEPHS — OyZeT CHAbHO OTAHYaTbca OT €. |loaTomy
ZAsi BbIOOPKH oObeMa T YHCAO HHTEPBAAOB pasOHEHHs] BbIOHPAIOT TaK, YTOObBI 06ecreuuTb

Hy>KHYIO TOYHOCTb IpH 3aMeHe pactpeaerenus P(X) ma Hy 1.

O6biyno TpebyioT, 4Tobbl NP = ... = NPy 6blAU He MeHee D-6.


http://www.nsu.ru/mmf/tvims/chernova/tv/end/node6.html#BE
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8.3. Kpurepnii X [Mupcona ars npoBepku mapamerpuuecKoil rHnOTEsDI

Kpurepuii Xz 9acTO NPHUMEHSAIOT ZAsl MPOBEPKH THIIOTe3bl O BHJE pacIpeseAeHHs, T.e.

0 MPUHAZAEKHOCTH PACIIPEAEAEHUs] BbIOOPKH HEKOTOPOMY MApAMETPUUECKOMY CEMEHCTBY.

Hmeerca soibopra X = (X71,...,Xn) us nHenspectnoro pacnpeaerenuss F. lposepserca

CAOZKHasl THUIIOTE3a

H] — {gj € {976}}»

e 0 € © C R' — ueussecruniit napameTp (CKaAspHBIR MAH BeKTopHbIH), | — ero

pasMepPHOCTbD.

[Tycts R pas6uro ma k > | unrepBaros rpynmuposkn AU --- U Ay, u Vj — 4ncao
aaemenToB Bbi6opku, nomasmux B Aj. Ho Bepostnocts p; = Pi, (X1 € Aj) = p;(0)
Tenepb 3aBUCHT OT HEHM3BECTHOrO mapamerpa 0.

MOyukuus orkronenus (23) Takze 3aBUCHT OT HeM3BECTHOTO MapameTpa 0, M HCIOADb-

30BaTb €€ B KPUTEPUHU I_I]/IpCOHa HEADb3d — Mbl HE MOZKEM BbIYHCAUTb €€ 3HAYEHHE:

k
n.p](e))z 24
g o) (24)

[Tycrn 6= /Q\(X) — 3HaueHue mapamertpa 0, gocraBasiomee MuHuMyM QyHkuuu P(X, 0)

Ay
npu aanson Bbi6opke X. IlogcraBuB BMecTo HCTHHHBIX BeposATHOCTEH Pj MX OLEHKH pj(e),

IIOAYYHUM (pyHKgH}O OTKAOHEHHS

(25)
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Yeaosue Kl(a) (npu BbIMOAHEHHH HEKOTOPBIX YCAOBHI OTHOCHTEAbHO raazkoctu Pj(6)°)

obecnieunBaercst Teopemoit (R. Fisher, 1924), kotopyro Mbr aokasbiBaTh He Gyzem:

Teopema 8. Ecau Bepna runoreza Hi, 1 dim(0) = | — pasmeprocts nmapamerpa (Bektopa)

0, To mpu purcHpoBaHHOM K M mpu L — 0O

. .(B))2
ox,8) =y 3 o=

j=1 j=1

rae Hy_1_1 ectb x2-pacnipeserenne ¢ k — 1 — | crenensmu cBo6ozabr.

Yerosue (K1(6)) BoimoaneHO, ecan, ckazkeM, paccMaTpHBaTb aAbTepHATHBHBIE pacIipese-
Aennst ) Takue, uto Hu npu kakux O Habop BepositHoctelt Pg,(X1€AT), ... Pg(X1€AL)
He cosmagaer ¢ P1(0),...,p(0).

Toctpoum kpurepnii X 2.

[lyctp caywaiinas Beamduna Xi—]—l umeer pacnpezerenne Hy 1_1. [lo sazannomy €
naizem C Takoe, yto € = P (Xiflfl > C).

Kpurepuii corracus Xz HMEeET TAKOH :Ke BHUJ, KaK BCE KPUTEPUH COTAACHSI:

)
)

G

5(X) = Hi, ecam p(X,0) <
X,0) > C.

O DD

HZ) ecan P ( )

° Bee 0%p;(0)/00:00; nenpepoisubt mo 0; panr marpuus ||0p;(8)/06: || pasen L.
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Bameuanus 19, 20 o koruuecTBe MHTEPBAAOB Pa3OGUEHHS OCTAIOTCSA B CHAE.

A
Bameuanne 21. Ouenxy 0, munnmusupylomyio @ynkumio p(X,0), Heabss 3aMeHHTb
Ha OlLIEHKY MaKCHMaAbHOTO MpaBzonozo6us ais O, noctpoennyio mno Bbibopke X1, ..., Xn.

[lpu Taxoit 3amene mpezeabHoe pacrmpegerenue Beauurunnl P (X, 0)

a) yxxe He paBHO Hy_1_1, a coBmazaer c pacrpesereHHeM BeAHYHHbI
2 2 2 2
5,1 AF oo T E,k,1,1+a1 (e)ak,1 oo al(e)ik,p

rae Bce &; HesaBucumbl u umetor pacnpegerenne No 1, a xoa@@uuuentnr ai(6), Bo-
o6me rosops, orauynbl ot 0 u 1 (H.Chernoff, E.LLehmann, 1954);

6) saBucur ot 0.

[TouyscTyiite pasuumy:

A
Bameuanue 22. Ouenxy 0, munumusupyomyro gynxuuo p(X,0), MoxkHO moAyuHTD
KaK OIIEHKY MAaKCHMaAbHOTO MPaBAONoAo6Hs aasi O, mocTpoennyio mo BekTopy Vi, ..., Vi

U3 IIOAHHOMHAADHOI'O pacCIipeAEA€HUs. q)yHKgHH l'IpaBZLOI'IOZ[O6I/Iﬂ HMEET BUJ

n!

K
f(v;0) = ————(p1(0))™" - ... (Px(0))™*, rae Zm(e) =1 mu ZW =n.
i

’V]!...’Vkl

Boruncaenne Touku makcumyma mo O Takod (yHKIMH B 06IIEM CAydae BO3MOZKHO AHIIb

YHCAEHHO, PaBHO KaK M BbIYMCAEHHe TOUKH MHHHUMyMa Qyukuuu P(X,0).
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8.4. Ilpogepka runoresnt oanopoanocru: kpurepuit Koamoropora — Cmupnosa

Jaupr ase Boi6opxku X = (X1,...,Xn) v Y = (Yq,...,Ym) U3 HeusBecTHbIX paciipe-
azeaeunit F u G coorserctBenno. [Iposepsercs caoxmuas rumoresa Hy = {F = G} nporus
(eme 60ree croxHOM) arbrepHaTuBbl Ho = {H1 nesepnal.

Kpurepuit Koamoroposa — Cmupnosa ucnoabsyior, ecan F u § umeoT HempepbIBHbBIE
(YHKLIHM paCIIpe/IeACHHUS.

[Tycrs Fii(y) u G} (y) — smnupuueckue QyHKUHH pacnpefereHHs, NOCTPOEHHBIE 1O

Bbi6opkam X u Y,

mn

p(X,Y) = L [Fr(u) — G (y)].

Teopema 9. Ecau runoresa Hp Bepua, To p(X,Y) = 1 npu n, m — 00, rae 1 umeer

pacrpeseAeHue ¢ (pyHKIHe#d pacnpeseienus Koamoroposa.

Ynpaxuenume. /lokasars, uto p(X,Y) LN npu N, M — 00, ecaun Hy Bepna.

M croBa: B Tabaune pacnpeaerenus Koamoroposa mo sazannomy € Haiizem C Taxoe,
uro € = P ( > C), u nocrpoum kpurepuit corracus Koamoroposa — Cmupnopa:

Hi, ecam p(X) < C,

8(X) =
Hy, ecan p(X) > C.

3ameuanne 23. Ecau ectb 60aee zByx BbIGOPOK, U TpebyeTcsi MPOBEPUTH THIIOTE3Y OZHOPOZHO-
CTH, 4acTO MOAB3YIOTCS OJHHM M3 BapHaHTOB Kputepust X2 |lupcona. Dtor kpurepnit (1 psia Apyrux
KpuTepueB) pexoMeHzyio nocmotpeTb B §3.4.2, c. 124 xuuru ['. V. Msuenxo, FO. V1. Measeaes. Ma-
TemaTHyeckas craructuka. Mocksa, 1984, 248 c.



8.5. Tlpoeepka rumoresnr Hesapucumoctu: kputepuii X Ilupcona

Ecrp Boibopra (X,Y) = ((X1,Y7),...,(Xn, Yn)) sHauenuit aByx nabrrozaembix cos-
MeCTHO cAy4aiiHbix BeAHdHH X H Y B Tl He3aBHCHUMbIX 3KcrepuMenTax. | lpoBepsieTcst rumo-
tesa Hy = {X u Y HesaBucumbi}.

S Breaem k untepsaros rpymmuposku A7, ...,Ax ars smauenust X u T MHTepBaAOB

rPYNIHUPOBKU V1, ..., Vi A 3HadeHud Y.

l_IOC‘-II/ITaeM 9MIIUPUYECKHE YaCTOTDI:

Y | Vi V2 ... Vn

Mz

<« » ‘ X
A] V11 V1,2 Vim Vi,
RIS .

-
=

Vij = {ancro map (Xy, Y1), nonaBmux B Aix 'V},

V.= {uncaro Yy, momaBmmx B Vj},

Hactp. ... 3179 Ak Vi1 V.2 cer Vim Vi..
k Vi. = {uncro Xy, nomaBmux B Ai}.
Hasan Z V.1 V.2 .. V.m n
i=1

Bo Becb akpaH
Ecau runoresa H] BepHa, TO TeOPEeTHYECKHE BEPOSTHOCTH IIONAZAHHS ITapbl (X,Y) B

Ar06y1o us obracrenn Aj X Vj paBHbI NPOM3BEAEHHIO BEPOSATHOCTEH: /Ad BCex 1 1 )

# pii =P ((X,Y) € Ay x V;) =P (X € Ay) -P (Y € V;) = p} - p.
Mwmenro sty runoresy (nasosem ee H]) mbr B zeficteureannoctu u nposepsem. [lo 354

Vi

) P X
— Pi, —
n n n

CTp. 146

® Vi o Vi, Vo Vi, V.

[TosTomy 3HaumTerbHas pasHuma memay —— U —— —— (uru Mexzy Vij " ———) MOKET CAY:KHTb
n

OCHOBAHHEM Al OTKAOHEHHs THIIOTE€3bl HE3aBUCHMOCTH.
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[yctsb

k m ( 2
vij — (Vi vo5)/m)
p(X,Y)=n v . (26)
i=1 j=1 bt
Teopema 10. Ecan rumoresa Hy sepna, to p(X,Y) = H_1)(m_1) mpu 1 — oco.
Kpurepuii corracus acHMNTOTHYECKOrO YPOBHSI € CTPOHTCS OGBIYHBIM 06PA3OM.
Ynpaxuenne.  Urobbl @ynxums p u Teopema 10 me nazaim c meba, y6Geaurec, urto rumoresa Hj

€CTb THIIOTE3a O MPUHAAAEKHOCTH PacIpeieA\eHHsI BbIGOPKH TapaMeTPHIECKOMY CEMEHCTBY pacrpeseieHHH ¢
BEKTOPOM HEH3BECTHBIX MapaMeTpos (PY,...,Px_; ,plf, ... ,plfnq ) pasmepuoctu l=k-+m—2. [loacrasus

OMII vy ./ ana pY u V. 5/M ara pjy B (DYHKIIHIO

oY)
pzzw (em. (24)),

XY
i PiP;

noayaum (26). Bcero ectb k-m unrepsaros, u no teopeme 8 npu seproit H mpeaeabroe X2 -pacripezereHue

umeer k-m—1—(k+m—2) = (k—1)(m—1) creneneit ceo6oapr.

Bamedanus 19 u 20 no mooay umcaa k - M uHTepBAAOB TPYNIHPOBKH OCTAIOTCS B CHAE.



8.6. Cognagenne gucnepcuit JByx HOpMaAbHbBIX Bbi6opoOK

Ectb aBe HesaBucHMble BbIGOPKM M3 HOpMaAbHbIX pacipezerenuit: X = (Xq,...,Xn)
us N, o2 H Y=(Yy,...,Ym) us NaZ‘U%, CpeaHue KOTOPbIX, BOOBIIE FOBOPS, HEH3BECTHBI.
Kpurepuii Dumepa npeanasuasen gas nposepku runoresst Hy = {09 = 03}
OrnaeneHve

O603Hauum yepes SZ(X) u SZ(Y) HecMeIlleHHble BbIGOPOYHbIE AHCIEPCHM:

S5(X) _1Zx —-X)%, S3(Y) = 72\( Y)?
| » ] S3(X)

u 3azazum Qyukuuio otkroHenus P(X,Y) kak ux ornomenue p(X,Y) =

GTEv
| S3(Y)
Hactp. .. w3 179 Teopema 11. Ecau rumoresa Hi Bepna, To cayuaiinas Beamunna p(X,Y) umeer pacnpeze-
Hasaa Aenne Mumepa Fry1m-1 ¢ n—1, m—1 crenensimu cBo6oabI.
Bo Becb akpaH Joxasateapcto. [lo remme (Dumepa, HesaBucuMBIE cAydaliHbIE BEAHYHMHDI
2 2
2 (n-1)S5(X) 2 (m—1) S5(Y)
n—1 0‘% m—1 0_%
iy umeror pacnpeaerenuss Hy, 1 1 Hy 1 coorsercrsenno. [lpu 0‘% = O‘% OTHOIIIEHHE
2
Bei/in-l) _SEX) ¢y
2 T gm oMY
m-1/(m—1) 1 0

CTp. 148
coenazaer ¢ p(X,Y).

umeet pacnpeaerenne (Dumepa ¢ N—1, m—1 crenenamu cBob6oabl mo ompezerenuo 18 u

O]
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C ycarouem K1(6) zero obcrout crozkuee.

Ynpa:knenne. Jlokasarb, uTo gAs A1060H abTepHATHBBI 0‘% £ (Y%
o
2
02

o(X,Y) 5 £1 mpn M, M — 0. (27)

[TocTpoum kputepuit Mumepa u ybegumcs, uro (27) obecrneunBaeT ero CoCTOATEAbHOCTb.
Bosbmem kBanturu f¢/p u f1_. o pacnpeaerennss Mumepa Fry 1 1 1. Kpurepuem Mumepa
Ha3bIBAIOT KPHTEPHH

5(X.Y) Hy, ecam o <p(X,Y) <fi_g )2,

H,  wunaue.

AOK&BaTeAbCTBO COCTOSAATEADHOCTH KPHUTEPHU:A (Dnmepa.

[lokaxem, uTo mocaezoBaTerbHOCTb KBaHTHAeH g = f5(m, M) ar6oro yposua 0< 6 < 1
pacnpegerennst Fry m cxoaures x 1 mpn n, m — co. Bosbmem Beamunny fi m ¢ stum pac-
npeaerennem. Ilo onpeaerenuto, P (fim <fs) =90, P (frym>fs) = 1—0 npu Bcex n, m.
I'lo cBoiictBy 2 pacnpeserenus Mumepa, fr m LTS [TosTomy ars Aro6oro € > 0 obe Bepo-
staoctu P (frym <1—€) u P (fr, m > 1+€) crpemsarcs k Hyaro mpu M, M — 00, CTaHOBSCH
paHO MAM MO3AHO MeHbmie kak O, Tak u 1—0. CarezoBarenbHO, TPH 40CTATOYHO GOABIIHX
TN, M Bomoaneno 1 — € < fs < 1+ €.

JAs aokasaTeAbcTBa COCTOATEABHOCTH OCTaAOCh INPEANOAOZKHMTb, YTO rumoresa Hi me
BepHa, B3ATb € pPaBHOE, HANpPHMep, MOAOBHHE PacCTOSHUS OoT 1 zo 0‘%/0‘% ¥ HCIIOAb30BaTb
cxogumoctb (27). Ilyctp, cramem, mpu goctaTouno 6oabmmx T 1 MM
of _ of

< —- t+te=1—€e<f,.p.
03 o3 €/2



Tom,a BEPOATHOCTDb OITHOKHU BTOPOro poga yAOBAETBOPSIET HEPABEHCTBAM

2
07
02(8) =Py, (fep <p<fi_gpp) <P, (1—e<p) =Py, [p> Zte| - 0.
2
S Amnanornuno paccmarpupaercs caydait, koraa (mpH Z0cTaTouHO 60ABIIMX TL H TIL)
of o
f], 2<]+€:7+€ L =
e/ 2 2
v5 o3
4« »» ‘
O
4 > ‘ Yupa:xknenme. Cpopmyauposatp kputepuit (Dumrepa B caydae, korza cpeaHHe H3BECT-
u ubl. Kakol cTaTHCTHKOH BbI BOCIIOAb3YETECH TeIllephb?
actp. ... n3 179
Hasan Kpurepuii Dumepa ncrnoabsyoT B KadecTBe MepBOro mara B 3azade MPOBEPKH OZHO-
POZHOCTH JABYX HE3aBHCHMbIX HOPMaAbHbIX Bbi60opok. (OcobeHHO YacTo BO3HHKaeT Heo6XO-
Bo Becb akpaH -
ZUMOCTb [POBEPUTb PABEHCTBO CPEAHMX ABYX HOPMAAbHBIX COBOKYITHOCTEH — HAllpuMep, B

MeZHIIMHE UAM OHOAOTHH ZAS BbIACHEHMs HaAMYHS MAH OTCYTCTBHA JAeHCTBMsA IpenapaTa. JTa
3azada pemaercs ¢ nomompbio kputepusi CTbiogenTa (C HUM Mbl MO3HAKOMHMCS Ha CAEZYIO-
iy mell cTpaHHIle), HO TOABKO B CAydae, KOTZla HEM3BECTHbIE AUCIEPCHH paBHbI. JlAs MpoBepKH
STOrO MPEANOAOXKEHUS] MOAb3YIoTCs chHadara kpuTepuem (Dumepa. Camoe mewarbmoe, ecau
TUIIOTE3a paBeHCTBa Aucepcuil oTBepraercs: kputepuem Dumepa, Aubo ecan cpasy saBegomo
M3BECTHO, YTO HEU3BECTHbIE AHCIIEPCHH PAa3AHYHBI. -3ajady O MPOBEPKE PAaBEHCTBA CPEAHHX
B 3THUX YCAOBHSAX HasbIBalOT mpobiemoit Depenca — (Mumepa. Ee pemenne Bosmoxsno Aumib

Crp. 150 B YaCTHBIX CAy4asix, © GOAbIIE O HEHM Mbl HUYETO FOBOPUTH HE OyzeM.
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8.7. Cornazenune cpegHHX IBYX HOPMaAbHBIX BbIGOPOK ¢ PAaBHBIMH JHCIIEPCHAMM

Ectb aBe mesaBucumbie Bbi6opku: X = (X1,...,Xn) us Ny, 2 Y= (Y1,...,Ym)

2

H3 Naz,oz’ npuveM gucrnepcusi 0 OZMHAKOBA AAsi 060X pacrpeseAeHUH, HO, BOOOILE TOBOPS,

HeusBecTHa. | IpoBepsierca caozxkuas runoresa Hi = {a; = ay}.

OTa 3azaya eCTb YaCTHbIH cAydall 3azauu 06 ogHopoaHocTH. JlAs ee penteHUs: moCTPOUM

kputepuit Crprozenta Tounoro pasmepa €.

Hs remmbr Dumiepa BhiTekaeT caeayromee yTBepsAeHHE.

Teopema 12. Cayuaiinas Bernuuna t 2, paBHas

[m X—ai)—(Y—ay)
thtm-—2 = :
2 M —1)S3(X) + (m — 1)S3(Y)

n+m-—2

HMEET pacClipeieAeHHE CTb}O,ZLCHTa Tn+m72 C n+m—2 CTEIIEHsIMHU CBOﬁOZLbI.

JokasateabcTBo Teopembr 12.

\ y6eauTbcs, uTo Aerko! I

1. Aerko Buzetn, uro X — @] UMeeT pacrpezereHHe No’oz/n, aY—ap

HMeeT paclpezereHHe NO,crz/m- Toraa ux pasnoctp pacmpesereHa Toxe HOPMAAbHO C
HYAEBbIM CPEJHHUM H JUCIIEPCHEH PAaBHOU

2 2

< = o o > M+m

D(X—aj)— (V—ap)) = = + = =¢2. 20

n m nm



Hopmupyem sty pasnocts. Beanuuna

fo= < /- ((X—a1) ~ (V- az)

HMeEET CTaHZapTHOE HOPMAAbHOE pacCIIpeZEAE€HHUE.
OrnaBnexve

2. W3 remmpr Dumepa creayer, 4To HesaBUCHMbIE CAyYalHble BeAHuHHbI (N—1) S%(X)/O‘2

u (m—1) S%(Y)/O‘2 umeror pacnpezerenus Hy, 1 u Hy,_1 cooTBercTBenno, a ux cymma
44 (44 ‘
IR

§2= 1 (In— 15300 + (m—1)53(v))

v = umeer X2-pacnpezerenue Hpym 2 ¢ N+M—2 crenensmu cBo6oabl U He 3aBHCHT 0T X
actp. ... u3 _
uor Y.
Hasag 5’0
3. I'lo onpegerenuro 17, oTHomenue Kak pa3 umeeT pacnpegerenre Ctbio-

Bo Becb akpaH SZ/(TH—TTL—Z)

aenta Inim-2. Ocraroch moacraButh B 3Ty apobp & m S2 u ybeautbcsi, 4yto O

COKPATUTCA U TOAYYHTCS B TOYHOCTH tim 2 u3 Teopembr 12. L]

Yitu

n+m-—2

T X—-Y
Beeaen gymigmo p(X, Y) = \/; | \/ (n—1)S3(X) + (m— D)S3(Y)

Ctp. 152
M3 teopembr 12 caeayer cpoiictBo Kl(a): ecam Hi Bepma, T.e. ecam a; = ay, To

BeAnunHa P = tnym 2 umeer pacnpeaerenue Crorogenta T pm 2.
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Yupaxuenne. /Jloxasarb coiictso K1(6): ars A10608 arbTepHATHBbI K OCHOBHOH THIIO-
Tese (T.e. Kak TOAbKO (] 7# () BeAHYHHA |P| HEOTpaHHYEHHO BO3PACTAET MO BEPOSTHOCTH

c pocToM ML ¥ M.

Yxasanue. Bocnoabsosasumuch 3bY uau ceofictamu 2-4 us 1-fi Aexuum, gokasatb, uTo

YHUCAUTEAb H 3HaAMEHATEAb CXOAATCA K IMOCTOAHHbIM:

(mn—1)S3(X) + (m —1)S3(Y)

P
— const # 0,
n+m-—2 7

X —Y 25 const #£ 0,

TOrzZa Kak KOPeHb Iepes ApoObi0 HEOrPAHWYEHHO BO3PACTAET.

[Toatomy octaercs no € naiitu C = T1_¢/2 — KBaHTHAb PacIpeAEAeHHs] Thim 2. das

takoro C BeamunHa t | 2 U3 pacrpeaereHHs |y 2 YAOBAETBOPSET PABEHCTBY
P (|tn+m—2| >C)=2P (thrm—Z >C)=c.
U xpurepuit CTbrogeHTa BbITASAMT KaK BCE KPUTEPUH COTAACHSL:

Hy, ecan [p(X,Y)]| < C,

5(X,Y) =
Hy, ecaum |p(X,Y)| > C.

Ynpaxuenne. /JlokasaTh, UTO 9TOT KPUTEPHH HMeeT TOYHBIH pasMep €.

Ynpaxuenne. IlocTpouts KpuTepuil A MPOBePKH TMIOTE3bl O PABEHCTBE CPEAHMX

ABYX HE€3aBHCHMbIX HOPMAaAbHbIX BbI60pOK C IIPOHU3BOADHbBIMH H3BECTHbBIMU JAHCIIEPCUSMHU.
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8.8. T'unoresa o cpeanem HOpMaAbHOH COBOKYIMHOCTH ¢ M3BECTHOH JHcHepcHeR

HMmeercst Bpibopka X = (X1, ..., Xyn) us nopmarbuoro pacnpeaerennst N o2 ¢ ussecr-
Hoit gucnepcueii 02. Ilposepsiercst mpocras rumoresa Hi = {a = ag} nporus croxHo#
aabrepuatusbl Hy = {a # ag}.

[TocTpoum kpuTepuit TouHOro pasmepa € ¢ moMoILbio PYHKUMH oTkAoHenus P(X)

X — aop
p(X) = vn—-.
(o)
Ouesuano cpoiicto Kl(a): ecam Hjp Bepna, To p(X) umeer cranzaprHoe HOpMaibHOE
pacrpezeneHue.

Yupa:xnenne. [lokasarb coiicto K1(6): ecau a # ap, 1o |p(X)] 2, .

[To ¢ BoiGepem C = T{_g/2 — KBaHTHUAb CTaHZAPTHOTO HOPMAABHOIO PACHPEAENEHHS.

Toraa
e =Py, ([p(X)[ = C).

Kpurepuii BbIrAAAUT Kak Bce KPUTEPUH COTAACHUSL:

H X C
s _ T e 1600 <€, o8
Hy, ecan [p(X)| > C.

N

Ynpaxunenne. /oxasath, 4TO ITOT KpHTEPHH HMeEET TOYHBIH pasMep € M SBASETCS
COCTOATEADHDbIM.

Ynpaxuenme. [loctpouts kputepuit ars pasamuenus Tpex rumotes: Hi = {a = aop},
Hy; ={a < ap} u Hz = {a > ap}.
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8.9. T'unotesa o cpeaneM HOPMaAbHOH COBOKYIHOCTH ¢ HEH3BECTHOM JHCIIepCHeH

[lposepsieTcss Ta ke rumoTesa, 4TO M B MNpeAbIAYIIEM paszZeAe, HO B CAydYae, KOTJa
AMCIIepCHs 0 HensBecTHa. Kpurepuii, KoTopbiii Mbl MOCTPOUM, TO2K€ HA3bIBAIOT KPHTEPHEM
CrplozenTta, TOABKO 0ZHOBBIGOPOUHDIM.

Breaem @ynkuuio otkronenns p(X) pasuyio

p(X) = \/ﬁm rae S(z) =

2’ HZ(Xi—?)Z.

Cpasy no m.4 creactsua remmbr (Dumepa umeem Kl(a): ecam a = ap, To p umeer

pacrpeaeAeHue CTblOﬂ,eHTa Tnf] .

Ynpaxunenne. /loxasarp cpoiicteo K1(6).

Kpurepuit crpourcsa B Tounoctu kak B (28), no B kauectse C caeayer 6paTb KBaHTHAD

pacnpegerenuss CtbrogenTta, a He CTaHZapPTHOIO HOPMAABHOTO PACHPEAEAEHHSI.

Ynpaxuenne. Hapucosats kputepuii u z0KasaTb, 4TO STOT KPUTEPUH HMEET TOYHbIH

pa3sMep € U SABASIETCSI COCTOSITEAbHBIM.

ynpamnenue. B camom Au zere Tpu mocreaHHX KpuTepHs COCTOSATEABHBI?
Hanomunanue. A Bbi z0kasaiu BbimoaHenue cBoitctBa K1(6) aas GyHKuME OTKAOHEHMS 3THX
KPUTEPHEB, YTOObI TOBOPHTb O COCTOATEABHOCTH?

Ilpumeuanne. A uTO Takoe «COCTOATEABHOCTb» KPHTEPUS?
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8.10. Kpurepun, ocHoBanHble Ha JOBEPHUTEAbHbBIX HHTEpPBaAaX

Hmeerca smibopka X = (Xq,...,Xn) us cemeiictBa pacnpegerennit Fg. Ilposepserca
npocras runoresa Hi = {0 = 0} npotus caroxmoi arbrepHaTuebr Hy = {0 # 0¢}.

[Tyctp umeercs Tounbiii (acuMnToTHYECKH TOUHBIN) ZOBepHTeAbHbIH HHTepBar (07 ,07)
ars mapametpa 0 ypoBus zosepusi 1 — €. Bss npoussoabroe 0/, aas BbiGopku m3 pacrmpe-

aerenus Jg/ umeem
Po(0 <0 <08M)=1—¢ (—1—¢).

Toraa xputepuit
5(X) = Hy, ecam 09 € (07,07),
Hy, ecam 0o & (67,0T)

uMeeT Tounblil (acumnToTHueckuil) pasmep €. JlelicTBUTeAbHO,
x1(8) =P, (6=Hz) = Pg, (00 € (67,07)) =1 —Pg, (07 <0p<0") =€ (— ¢).

EcAn zoBepuTeAbHBIH MHTEPBAA CTPOMTCA C MOMOIIbIO «pyHKIHM oTKAoHeHUs» G (X, 0),
TO 3Ta 2ke (DYHKLHA TOZUTCA U B KadecTBe «PyHKUuH oTkAoHeHus» P(X) aas moctpoenus

KPUTEPHsI COTAACHS.

Ilpumep 33. [locmorpum ma xpurepuit (28). Ocnopras rumortesa Hi mpunumaercs,

toabko ecan [p(X)| < C = T{_¢/2, YTO PABHOCUABHO HEPABEHCTBY

X —ap - T1-¢/20 - T1-¢/20
n——| < Ti_¢/2, X———<aqp< X+ —.
|\F 5 1-¢/2, HAH n o< X+ Tn

Cpan—mTe TO, 9TO IIOAYYHAOCDH, C TOYHbIM JOBEPHTEADHbBIM HHTEPBAAOM (13) AAs ITapaMeTpa a

HOPMAADbBHOTO paclpefeAeHUus1 C HU3BECTHOHN ﬂ,HCHepCHCﬁ.
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9. I/ICCJ\eZl,OBaHI/Ie CTAaTHCTHYECKOH 3aBHCHMOCTH

Yacro Tpebyercst onpezeAnuTb, Kak 3aBUCHT HabAlOZlaeMasi CAydaHHas BEAHYMHA OT OZHOH
HAM HEeCKOAbKHX apyrux BeamunH. Cambiil o6IIMH CAydyall TakoH 3aBHCHMOCTH — 3aBHCH-
MOCTb CTaTHCTHUuecKas: Hampumep, X = &+1 u Z = & + ¢ saBucUMDI, HO 9Ta 3aBUCHMOCTb
He (PyHKIHOHAaAbHasl.

ZJlAs 3aBHCHMbBIX CAy4YaHHDBIX BEAHYHH HMEET CMbICA PACCMOTPETb MAaTeMAaTHYECKOE OH-
ZaHHMe OZHOH W3 HHUX NPH (PUKCHPOBAHHOM 3HadeHuHu apyroi (apyrux). Takoe ycaoBHoe
MaTeMaTHYECKOE OKU/IaHHE MOKA3bIBAET, KaK BAUSET Ha CpPeAHEE 3HAYEHUE [1EPBOH BEAHMYHHBI
usmenenue sHadeHuil Bropod. CkazeM, CTOMMOCTb KBapTHPbI 3aBUCHT OT MAOINA/M, STazka,
pafioHa M ZPYTHX TapaMeTpPoB, HO HEe SABASETCS (YHKIHEH OT HHMX. .3aTo B IIHPOKUX IIPes-
[OAO2KEHHSIX MOKHO CYHUTAThb €€ MaTEMAaTHYECKOE O:XKUAAHHE (DYHKUHEH OT DTHX BEAMYHH.
Pasymeercs, nabarogaTb 3TO cpeiHee 3HadeHHe Mbl He MOXKEM — B Halled BAACTH AHIIb
HabAIOZATh 3HAYEHHs TEPBOH CAyYaHHOH BEAMYHHDBI NPH PAa3HbIX 3HAYEHUSIX OCTAABHBIX. Ty
3aBHCHMOCTb MO?KHO BOOOpazKaTh KaK BXOZ M BbIX0J, HEKOTOPOW MAIlMHbI — «SIIIMKA C LIyp-
IaBYUKOM». BXozHble zaHHbIE, HAH «(DAKTOPbl», KaK MPaBHAO, U3BeCTHbL. Ha Bbrxoze Mbl

HabAIOZaeM pe3yAbTaT Ipeobpa3soBaHHsA BXOZHbBIX ZaHHDIX B AILIMKE MO0 KAKMM-AHOO0 MpaBHAAM.

9.1. MaTeMaTH‘{CCKaﬂ MOZJEAD PETrPECCHH

[lyctp nabrlozaemas caywalinas BeAnunHa X 3aBHCHT OT CAyYalHOH BEAMYMHbI HAH
cAydaiiHoro BekTopa Z. 3Hadenus Z Mbl Au60 3azaem, Aub6o Habarogaem. (O6o3Haunum

uepes f(t) ynxumio, oTpaxarolyo 3aBUCHMOCTb CpesiHero sHadeHHsi X OT 3Hadenuit Z:

E(X|Z=t)=f(t). (29)
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Mynkuus f(t) nHaspiBaerca aunuei perpeccun X Ha Z, a ypaBHenne X = T(t) — perpeccu-
OHHbIM ypaBHeHHeM. |locae TL SKCIEpHMEHTOB, B KOTOPbIX Z IIOCAEJOBATEAbHO NPUHHUMAET
sHauenuss Z = t1, ..., Z = t,, moAyuyuM 3HaueHHs HabAIOZaeMOH BeAMYUHbI X, paB-
uote X1, ..., Xn. O6o0snauum uepes €; pasuuny Xi—E (X | Z = t;) = Xi — f(ti) mexay
HabAIOaeMOH B 1-M 2KCIIlepUMEHTe CAy4aHHOH BEAHYHHOH U ee MaTeMaTHYECKMM OKHZAHHEM.

Hrax, Xi = f(ty) + &, i = 1,...,n, rae € — omubku HabAIOZEHHHA, paBHbIE B
TOYHOCTH PA3HHIE MEXKJAY PEAAbHBIM H YCPEJHEHHbIM 3HAYEHHEM CAyYaHHOH BEAHYHHBI X
npu sHauenuun Z = ti. [lpo coBmectnoe pacmpeaerenme €1, ..., €n O6BIYHO YTO-AM60
H3BECTHO HAH IIPEANOAAraeTCsl: HalpuMep, YTO BEKTOP OIMMOOK € COCTOMT U3 He3aBUCHMbIX H
OZIMHAKOBO HOPMAaAbHO PaclIpeeAeHHbIX CAyHYaHHbIX BEAHYHH C HYAeBbIM cpeaHuM. Hyaesoe

cpeaHee TYT HEOOXOZHMMO:
Eei=EX;—f(t;)) =E(X ‘ Z=1t;) —E(X ’ Z=1t;) =0.

Tpebyercs o smauenusm ti,...,tn u Xq,..., X}, OLEHHTb KaK MOKHO TOYHee (PyHK-
uuio f(t). Beauuunnr ti He ABAAIOTCS CAyYaiiHBIMM, TaK 4TO BCS CAYYaHHOCTDb COCPEAOTOYEHA
B HEM3BECTHbIX ONmIHOKax £{ U B HabAlogaembix Xi. Ho mbiTaThcss B KAacce BceX BO3MOZK-
HbIX (QYHKIH#A BoccTaHaBAMBaTh f(t) mo «Hauayummm ouenkam» aas f(ti) aoBoAbHO raymo
— wHauboree TouHbIMH TpubAmkenusamu K f(ti) okaswiBatorcs Xi, u Qyukuus f(t) 6yzer
IIPOCTO AOMaHOH, moctpoennoi mo toukam (ti, Xi). [TosTomy cHauara 3apamee ompezersioT
Bua pyukuuu f(t). Yacro npeamoaararor, uto f(t) ectb moaunom (peako 6orbine TpeTbeit
HAM YEeTBEPTOH CTENeHH) C HEH3BECTHbIMU KOI((HUIHEHTaMH. DyzeMm Moka mpexrioAaraTb,

yto (Qynkuus f(t) moAHOCTbIO ompezersieTcss HeM3BeCTHBIMH mapameTpamu 01, ..., O.
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9.2. Meroa makcumarbHOTO NpaBAONOA06Us

OueHky HEH3BECTHBIX NAPAaMETPOB HAXOAAT C MOMOLIbIO METOAA MAKCHMAaAbHOTO IIPaB-
zonoaobus. Ou npegnucbiBaeT BbIGHPATb HEM3BECTHbIE NIapaMeTPbl TaK, YTOObl MaKCHMH3H-
poBaThb (PYHKLHIO NPAaBAONOAOOHs CAydaHHOro BekTopa X7, ..., Xn.

Byaem, aas mpoctotsl, npeanoaaratb, 4To BeKTOp OMIMGOK € COCTOMT M3 HE3ABUCHMBIX
M OAMHAKOBO PAaCIPEZEACHHBIX CAYYaHHbIX BEAMYHH C IIAOTHOCTBIO pacrpezeeHuss N(X) us
HEKOTOPOro ceMeHCTBa paclpeseAeHHH ¢ HYAeBbIM CPEAHHM M, BOOOIIe rOBOPsl, HEM3BECTHOH
aucnepcueii. OveHb YacTO NMOAAraloT, YTO € MMEIOT CHMMETPHYHOE paclipefleAeHHe — HOp-
manboe Ng 52, Crorozenta, Nannaca, rorucrudeckoe u .. [lockoapky Xi or €i saucsar
AMHEHHO, TO pacrpesereHHe Xi OKa:KeTCs TAKHM K€, KaK y €i, HO C LLEHTPOM yzike He B HYyAE,
a B touke f(t;i). [TosTomy X;i umeer mrormocts h(x — f(ti)), n pynkuus npasaonozobus

BekTopa X1,...,Xn paBHa, B CHAy HE3aBHCHMOCTH KOOPJHUHAT,
f(Xq1,...,Xn;01,...,0%) = h(X]-f(’t]))-. . .'h(Xn—f(tn)) =h(eq)-...-h(en). (30)

EcAu BeAmuuHBI €{ HUMEIOT pasHble pacHpeZeAeHMsi, TO N CAeAyeT 3aMEHHTb Ha COOTBET-
cryromue hi. B orcyrcreue mesaBucumoctu npousseaenue maotHocteit B (30) samenutcs
IIAOTHOCTDBIO COBMECTHOTO PAacIipeleAeHHs] KOOPAHHAT BEKTOPa E.

Metoa MakcHMaAbHOro HPaBAONOAOGHUSA IPEAIHCHIBAET HAXOZHTb OLUEHKH HEM3BECTHDIX
napametpor 0; @yuxuum f(t) u oumenku wemssecTHoH aucnepcun (uam aucmepcuit) D gy,
MaKCHMH3HPYsl 110 3THM mapametpaM (yukuuio npaszomozobus (30). Paccmorpum, Bo
YTO MpPEeBPAINaeTcss METOJ MAKCHMAaAbHOTO IIPaBJONOAOOHS B HaHOOAEE HacTbIX Ha IPAKTHKE

IPEAIIONOKEHUAX.
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9.3. Meroa HauMeHbIIMX KBaJApPaTOB

[lpeamorozxum, 9To BekTOp OMMOOK € COCTOMT H3 HE3aBHCHMbBIX CAyYaHHDbIX BEAHYHH

C HOPMaAbHBIM PaCIIPEAEAEHHEM No,cz. Myukuus npasaonozobust (30) umeer Bua
£(X:0) = 1 exp{_(xl—f(tﬂ)z} ] exp{_(x1—f(tn))2} _
' oV 2T 202 T oV2n 202

1 1 < 2
—Wexp —M;(Xi—f(ti))

Ouesugno, 4ro IpH AI060M (PHKCHPOBAHHOM (72 MaKCUMYM (PYHKLIHH MPaBZAONOAOOUs JOCTH-

raeTcsi IIpM HaMMeHDbIIEM 3HAYEHHM CyMMbl KBagpatoB ommbok »_(Xi— f(ti))2 =Y E%

Onpeaerenne 31. Ouenxoit metoza maumenbmux kBagpatos (OMHK) zaa neussectnbix
napameTpos 01,...,01 ypaBHeHHs perpeccHu HasblBaeTCsl Ha6Op 3HaYeHUH [apaMeTPOB,

AOCTaB}\H}OLHPIﬁ MHHHUMYM CyMM€ KBaZpPaTOB OTKAOHEHHUH

n n

> (Xi—f(t)2=) et

i=1 i=1

”~,
Haiizsn onenxu ars 0, Haiizem Tem cambim ouenky f(t) ara f(t). O6osnaunm uepes

S o A AS
T(t;) sHayenus: aTon HKUMH, u depe3 €; = Xi; — f(ti) cooTBeTCTByIOMIME OLIEHKH OIIH
i YHKL P i i i YOI 11

OgeHKa MaKCHMAAbHOTO HpaBﬂ,Ol’IOZ[,O6I/IH AN (72

BbI‘{I/IC]\l/ITb!

LS . _fe2 Ly g2
—) Xi—flu)?=—3 &

i=1 i=1

MPaBJOINOA0OHUs, paBHa

6% =

6OK.

, OHa K€ TOYKa MaKCHMyMa II0 0-2 (PYHKLHH

(31)
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My,a,pblffl YUTaTEAb IOHSIA, YTO OCHOBHAas lLieAb PacCMOTPEHHOIO Bblllle NpUMepa — IO~
KasaTb, YTO METOJ, HaHMMEHbILIHX KBaJpaTOB He IaZaeT ¢ Heba, a eCTb B TOYHOCTH METOZ
MaKCHMaAbHOTO IPaBJAONOAOOHs B CAy4yae, KOrga BEKTOpP OLIMOOK, a BMECTE C HUM H BEKTOP
HabAIOlaeEMbIX OTKAHKOB PErpecCHH, COCTOUT M3 HE3aBUCHMbIX U OZWHAKOBO PaCIpPeseAeHHbIX

CAy4YaWHBbIX BEAHYHH C HOPMAABHBIM PACIIPELEAEHUEM.

Hpnmep 34. I_Iy(ITb IIANOTHOCTb HE€3aBHCHUMBbIX C}\y‘laﬁHbIX BEAHMYHH £i HMEET BH/

h(x) = =— exp{—|x|/0}, T.e. €; umeror pacnpeserenne Namnraca.

20

Toraa mpu Ao60M QUKCHPOBAaHHOM o? MaKCHUMYM (YHKLHH IPaBAONOAOOUS JOCTHUTAETCS
IIPU HaHMEHbIIEM 3Ha4Y€HHH CYMMbI Z‘Xi — f(t;)| abcortorTubix orkromenmit. Ouenka

makcumabHoro npaszonogobus (OMI) ars wabopa 07, ..., 0y y:xe ne ectro OMHK.

9.4. Ilpumepn:

Haiizem OMHRK aas @yuxuuii T(t) B page gactubix cayuaeB. Hamomuum, aro OMIT

COBIIaZa€T C OMHK IMIOYTH HCKAYHTEADPHO B CAYYa€ HOPMAADHOCTH BEKTOpPaA OIITHOOK.

[Mpumep 35. [lyctp pyuxkuus f(t) = 0 — nocrosumas, O — HewsBecTHBIH MapameTp.
Toraa nabaonenns pasunt X; = 0 + ¢4, 1 = 1,...,M. Aerxo ysuath 3azaqy oleHHBaHUS
HEH3BECTHOrO MaTeMaTHYecKoro O:HgaHHs O 1o BbI6OpKE M3 HE3aBUCHMBIX M OJHHAKOBO

A
pacrpesieAeHHbIX CAy4aHHbIX BeAMdYHH X1, ..., Xn. Haitzaem OMHK 0 aas napamerpa 0:

AN

a n n .
%Z(xi—e)zz—zz(xi—e) =0 npn 0 =X.
i=1 0=0

i=1

Tpyano nassatb stor oTBeT Heomuzanubiv. CoorsercTBenno, 02 = S2.
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Yupaxuenne. [loxaxure, uto B ycrousix npumepa 34 OMII ars 0, Mmunumusupyo-

wast ) |X{—0

, €CTb BbIOOpPOYHAsT MejHaHa

6 Al ecau 1 = 2m—1 (ueuérno),
% (X(m)+X(m+1)> , ecau .= 2m (uérno),
2 _ 1y A
a OMIT arsn aucnepcuu pasua 6° = = > |Xi — 0]. Bwmecro moaycymmpr mozmo 6patp
i=1

A06y10 TOUKY OTpesKa [X(m), X(m_,_])]

Ilpumep 36. Auneiinas perpeccus.

Pacecmorpum aumedinyio perpeccuio Xi = 01 +ti02 + €, i=1,...,m, rae 67 u 0>

— HewusBecTHble mapameTpbl. 3zech T(t) = 07 + t0, — npamas.

Haiizem ouenky metoza Haumenbuux KBazpatoB 01,02, Ha KOTOPOH ZOCTHTaeTCs MHHU-
MYM BEAHYHHBI )_ Eiz =) (Xi—0671— t10,)2. TpupaBHsB K HyAl0 YacTHbIE IPOH3BOAHDIE
STOH CyMMBI IO TapaMeTpaM, HaHJeM TOYKy KCTpeMyMa.

Ynpa:knenune. Y6eauTbcsi, YTO pelIeHHEM CHCTEMbI ypaBHEHHH

0 0

2 2 z 2
~ A '_—O ~ A _—O
00 1 £ ' 00, 1 €

SIBASIETCS ITapa




Onpeaerenne 32. Beauuuna

%Ztixi—i-{

*

OrnaBneHne B \/% Z(ti - {)2 ’ % Z(Xl - X)Z

Ha3bIBAETCsI BbIOOPOYHBIM KOI(PPHUIIUEHTOM KOPPEASUUN U XapaKTEPU3YET CTENEHb AHUHEHHOH

3aBHCUMOCTH Me:ay HabopamMu 4uceA X1i,...,Xn u t1,...,th.
4« »» ‘
< > ‘ Ilpumep 37. Tepmun «perpeccusi» nossuics Bnepsbie B pabote Francis Galton, “Re-
v = gression towards mediocrity in hereditary stature” (Journal of the Anthropological Institute
actp. ... u3

V. 15, p. 246-265, 1886).

Haszag
[arbTOH HCCA€ZO0BaA, B YAaCTHOCTH, POCT ZeTel BbICOKHX pom/ITeJ\eﬁ H YCTAaHOBHA, 4YTO
Bo Becb akpaH o
P OH «pPEerpeccupyeTr» B CPeJHEM, T.€. B CPeJHEM JETH BbICOKHUX POJAMTEAEH HE TAaK BbICOKH,

Kak ux pogurern. llycts X — poct coiHa (gouepn), a Z1 u Z) — pocT OTHA U MaTepH.
JArs auneiinoit mogean perpeccun E (X | Z7 =t,Z; =u) = f(t,u) = 01t +60u+c

it [‘arbToH HameA oreHku mapameTpos:

E (pocra coma | Z1 =t,Z; =u) =0,27t + 0, 2u + const,

a cpeauuit poct zouepu eme B 1,08 pas menbiue.

Ctp. 163
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9.5. O6mas moaeAb AMHeHHOH perpeccuu

Bsezem zBa Bextopa: Z = (Z1,...,Zy) — paxropni perpeccun u B = (B1,...,Px) —
HeM3BECTHbIE MapaMeTpbl perpeccHH. Kaxablli BEKTOp eCTb BeKTOp-CTOAGel, a M306paeH
0 ropusoHTarM AAs yao6cra. (O6osHauaTh BeKTOpa Mbl, KaK M paHee, GyZeM KHPHbBIM
HIPUPTOM.

PaccmaTpuBaeTcs MozeAb perpeccHH, KoTopas B Kypce «JKOHOMETPHKa» Ha3bIBAaeTCs

npoctoil (AMHeHHOH) perpeccue:
EX|Z=t)=1f(t) =B1t1+.. +Pxtx, mau E(X|Z)=1(Z) =p1Z1+...+Bx Zx-

[Tycts B i-M sKCmepuMeHTe (aKTOPbI PErpecCHH NMPMHHUMAIOT 3apaHee 3aJaHHblEe 3Haye-
i i i q
mns ZY = (Zg),...,ZL)), raei=1,...,M.
[Tocae 1 > k skcnepumenTtos moayden Ha6op otkamkoB X = (X1,...,Xn), rae

1 1
X1 =B1Z +.. B2 + ¢
XzZB]Z(]Z]—f—...—i—BkZ](S]-f—Sz

Xn=B1ZM+.. .+ Bz + ¢,

uAH, B Matpuunoii popme, X = ZTB + €, rae marpuua Z(k X ) (marpuia nrana) pasna

BeKTOp & = (E] ooy En) COCTOHUT U3 CJ\y'{aﬁHbe omMO0K B JaHHbIX dKCIEPUMEHTAX.
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Tpebyerca mo zanubiM MaTpuie nraHa Z ¥ BEKTOPY PE3YAbTATOB X HAHTH OLUEHKH ZAs

[1apaMEeTPOB PETPECCHHU [3 M MapaMeTPOB PACIPEJEACHHs] BEKTOPA OMHOOK €.

9.6. MCTOZ[ HAHMEHDbIIIHX KBaJAPaTOB. HOpMaJ\bHOG YpaBHEHHE

Ilpeanoro:senne 1. Matpuna Z umeer panr K, T.e. Bce k ee cTpok AHHEHHO He3aBUCHMBI.

Aemma 3. [lpeanoroxennue 1 osnauaer, uro matpuua A = Z-Z ! noromurerbto onpezerena.

Hanomunanue 1. Marpuua A(k X k) noromuteapno omnpezerena, ecan t' At > 0
ars aroboro t = (tq,...,tx), mpudem tT At = 0, ecan u Toabko ecan t = 0.
Hanomunanue 2. KBaapaT HOpMbI BeKTopa U paBeH ||U.H2 =u'u = Zuf > 0.

HopMa paBHAa HYAIO, €ECAH H TOAbBKO €CAH u = 0

JoxasareabcTBo AeMMmbl 3. Daarogaps mamommuanuio 2,

-
tTAt=t"2.2Tt=(Z"t) - (ZTt)=|Z"¢)®> >0,

npuyem HZTtH = 0, ecau u toabko ecan Z't = 0. Ho «panr Z pasen k» kak pas u

o03Hauaet, mo onpezerenuto, yro Z 't =0 Torza u Toabko Torza, xorza t = 0. O

Cxopo HaM NpUrogHuTCs KOpeHb U3 MaTPuIbl A, CyIIeCTBOBaHHME KOTOPOTO rapaHTHUPYET



Aemma 4. IlonroxkurerbHas ompezereHHOCTb M CHMMETPHYHOCTb MaTpHIIbl A BAEKYyT cylle-

CTBOBaHUE BEIECTBEHHOH CUMMETPUYHOH MaTpuubl VA Takoi, uto vV AVA = A.

JefictBurerbto, MaTpuua A cummetpuuna, nockoabky A = ZZ' u AT = A. Cywectsopanue®
OrnaeneHve

ManI/Il;LbI V A C Hy?KHbIMl/I CBOﬁCTBaMH CAeﬂyeT U3 BO3MO:KHOCTH l'Ipl/lBeCTPI A OpTOI‘OHaJ\belMI/I
6 A=Q'D 7
npeo paBOBaHI/IHMl/I = Q Q K auarox—[a}\bﬂomy Bl/lll,y C ITIOAOZKHTEADHBIMH, B CI/IJ\y IIOAOZKUTEADHOU

OlIpEZieAeHHOCTH, CO6CTBeHHbIMU 3HaueHusmMu A Ha anaronarn D. Torza VA = QTvDQ. ]
L [w | ; 3 u u
Haiizem OMHK 3 aara Bexropa (3, aocraBasromuii MunumyM @yakuun S(f3), paBHoi

4 » 1
I SB)=) ef=|el*=|X-Z"B|*=(X-Z"B)" - (X—-Z"B).
Hactp. ... n3 179 i=1

H Bwmecro Toro, uto6n1 HckaTh TOYKY 3KCTpeMyMa (PYHKLHH S(B) AUPPepeHIIHPOBAaHHEM
asap,
n
no [3i, samerum caeayromee. Beandanna S(ﬁ) ecTb KBaApaT paccTosHus ot Touku X € R
o o n
Bo Becb 3kpaH A0 TOYKH ZTﬁ — 0aHOH M3 TOYeK AMHeHHOro moampocTpaHcTBa (rumepmaockocta) B R

¢ koopaunatamu Buga Z't, rae t € RX.

MunumanbHoe paccTosiHue S(/[.’;) MblI MOAYYHM, KOTZA BEKTOp X — ZTG 6yaet oproro-
# HAaA€H BCEM BEKTOpPaM 3TOro IIOAIPOCTPAaHCTBA, T.€. KoOr'Za ZJAs .}\}0601"0 t G Rk CKaAsipHOE
[IPOU3BEJEHHE BEKTOPOB ZTtu X — ZTE 06paTHTC B HOAb. JalHIIeM 3TO CKAASPHOE
IIPOU3BEAEHUE B MAaTPHYHOM BHJE
(th, X — ﬁ) = (th)T (x _ ZTE) —tT. (zx _ zsz?,) — 0.
CTp. 166

°Cwm., nanpumep, A. WM. Marbues «OcHoBbl AuHelHOH aAre6pbl», pasgen «YHHUTapHbIE U €BKAHZOBBI IPO-

CTpaHCTBa», maparpad «YHHUTapHble U CHMMETPUYECKHE NPeobpasoBaHUsS», TeopeMa 7.
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[Moacraasis B Kavectse t Gasucubie sextopa 8 R Buza (0,...,0,1,0,...,0), cpasy e
Ay
NOAYYHM, 4TO Bce KoopAuHaThl Bektopa ZX — ZZ [ pasubi nyao. Mrak, ouenka meroza
A

HaMMEHDIINX KBaZPaTOB [3 €cTb AI06O€E pelleHHe ypaBHEHHS
ZZ'B=7ZX uwm AR =ZX. (32)

[To remme 3, ypaBnenue (32) umeer eamHCTBeHHOE peleHHe
N

B=A""zXx (33)

B TOM U TOABKO B TOM cAydae, korza mMarpuna Z(K X M) umeer moanbiit panr K, rae kK < n
Ypasuenue (32) nasbiBaeTcsi HOPMaAbHBIM ypaBHEHHEM.
B npeanono:xenuy, 4To BeKTOpP OMUOG0K € COCTOMT U3 HE3ABHCHMBIX CAYHaHHbIX BEAHYHH

c nopmarbubiM pacnpezerennem Ng o2 ¢ oxnoit u ot e aucnepcueii, OMHK cosnagaer

2

c oleHKOH MakcumaAbHoro npasaonozobus, a OMII aas 0<, coraacuo (31), pasna

/\

02=—> & fHX ZTB|1* = =S(B). (34)

9.7. Cgroiicrea OMHK

OTMeTI/IM HECKOADbKO CBOﬁCTB, KOTOpbI€, BOBMO:KHO, HaM HOHaﬂ,O6ﬂTCH B Zl,a]\bHeijLLIeM.
1. Pasnuna ﬁ u B pasua A"'Ze:
B—B=AT"ZX—-B=A"Z(ZTB+e)—B=A"T"AB+A 'Ze — B =A""Ze.

2. Ecau Ee =0, 1o ﬁ — HecMellleHHasl OLIeHKA AAs [3: Eﬁ =B+ A 'ZEe = B.



I_IYCTD BbIIIOAHEHDI IPEATIONOZKEHUA 1 u 21

npeanm\ome}me 2. BEKTOp OIIUOOK € COCTOHUT H3 HE3aBHCHMbIX CquaﬁHbIX BEAUYHH C

HopMaAbHbIM pactpeserenneM Ny ;2 ¢ ogHOH n ToH ke aucmepcued.
)

OrnaBnexve

Hanomnﬂaﬂue 3. A]\ﬂ IIPOHU3BOABHOI'O (:J\yqaffmoro BeKTOopa X, KOOPpJAHHATbI KOTOPOTO UMEKT BTO-

pble MOMeHThI, MaTpula koBapuauuit DX = E ((X —Ex)(x — EX)T) — 310 MaTpuua, ueit (i,])-i

“ » ‘ BAEMEHT PABEH
cov(xi,x;) = E (xi — Exi) (x5 — Exj).
< 4 ‘ B uwactnoctn, D &€ = 02 - By, rae By, — egunnunas (N x1n)-marpuna.

Hactp. ... 3179
Ay
Hasan 3. Marpuua xoBapnauuii Bexropa /A pasna 02Ey:

Bo Becb akpaH D\/Kﬁ =E (\/Ké —E \/K/[g) <\/Kﬁ —E \/Kﬁ)—r = (\/K(ﬁ_ﬁ)) (\/K(ﬁ_ﬁ))T =

.
_E (\/XA’1Ze) (\/XA’1Ze> — VAAIZE (££T> ZTA1TVAT
L U rak kak AT = A, Eee! = 0%E,,, 10 D\/Kﬁ =02 VAATIZZTATWA = 07y

n
CroiicTBo 3 o3HawaeT, uTo KoopauHaThl BekTopa \/ A[3 Hexoppeauposanbl. Cgopmy-
AHpYeM JaAbHeHIee CAeACTBHE TOTO CBOHCTBA MEPBbIM MYHKTOM caexyiomer Teopembl. C
YTBEPAACHUSIMA BTOPOTO H TPETHETO MYHKTOB YUTATEAb BCTPETHTCS B CAEAYIOIIEM CEMECTPE

Ctp. 168
MHOTOKPAaTHO.
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Teopema 13.

1.

N
Bexrop — VA(B—PB) umeer k-mepHoe cTanzapTHOE HOPMAAbHOE PAaCIIPE/IEACHHE, T. €. CO-
o

CTOMUT U3 K HE3aBUCHMbIX CAY4aHHBIX BEAMYHH C PACIpENEAEHUEM NOJ.

U He 3aBHUCHT OT [3.

1
Ouenka (02)* = —— = THX—ZT[%HZ ABASETCS HECMEILEHHON OLEHKOf AAT 07,
n_

2

no 1 A

Beanunna — == HX—ZTBHZ HMeeT paclipesieeHHe Xz ¢ N—Kk crenensamu cBo60ozbI
(0} (0}

Ay

no?

n—k

JoxasareabctBo Teopembr 13.

1. Bexrop \/K(ﬁ —B) = VAA 'Ze = (VA) ' Zg ectp rnneitnoe npeobpasoBanne HOPMAAbHOTO
BEKTOpa £ M NOITOMY MMeeT HOpPMaAbHOE COBMECTHOe pacrpezeieHHe. |lo coiictBy 3, maTpuia
KOBapHaLMil 9TOro BekTopa ecTb 02 F}, M09TOMY MaTpHIa KoBapHalMii HOPMHPOBAHHOTO BEKTOPA
VA(B — B)/0 ectp mpocto Ey, a MaTematHueckoe OKHAAHHE PABHO HYAIO MO CBOFCTBY 2.
Hanomuum, uTo koopaMHATHI MHOrOMEPHOTO HOPMAABHOTO BEKTOpAa HE3aBUCHMbI TOTZA H TOABKO

TOrZA, KOTZa OHH HeKoppeArupoBaHbl — cM. Teopemy 14. Ilepsoe yTBep:xaenue Teopembr aokasaHo.

n
2. Tlo mocrpoennio OMHK, Bexrop X — ZTB OPTOTOHAAEH AIOOOMY BEKTOPY BHZA Z"t. B uacrto-
Ay
CTH, OH OPTOTOHaAE€H BEKTOPY ZT(B — B). TI'lo reopeme Ilugaropa, ars TpeyroabHHKa ¢ TakMMH
KaTeTaMH CyMMa KBaZpaTOB HX AAMH paBHa KBaZpaTy JAAMHbI FMIIOTEHY3bI:

IX=Z B2+ 1Z"B B> =X-Z2"B+Z"(B-B)|* = X—Z"B|>
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I'loaTomy
IX=ZTB|IZ=X=ZTB|2 = IZTB = B)I> = llel> = 1IZ"(B — B)[>.  (35)

Ho xBazpar nopwmbr HZT(E = B)Hz paBeH KBaZJpaTy HOPMbI ||\/K(B\ = [3)”2

1ZTB-BIP=B-B)TZZ"B-B) =B -B)TVA VAP -p) =
= [[VA(B - B)|I* = (VA) " Ze| 2.

Ocranoch samerutb, uto ctpoku (Kx1)-marpuupt (V/A) ™' Z oproronarbusr:

(VA7) (WA'2)' = WA ZZT (VA =K,

mo3ToMy K €€ CTPOK MO2KHO JOIIOAHHTb JO HEKOTOPOH OpPTOroHaAbHOH (TLXTL)-marpuubr C.
[Tepsoie K xoopaunar M-meproro sextopa Y = Ce/0 cosmazator ¢ sektopom (VVA)™'Ze/o.
B pesyabrare us (35) moayuum

2 n 2
ne 1 TAN2 2 1 2 & 2 2
—5 = ZIX=Z'B|" =lle/ol|* = [(VA)" Ze/o||” = —) —Yi—...—Yi. 36)
2 2
o (o] : ()
i=1
He 3zabyabre, uto BekTop €£/0 MMeeT T-MepHOe CTaHZapTHOE HOPMaAbHOE paclpezeAeHHe. |orza
Besa pasHoctb (36) mo aemme Dumepa umeer pacnpezerenue Xz ¢ N—Kk crenensimu cBo6oabl u
Ay Ay
He 3aBHCHT OT BbIYHTaeMOTo, T.e. OT CAydaWHoro BekTopa £ (u oT [3 Toxe, MockoAbKy [3 ecTb

(QyHKIHA €).

3. Hanomuum, uro EX121—k = n—k. Orcioza 1 U3 BTOPOro yTBEPKAEHHs TEOPEMbl IOAYIHUM

n—k) n-k 02 n—

E(GZ)*:E<n62) o E(T@z> :‘ik-(n—k)zoz.



Jdo6aBrenns
A. MhuoromepHoe HOpMaAbHOE pacrpejereHHe

Onpeaenenne 33. [lyctp cayuaiinbiit Bexrop & = (&7, ..., &) umeer Bextop cpeanux @ = E & u
HEBDIPOKAEHHYIO MaTPULLy KOBapHaLMH Y, COCTaBAEHHYIO U3 9AeMeHTOB 2ij; = COV(&i, &;). Tosopsr,
yto BekTop & mMeer Hopmarbhoe pacnipeserenne Ng v B R™, ecan mrotHocTs 3TOro BekTopa pasHa
OrnaenexHne
1 1 Te—1 m
fe(x) = = exps—=(x—a)' X' (x—a)p, e xR
(vV2m) " /|det Z] 2

4« 144
KBaapaanHa;l popma (X — a)TZ*’ (x — a) B IIOKa3aTeA€ DKCIIOHEHTbI paBHA
4 »
k-2 x—a)=) (x—ai) (Z7 )y (5 — ). (37)
Hactp. ... u3 179 i,j

3ameuanne 24. Bexrop, cocraBAeHHDIN U3 HOPMAAbHBIX CAyYaHHbIX BEAHYHH, He 06s3aTeAbHO
Hasan HMeeT MHOIOMepHOe HOpMaAbHOe pacrpezereHue. |ak, Bektop (&, CE) uMeeT BBIPOXKIEHHYIO MaTpH-

o 1 ¢ 2
Iy KOBapuamun (C o2 ), ecau DE =1, u e umeer mroraoctu B R”.
Bo Becb akpaH

[TosTomy B ycaoBusx caeayromiell TeopeMbl CylIECTBOBAHHE COBMECTHOH HOPMAAbBHOH MAOTHOCTH

KOOPZAHWHAT BEKTOPA 06513aTEABHO.

Vi TeopeMa 14. Hych BEKTOP & umeer MHOTOMEPHOE HOPMAaAbHOE pacIlipeseAeHue Na 5. Koopzm-
UTH ’

HaTbl 3TOT0O BEKTOPA HE3aBHCHUMBI TOrga M TOABKO TOrzga, Korza OHH HEKOPPEAHPOBAHbI, T.€. KOra

MaTpulla KOBapHallMH X AHaroHaAbHa.

3ameuanne 25. CrezoBaro 6b1 KPUKHYTb «ypal»: CBOHCTBO, O KOTOPOM MbI JABHO MEYTaAH,
Crp. 171 — 4TO6bI HE3aBUCHMOCTb CAEJOBaAa M3 HEKOPPEAHPOBAaHHOCTH, — HMeeT Bce 2xke Mecto. Ho Toabko
A HaBOPOB CAYHYAHHBIX BEAMYHH C HOPMAAbHbIM COBMECTHBIM pacilpeileAeHHeM, H 3TO — O4epesiHOe

H3YMHTEADHOE Ka4€CTBO HOPMAABHOI'O PACIPEAEACHHA.
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JloxasaTerbcTBO. TOABKO B CAydae ZMAroHaAbHOH MAaTPHIbI X C IAEMEHTAMH Xii — O‘i2 =DE¢&;

KBaZpaTU4yHasi popma (37) IpeBpallaeTcsi B CyMMY KBaZpaTOB
2
| (Xi » ai)
xX;: — A; . Z s (X — Ay — P —
iZj(l O (275 (% ]); =R

H MHOTOMEPHAs IIAOTHOCTb pacCraZa€TCs B IIPOH3BEAEHHE MIAOTHOCTEH KOOpZAHWHAT.

O

Hagzeioch, untaTeab moseput caezyiomeii Teopeme 6e3 Z0Ka3aTeAbCTBA, 6YAydH B COCTOSHHH ZO-

Ka3aTb €€, KaK H B OZHOMEPHOM CAy4da€, C IIOMOILIbIO MHOTOMEPHDbIX XaPAaKTEPHCTHYECKHX q)yHKgI/Iﬁ

MmuoromepHas neHTparbHas NpeJeAbHas Teopema.

Myers £, 82) ... — nocresoBaTeABHOCTD HE3ABHCHMDBIX H OZMHAKOBO PACTIPEACACHHDBIX CAY-
yafiHbIX BEKTOPOB, Kamablii M3 KorToppix mmeer cpeamee E &'''=a u mesbipomaennyio matpuiy
xoBapuanuit . O6osHauum yepes S, = gy g™ BEKTOpP YaCTHYHBIX CYMM.

Torza mpu N — 0O uMeeT MecTo cAabasi CXOAHMOCTb pacipeleAeHHil BEKTOPOB

) — Sn—na = 1), rae 7] umeer pacnpeserenne No z.

" v

B ycaosusix muoromepnoit LITTT pacnpeaerenue Atobbix HenpepbIBHBIX GYHKIIHH (n(”)) caabo

CXOZUTCA K pacrpesereHHUIo g(n). B kauectse g(x) HaM 6yzeT Hy2KHa TOAbKO g(x) = Z X-Z = HXHZ

1

CJ\C_Z[CTBP[C 5. B YCAOBHUAX MHOFOMepHOﬁ IJI—[T HMEET MECTO CXOAHUMOCTb ||T](n) ||2 :> HT] HZ

Ocranroch gokasarb Teopemy I lupcona.



B. [loxasareabcrro Teopemnr [lupcona

[Tran zesicTBui:

k 2
1. Cunauara mokazkem, 4TO BeAMYMHA P = 25:1 (v —np;)°/Np; ecTb KBazpaT HOPMBI HEKO-

Toporo Bektopa ™ = (S, —na)//m B R¥. Barem ybeaumcst B Tom, 4TO MaTpHLa KOBapHALH

1
Ornasnenme runuaroro caaraemoro &) B cymme S;, BbIposzeHa, uto memaer ucroabsoBatb LITTT.
. 1 1 (1)
2. Haitgem oproronaabnoe npeobpasosanue C, mpusogsiee gk sugy C - g1 = (& ,0),
() k—1 .
rae Bektop & € R yKe MMeeT HEeBbIPOKACHHYIO eJHHHYHYIO MATPHIy KoBapuauui. B cuay
@ © n ©
AuHefiHOCTH yMHOmenus, Bektop 1™ Tome nepeiizer B Bexrop C - MM = (ﬁ[ ),O) C HyAeBOH
<« »» nocaegHel koopauHaTtoi. Ho ero mopma He msMeHHTCs M3-3a OPTOroHaAbHOCTH MaTpuibl C.
n o
3. K Bexropy cymm ﬁ( ) npumenum muoromepnyio LITTT. B npeaere moayunm (k—1)-mepubiit
< » HOPMaAbHBIH BEKTOP C HYAEBbIM CPEAHHM H €JWHUYHOH MAaTPHLIEH KOBapHAIUH, T.€. COCTABAEHHBIH
U3 He3aBHCHMbBIX BEAHMYHH CO CTaHZAPTHBIM HOPMAaAbHBIM paclpeZereHHeM. Bocrmoabsyemcst caez-
Hactp. ... n3 179 2
CTBHEM ) M TeM, YTO KBazpaT HOPMbI 3TOTO BEKTOpa MMeeT X -pacrpeserende Hy 1.
Peannsanus:
Haszag (1)
1. C xazzabiM sAeMeHTOM BbIGOPKH Xi CBSIZKEM BEKTOpP-CTOAGen &' :

Bo Becb akpaH

I(X; € Ay) —p1 I(X; € Ay) —pr
VP Y NG

E.(i)_((i],---;ak)_( ), i=1,2,...,n.

[ToAydnm T\ HesaBHCHMBIX M OAHHAKOBO pacripexerennpix sexrtopos. Cpeanee a = E &' pasmo
Vit nyawo, mockoabky EI(X7 € Aj) = pj ars awboro j = 1,... k. Jaree, v; = 2?11 I(X; € Aj),
03TOMYy

(w —np; Vk—“Dk) _ Z?:1 ;_'(i) :Sin :M
\/W yos oy \/Tﬁ \/ﬁ \/ﬁ \/ﬁ '

= o 1
Haftaem matpuiy xoBapuanuii BekTOpa E,( ), COCTaBAEHHYIO U3 DAEMEHTOB

I(X A;)—pi I(X Ai)—p; 1
- :C0v< (X1 € Ay) P (X1 € Aj) PJ) = ——((EI(Xs € A (X1 € Aj)—pip;) =
VPi vV Pj v/ PiPj

Crp. 173




OrnaBnexve

4 44
4 >
Hactp. ... 3179
Haszag
Bo Becb akpaH

Yitn

Ctp. 174

1 Pi —PiPj, ecami=j, . 1 —p4, ecan 1=,

v/ PiPj 0 —pipj, ecamiFj —/PiP;j, ecamiF#j.

1 o
BpromaeHa 9Ta MaTpHIla XOTs 6bI OTTOr0, YTO KOOPZAHHATDBI BEKTOPA E( ) AHHEUHO CBs3aHbI:

k k k
Y Vg =) IX1€A) =) pj=1-1=0. (38)

j=1 j=1 j=1

2. Ws (38) moparb: ecam mocreaHssi cTpoKa OpTOroHaAbHoi Martpuubl C 6yzeT uMeTb BHZ

(v/P1,---,+/Px ) (aro BOAHE BO3MO:KHO — HOpPMa TAaKOH CTPOKH paBHA €MHHIIE), TO MMOCAE YMHO-
1 = = ®
merns C wa £ MOAYYHM BEKTOP C HYAEBOH MocAezHedl koopauHatoii — B TounoctH (38).
o= T -

[lpu ymuozxenun Bexropa & nHa matpuny C caeBa ero matpuna koBapuanuii L = E £& mepeiizer
BB = CXC". Y6eaumcs, uro, kakoi 6bl HU Gblra OpTOroHaAbHas MaTpuua C, B pesyAbTaTe MOAYIHM
ZMarOHaAbHYI0 MaTPHUILy U3 HyAel C eMHHIIAMM Ha TAAaBHOH HaroHaAH, KpoMe sAemeHTa by = O.

Oproronarbnocts C osHavaer, uTo Aast Ar06bix M # Kk u | 7 M umeror Mecto paBeHcTBa
k k k k
2
E CmjCkj = E CmjvPj = 0, E ij = 1, E CmjCly = 0.
j=1 j=1 j=1 j=1

Yuureisas, uro il-ii saemenT marpuibl CT ects Cli, MOAYyYHUM

k k k
bt = Z Z CmjOji | Cli = Z Z —Cmj/PiPj + Cmill —pi) | cui =
i=1 \j=1 i=1 \j#i
< Cmi, M#Fk
=> | vVPi()_ —Cmiv/F — Cmiv) FCmi | ci=) cu- Oml’ T

i=1 AL i=1

_ 1 m#Ek m=1 _ (Ek1 O). (39)
0, m=kuwmm=#1l 0 0
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~(1)

1
3. Ocraroch MOBTOPHUTb TO, YTO MbI y:Ke OMHCAAM B MAaHe: ymHoxenue C - £ = (€

,0)

NPUBOZUT K BEKTOPY C HYAeBOH mocaeaued koopaunator mo (38). Pasenctsamu (39) mbr nokasaaw,
(1) k—1 .

4TO BEKTOp & eR HMeeT HEeBbIPOKAEHHYIO eMHHUYHYIO MaTPUILy KoBapuauui Ex_ 1. BexTto-

2(1) »(2)
a E, ,E, y+ .. HE3aBHCHMDbI, OZHHAKOBO PACIIPEAENEHDI, HMEOT HYAEBOE CpPELHEE C : E E,“) = 0

Bce ycaosus muoromepnoit LITTT bimoanensi, mostomy

pll )

N

n
l_[O CAEACTBHUIO 5, HOpPpMa BEKTOpa ﬁ( ) cAabo cXOZUTCST K HOPME BEKTOpa T], COCTOsAILEro, COrracCHoO

=1, rae 1] umeer pacnpezerenne No g, .

Teopeme 14, U3 HE€3aBUCHMbIX CAy‘laﬁHle BEAHWYHH CO CTaHZAPTHbIM HOPMAAbHbIM pacCIpEeLEeACHHEM:

k—1
n)2 2 2 2 2
A2 = Inl> =Y ni=xf 1, rae xi_; umeer pacnpeaerenue Hi_q.  (40)
"
Pacnpeaerenne Hy_; Bosumkiro 3gzech mo ompegerenmio 16. OcTaroch 3aMeTHTb, YTO ¥ BEKTO-
pos M), C.n(™, ﬁ(n], CBSI3aHHBIX PaBEHCTBAMU

(n)_C-E,U)-I-...-i-C'E.(n)_ (m) o
— \/FL *(ﬁ )))

nopmpr ogunaxosst B cuay (17): [n(V]2 = [|C-n™ |2 = [|[(H™,0)||12 = [|[i™||2. U Bee stu

HOPMbI BeayT cebs Tak ke Kak u (40).

C-n

Ynpaxuenue. Haiitu cpean stux Hopm Beaumuuny P us teopemnr I lupcona. ]
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yKaBaTeJ\b TEPMHHOB

Annpokcumanus Mumepa, 111
AcuMnTorHieckas HOPMaAbHOCTb OLIEHKH, )3

AcuMnToTHYecKHH MOAXOA K CpaBHEHHIO oleHoK, 60

Dafiecockuit kputepuit, 120, 125, 127
Bopeaesckas qpynxuus, 30

Bapuanuonnnrit psz, 11

BepositHocTs omubxu i-ro poxa, 114

Boi6opka, 7

Boi6opounas aucnepcus, 8, 14
HecmemenHas, 14

Bri6opounas meguana, 162

Broi6opounoe pacnpeaerenue, 8

Boi6opounoe cpeanee, 8, 14

Bri6opounbiii kosdpunuent koppeasuuu, 163

Boi6opounsiit moment, 8, 14

["amma-pacnpeserenne, 92

l'unoresa, 112
arbrepHatuBHas, 112
HesaBucumocty, 113, 146
oaunopoanoctu, 113, 145
ocHoBHast, 112
npocras, 112
crozxHas, 112

[ucrorpamma, 12

'ruBenko — Kanrearu teopema, 16, 136

[pynmuposka mabarozenui, 12, 25, 137

/loseputerbnbrit unrepsaa, 80

ACHMIITOTHYECKH TOYHbIH, O1

acummrorayeckus, 80
ZIASI TapaMeTPOB HOPMAABHOTO PacIpesieAeHHs,
84, 109, 110

TounbH, 81

Muaukarop cobbrrus, 10
Hugpopmanus Mumepa, 66

KBanrtuap, 83
Kaacc onenox
Ko, 48
Ko (o), 48
Kosapuanuonnas matpuma, 168, 171
Koamoroposa
kpurepuit, 135
pacnipezeaenue, 17, 136
Teopema, 17, 136
Koamoroposa — Cwmupnosa kputepuit, 145
Koppeasuuu kosppuuuent sbibopounnii, 163
Kommu pacnpeaerenue, 98
Kpurepuii, 114
6anecosckun, 120, 125, 127
Koamoroposa, 135
Koamoroposa — Cwmupnosa, 145
munumakcubig, 119, 125, 127
Hauboree mommbii, 121, 125, 127
HepaHAOMU3HPOBaHHbIH, 114
oTHomeHus1 ipaBzonoaobus, 124, 126
paHzOMHU3HpoBaHHbIHA, 124
Crerogenra, 153
coraacus, 133
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Mumepa, 148

x? Tupcona, 137
AAs TIPOBepKM HesaBHcHMocTH, 146
IIpOBEpKa CAOKHOH rumoTtess, 142

Kpurnueckas obractp, 116

Nemma
Hefimana — ITupcona, 125, 127
Mumepa, 104

Auneiinas perpeccusi, 162, 164
ANunus perpeccun, 158

Norapupmuyeckas GyHKIMs TpaBAonogo6us, 39

Marpuna

xopapuanui, 168, 171

oproronaabnas, 101

nraHa, 164

MOAO2KHTEABHO oIpefeAeHHas1, 165
Mertoz

MaKCHMaAbHOTO mpaBgomnozobus, 38

olleHKa MapaMeTpoB perpeccuu, 159

MOMEHTOB, 32

HaHMeHbIIHX KBazpaTos, 160
Munumaxkcubiit kputepuit, 119, 125, 127
MHK-ouenxa, 160
Mpuoromepnas LITIT, 172
Mpuoromepnoe HopmarbHOe pacnpezerenue, 171

Mornoctp kpurepus, 116

Hau6oree mommubiii kpurepun, 121, 125, 127
Haumenbmux xsazparos merox, 160

Hefimana — ITupcona remma, 125, 127

Hepasencrso Pao — Kpamepa
ZASL HeCMeIeHHbIX OleHOK, 60
ZIASL CMEILEHHBIX OLEHOK, 07
Hecmemennoctp onenku, 30
Hopma Bexropa, 165
Hopmaabhoe ypabuenue, 167

Hocureab cemeiictsa pacnpezenenuii, 62

O-Tnomrenune npasaonozobus, 123

Ouenka, 30
aCHMIOTOTHYECKH HOPMaAbHasi, )3
MaKCHMaAbHOTO mnpasgonogobus, 40
MeTOZa MOMEHTOB, 32
MeToza HaMMeHbIIHX KBazpatoB, 160
HecmemenHasi, 30
cocrositeabHast, 30
CpaBHEHHE B aCHMIITOTHYECKOM cmbicae, 60
CpaBHEHHE B CpeHeKBazpaTHIHOM, 47
sdextupHas, 49, 62
R-appextusnas, 71

Ommbka i-ro poga, 114

Ommbku perpeccun, 158

[ Tapamerp, 28
[Tapametpuueckoe cemelictBo pacrpeaerenuit, 28
[Tupcona Teopema, 138
[TroTtHOCTD pacnpezerenus
oTHOcHTeAbHO Mepbl J\e6era, 38
OTHOCHTEABHO CUMTalOIIeH Mepbl, 38

[Topsiaxosas cratucruxa, 11

Pasmep xpurepus, 116
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Paunr marpuupi, 165
Pao — Kpamepa nepasenctso, 66, 67
Pacnpeaenenue
BbIGOpOUHOE, 8
ramma, 92
Koamoroposa, 17, 136
Ko, 98
MHOTOMepHOe HopmaAibHoe, 171
CrprogenTa Ty, 97
Mumepa Fy m, 100, 148
Mumepa — Cueaexopa, 100
Xz [Tupcona, Hy, 94
sMmnupHYecKoe, 8
Perpeccun ypasnenue, 158
Perpeccus auneiinas, 162, 164

PeryasipocTb cemeiictBa pacnipeaerenusi, 63

CocrosiTeabHOCTD
BbIGOPOYHDBIX XapaKTEPHCTHK, 1D
kpurepus, 134
onenku, 30
Cpasuenune kputepues
6aftecoBckuit mogxoz, 119
MHHHMaKCHbIﬁ IIoaxozm, 119
CpaBHeHnue o1eHok
acuMmnToTHyeckui noaxoz, 60
cpeaHeKBazpaTHIeCKHH moaxoz, 47
Craructuka, 30
nopsaakosas, 11
CrbiozenTa
kputepuit, 153

pacnpeaeaenue, 97
Crapazecca gpopmyaa, 13
Cuuraromas mepa, 39
Teopema
[AuBenxo — Kanteann, 16, 136
Koamoropoga, 17, 136
[Tupcona, 138
LITIT ars sexropos, 172

Ypasuenue perpeccun, 158
Yposenn zosepus, 80
acumnroruueckud, 80
Yposenb snaunmoctu kpurepus, 116
Ycaosue peryaspuoctu, 63
(DaxkTopwr perpeccun, 157
Mumepa
kpurtepuit, 148
Aemma, 104
pacnipezeaenue, 100, 148
Mumepa — Cueaexopa pacnpezerenue, 100
Mopmyra Crapazxecca, 13
Myuxuus 6operesckas, 30
Myuxuus npasaonozobus, 39
AorapupMudeckasi, 39
x> wpurepuit, 137
ZIASL TIDOBEPKH HesaBHCHMOCTH, 146
ZASL TIDOBEPKH CAOXKHOH rumotesnl, 142
x° pacnipezeenue, 94
OMnupuyeckas QyHkuus pacrpegererus, 8, 10
OAMmnupHYecKoe pacrpeneeHue, 8
AppextuBHas onenka, 49
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