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PAXMMBEPAUEB MAPAT MICUMIAJIMEBUY:

2KN3Hb 1 HAYYHASA OEATEJIBLHOCTD
(K 80-JIETUIO CO JHHA POXKIEHUA)

I'K. BACJIMHA

! Uncruryr Maremarukn u MaTeMaTHueckoro MojeHpoBanus, Anmarel, Kazaxcran

v__gulmira@mail.ru

[Tpodeccop Paxumbepaumes Mapar Ucumraanesud, A0KTOP PUBMKO-MATEMATHIECKUX HAYK,
OBLT KPYTHBIM YYE€HBIM, W3BECTHLIM CIEIUAJTUCTOM B 00JIACTH KadeCTBEHHOU Teopwu audpdepen-
IUAJIbHBIX YPABHEHUN U UX IMPUIOXKCHUHA.

M.N. Paxumbepaues poauiics 30 suBapst 1945 roga B ropoje 3aiican Bocrouno-Kazaxcranckoit
00J1aCTH B CEMBbE BOEHHOCJyKAIEro. B 1eTcTBe B CBsI3U € HEPEBOJAME 10 CAyKOe OTIA KU U
yuusica B Yers-Kamenoropeke, Kaparange, Kokmeray, Areipay (panee 'ypoes). B 1962 romy moce
OKOHYAHWS CpeaHeil MmKogbl B AThIpay Hadal CBOIO TPYAOBYIO MEATEIHHOCTH Ha 9JEKTPOCTAHITHH,
npopaboTaB B AOKHOCTAX MOTOPHUCTA W MamuaucTa KoTia. B 1964 rogy mocTymma Ha MEXaAHUKO-
MareMaTuvdeckuit haxysibreT MoCKOBCKOTO rocynapcreerHHoro yausepcurera uMm. M.B. Jlomonocosa.
CrenmanuszuposaJjica Ha Kadeape auddepeHnnaabHbIX YPaBHEHUH 110/ PYKOBOJCTBOM mpodeccopa
B.M. Mwummonniukosa. Ilocie okonuanus yuusepcurera B 1969 romy mo pekomenjaruu Kades-
PBI HOCTYIIM/ B aCHUPAHTYPYy OTiAesicHus maremarnku mexmara MIY. B yuuBepcurere axTupBHO
3aHUMAJICT KaK HAYYIHON, Tak W 0bIIecTBeHHOM paboToil, CHaYa a B WHTEPHAIMOHAJIHLHOM CEKTOPE
xomuTeTa Komcomosa MI'Y, a 3arem 7BaX 161 H30UPAIC CEKPETAPEM KOMCOMOJTBCKON OpTaHm3aIiun
mexmara (1970-1972 rr.).

B acnupantrype MI'Y nog pykosoncrsom B.M. Munnuonmukosa u H.X. Po3osa um 6b11a Ha-
MHUCaHa KaHIUAATCKasd auccepranns Ha TeMy ;00 yecToWdamBOCTH 0CODBIX TOKa3aTe el W 3aMbIKa-
HUM MHOYKECTBA JIMHEHHBIX CHUCTEM C JKCIOHEHIMAJIBHON nuxoToMuei”, B KOTOpO# OBLIN U3ydYeHbI
cBOICTBA 0COOBIX TTOKa3aTesell cucTeM JWHEHHBIX Iud(epeHIua bHbIX YPABHEHW C TOYKHA 3pe-
HHUA BAASHUS HA HUX MAJIBIX BO3MYIIEHHI CHCTEeMBI. 3allliTa COCTOdAach B Mapre 1975 roma ma
JUCCePTAMOHHOM coBeTe MexmaTa MI'Y.

[Tocsie okonuanus actnupauTypsl B 1974 rony M.M. Paxumbepaues 6b11 pacupeenes B acTu-
ryr maremaruku u mexanuku AH Kazaxckoit CCP, rue paboran caagasa B jaboparopun jucde-
peHIuabHBIX ypaBHeHuii (3apeayomuit — akagemuk AH KazsCCP 2Kayroikos O.A.), a ¢ 1978 roma
— B J1ab0OPATOPUN YUCJIEHHBIX METOJIOB Teopun nepenoca (3asemyromuiit — akagemuk AH KazCCP
Cynranrasun Y.A.). C o6pazosarmnem MHCTUTYTAa KOCMUIECKUX UCCIE0BAHUI OH MO TPUTJIANICHUIO
Cynranrazuaa Y.M. cTaHOBUTCs 3aBEIYIONINM JabopaTOpUell U 3aMECTUTEIEM TUPEKTOPa JTaHHOTO
urcturyta. B 1996 rogy sepryscsa B THCTHTYT TeOpeTnyeckoil u mpukaaaHoil MareMaTuku (o3anee
MeperMEeHOBAHHBIN B VIHCTUTYT MaTeMaTHKN), TJ1e 3aBe10BaJ JTab0paTOpHeil THHAMIYECKIX CUCTEM
IO TIOCJIETHUX JHEW CBOEW *KWU3HWU.

JLOKTOPCKYIO THUCCEPTAINI0 Ha TeMY ,VCTOMYIWBOCTEL W paclpeienenne mokazarenedt Jlamyno-
Ba“, sammuTusa B 1992 rony B Muncke Ha gucceprarmonaom copere WucruryTa Mmaremarnku AH
Benapyccun. Hayunbim koucyabranToM 6601 B.M.MusiinoHmkos.

Paxumbepmuessivm M.U. onybaukosano 6osee 130 mayunbix pabor. Haubosiee cyecrBennbie Ha-
yUHBbIE pe3yjbraThl Paxumbep/ueBbiM MOJyYeHbl B CJAEAYIOMINX HAIMPABICHUAX: YKCIOHEHITHATBHO
JTUXOTOMHUYECKHE cucTeMbl [1, 2] u rpy6ble CBONCTBA HEOMHOPOIHBIX JIHHEHHBIX A depeHnaTbHbIX
cucrem [3], kpurepnii BeinosHUMOCcTH yeaosust [eppona [20, 22, 26, 29, 31]; BBeenne u u3ydenue
KJIACCOB JIMHEWHBIX CHUCTEM C Pa3JMIHBIMHU CBOMCTBAMHU TpybOCTH aCUMITOTUYECKOTO TOBEIEHUST
UX PeIeHunit [23], WCC/TeIOBAHME MEHTPAJTBHBIX MOKAa3aTe el KaK Pa3pPbIBHBIX (DYHKIHI MapamMer-
pos cucremsl |10, 13|, usydenne Bompoca o 63poBcKoit KiaccuduKanum mokasareseii JIsnyHosa Kak
paspuIBHBIX (DYHKITHIH [11], OTMCAHMe PACIpeIeeHns 3HAYeHWH moka3areneit Jlanynosa Bbam3u nx
TOYEK PA3PBIBOB KakK (DYHKIUI CUCTEMBI B PA3/IMYHBIX cUTyalusx. M JaHO onucaHue 3aMblKaHUs
MHOYKECTBA, JIMHENHBIX CUCTEM C SKCIIOHEHIIMAJIbHON AUXOTOMUEN B METPUUYECKOM ITPOCTPAHCTBE CU-
CTEeM ¢ PAaBHOMEPHO# MeTpHKOii |1, 2|, omncano OTKpPBITOE SIPO MHOZKECTBA HEOTHOPOIHBIX CHCTEM,
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UMeoIuX X0Td Obl 01HO orpanundexHtuoe pemtenne |3|; coBmectro ¢ H.X. Po3oBbivm pemrena 3a1aua
pacmpeiesienns moka3aTresel JIImyHoBa TEPUOAUTIECKUX CUCTEM OTHOCUTEJIHHO MAJIBIX B CpPeJIHEM
Bo3MyIieHuit KoaddurmenTos cucrembl [6, 7]. st psiia cucTeM perieHbl 33a9u O JIOKaJIN3alun
CIIeKTpa TToKa3aTeaell Ha OCHOBE MX BEKTOPHOTO MpeicTaBaeHus. M ycTanoBieHa cTporas MpwHAI-
JIEXKHOCTH BTOPOMY KJjiaccy bapa mokaszareseit muneiubix nudhepeHimaabbIX CUCTEM U yPABHEHNH
[11, 34|. 13yuenbl SKCIIOHEHITHATBHO DA3/IeIEHHBIE ¥ PABHOMEDHO HEpa3JeIeHHbIe TOMOMODPMU3MBI
BEKTOPHBIX paCC.HOGHI/Iﬁ AMHAMHUYICCKUX CHCTEM, BBEJCHO IMOHATHE CHUJIBHO ITOJIOXKUTEJIBHOTO I'OMO-
MOp(hU3Ma U yCTAHOBJIEHA €0 SKBUBAJIEHTHOCTb SKCIOHEHIIMAJIbHON pa3IeIEHHOCTH C WHIEKCOM
n—1 (n — pasMepHOCTL BEKTOPHOIO PACCIOeHUs ), a aad n — k-oi BHemHel crenern romomopdus-
Ma 9KBUBAJEHTHOCTh 9KCIOHEHINAIBHOM pasieseHHocTn ¢ uagercom k (19, 20, 26, 29|; nosydens
K03 duiimenTHbIE IPU3HAKY SKCIIOHEHIMAIBHON Pa3/Ie/JIEHHOCTH JIMHEHHBIX CUCTEM ITPOU3BOILHO-
r0 WHJAEKCA [22|; mOKa3aHO, ITO 3aMbIKAHHE MHOMKECTBA CHCTEM C HKCIIOHEHIIHATIBHON OJIM30CTHIO
COBIIAJIAET C MHOYKECTBOM DABHOMEDHO HepasjefaeHHBIX cucreM [4, 23|. VM mosyuensr pacrpeesie-
HUA TIOKa3aTeseit JIamyHoBa qjist TUHEHHBIX PACITUPEHUH JUHAMUYECKOH CHCTEMBI HA TOPE [16, 24] u
coBmecTHO o T.I CMUpHOBBIM Ta Ke 3aja4a peleHa J1jis Me-PUoIUIecKX alTpPOKCHMAIIil SProJIu-
YECKUU JMHAMWYECCKON CUCTEeMBI HA TODE [25]. Vcranosierbl HEOOXOIUMbBIE U JOCTATOYHbBIE YCJIOBUST
PaBHOMEPHON 3KCIOHEHINAIBHON pa3Ie/IeHHOCTH JIMHEHHOrO PACIIupeHns JUHAMAYECKON CUCTeMbl
Ha BEKTOPHOM PACCJIOCHUU B TEPMUHAX IIOCJIOMHON CUAbHOMN IIOJI0XKUTE/ILHOCTU CeMeCTBa aBTOMOD-
bu3MOB, TIOPOKTAOIIET0 THHAMUIECKY IO CUcTeMy |27]; Hali/IeHbI TOCTATOYHBIE YCJIOBUST YCTOWIHBO-
CTH CTapliero mokasaress cemeiicrsa aBroMopGU3MOB BEKTOPHOIo paccioenus [19]; ycranosieHbt
TUITUYHBbIE CBOWCTBA OJHONAPAMETPUYECKOTO CeMeicTBa JuHEHHbIX auddepeHinalbHbIX ypaBHe-
Huit npu 6udypKanuax SKCHOHEHITNAIBHON yCTONYIMBOCTH [30]; HaJIeHbl YCJIOBUA PA3PELIUMOCTU
KPAaeBbIX 3a/1a4 JJist TUHEHHBIX TuddepeHuagbHbIX ypaBHeHU Ipyu ux Bo3MyIierun [35].

IMon Bmugamem Y.M. Cynranraszwia m B COTPYAHUIECTBE C HUM CYITIECTBEHHBIE PE3YIbLTATHI
TOJTy4IeHb! coBMecTHo ¢ ux yaennkamu [Haem M./, Kaneibaesoit A.A. npn usyuenun cBoicTB muc-
KPETHLIX ypaBHEeHWi BosbliMana B MPOCTPAHCTBEHHO OJHOPOIHOM C/IyYae, MCCIEI0BAHA YCTONIH-
BOCTDL TOJIOJKEHUS PABHOBECHS, TAHO ONUCAHNE WHBAPWAHTHLIX MHOXKECTB, YCTAHOBJIEHBLI YCIOBUS
TOIOJIOTHYECKON U muddepeHnupyeMoil IKBUBAJIEHTHOCTHA TPOCTPAHCTBEHHO OJHOPOIHBIX MOIE e
[9,17,26,32]; coBmectro ¢ lankparosoit 1.H. ncciaenosansr 6udypKanoHHble CBORCTBA MHOTOMED-
HBIX aHAJIOTOB HEJIUHEUHBIX JOTUCTUIECKNX YPABHEHU, JaHO OMUCAHNE CTPYKTYPHI MHBAPUAHTHBIX
MHOKECTB JIMCKPETHOTO aHAJIOra HEeJMHEHHOrO JIOTHCTHYECKOTO PAa3HOCTHOrO ypasHenus [33]; pas-
paboTaHbl HEKOTOPBIE MATEMATUIECKUE MOMEIN ODUOJTOTUIECKUX TOMYJIAINN, KOTOPBIe HAILINA MPU-
MEHEHUE TIPpU PEIEHUN PAJa TPUKJIAJHBIX 3aJa9, B 9TaCTHOCTH, TPW U3YYECHUN JUHAMUWKU TTOTYJIATTNI
calirakoB 1 capaHuu Ha Tepputopun Kazaxcrana u Jp.

MHoro BpeMeHH OH yZAEJsI IPEHoIaBaTebCKoil AedrenbaocTu. Bosee tpuanaru jer (¢ 1975
rojla) 110 COBMECTHTEILCTBY IPENOJaBal Ha MeXaHuko-mareMarndeckoMm dakyabrere KasHY um.
ann-Papabu (Kazaxckuit rocymapersennniit yansepcurer um. C.M. Kuposa). TTog ero pykosogcTBoM
BAIUTIEHO 7 KAHIUIATCKUX aucceprannii. [locToguno 3annMasics HaydHoit sxkcepTu3oii: wien [Ipe-
sumnyma BAK PK (1998-2000), wien quccepTarmOHHOTO COBETA MO 3aIIUTE JJOKTOPCKUX JUCCEPTa-
nwmii npu Uucruryre maremarukun MOH PK, ¢ 2001 o 2004 — 3amecturens npeacegaresd, ¢ 2004
r. o 2008 r. — mpeacenaresns sroro coera. C 1978 roma pedepent pedepaTuBHBIX KypHAIOB ,,P 2K
Maremarnka“, \Mathematical Review" (wrer AMS ¢ 1978 1.), MOCTOSHHBII PEIEH3EHT KYPHAJIOB
yAuddepenrmanbaeie ypaaenus, Mzsectus HAH PK. Cepus dusnko-maremaruwdeckas” u ap.
Brun osHuM m3 opraHu3aToOpoB M 3aMECTUTEEM IVIABHOIO pejakrTopa ,MaremMarnieckoro xypHa-
ga“. Mapar VcnmvraameBnd BCerja akTMBHO 3aHUMAJICH HAYIHO-OPTAHU3ATOPCKON 1€ TeTbHOCTHIO.
B 1996-97 rr. ucnonust obsg3aHHOCTH akajieMuka-cekperaps Otriaenenus HU3MKO-MaTEMATUIECKUX
nayk HAH PK. C 1997 o 2004 r. sBisiica npejcegaresieM CeKiun pU3NKO-MaTeMaTHIeCKUX HAYK
paboueit rpynmel Bricteit mayuno-texundeckoit komuccun npu Ipasurenncrse PK. B 1997-1999,
2000-2002, 2003-2005, 2006-2008 rT. — HAyYHBIN PYKOBOJIUTEIb PECITYOIMKAHCKUX TPOrpaMM (QpyH-
MaMEHTATBHBIX UCCASAOBAHUN 10 nudepeHInaabHbIM YPABHEHUIM W YPABHEHUAM MAaTEeMaTHYIe-
CKOI (PU3UKI.

3a HayYHO-TIETArOrUYECKYI0 U HAyYHO-OPTraHM3aTOPCKYI0 JedrenbHocTb B 2005 rogay oH ObLI
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HarpaxkiaeH megansio Pecnybnukn Kasaxcram ,Epen emberi ymin®.

Buigatomnuiica yaensiit Mapar Ucnvranuesny Paxumbepnues ymen u3 xuznuu 9 asrycra 2008
roja. B xxuznan Mapar UcuMrasiveBud 611 3aMeYaTebHBIM Y€ I0BEKOM, BEICOKOUHTE/IUT€HTHBIM,
,ZLO6prM, OT3bIBYUBLIM, BCCr'/la I'OTOBBIM IIOMOYb W CJIOBOM, WU J€JIOM, U B TO 2K€ BpeMA IIPUHIUIIN-
AJILHBIM W TBEPJIBIM, KOTJa TOro TpeboBaau obcrositenscria. Ceerrast maMsTh 0 Mapare Mcumra-
smende Paxumbepauese — HYenoBeke ¢ 60/1bI0NH OYKBBI, KDYITHOM YIEHOM U TIEJAT0Te, MIPEKPACHOM
Opranu3aTope M PYKOBOJUTEsE — HAaBCET/a OCTAHETCH B CEPJIIIAX BCEX, C KEM OH COIPUKACAJICH B
TedeHne CBOeH APKOit 1 MHOTOIPAHHON HAayJHO, MeJaroruIecKoil U obIIecTBeHHON eI TeILHOCTH.
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Llesns moKIaTa — pPacCKa3aTh O HEKOTOPBIX MPHIOKeHUsIX oneparopos Huitenxeiica [11] B reo-
Merpuu, asrebpe u MareMarTnieckoii dpusuke, ciaegays paboram |2, 3, 4|. ToBops 06 oneparopax, Mbl

UMeeM B BHJIY OTIepaTOpPHBIE TEH30pHBIE TOT A = AE« (x)) HAa TVIAJIKUX MHOT00Opa3usiX.
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Onpenenenne 1. Onepamopom Hudlienzetica Ha3biBaeTca TeH30pHOe 1oje L = (L; (x)), yII0BJIE-

teopstomee Toxaectsy N (€,7) def L2[¢,m] — LILE, n) — LIE, L] + [LE, Ly] = 0 a/1st TPOM3BOMLHBIX
BEKTOPHBIX TOJei &, 7.

Oyukis f HAZBIBACTCS 3a4KOHOM COTpaHeHus Iis oneparopa A, ecim 1-popma A*d f 3amrry-
Ta.

Oneparop B naszbiBaerca cummempueti oneparopa A, ecam 9Tu oneparopbl KOMMYTHDPYIOT B
ajrebpanvIeckoM cMmbicie, T.e. AB = BA, u s Tpon3BOILHOTO BEKTOPHOTO TOJIsT  BBHITIOIHIETCS
COOTHOIIIEHNE:

BJAE €]+ Alg, BE] — [AE, BE] = 0. (1)

Ecin ay151 Tpon3BOIHLHBIX BEKTOPHBIX TT0JIEll € 1 1) BBITIOJIHAETCH 00JIee CHIIHHOE COOTHOIIEHIE
def

(A,B)(&,n) = B[A&,n] + A[¢, Bn] — [A¢, Bn) — AB[¢,n) =0, (2)

TO B Ha3pIBaETCS CUALHOU CuMMEMPUET.
Omnepatop L, neiicTBytomnuii B n-MEPHOM [IPOCTPAHCTBE, HA3LIBAETCH El-pezysaproim, €Cau Cy-
mecTByeT BeKTOp & Takoii, uro &, LE, ..., L ¢ nuHeiHO He3aBUCHMBI.

[lepBrIit pe3ysmpTaT TOKa3bIBaeT, 9TO omeparopsl HuiteHxeiica mo3BOISIOT CTPOUTH COAEpKa-
TeJILHbIC ITPUMEPBI KBa3WJIMHENHBIX IBOJIIOUOHHLIX CHUCTEM C 6eCKOHeLIHbIM YHCJIOM CI/IMMeTpI/Iﬁ 41
3aKOHOB coxpanennst (cp. [9]).

Teopema 2. Ilycmv L — onepamop Hutienzetica. Pacemompum cemeticmeo onepamopos euda
Ay = o\ (L — \Id)™1, AER, (3)

2de o(A) = det(A1d — L(z)) = N"+o1(2)N" +o2(2)N" 2+ ... +o,(z) — zapaxmepucmuueckul
mHozounen onepamopa L. Bee amu onepamopu. A6AAI0MCA cummempuamy dpye oas dpyea. Qynryuu
ﬁ, p € R, asamomen obuumu 3aK0HAMU COTPAHEHUA OAH% IMUL ONEPATNOPOS.

Ecau L — gl-pezyaapuoiti onepamop, mo 3axonv corpanenus oazn (3) mozym 6vims onucarovl
ewe odnum cnocobom. Paccmompum npouseosvruyto cummempuro M onepamopa L u sanuwem ee &

sude AUHETHOT KOMOUHGUUL
M=gL" '+ gL' 2 +... +g,1d (4)
Tozda Pynxyua g1 6ydem obwum 3aK0H06 coxparenus oz ecex onepamopos (3). Boaee moeo,
Axdgr =d (A" + @A R4+ gy). (5)

Omnpenesenue 3. /IBe METPUKHU ¢ U § HABBIBAIOTCS 2€00€3UYECKU IKGUBGAEHMHBIMU, €CITH OHU UMe-
0T OJIMHAKOBBIE IeoJie3ndecKue (TapaMeTpus3aIys Ha Me0Ie3NICCKUX TIPU STOM HE YUUTBIBACTCS).

Posw oneparopor Huitenxeiica B Teopuu reoje3nvecKu SKBUBAJIEHTHBIX METPUK, BOCXOALAIIEN
K KJaccuaeckum paboram Benbrpamu, Junan u Jlesu-Husura |1, 6, 8], 06bsicHsieT ciemyrommas KOH-
crpykmus [5, 12]. PaccMoTpuM reose3ndeckn coryiacOBaHHbIE METPUKN g U § M oneparop L, 3a1aH-
HBIH (POPMYJTOit
det g o 1 6
det g ' (6)

Cremyrormas TeopemMa CyMMUDPYeT pPe3yJIbTaThl, MOJYIeHHbIE pa3HbIMU aBTopamu |5, 7, 10, 13,
14, 15] u kacarommecs: pyHIaMEHTAIbHBIX CBOWCTB TOI0 OLIEPATOPA.

Teopema 4. (a) L ssasercst oneparopom Huitenxeiica.

(b) Oneparopsr Ay Buga (3) asasrorcs (1,1)-rensopamn Kunmmara merpukn g.

(c) @ynximu Fy : T*M — R, F\ = g '(A} p,p), ABAsI0TCS KOMMYTHDYIOUIUMH TEPBBIME
WHTerpajaMu reoje3ndeckoro moToka Merpuku g #Ha 1+ M.

(d) Ecnu L gl-perymsipen, o cpean narerpanos Fy, A € R, mox#Ho BbIOpaTh N = dim M dyHK-
[IMOHAJIHFHO HE3ABUCUMBIX U, CJIEJ0OBATEIbHO, Te0Ie3NIECKHil MOTOK METPUKW ¢ BIIOJIHE HHTEIPUDYEM
o JImyBuitio.
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B cayqae gl-peryaapnoro omeparopa L ecrecTBEHHO 3a/aTh BOIPOC O TOM, KAKO¥ IOTEHITHAI
MOXKHO 006a6umb K TeOJe3NIeCKOMY MOTOKY METPUKH ¢, UTOOBl MHTETPUPYEMOCTH COXPAHSIIACH.
OTBer gaer caeayromast KOHCTPYKITUS.

Teopema 5. IIycmo M — cummempusa onepamopa L, sanucannas 6 eude (4). Paccmompum namy-
DAABHYIO 2aMUALITMOHOBY cucmemy Ha mroz2oobpasuu M ¢ mempukot g u nomenyuasom V = g (x),
m.e. cucmemy na T*M ¢ eamuavmonuarnom suda H =K +V = 3 g7 (p,p) + g1 ().

Ima cucmema unmezpupyema no JIuysurito. Ee KoMmymupyrowumuy nepevmy UHmezpaiom
ABAAOMCA PYHKYUU 68U F\=F\+ Vi, ede

Fy=31""Awp.p) u Va@) =g\ + @A+ + gn.

BamernM, 4T0 cooTHOIIEHUE (6) MO3BOJISET BHIPA3UTh METPUKY ¢ 1Uepe3 g u L mpocroii dop-
MYJION § = ﬁgL‘l. Mpr 6ynem roBopuTh, 9TO METPUKA § U -CUMMETPpUYHbIH oneparop L reose-
BUYECKN COTJIACOBAHBI, €CM METPUKNA g U § = delt T gL~ reonesnveckn sxkBMBaIEHTHLL. SICHO, YTO
U3yUeHUe Tap re0/Ie3NIecKn SKBUBAJEHTHBIX METPHUK (g, §) CBOJUTCS K M3YUEHUIO T€OJIE3MIECKH CO-
riacoBanubix nap (g, L). Ipu srom Bropas 3a/iaua nMeer onpe/ieJieHHble IPENMYIIECTBA, TOCKOIbKY
MTO3BOJISET UCIOJIB30BATH METOJbI U pe3yabTaThl Teomerpun Huitenxeiica. B sTom koHnTekcTe ecre-

CTBEHHBIMU ABJIAIOTCA CJIECAYIOIMNE BOIIPOCHI.

o Ilycrs ma mmoroobpasum M zagan omeparop Huitenxeiica L. Jlomyckaer jim 3TOT omeparop
XOTsI OBl OJIHY TeOAE3UICCKH COTTIACOBAHHYIO C HUM METPUKY g7

e [lycts L momyckaeT reofile3MvecKn COTIACOBAHHYIO ¢ HUM MeTpuKy ¢. Kak onmcarh Bce Takue
METPUKH?!

Teopema 6 (|3]). Jua scarozo sewecmeenno-anasumuueckozo gl-peeyaaprozo onepamopa L so-
KGABHO CYULECTBYEM 2e00e3UNECKYU COZAACOBANHAA C HUM MEMPUKG (.

OTa, METPpUKa MOZKET OBITD 3aJaHa ABHO, €CJIH B HEKOTOPBIX KOOPAWHATAX ul

, ..., u" omeparop
L szamumcan B BuE TaK HA3BIBAEMOIl COMPOBOXKIAMONIECH MATpHUIBI (MPUBEICHHE K TAKOMY BHIY B

BEIIECCTBCHHO-aHAJIUTUYIECCKOM CJIy4dae BCeraa BO3MO)KHO)Z

0 1 0 ... 0
0 0 1 ... 0

L = Leomp = : oo e , (7)
0 0 ... 0 1
—Op —Op—1 ... —09 —O0]

e 0; — KO3 PUITHEHTH XapaKTEPUCTHIECKOI0 MHOTOWIeHa onepaTopa L. B aToM ciydae MeTpuka
g MOxeT OBITh 331aHa POPMYJIOit

n

9 = Gcomp = E On—m E duduy |, oo = 1.
m=1 i+j=m-+1

Cirenyromas TeopemMa BaKHa JJisE OTBETa Ha BTOPOii BOIIPOC.

Teopema 7 ([4]). IIycmov L u g 2eodesuuecku cozaacosanwvi. IIpednoaooicum, wmo onepamop M
CAMOCONDANCEH OMHOCUMEADHO § U ABAALMCA CuMbHOU cummempuets daa L. Toeda L uw gM =
(giSM;) 2e0desunecku cozaacosans.. Boaee mozo, ecau L gl-peeyaapen, mo ecaxaa mempura g,
2eodesunecku coanacosannas ¢ L, umeem eud g = gM, 2de M — cummempus onepamopa L.

PunancuposaHue: [lannoe uccirenosanue dbunancupyercas MUHICTEPCTBOM HAyKH U BbICHIEro obpas3osanms Pec-
my6smkn Kasaxcran (rpant Ne AP23483476).

KuroueBrblie ciioBa: omepatop Hulternxeiica, 3aK0H COXpaHeHWs, MHTErPUPYEMble TaAMUILTOHOBBI CUCTEMBI, T€0/Ie3M-
9eCKH SKBUBAJIEHTHBIE METPUKM.

Institute of Mathematics and Mathematical Modeling



22 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

2010 Mathematics Subject Classification: 53C15, 53A45, 37K05, 37K06, 37K10

JINTEPATYPA

[1] Beltrami E. Resoluzione del problema: riportari i punti di una superficie sopra un piano in
modo che le linee geodetische vengano rappresentante da linee rette, Ann. Mat., 1 (1865), no. 7,
185-204.

[2] Bolsinov A.V., Konyaev A.Yu., Matveev V.S. Nijenhuis geometry, Advances in Mathematics,
394 (2022), 108001.

[3] Bolsinov A.V., Konyaev A.Yu., Matveev V.S. Nijenhuis Geometry IV: conservation laws,
symmetries and integration of certain non-diagonalisable systems of hydrodynamic type in quadratures,
Nonlinearity 37 (2024), 105003.

[4] Bolsinov A.V., Konyaev A.Yu., Matveev V.S. Applications of Nijenhuis Geometry V: geodesic
equivalence and finite-dimensional reductions of integrable quasilinear systems. J. Nonlinear Sci.
34, (2024) 33.

[5] Bolsinov A.V., Matveev V.S. Geometrical interpretation of Benenti systems, J. Geom. Phys.
44 (2003), no. 4, 489-506.

[6] Dini U. Sopra un problema che si presenta nella theoria generale delle rappresetazioni
geografice di una superficie su un’altra, Ann. Mat., ser. 2, 3(1869), 269-293.

[7] Gover A.R., Matveev V.S. Projectively related metrics, Weyl nullity and metric projectively
invariant equations, Proc. Lond. Math. Soc. 114 (2017), no. 2, 242-292.

[8] Levi-Civita T. Sulle trasformazioni delle equazioni dinamiche, Ann. di Mat., serie 2a, 24
(1896), 255-300.

[9] Lorenzoni P., Magri F.; A cohomological construction of integrable hierarchies of hydrodynamic
type, Int. Math. Res. Notices, 34 (2005), 2087-2100.

[10] Matveev V.S., Topalov P.J. Trajectory equivalence and corresponding integrals, Regular
and Chaotic Dynamics, 3(1998), 30—45.

[11] Nijenhuis A. X,,_1-forming sets of eigenvectors. Nederl. Akad. Wetensch. Proc. Ser. A 54:
Indag. Math. 13 (1951), 200-212.

[12] Cuntokos H. C. leodesuueckue omobpasicerus pumanosuz npocmparncme. Mocksa: Hayka,
1979, 256 c.

[13] Tabachnikov S. Projectively equivalent metrics, exact transverse line fields and the geodesic
flow on the ellipsoid. Comment. Math. Helv. 74 (1999), 306-321.

[14] Topalov P. Geodesic compatibility and integrability of geodesic flows, J. Math. Phys. 44
(2003), no. 2, 913-929.

[15] Topalov P., Matveev V.S. Geodesic Equivalence via Integrability, Geometriae Dedicata 96
(2003) 91-115.

OBOBH_[EHHBII;I MHTETPAJI JINPUXJIE U SJIJIMIITUYECKUE
KPAEBDBIE 3A/IAYN HA CTPATUN®UIIMPOBAHHOM MHO>KECTBE

H.C. TAUPBEEKOB

Huacruryr maremaTnkn ¥ MareMaTHIecKoro MoAeanposanusi, Agavarer, Kazaxcras
Vuusepcurer CJ/1Y, Kackenen, Kazaxcran

nurlan.dairbekov@gmail.com

B mammom moxkmaze Gymer nan 0630p pe3yabTATOB, TONYIEHHBIX ABTOPOM 34 MOCTETHIE TOIbI B
coemectHoit pabore ¢ O. M. Ilerakuneim, . B. Casacreesbim u JI. O. CapribekoBoii, 10 Bompocam
IIOCTAaHOBKHW M PA3PEIINMOCTHU IJIJIMIITUYICCKUX KPACBBIX 3aJa4 Ha CTpaTH(bHHHpOB&HHbIX MHOZKe-
CTBaX.

CrpaTndunupoBaHHOE MHOXKECTBO OMPEIEISIETCA KAK CBI3HOE MOJIMHOXKECTBO eBKJINI0BA TIPO-
crpancTa RY, spisioneecs o6beIuHeHIEM KOHETHOIO CEMEHCTBA, Y HEIePeCeKAIOIXCH CBSI3HbIX
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mosMHOroobpasuii oy, (6e3 Kpas), Ha3bIBAEMBIX JTAJee CTPATAMEIE:

Kazkas crpaTa o), nMeer KOMIakTHoe 3aMbikanne B RY. IIpemoaraeTcs, 910 CTparhl IPAMBIKAIOT
APYT K APYTY 110 TUILY KJIETOYHOI'O KOMILJIEKCaA, T.€. I'PaHUId Ka)K,HOfI CTPaThl COCTOUT U3 HEKOTOPBIX
CTpAT ceMeicTBa ¥ I Kazk/0€ Iepecedenne o) Moy, 3aMbiKannii crpar B R? jmbo mycro, gmubo sBiis-
eTcst 0bbeIMHEHNEeM HEKOTOPBIX cTpaT u3 Y. Jlasee COOTHOIIEHNE O) > Oy, MEXKIY ABYMSI CTPATAMEI
03HAYAET, 9TO 0y, C O0p; B 3TOM CJydae MBI TOBOPHUM, UTO JAHHBIE CTPATHI MPUMBIKAIOT IPYT K
apyry. CTparsl, He TPUMBIKAIOIINE K cTpaTaM OOJbINell pa3MepPHOCTH, HA3BIBAIOTCS CBODOIHBIMHU.

ITycrs d(oy) obozHauaeT pasMepHOCTh cTpaThl 0. Mbl onpejessem Mepy f Ha ) Ceyonmm
obpazom. CkaykeM, YTO TOJIMHOXKECTBO W B {) ABJISE€TCS [-U3MEDPUMBIM, €CJIN KaxKJIOe Iepecete-
HIe w N 0} U3MEPUMO OTHOCHTENbHO d(0))-MepHOit ebGeroBoit Mepbl Ha o). OdYeBUIHO, YTO Takue
MOAMHOXKeCTBa 00pa3ytor o-anredpy B (), a dyHKIus p, onpejensgemMast GhopMmyioi

Z Md(ak)(o'k N w)a

oREX

B KOTOPOI [ig(y,), 0ObIunast d(og)-mepnas mepa Jlebera na o, 0bsiajiaer BCeMu CBONCTBAMU MEpHI.
Wnrerparn Jlebera p-msmepuMmbix byHKIH f, OmpeenseMblX CTaHJAPTHBIM 00pa3oM, CBOIUTCH K

cyMMe
/fdu—z [ £ e

k€Y 5 Nw

MmuoxkecTBo ) TIpemoIaraeTcs MpecTaBIeHHbIM B Bujle obbeauuenus ° U Q) (“enymperno-
cemu” 1 “epanuyn”), B KOTopoM §2° — CBSI3HOE OTHOCHTEIBHO OTKPBITOE TOJIMHOXKECTBO {2, COCTOIIEe
U3 HEKOTOPBIX CTPAT U3 Y U yJI0BIeTBOpsItonTee pasercTry 0° = () a octasmrascs gacts 0§ = 2\ Q°
OKa3bIBAETCS TOT/[a TONOJIOTMYEeCKoll rpanuieil MuoKecTBa 2°.

[Tycrs ¥ C X — nexkoropoe cemMeiicTBo cTpart, jexaniux B (2%, KoTopoe CoJep:KHUT Bee CBODOHbIE
CTPaTHl, U MyCTh § — CTpaTHOUITMPOBAHHAA KOHCTAHTA, paBHasd | Ha cTparax w3 X u pasHad () Ha
ocrapimxcs crparax. Oupegennm 060b1menHbIil naTerpan dupuxie

DN = [ 0VuPdn= 3 [ VUl dpa )

ok
O'kGE

Harmmum ocHOBHBIM 0OBEKTOM WCCIEOBAHUS SIBJISETCS ypaBHeHUWe Jiyiepa — Jlarpamka st
9T0oro (pyHKIMOHAIA, KOTOPOE UMEET CJIEJIYIONINil BU/I:

V- (10VulP720Vu) =0, uf,q = ¢. (2)

Buenuuit 3aauok V — (crparndunmuposannas) auBepreHnys.
(Cmpamuguyuposannas) dusepzeruyus BexkTopaoro noxa F € C1(0Q°) B Touke X € o C Q°
zajtaércs hopMyJIoit:

V- F(X) =V, F(X)+ > F(X+0-7) 7,
0i=0p,d(0;)=d(or)+1

e CYMMUDPOBAHUE IIPOBOJUTCA IO BCEM CTPATAM O, IPUMbBIKAIOIIUM K O U UMECIOINM Da3MEPHOCTH
Ha eguHAIY Gosbime. 371ech V() B TPaBoil 9acTu 0603HATaeT omepaTop obbIIHOM, d(0))-MepHOi,
JVBEPTEHIINHT, TTPUMEHEHHBIN K CY>KEHWTO F ]Jk Ha CTpaTy Og, U; — eIUHUIHAS BHYTPEHHAS HOPMAJTh
K 0p B 0; B Touke X, a F(X + 0- ;) — npegen F(Y) npu Y € oy, crpemsmemcsd K X H3HYTPH
CTPATBI 0; > O 110 HAIPABJIEHUIO BEKTODA V.

OrmeruM JiBa, KpaiflHUX CJIydasi: Y COBIAJIAET CO BCeM HADOPOM BHYTPEHHUX CTPAT U Y cos-
majaer ¢ HabopoM Bcex CBOGOIHBIX cTpar. B mepsom cirywae auddepennuaababiii onepaTop B (2)
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SBJIAETCH KECTKUM p-JaiiacuanoM. Bo BTopoMm ciydae — MATKHM p-JiarnsacuanoMm. yis p = 2 mbl
TMOJIyIaeM TapMOHUYECKNe (DYHKITHH B CMBICJIE XKECTKOTO JIAIIACUMAHA B MTEPBOM CJIydae, U TapMo-
HUYECKUue beHK]_[I/H/I B CMBICJIE MATKOTO JIallslaCaHa BO BTOPOM.

Uccnenosanue caaboit paspenmMocTu 3a1a49u (2) 0OCHOBAHO Ha aHassorax Hepasenctsa CoboseBa
B cjlyuae, Korja coboJieBcKas 1o/1yHopMa 3aaercs 0bobientbiv unrerpaiom Jupuxie (1). Pauee
anajor HepaercrBa CoboJieBa I Y, 3aJaHHOTO BCEM HADOPOM BHYTPEHHUX CTPAT, OBLI MOy YeH
B [1]. On maer pazpermmmocTs 3agaun JIupuxie B crydae KeCTKOrO p-JIAllIacHAHA.

Knaccuueckas pazpemmmMocTs 3aauu (2) uCe/ieg0Batach TOMbKO /I TAPMOHNIECKUX (DyHKIunit
B CMBICJIe MATKOrO Jaiyiacuana u 6asuposasack Ha Merose lleppona. CooTBercTByOIIUil pe3yabTaT
ony6sukoBat B [2].

PunancupoBaHue: lanmoe ucciremosanmne ¢unamncupyercs Komurerom maykm MummcrepcTBa HAyKd U BBICIIETO
obpaszosanust Peciy6sinku Kasaxcran (rpant Ne BR20281002).

KuroueBsblie cioBa: materpasa lupuxite, p-iamacuan, Hepasenctso CoboseBa, metor Ileppona
2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20
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MOJIEJIUPOBAHUE 1 UCCJIEJJOBAHUE ITPOIIECCOB
XUMUYECKOTO I BUOXUMUYECKOTO BBIIIIEJTAUYNBAHUSA
MMHEPAJIOB

A. KAJITAEB

Satbayev University, Anvarsr, Kazaxcran

a.kaltayev@satbayev.university

Bce Gosiee mmpokoe mpuMeEHEHWE TEXHOJOTUN W3BJIEYEHUS COEJUHEHUH MeTasjoB METO/IaMu
XUMWYECKOT0 M OMOXMMWYECKOIO BBIMIEJAYUBAHNS W3 PYyJ HA MECTE€ WX 3AJEraHus WM U3 Kydu
CTAHOBUTCS SIBHBIM TPEHJIOM COBPEMEHHOrO ropuoro jena |1-7].
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CXeMbI IOA3BEMHOT'O CKBA2KMHHOT'O M KYYHOI'O BBIIC/IQYUBAHUA

TexHom0rnsT BHIMEIAINBAHNS METAJLIOB BKIIOYAET CJACAYIOIINE OCHOBHBIE TPH IIPOIECCH: (PUILTPa-
IUg XUMUIECKOTO Wi OMOXUMUYIECKOTO PACTBOPUTE/IT YEPEe3 PYIOCOMEPIKAIIYIO TOPUCTYIO CPELY,
TepeBo/] TEeJeBOr0 MeTaAla UJIN ero COeJWHEHWN M3 TBEPAOTO B XKUJKOE COCTOAHWE C TTOMOIIHIO
pearenTa u JanbHeIas ero TPAHCIOPTUPOBKa (nepekaduka) B mecta nepepaborku. B nokmane pac-
CMATPHUBAIOTCA MOJIEN TOI3EMHOTO XUMHUYIECKOT0 CKBAKMHHOTO BLIMIETAMUBAHNS OKCHI0B ypaHa U
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OHOXMMUYIECKOTO KY9HOIO BBIMeTadnBanug aucyibduna xemesa(ll) u pesynprarsl mccieoBanmii
Ha WX OCHOBE.

1. TToazemmOe CKBaKWHHOE BBIMIETAYNBAHNE YPAHA

IIpm moa3eMHOM CKBajKMHHOM XUMWYECKOM BLIMETadMBAHUN OKCHIOB ypaHa B Kazaxcrtane B
OCHOBHOM HCIIOJIB3YETCS CEPHOKUCIOTHBIM pacTBopuress HoSO4. B cuny mpubmmkeHHOr0 Xapak-
Tepa JAHHBIX IO COCTABY DPYIOCOIEPIKAIell TOPOALI B PacUeTHON MOJeNN TMPUHSTHI CIIEIYIONne
OTHOCHUTEJILHO YIIPOITEHHBbIE XUMUIECKUEe PEAKITNi, M0 KOTOPBIM ITPOUCXOANT TEPEBOJ UETHIPEX U
IIECTU BAJIEHTHBIX OKCHUJIOB YpaHa W PYI0COJEPIKAIEN OPObI U3 TBEPJOrO B KUJKOE COCTOSIHUE

[5,7]:

UOQ(S) + HQSO4(1) — UOQSO4(Z) + ZHJ)

UOg(s) + HQSO4([) — UO2SO4(Z) + HQO(l)
Minerals s + H2SOyy — Solution

QuibTpaIus XUMHUTIECKOTO PACTBOPUTENS W TACTH PACTBOPEHHOM PYyIOCOIepIKalieil TOpOIbI
Tepes3 MOPHUCTYIO CPEY OMUCHIBAIOTCS 3aKOHOM COXPAHEHWa MAcC U 3akoHoM Jlapcu. Dtu nBa ypas-
HeHUs CBOASATC K OTHOMY 3D 31 IUNTHIeCKOMY YPaBHEHUIO OTHOCUTEILHO JaBIeHU, KOTOPOE pellia-
ercst yncaenuo. [1o 3a1aaubiM 3HAYEHUAM PACXOI0B PACTBOPUTE/IS HA 3AKAYHBIX U [IPOIYKTUBHOTO
pacTBopa Ha OTKAYHBIX CKBAYKWHAX OIpeJesdeTcd IMoje JaBjeHus. Braan oT CKBayKUH JaBJI€HUe
CUNTAETCA TOCTOSHHLIM W PAaBHBIM p = pg. llo maiimenmnomy mosio gaBjenns w3 3akoHa [lapcwm
OTIPEJIEJISIETCS T10JIe CKOPOCTH, 3aTeM C UCIosIh3oBanneM ajaroputma [losioka crposites auawit Toka,

[8-10].

in

- b
d”g[:‘hf g[‘ﬂd (h)) = a(xin'y[n) + ﬂ_?;a(xp:'l }’p:'}

AV

JIuanit 0MHAKOBLIX JaBaeHnn (C/€Ba) U JMHAM TOKA T€YEeHWil (CIpaBa) B OJHON reKcaroHa bHON
staefike, 389 ymHuit Toka (9X7X6)

PacrBopenue coenuHeHuit ypaHa U 4acTU PYJIOCOJEPIKAIIEN MOPOIBbI U3 TBEPIOIO B YKUJIKOE
COCTOSIHME M JIAJIbHEHIIAast X TPAHCIOPTUPOBKA ([IEPEeKadKa) B MeCTa 11epepaboTKu OIHMChIBAIOTCH
YPaBHEHUSIMU TIEPEHOCA KOMIIOHEHTOB B TTOPHUCTON Cpejie ¢ PeaKInsaMu BTOPOTO mopsiaka. [Tpu srom
3D ypaBHeHnms mepeHoca KOMIIOHEHTOB cBefieHbl K 1D ypaBHeHNsM, TPOEKTUPOBAHNEM UX HA JUHUN
TOKA.

0,Cy = —vyw/(1— @)
0:.Cp + 0.VCr = V. (D VCR) — vyw/ b w =k CyCp
3,Co +u.VCp = V.(DVCp) + vsw/¢

Cucrema ypaBHEHU peIlaeTcd YUCIEHHO. 3aJaf0TCs HAaYaJbHBIE KOHIIEHTPAINN MUHEpAJIa B
TLUTACTE W PACTBOPUTENS Ha 3aKaUHBIX CKBaXKMHaX. PazMephl pacCUMTAHHBIX PEAJTHHLIX MeCTOPOXK-
npenmii cocrapigior nopsaka H00m x 200m x 10Mm. Bazaua pacunapaieuBaeTCs C UCIOJIHL30BAHU-
em CUDA rexmonoruti. B kagecTBe mpuMepa TPUBEIEHB PACIETHI TI0 OJIOKY, COCTOAIIEMY U3 8-1
TeKCArOHAJIbHBIX AY9€CK, BKJJIYAOIICTO 30 3aKAYHBIX " 8 OTKQ4YHBIX CKBAazKUH. PaCCTOHHI/Ie MEXKAYy
ckpaxkmaamMu 45 M. [locTtpoenn! m nmoxazannl 3D jguHTiT TOKa B MEKCKBAYKUHHOM TTPOCTPAHCTBE B
HEKOTOPBINT MOMEHT BpeMmeru paborsl bsoka. Takxke mokazansl 3D pacmpemesienus BIEIAIUBAIO-
IIIero pacTBOpa M OKCHJIOB ypaHa B TBEPIOM M KUIKOM COCTOSHUAX BIOJIL JUHUHM TOKA.
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j |

R ]

3D AMHWMK TOKA B MEMCHKBAMMHHOM MPOCTPAHCTEE B HEKOTOPBIA MOMEHT Bpemeru paboTsl
38 ckeamuH: 30 zaKaudbix W 8 OoTHauHbiX. PaccToAHMe memay cKeamwuHamu 45 m. LUeeta
NIMHWK TOKOB YKaZblBaeT Ha NPUHALNEMHOCTE K ONPpeaeneHHoN 3aHaYHON CHBAMMHE,

3D pacnpegeneHMe BblLENa4YMEAIO-LUErO PAcTEOPA EAO/b JIMHMKM TOKa B HEKOTOPbIA MOMEHT
BpemeHM paboTbl CKBaMWMH B MEMCKBAMMHHOM npocTpaHcTee. KpacHold UgeT o3Hauaer
MAKCMMAaNbHYHK KOHLLEHTPALMIO PEATEHTA, CHHMIA — MUHUMAbHYHO.

@ s vl - Prsdanes v

-~

HcxonHoe pacmpeneneHHA TECPIOTO MHHEPATA

05 -t
. 034 il
wl 026 3
Ef L dos )
| -0.28
wl 05
NES
R}
\ 15
“t e s | e e e e
r o v - La i " -
[ Bl -Frodesion el 3s Pacnpenenenns pearenta, t =270 [cyT]
o g L]
PacnpeqieleHHe JARTEHHA E IUIACTE B MOMEHT
epemend t = 270 [cyT]
XapakTepHCTHKH V9aCTKA MECTOPOEIEHHA
“ Yu Gu Ky Ps ¢
M koer !t M%  meyr ! mrac? P - o -
1128 000077 0868 7.0 1700 022 ACHPEASIEHIE PECTROPERHOTO ROMHOHERTE.

=270 [eyt]

[IpoBenentl cpaBHeHMS SKCIEPUMEHTAILHON W YUCIEHHON 3aBUCHMOCTEN KPUBOHM W3BJIETEHN
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OKCHJIOB YpaHa OT BPEMEHHU U U3MEHCHHA CO BpEMEHEM 3KCIIEPHMEHTAJILHOT'O U YHCJICHHOT'O PE3YJIb-
TaTOB CTEIICHU U3BJICUCHHA OKCHUIOB YpaHa, KOTOPBIEC HAXOAATCA B YAOBJIETBOPUTEJIbHOM COIVIACHH.

[IpoBeieHbl MOJETUPOBAHNE U UCCIEI0BAHUS PAOOTHI PA3IHYHBIX OJIOKOB MECTOPOXKAeHU . Pa3-
paboranbr 6 mporpammvubix obectedennii (IIO) n Ha HUX TOyYEHBI ABTOPCKUE CBUIETEILCTBA. Ha
OCHOBE IIPOBEJIEHHBIX PACUETOB M UCCJIEIOBAHUN CO3JIaHA CUCTEMA YIIPABJEHUS s JOOBIBAIOIINX
NOAPa3JdeJeHn, MO3BONAAIOIAA IPOrHO3UPOBATh, IIAHUPOBATH, MOHATOPUTL U YIIPABJIATH W3BJIC-
JeHmre ypaHa Ha Bcex cramusx ero pazpaborku. dtu 11O mepemansr UBT HAK «Kazarommpoms 1mo
Horosopy o zakynke pabor o paspaborke 110. /Isa I1O BHempeHbl Ha JBYX TOPHOPYIHBIX YIIPAB-
mermax 1 HAK «KazaToMmmpomys mpomama JuiieH3nsa HA WX UCIOJIB30BAHMUS.

7600 -
=) 0gf
.E. 500 @ Experimenta 08 - Experiment
c 1 al
=] 2 [ =
5 400 - ..‘“\h B Numerical Numerical
h 0B
c
3 300 205
5 2
04
8 200 g
E So03fF
3 5
= 100 02k
g
=) L 1 1 | ] LA
0 100 200 300 400 500 , . . |
Time, [day] o 100 300 400 500

200
Time, [day]
CpapHeHHe 3KCTIEPHMEHTANBHOH H 9HCISHHOH 3aBHCHMOCTEH

KPHEOI H3BEIeIeHAA 0T EpeMeHH. BepTuranshas kpueasa
OTpaskaeT KOHIEHTPAITHIO YpaHa E IPOIYKTHEHOM PacTEOpe
Ha OTKAYHEIX CKBAKHHAX

Cpa.BHBI{HG H3MEHEHHA CO BpEMEHEM
SECIIEPHMEHTAIRHOID H THCICHHOTO PEIVIIETATOR
CTEIICHH H3IBICHEHHA YpaHa

Metos mocTpoeHUST TEOJIOTUIECKON MOIETN HA OCHOBE JIMHUHU TOKA,

Takke pazpadoTan W TPEJIONKEH METOM TOCTPOSHUS TEOJIOTHIECKON MOMIEN MeCTOPOXK ICHU ST
ypaHa Ha OCHOBE JIMHUII TOKa, YUUTHIBAIOIIMIT HalIpaBJIeHUEe IMOTOKa B ILIacTe, TaK KaK MEeCTOPOXK-

JCHM A I/IH(l)I/I.H]:)TpaLU/IOHHOFO THUIIQ O6pa3yIOTCH 3a CHET IIePeOTJIOZKeHUWd MWHEPAJIOB I10J] BEKOBLIM
neficrBueM cuit TskecTn [11].
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3aKoH coxpaHeHHsA MAcCChI: div(v) =0

3aron Japcu: v =—kgrad(H)

VpaBHeHMe ana Hanmopa:  div (kfgrad(H)) =0

. . . . _ a
- om0 e Resource estimation with U >= 0.03%
=ip
CUMHTETUYECKDE CylecTayowMii MeTog, _
MECTOPOXASHHE HKourara T
P | (3 =]
i - = .
| 2 | =] '\
b =] 2 AN
E { S
{ —
| =
N - e
| 5 " T
5 e
Do /‘
5
| /
. =
" » " . - - - = -
S T Number of exploratory wells
HMHTepnonauua Mpegnaraembiid MeTog,
StreamLine NMHWM TORa True resources (bal) —Streamline resources Kriging resources

ITo cKBaKMHHBIM JaHHBIM paccanThiBaerca 3D pacrnpemenenne KOHIEHTPAINi OKCHIOB ypaHa
I UX 3aIaCOB MEXKIY CKBaKMHAMHU. MeTOm ImO3BOJSET ¢ BLICOKOI TOYHOCTBE) OKOHTYPHBATL Me-
CTOPOXKICHUS MUHEPAJIOB M PACCUNTATH 3aIMachl TMOJE3HBIX MCKOMAEMBIX W MOAKUCICHHBINH 00heM.
Yerplpe cTaTbH ONyOJMKOBAHBEI B 2KypPHAJAX, BXOIAAINNX B COHCOK WoS m Scopus, cIelaHbl 1Ba
nokaana Ha koudeperniun MATATD B Bene.

2. Buoxumudeckoe BBIMEIAYnBaHAe TTHPUTA — TUCYIbduIa xKeaesa (FeSs))

Muorne MuHEpaTbl U3 CyIb(MOUIHBIX PY MOYKHO U3BJIEKATH METOJIOM MOI3EMHOT0 CKBaZKMHHOTO
WIN KYy9HOTO BBHIIIEIAYUBAHNS, IEPEBOAS MAHEPAJILI U3 TBEPAOr0O B KHIJKOE COCTOAHUE IIyTEM OKHC-
sennst ux nonamu xesiesa(I11) (Fe3t) [12-16]. [Tepesos MuHepasion B KUIKOE COCTOSHIE TTPOUCKOUT
II0 PeaKITUH

MeS(s) + 2Fe3t 4 2HT — chemically — Me?;)r + HyST + 2Fe?t,
¢ obpazosamuem monos xenesa(ll) (Fe?T). (HMoms rpexsanenrroro sxenesa(lll) rakzxe 6bicrpo

OKHCJIFIOT ¥ PACTBOPAIOT HEPACTBOPUMBIE B CEPHON KUCIOTE OKCHIBI I€TBHIPEXBAJEHTHOIO ypaHa
UOqy(sym0 peaxtmn [16]:

UOqys) + 2Fe*T — chemically — UOy) + 2Fe?T,

TOT/Ia KaK OH He PacTBOpsAeTcst cepHoit kucaoroii.) TTocte sroro cynndarsr Metawnos 3¢bdeKTHBHO
U3BJIEKAOTCS W3 IJIACTOB METOIAMHU MTOA3EMHOTO CKBaYKUHHOTO BBHITIETAYUBAHIA WX U3 KYIU METO-
ngamu buabTpanuu. s nogaepKanus nanuoi peakunu noubl xkemnesa(I1l) Mmoryr 6bITh moyUensr,
IIpYU HAJIUYUHU KUCJIOPOIa, 10 CJIEAVIOMEe peakimei

2Fe*t +0.505 + 2H' — chemically — 2Fe*T + H,0,

KOTOpAast SIBJISIETCS MEJIJIEHHOH, INMUTHPY FOIIH IPOTIECC BIIEJIaUNBAHNIS, PEAKITHEN TPU KUCTOTHO-

ctu cpenbl pH < 2. B T0 ke BpeMsi, MCTIOIB30BAHNE YKEJIe300KUCAANNX bakrepuit, Tuna Acidithiobacillus
ferroozidans (At. ferrooxidans) u Leptospirillum ferroozidans (L. ferroozidans), kak KaTaims3aTopos,
YBEJMYUBAET CKOPOCTH OKuCaeHus nouoB xkeme3a(ll) Ha mopanku, B pasbl yCKOpAst 00wl TPOIece
BBIITIETaHBaHus [17]

2Fe*t 4 0.509 + 2HT — bacteria — 2Fe3t + Hy0.
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CBs13aH0 9T0 € TeM, 9TO 00PABOBABIINECS B PE3YIbTATE OKUCICHUA CYTb(MUTHBIX MUHEPAIOB (1 OKCH-
na ypana) nonbl kene3a(ll) sBasoTest 3eKTpoH-J0HOpaMu (MCTOYHIKAMY SHEPTUY ) [T OAKTEPUH.
Kenezookucmsonue 6akrepuii, mosydas 3mekTpon u3 nonos xkejeza(ll), peremepupyor noHb xe-
ne3a(Ill) m mponecc oxmcmenust Munepanos wonamu kese3a(lll) mosropsterca. B srom mpomecce
OYeHb BAXKHO HAJWYME THPUTA, KaK uCTouHMKa mOoHOB kene3a(Il). Jlamubiii mpomecc Ha3bIBAET-
csl GHOXMMUYECKHUM BBIIIEIadUBAHIEM MUHEPAJIOB, B KOTOPOM PACTBOPEHHE TBEPILIX CYJIbMUIHBIX
MWHEPAJIOB IIPOUCXOANT IIYyTEM XUMUICCKUX peaKHHﬁ, KAaTAJIU3UPYEMbIX 2KEJIC300KUCTAIOIIUMN 6aK-
TEPUAMH.

Mogent DaKTEDHANbHOMD BLILWENEYHMEIHHA
METAANHMYECKHX NOBEPXHOCTER

Kenesookucastore Hak Tepuit TpeacTaBISIIOT coOOit OTHOKIETOIHBIN Oprann3M 6e3 aaep mpu-

HIM3UTETHHO UINHIPpUYeCcKOl (hopMbI JUTHHON OKoJ10 1.5 MUKpoHa u auamMeTrpoMm B 1 MKD.
Hpouecc 6I/IOXI/IMI/IUIGCKOFO BBLIMMIE/IAYMBaAHNA MUHEPAJIOB BKJIIOYaCT!

— WHOKYJISNNI0 OaKTepuit B PYJ0COMEPKAIIYIO TOPOY,

— NPUKPEIUIeHNe WX K TIOBEPXHOCTH [TUPUTA ¥/ UJIN OTCOEIMHEHNE,

— pasMHOxKeHue baxkTepuii ¢ nepeBojoM noHoB xkejesall B nonos xenezalll,

— OKHCJeHUE COeanHEeHnH MeTaaoB nonavu xeme3alll,

— TPAHCIIOPTUPOBKA PACTBOPEHHBIX COETUHEHWNI METaJIIOB.

A. ferrooxidans JK30MOAMCaXapKabl 0BPasyIoT o Bokpyr BakTepui

(a) MpuKpenaenHbie K NOBEPXHOCTH NNPKTa, W ABARIOTCA BMOKATANM3ATOPAMM PEAKLWIA OKMCIEHWA
{b) nnaHkTOHHOR Gopme B pacTeope. [M. Gleisner et al. 2006.] cynbdata wenesa(ll) — Fe* u cepbl

Bakrepun MOryT HAXOMUTCH B MJIAHKTOHHOM (B3BENIEHHOM) COCTOSTHUU B YKUJKOCTH, COJEPIKAIIEH
nonbl xeae3a(ll) u muraTesbHBIE BEIECTBA WM MPUKPEIIATLCA K oBepxHocTy nuputa [18]. Ilpu-
KpeIIeHne K OTPHIATENBLHO 3apAKEeHHON MOBEPXHOCTH THPUTA MPOUCXOIAT IEKTPOXUMHICCKAM
IyTEM 3a CUeT TOJOKUTEIHHO 3apszKeHHBIX HOHOB BO BHeIHell Membpane 6akrepuit [19]. dxcnepu-
MEHTBI TIOKA3BIBAIOT, 9TO CKOPOCTH MPUKPEILJICHUS K TOBEPXHOCTH, TAKKe, KAK U OTCOCJINHEHNS OT
Hee, JIMHETHO 3aBUCST OT KOHIIEHTpaIuii 6akTepuii Ha mosepxHocTw tmpuTa [20].
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microbial growth and oxidation

Paores of internal
particles gas liguid transfer

Individual H* ineral grains
particle
0, (‘.1?;/_\
e,
-
Baciria \E’/
t t Stagnant solution through pores
Solution flow
gas phase solution phase solid phase

Cxema JBMXKEHUsT PACTBOpa U HAKTEPUil CKBO3b TOPUCTOM CPEIb

CKOpOCTb Pa3sMHOXKEHHA OaKTepHil JeJleHHeM IOII0JaM OIHCHIBAeTCA ypaBHenneM MoHO:
aXx . ,UmaXS
dt Kg+S 7

rae X — 370 KOHIEeHTpanus bakrepwuii, S — cyberpar (KOHIEHTparyst HCTOTHNUKA SHEPTHi Fe2t),
Imaz — MAKCEMAJIBHAST CKOPOCTH pocTa GakTepnii, Ky — KOHCTAHTa, paBHasd KOHIEHTPAINNA CyH-
cTpaTa, TPU KOTOPOIl CKOPOCTH POCTa PABHA MOJOBHHE MAKCUMAILHON CKOPOCTH POCTA.

JLIst onucaHus CKOPOCTU OKUCTIEHNS TUPHUTA TIPEJIOKEHO CIIETYIONIEe SMITUPUIECKOe YPABHEHTE
[ 21, 22|

dCres, _ VFesSs
dt 1+ B (Crer1/CFerr

Taxkum 0b6pazom, mOJHAS CHCTEMa ypaBHEHWH, onuckiBatomas 1D fuoxumuyaeckoe BBIIIEIATN-

BaHUe TUPUTA UMEET CJIETYTONNi BU/T:

) : CFCSQ

OCruy u ECF-JJJ'I -D, 5:(:';.!1: _3. VeerCram Cpuc +2 1 W Cran X,
ot ax &x Crm+BCry 7 Yk +Crpy
EC ray s ECruy -D é:CFoﬂ +3. VFessCramm 4 1 HensnC Ferr
ar &x et Cran+BCry Yk, +Cry
" Penstilis
ax, ax &x X
£ s f
2 +u . =D, Al —Kgﬂ—ﬁ]XI+KDXﬂM § Oowte
]
day Y . C /
8K (1-—8\X, -K 4 Lma = Fell 3 ]
R R S o 7
1 < Uranium Cires
ACrs2 __1. VrerCrag ;
dr Crag +BCrg 0 /
~
rac 5
g 7/
u=U/g, :;
D_[, =&‘;M . ;
o
Hagansrele yemoera =0: -1

X@0=0 X ®0=0 C 60=CLo®). Crgx0)=0, ¢pr(r0)=0.

Tpagmgnele yorosaa x=0:

X,00=X,@0). X0N=0 Cr@)=0 Crg(0.0)=0. ¢ @n=F(@).
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Ha pucynke Huzke OpUBECHbI H3MEHEHUS CO BpEMEHEM KOHIIEHTPAIIMI Tpaccepa U B3BEIICHHBIX
cycreH3mii 6e3 BBIETATMBAHNS HA BBIXOJIE W3 KOJOHHBI M CDABHEHUS UX C SKCIEPUMEHTATBHBIMA
JAHHBIMY [P 3HAYEHWSIX [TAPAMETPOB, HAYAJIbHBIX W I'PAHUYHBIX YCJIOBUI 1 CPABHEHWE UX C IKCITe-
PUMEHTATBHBIME JaHHBIMHA [23].

[NapameTpr! zagadn:
U £ Jna SP: Dt Jma DT: Dz Kien Co
cm/sec cm?/seg cm?/sec 1'h oL
0.16 0375 1.620%° 036409 46 870034 0.1

Hauansuee 5 TPAHHYIHEIE YCIOBHA CIISTYVHOITHE

mpu = Cop(x0)=0, Cpr(x,0)=0,
OpH x=0 Cgp({},f)=c‘c: CDT(D-"F)= CG'

e - H AR - g™ 3 g =g ma
n
035 [ ]
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D3 i 08
025 ]
[ 06
|
o 02 ] n Mumarical selstion (U=0.16) =
@0 | B Sumerical sokstion U=0 043) o
{ Expedimment [U=0.15)
015 |- | Experiment (U=0.045) 04k =
| ] Expariment (U=0 18]
{ - Enperimsnt [U=0 045
) _,-—'—._I'_._I - - Mumarical solution (=0, 18)
ALl ] e " n 0 Mumarical solution [U=0.045)
{ / m 0zp
005
| /m
ol & 1 1 1 1 i - 1 1 ] 1 I
EE 1 1.5 2 25 3 ! 5 1 1.5 2 25 3
PV PV
a b

iHEME‘HEHHH CO EpeMeHeM KQHUCHIDAINEE B3BCINCHHEIX CYCIICH3HH a) H Tpaccepa b) Ha BEIXOZE H3

KOIOHHEL JECIICpHMeHTAIEHEE gaHHee ezaTel 112 [Nasre-Dine Ahfir et al., 2016].

Ha Pucynke mokasano BARSHAE HACHIIIEHNAS ITOBEPXHOCTH DAKTEPUAME HA, PACIPEIeICHIE IIaHK-
TOHHBIX 0aKTEpUii HA BBIXOJE W3 KOJOHHBI. HaualbHBIME U IPAHUYHBIMU YCJIOBUIMU s GakTepuit
ObLIN:

mpr t=0 | X (x0)=0, X (x,0)=0, Creg(.0)=C2, 5 (x).
Crf(x.0)=0, Crog0) =0,
npu x=0 1E+9,t=0.022 C . 05)=F 7). X (01)=0,
X,00)= ) reul08)=F(£) ,(01)
0.t>0.022
Crep0.1)=0. Cra(01)=0.

JonoTHHTETBHEIME IapaMeTpaMH OBLTH

Xs Hex ks Yxs B Vies, 0
cells'mL h'! g/mL cells /g h! mL h!
107 0.0864 | 7.1*10* | 2.0*107 | 2200 6.7*107 100
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Cells concentration, [cells/mL]
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Brmaiie HATHTHA DHPHTA H HOHOE skemesalll — Fe** Ha pachpegeneHHe INAHKTOHHE DakTepHi
Ha EBIXOIE H2 KOIOHHEL A — E THHeHHEIX KOOPAHHATAX, b — E JorapEdMHYecHX KOOPIHHATAX.

Ha PpuCyHKax HU2KE TIPpUBEJICHBI PE3Y/JbTATHl 9YUC/JICHHOT'O DEIICHNA U3MEHCHUA KOHIICHTPANWU

HaxTepuii B IOTOKE CO BPEMEHEM Ha BBIXOJE M3 KOJOHHBI I CPABHEHHUE MX C SKCIEPUMEHTAILHLIME
TanHbiMK [24].

SE+O7

AE =07

. [cellsimL]

JE=07

O,
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Cells concentration, [cellsimL]
-l
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Humariesl solusion wih i sndl,
Hame e s mon wivven b and & \
n Fupae emamnl \

KpuEble M3MEHEHMA CO BPEMEHEM KOHLEHTPaUMK cBoD0HbIX DaKTEPMIA Ha BbIXOAE W3 KONOHHLI. a) — B THHeHHE
HOOpOMH&TAX, b) — B norapMbmUUeckKx KOOPOMHATAX.

Huxe nmokazamno Biausuue naanyansg nuputa u nouos xkene3alll ma pacupegenenne mIaHK TOHHBIX
HakTepuit B0 KOJIOHHBL. [lapaMerpsl 3a/1aun Takue ke, KaK U B OPEIbIAYIIEM PUCYHKE.
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Cells concentration, [cells/imL]
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Banaare HATHIHA [IHPHTa H HOHOE #enezalll ma PacIpeIeiIcHAS INIAHETOHHBIX 63.K‘IEPP]I7I EJONEB EOIOHHEL

Ha pucynkax HMKe NPUBEIEHBI PACIpefeseHns KOHIEHTPAINY NJIaHKTOHHLIX U ITPUKPEILIeH-
HBIX baxTepwuit, mupuTa u noHoB xkene3all u kemesa 111 BIo b KOJOHHEL.
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HoHUeHTpaWKK NMPHTA KW #enesall BOoib KONOHHBI B PA3HBIE MOMEHTLI BREeMEHH.

s OPOBEACHHBIX MCCJACA0BAaHUN BUAHO, YTO pa3pa6aTblBaeMme MOOeJIN OUOXUMUIECKOT'O BbI-
oieJIa9YMBaHUAd ITUPUTa BIIOJHE aJE€KBATHO OIIMCLIBACT IKCIIEPUMEHTAJILHBIC JaHHLIE.

WccnenoBarms o TeMe HAXOANTCS €IIe B PA3BUTHM.

PdunancupoBaHue: lannoe nccnenopanne dunancuposasics Kovurerom mHaykn MunncrepcTBa HayKW M BBICIIETO

obpaszosanus Pecry6mku Kazaxcran (III® -2018/BR05236447, I'® -2021/AP09260105).
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S3ATAYA SOMMEP®EJILJIA B BECKOHEUYHOM ITOJIVIIMJIMHIPE
T.II. KAJIbMEHOB!, A. JTEC?

Satbayev University, Anmarsr, Kazaxcran
1’2HHCTHTyT MarTeMaTHKH U MaTeMaTHdecKkoro Mogeaupopanus, Aamarer, Kazaxcran

kalmenov.t@gmail.ru

Onucanue JBIZKCHHS 3JCKTPOMATHUTHBIX BOJH B R3 HemenxuMm GuznkoM 30MMepdesrsioM
CBeJIEHO K CJIeYIONel 3a/1a49e:
Banaga 3oMmmepdennia:

Lu=—Ayu—k*u= f(z), v€R? (1)
YJIOBJIETBOPSIOIIEE YCIOBHUIO
M

|u(x)||\ax|fR < f? R — oo, (2)

ou M

ik < =
’37% zum:R_RQ, R — o (3)

_ sin(k|z])

KaK MOKa3bIBaeT mpuMep ug () ,z? = 23 + 23 + 23, —Ayug — k*up = 0. Brmonsenue

||
TOJILKO yCJIOBHsI (2) He obecnevdnBaer eIMHCTBEHHOCTH PEIIEHHsT 3aa9u 30MMephebIa.

IIycrs Q C R? - koneunas obaacts ¢ riaaakuM rpasunaM, a D = Q x x3 > 0 - 6ecKoHeuHbIi
noymEap B R3. V3ydenne reopusmaeckux noseil 8 D CBOJIUTCS K PENIEHIIO CJIe /Iy IOIIeH 3a,1adm:

Haitru peienne ypasuenust

Lu=—Apu—ku= f(zx), z€D, (4)

M ou M

_p < — — <
[w@)lle1=r < 5 ‘6% iku - R — oo, (5)
Q[u”xeaD =0, (6)

e () - mpo3padHble TPAHUYHBIE YCJAOBUS, TaKUe 4TO J0bast BOJIHA, IPUXOISINas U3HYTpu objacTu
D upoxonut 6e3 orpaxkenus Ha 0D. Ha npaktuke () - onpejensgercs npubInKeHHO U3 (PU3NIECKUX
CBOMCTB M3y4eHHON cpenbl. B janHoil pabore jaeM sgBHBIE TIPe/ICTaB/IeHus oneparopa Q.

IIycrs
1 ezk|:p\
g(x) = In ]

dyHIaMeHTaIbHOE pellleHne ypaBHeHus l'esbMrosibia

(—As = k?)e() = b(x), (8)

(7)

Onpejenum, kak B pabore Kanbmenosa T.II1., Cyparana JI.[1], rparngnble ycioBus moreHpasia
lenpMmrosbiia:

u(z) = / (@, y) f(y)dy (9)

Nlu] = —M —|—/ (;ney(x,y)u(y) —e(z,y) 8u(y)) dS, =0, xz €. (10)

HNmeer mecTo
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Teopema 1. IIycmo f € La(Q), suppf(x) = Dy — woneunas obaacmov D. Tozda cywecmeyem
eduncmeennoe pewerue 3a0a4is

Lu = —Axu — k2u = f(.’IJ), T € D, (4)

M | O0u M
[w(@)llz=r < 3 ‘8% — iku o < R, (5)
N[u”zeaD =0. (6)

CaencrBue 2. [Ipospaunvim 60K08bM 2panudtbim Yycaosuem Q sadawu (4)-(6) asasemes nomen-
yuasvroe zpanuinoe yeaosue Nul|l.cop = 0.

®unancuposanue: /lannoe nccienopanne punancupyercd Komurerom vayku Munucrepcrsa Ha-
yKu ¥ Bbiciiero obpasosanusi Peciy6snkn Kaszaxcran (rpant Ne AP23488701).

Kimrouessbie cioBa: 3agada 3omMmepdesbia, ypasaenne [enbMrosibiia, moreruai HeroToHa.
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KOHEYHOMEPHBIE MHTEITPUPYEMBIE CUCTEMBI U PEIIIEHUA
KOHEYHO30OHHOI'O TUITA MHOI'OKOMIIOHEHTHBIX CUCTEM C
ANCIIEPCUEUN

AKO. KOHAEB

LMI'Y um. M.B.Jlomonocosa, Mocksa, Poccust

maodzund@ya.ru

XOpoIIo U3BECTHO, UTO CIEIUATLHBIE POIEHNsT YPABHEHUI TUIA, T€0Me3UIECKOT0 MOTOKA C IT0-
TEHIIMAJIOM B HEKOTOPHIX CJIydadX JaloT pereHns ypasHeHus: Koprsera-ne ®@pmusa. Taxoro ponga
apdex Tl ObLINM M3BECTHEI i cucTeM HoliMana, MOTOKOB Ha JLUIUICOUE W MHOTUX APYTUX C/Iyda-
X,

B pamxax mesaTeabHOCTH, CBI3aHHON ¢ pa3BuTHeM reomerpun Huitenxeiica, yaamock BCKPHITH
TeOMETPUIECKUH MeXaHn3M 3TO sBjeHnd. [[ogo0Hast CBSI3b — peIIeHnsT HEeKOTOPOH KOHETHOMEPHOM
CUCTEMBI JAI0T PelleHUud HEeKOTOPO! JApYyroi, HeJIMHEHHO CUCTEMBl — ABJACTCA, CyAd 110 BCEMY, TU-
MUYHOM I yPABHEHUIA, JIOIyCKAIOIINX PA3/Ie/ICHIE [IEPEMEHHBIX. BOBHUKAIONIUE IPU STOM PEIIEHUSI
OTHOCHATCST K KOHEYHO30HHOMY (TaM, rjie 3TOT TEPMUH KOPPEKTHO yHOTp€6.HHTI)) THUITY.

[Tpu sTOM ecTecTBeHHOW OKA3BIBACTCA CUTYAIlWd, T/€ TOJYIEHHBIE DEIeHUA YIAOBIETBOPAIOT
MHOTOKOMITOHEHTHBIM CHCTeMaM — Hampumep, cucreme Kayma-Byccunecka. To ects obHapyKeHnHas
CBS3b TTO3BOJIFET TMOJYYATh PEIEHNT JOBOJIBHO MIPOKOTO KJIACCA CUCTEM.

B mokmane Hymer pacckazaHo O MOJYyU€HHBIX PE3YILTATAX W MOTEHIINAIBHBIX HAIPABICHUIX UX
pasBuTudg. OTMETHM, YTO TTOMUMO IMUPOKON IIPUMEHUMOCTH, METOJ, HHTEPECEH TEM, UTO He Tpebyer
BBIUUCJICHNS] JTAKCOBBIX TIap, CTAIMOHAPHBIX IMOTOKOB M MPOYero (J0BOIBHO HENPOCTOro!) mHCTPy-
MeHTapusl WHTerPUPYEMBIX cucTeM. 10 ecThb, IO CYTH, UCIOIL3YET 3JIeMeHTapHble HHCTPYMEHTHl —
110 CyTH, HHTEIPUPOBAHUE B KBraparypax, udsectnoe ¢ XIX Beka.

PdunancupoBaHue: /lannoe uccienosanne dunancupyercs rpaarom PHD 24-21-00450.
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O HEPABEHCTBE ['EJIbJIEPA
E.JI. HYPCYJITAHOB

Kasaxcrauckuit pummaa MI'Y umenn M.B. Jlomonocosa, Acrana, Kazaxcran
Nuacruryr maremarnky ¥ MaTeMaTHIeCKoro Mogenposanus, Agavarer, Kazaxcrad
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Hepagenctpo [€1b1epa gaBigeTcs ocCHOBOM MHOTUX HepaBeHCTB. Tak m3 HepaBeHcTBa [€nnbmepa
CIeAYIOT Kaaccudeckne HepaencTBa MunkoBckoro, Xapin, KOTOpPbIE B CBOIO OYEPEh UCITOJIB3YIOTCS
B JIOKA3aTeJIbCTBE OCHOBHBIX MHTETPO-1uMdepPEeHITHANBHBIX HEPABEHCTB.

Bosiee Toro, Teopusa coOmpsKEHHBIX TPOCTPAHCTB, COMPSKEHHBIX OMEPATOPOB TECHO CBA3AHA C
HepaBeHCTBOM [EBI€Epa.

B moxsname mMbl mpuBeeM HEPABEHCTBO, KOTOPOE B HEKOTOPOM CMBICIE YTOYHSIET HEPABEHCTBO
[&npnepa. Mbl Tak:ke NpuUBe/ieM HEKOTODBIE BasKHBIE CJIEJICTBUS.

KuroueBrbie ciioBa: nepaseHcTBo Lesbiepa, GyHKIIMOHAIBHBIE IPOCTPAHCTBA, (DYHKIMOHAIbLHBIE HEPABEHCTBA.
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O JIOTUYECKOM CTPOEHUU MATEMATUKUA
C.9. CEPOBANCKUI

Kazaxckuit HanmonaibHbIH yHUBEpcuTeT uM. ajib-Dapabu, Anvarer, Kazaxcran

serovajskys@mail.ru

MaremMaTu4yecKnit MUp, KAK HUKAKOI JPYToil, OTJIMYAETCs Ype3BbIUaifHO BBICOKON pas3pobieH-
HOCTBIO. CHeruajinCcThl OJHOTO pa3jesa MAaTeMaTHKW, KakK IPABUJIO, HE TOJBKO HE B KypCe aKTy-
AJIbHBIX [POOJIEM JIDYTUX €€ Pa3/e/oB, HO 3a4YacTyO Jla)Ke HE IOHUMAIT A3bIK, HA KOTOPOM T'O-
BOPAT MX KOJLIETH, paboTalomux B JAPYIUX HANPABACHUAX. B J1€HCTBUTEIBHOCTY 2KE MATEMATUKA
npejictaBsger coboit euHbIi OpraHu3M, TJe pa3JndHble HOHITHs, CBOUCTBA, CIOXKETHI ITE€PEILIeTEHbI
MHOT000pa3HbIMU CBsI3saMu. OMMCcaHWo TaKuX cBs3eil mocesmmena kuaura The Logical Structure of
Mathematics: An Overview of Mathematical Concepts, BbIXOAsIAs B aHIINACKOM M3AATEILCTBE
Taylor & Francis Group.

Kaunra cocront m3 mectn uacreit. Ileppas gacts «f3BIK» MOCBSIIEHA OOIUM TTPWHIIATIAM TI0-
CTPOEHUsI MaTeMaTHIecKux Teopuit. Bo Bropoit yacTu, HazeiBaemoli «MHoxKecTBay, JaeTcd KpaTkoe
OIIMCaHre TeOPUr MHOXKECTB KaK OCHOBAHUA MATEMATHUKH.

Tperbst yacTb «Hucaay cOCTOUT U3 HECKOJIBbKUX ceKiuit. CHavasia onpee/siioTcst KapIuHaJIb-
HBIC 9UCJIa, ABJTAIOIMNECA MOIITHOCTAMM KOHECYIHBIX MHOXKECTB. BaTeM OIIUCBIBAIOTCA ITOPAIKOBBIC YHC-
Jia, BKJIIOUad TPAHC(UHUTHBIE, KOTOPbIE BBOJIATCS TIOCJIEI0BATEIBHO OJIHO 33 ApyruM. Tpernii kiacc
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0bpasyioT ajirebpandeckue YucC/ia, CBA3AHHbBIE C PEIIeHNEeM HEKOTOPBIX ypaBHeHuit. JleficTBuTeibHbIE
U p-aJinvgecKue Inucyia o0pasyror KIace peebHbIX uncea. HakoHer, BeKTOpHbIE YuCTa (KOMILTEKC
HBIE, KBATEPHUOHBI U JIP.) COCTAB/IAIOT TTOCIEHAN KIacC 00HEKTOB.

B 4gerBeproit wactu onucbiBatoTcs «O6BEKTHIy, TPEACTABISIONIIE COOON MHOKECTBA, ABJISIOIIH-
eca 0600IeHneM PACCMATPUBAEMBIX PAHEe YNUC/IOBBIX KJIACCOB. B 9acTHOCTH, TOPATKOBbIE 00HEKTHI
CBSI3aHBI C MOPSIJIKOBBIMU YHCJIaMU, ajrebpandeckue 06beKThl — € ajaredbpanvecKuMy IUCTaMU, TO-
IIOJIOTUYECKHEC O6’beKTbI — C Ipeae/JIbHBIMU YUCJIaMW, & BEKTOPHBIC YMCJIa €CTECTBECHHBIM 06pa30M
BBIBOJISIT HA JIMHEWHYIO aJIrebphl, TAKKE XapakTepusyiue ajrebpandeckie o0bekThl. Takum obpa-
30M, B TpEX pas3jesiax 4eTBEPTON 4aCTH, OITMCBIBAIOTCA BaXKHEHIIINE KJIaCChl MHOXKECTB, HAACTCHHBIX
MOPSIKOBOM, aJIredpanvieckoil U TOMOJIOITYECKON CTPYKTYPOil.

B IATOM 4acTu OIMCBhIBAXTCA <<Te0p1/11/1>>, CBA3aHHBIEC C MHO2KECTBaMU, HAJCJICHHBIMMX OJHOBPC-
MEHHO HECKOJIbKUMU CTpyKTypamu. B mepBom pasjesie 3jech paccMaTpuBaioTCs MpobjieMbl TOIIO-
JIOTUIECKOH ajrebphl, B KOTOPOil OMUCHIBAIOTCSA aJrebpanveckue 00beKThI, HAJIETEHHBIE NTOTOJIHU-
TEJIBHO TONOJOTHEN, & TAKXKE MPOCTPAHCTBA C HOPMOW M CKAJAPHBIM TTPOU3BEACHUEM, ABJIAIOIIACCH
0CHOBOI1 (DYHKIIMOHAJBHOTO aHajn3a. BTopoil paszjen cBsi3aH ¢ TPUIOKEHUSIMU JIMHEWHOH aared-
PBI, & TaKXKe PA3JIMIHBIMU T€OMETPUIeCKUuMHU Teopusamu. Tperuii pasmen nocearieH auddepen -
AJIBHOMY W MHTEIPaJbHOMY Hcuancjenuto. B yactHocTH, Hapsmy c obiieil Teopueilt MHTErPUPOBAHUS
3/1eCHh PACCMATPUBAETCA MHTEIPAJIBHBIC YPABHEHNA U TEOPU BEPOATHOCTEH, a Teopus audepen -
POBaHMA MOMHUMO KJTACCHYECKUX PE3YJBTATOB BEIIECTBEHHOTO M KOMILJIEKCHOTO aHAAN3a BKJIKOYACT
Teopuio pacupejesnennii, JuddepeHimpoBaHne OlIepaTopoB, [VIaJKue MHOroobpasusd, rpymumus Jlu,
nuddepeHinaibHble ypaBHEHNA U BapualuonHoe ucuuncsienue. [locneguuit pa3gen nocesiineH aJj-
redpandeckoil reoMeTpun u aJredPamvIecKoil TOMOJIOTUHT.

B zaksmounTtensHol gacTu «Kareropmns ¢ e JUHBIX HO3UINHA OMUCLIBAETCA CTPYKTYPa Pa3aIntd-
HBIX MaTeMATHIECKUX TeOPUi, 38 KaXKI0M U3 KOTOPBIX CTOUT CBOd KaTeropus. Kpowme Toro, xapaxkTe-
PU3YIOTCS CBA3M MEXKY Pa3IUIHBIMEU TEOPUAMU TOCPencTBOM (pyHKTOpoB. Hakomer, obcyxmaerca
BO3MOXKHOCTB IOCTPOEHHUS MATEMAaTHKHM B IEJIOM, BKJIOUYas CaMy TEOPHK) MHOXKECTB, CPE/ICTBAMH
TEOPUU KATETOPUl.

Xouerca HaJedIThCA, UTO KHUTA HAWIET CBOEr0 INTATENsI.

The uncertainty principle for Poincaré and Lorenz chaos
M.U. AKHMET
! Middle East Technical University, Ankara, Turkiye

marat@medu.edu.tr

W. Heisenberg developed the famous principle of uncertainty, which has implicitly strongly
affected various areas of science, industry, and social life. Working on the chaos research, we have
indicated an uncertainty in mathematical chaos by using the following inequalities,

ha < Snd(pnvp) < hﬁv (1)

where s, is the time sequence of divergence, p,, is the converging space sequence, and d is a metric.
The formula has been announced in the book [1]. We believe that the inequalities will make insights
into chaos similar to those in quantum mechanics. Related questions for alpha unpredictability,
ultra Poincaré and Lorenz chaos [1], artificial neural networks [2] differential equations, determinis-
tic and stochastic dynamical systems [1], synchronization [3], are under discussion. Open problems
related to theory of functions, the recurrence theorem, chaos investigation will be announced.
The alpha unpredictable point is the origin of ultra Poincaré chaos [1]. A point p of a dynamics
is alpha unpredictable, if there exists a positive number e, sequences t,, and s,, increasing to infinity,
such that p, = f(t,,p) converges to p, and points f(t, + s,,p) are on distance larger than e from
f(sn,p) for all n. We are in a position where chaos can not be observed precisely in experiments
since the closer approximation points f(t,,p) are observed, and the near to infinity are moments of
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divergence s,. Conversely, if one determine better a large moment s,,, then finding corresponding
t, is a difficult task. That is, the more precisely determined s, means less accuracy for p,. Thus,
we are busy with the uncertainty, since the sequences of points p,, and moments t,, s,, are not less
theoretical than the Heisenberg quantities.

The source of uncertainty in Lorenz chaos is sensitivity, which is the main ingredient of the
irregular dynamics. A dynamics f(q,t) is sensitive at a point p provided that there exists a positive
number e, sequences of points p, and moments s,,n = 1,2,..., such that p, — p, and distance
between f(p,s,) and f(pp,s,) is larger than e for all n. This is on one side of the uncertainty
since to learn sensitivity we have to look for points p,, arbitrarily close to point p, but this makes
less observable moments, where the divergence happens. Oppositely, if one tries to determine large
moments of the divergence, precision for the location of corresponding points p, decreases, and
vice versa. Thus, the principle of the uncertainty for chaos is based on the Lorenz sensitivity, also.

What is the philosophical conclusion for our discussion? The more uncertainties there are for
dynamics the better. An uncertainty is the main argument that a theoretical phenomenon deserves
to be researched since it is about the unity of opposites. Thus, it is significant achievement that
the uncertainty for chaos has been discovered.

Keywords: Ultra Poincaré chaos, Lorenz chaos, principle of uncertainty, dynamical systems, recurrence theorem,
Poisson stability.

2010 Mathematics Subject Classification: 34H10, 37A05, 37A50, 65P20
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Long-time dynamics of small solutions to 1D quartic
Klein-Gordon equation

A. KAIRZHAN

Nazarbayev University, Astana, Kazakhstan

akairzhan@nu.edu.kz

In this talk, we consider the quartic Klein-Gordon equation
Pu— 0%u+u+V(ayu = a(@)u® £, (1) € R, (1)

where p = 4 and «a(z) is an exponentially decaying function at infinity. Our main interest is to
present new results on the long-time asymptotic behavior of small solutions under certain conditions
on the spectrum of the linearized operator

L:=-02+1+V(x). (2)

In particular, we make an assumption that the spectrum of L has only a positive eigenvalue X > 0
and a continuous spectrum [1,400).

The motivation to investigate the above-described problem comes from a long-standing con-
jecture on asymptotic stability of the kink solution of the ¢*-model

Rp—Pp=0¢—¢°, (x,t) €R™ (3)

The kink solution of (3) is given by H(x) = tanh(x/+/2), and the orbital stability of the kink state
in the energy space is known due to Henry, Perez and Wreszinski [2]. To study the asymptotic
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stability, we consider the perturbed kink ¢(z,t) = H(z)+wv(z,t) and, from (3), obtain the evolution
equation for the perturbation v given by (roughly)

v — 02v + v — sech?(z/V2)v = —3H (z)v? — v>. (4)

It turns out that the spectrum of the corresponding linearized operator of (4) is similar to the
assumptions we make on the operator £ in (2). Note that the equation (4) is of type (1) if we set
a = —3H(z) and p = 3. The best available results on the long-time dynamics of (4) are given in
the recent work by Delort and Masmoudi in [1], where they prove the decay of v in suitable Sobolev
spaces for times of order O(s~4) for data of size ¢.

Among the global-in-time results for (1), we point out the recent work by Leger and Pusateri
[4], where the authors prove the global-in-time decay of small solutions in 3 + 1 space dimensions
when p = 2 and «a(x) is bounded. For the one-dimensional version of (1), similar result was proven
by Kopylova and Komech in [3] for p = 14 and exponentially decaying a.

The goal of this talk is to present the following (roughly written) theorem:

Theorem 1. Let a(x) — 0 exponentially fast as |x| — oo and set p =4 in (1). For all initial data
ug that are sufficiently small in a suitable weighted Sobolev space, solutions to (1) satisfy

Jul|pee S Y2 forallt > 1.

This improves the result in [3] by decreasing the nonlinearity power from p = 14 to p = 4.
It also compliments [1] by obtaining global-in-time decay, but under weaker conditions on the
nonlinearity terms.

This is a joint work with Gong Chen (Georgia Institute of Technology), Gael Diebou (University
of Toronto) and Fabio Pusateri (University of Toronto).

Funding: This research is funded by the Nazarbayev University Faculty Development Competitive Research Grants
Program 040225FD4702.

Keywords: dispersive equation, asymptotic stability, long-time behavior, internal mode, decay.
2010 Mathematics Subject Classification: 43A32, 42B37, 35P25, 35Q55
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Synchronization of Shunting Inhibitory Memristive Neural
Networks and its Application

A. KASHKYNBAYEV

! Department of Mathematics, Nazarbayev University, Astana, Kazakhstan

ardak.kashkynbayev@nu.edu.kz

This study investigates the finite time synchronization and fixed time synchronization of shunt-
ing inhibitory memristive neural networks with time-varying delays via different control techniques.
First, a new terminal sliding mode surface is designed and its reachability is analyzed. Then, a
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unique sliding mode controller is constructed suitable for both the finite time and fixed time syn-
chronization and its stability analysis is done by using Lyapunov functionals. Numerical examples
with the estimated settling times are provided to show the effectiveness of our results. Finally,
applications in secure communication in terms of image encryption and decryption will be shown.
Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the

Republic of Kazakhstan (Grant No. BR21882172).

Keywords: synchronization; memrisitive neural networks; delay differential equations; sliding mode control, secure
communication, image encryption.

2010 Mathematics Subject Classification: 34D06, 34K35, 94A08

To inverse scattering problem on the real axis
A.P. SOLDATOV
Belgorod State University, Belgorod, Russia

soldatov48@gmail.com

Sufficient conditions for the fulfillment of the main theorem of Faddeev-Marchenko are dis-
cussed. A representation of the solution to the inverse Sturm-Liouville problem on the entire axis
is given, based on the study of the boundary value problem for Jost functions and the corresponding
singular integral equation. The unique solvability of this problem in corresponding Holder weight
classes is proved.

Eigenvalue lower bounds for Robin and polyharmonic
Laplacians

D. SURAGAN

Nazarbayev University, Astana, Kazakhstan

durvudkhan.suragan@nu.edu.kz

In this talk, we present new results concerning lower bounds on the first eigenvalue for the
Laplace operators, especially under variable-component Robin boundary conditions. Our analysis
focuses on convex domains, where we not only derive novel results for the Robin Laplacian, but
also improve existing bounds over those for the Dirichlet Laplacian. The methodology adopted
in our study is further extended to establish new lower bounds on the first eigenvalue of the
polyharmonic Dirichlet operator. In addition, if time permits, we discuss a simple and elegant
proof of the Poincaré inequality specific to Robin Laplacians, based on an equality framework. The
key ingredients in our proofs are taken from [1]-[3].

The goal of this talk is to present these advances, providing a deeper understanding and
expanding the existing knowledge base in the field of eigenvalue lower bound problems.

This talk is based on our joint work with Rupert L. Frank (Caltech and LMU Munchen) and
Ari Laptev (Imperial College London).

Funding: This research is funded by the Nazarbayev University Grant (Grant No. 20122022FD4105).

Keywords: Robin Laplacian, Polyharmonic operator, Lowest eigenvalue, Hardy inequality, Poincaré inequality.
2010 Mathematics Subject Classification: 35P15, 58J50
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Grand Net Spaces and Applications to Integral Operators
M.A. ZAIGHUM

Nazarbayev University, Astana, Kazakhstan
Riphah International University, Islamabad, Pakistan

zaighum.asad@nu.edu.kz

Net spaces first appeared in the work of Nursultanov [3] in 1998 where it was used for obtain-
ing Hardy-Littlewood-type theorems for Fourier coefficients. These spaces are generalizations of
classical Lorentz spaces. One of the main differences between net spaces and other known function
spaces is that the former depends on the distribution of the oscillation and singularities of functions.
For a special choice of nets, these spaces coincide with Lorentz space and Morrey spaces M{\ We
also refer to [4] for the net spaces defined in the framework of general measures.

The grand Lebesgue spaces were introduced in 1992 by Iwaniec and Sbordone [2] in connection
with the study of integrability properties of Jacobian. Later, Greco et al. [1] considered a more
general variant of these spaces LP)?(Q).

In this talk, we will introduce grand net spaces, which combine the notion of grand Lebesgue
spaces and net spaces. This provides a general framework for studying net spaces and grand Lorentz
spaces [5]. We will discuss structural properties, interpolation theorems, and boundedness criteria
for integral operators in these spaces. The results presented here generalize some results in [4], [5].

Funding: This research was funded by Nazarbayev University under Collaborative Research Program (Grant:
20122022CRP1601).

Keywords: Grand Lebesgue spaces, Net spaces, Integral operators.
2010 Mathematics Subject Classification: 46E30, 42B20
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1 Teopusa dyHKNnii n pyHKIIMOHAJIbLHBIN aHAJN3

Pyxosomuresm: upodeccop Bazapxanos 1.B.
npodeccop Hypcynaranos E. /1.

Cexkperapb: Haiimanosa 2Kancast
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BECOBEBLIE HEPABEHCTBA J1JIsI CYIIEPIIO3UIINU TPEX
OIIEPATOPOB

AH. ABEK', A. TOTATUIIBWJIN?, H.A. BOKAEB?, T. YHBEP*

1.3 Eppasmiicknit Harmonasuerii Yausepcurer um. JI.H. Tymuresa, Acrana, Kasaxcran
2Uucruryr maremaruxn Axanevun nayk Yexun, Ilpara, Yexus
4 Vuupepcurer Kupuxxase, Kupuxxasre, Typryust

lazhar.abekova@gmail.com, 2gogatish@math.cas.cz, >bokayev2011@yandex.kz,
Ytugceunver@kku.edu.tr

B mamnoii paboTe paccMaTpUBAETCs CYIEPIO3UIIS Tpex oneparopos: Komcona, Xapan u Tan-
nopu. Yepes MT(0,00) 0603HAUMM MHOKECTBO BCEX HEOTPUIATENBHBIX U3MEPUMBIX (DYHKIUIT Ha

(0, 00).

Teopema 1. [lycms p € (1,00), 1% + 14 =1 wuv,w — secosve Pynxyuu na (0,00), ¢ — K6A3U-
soenymasn Pynryua na (0,00). Tozda cywecmeyem xoncmanma C > 0 makas, 4mo HEPaBeHCMEo

o0 S o0 o0

/ sup 1) / Th(r)dr + / h(r)dr | wt)dt < C / WP (F)o(r)dr (1)

t<s<oo 90(3
0 s 0

evinoansaemes daa ecex h € MY (0,00) mozda u moavko mozda, xo2da 6vnoanAEMCA caedyroujee

ycaoesue:
1
o7

o ([T ) o) <=

ede vy — mepa npedcmasaenu

1 0o o' gp /
©"(t) esssup — / T, i 0 P (r)dr |
s€(t,00) @ (S) o sV +TP

m.e.

: 1 o P g : > P (t
©P (t) esssup —— / %vlfp (r)dr | = / #Vp(s)ds.
se(to) PP (s) \Jo s + 7P o ¢P(s)+eP(t)

[Ipu j10Ka3are/bCTBE TOM TEOPEMBI CYIIECTBEHHO HCIIOJIB3YETCS CJIE/YIOIIas TEOPEMA..

Teopema 2. [Iyems p € (1,00), % + ]% =1 u u,v,w — gecosvie Pynruuu na (0,00), ¢ — K6A3U-
soznyman Pynryus na (0,00). Tozda cywecmeyem woncmanma C > 0 maxas, 4mo HepaEEHCMEO
(1) evnoansemea das scex h € M (0, 00) mozda u moavko mozda, K020a LNOAHAETCA CAEdYIOULEE
YCAOBUE:

1

N\ P\ 7
Thi1 , '
A= Z sup @ </ sP'p ( )ds 1 / 7P (s)ds) < oo, (2)
kez T <t<Tp41 ® t) t

t 00
ede G(t) = [w(s)ds+ ¢(t) [ ¢~ s)ds. Hauaywwasn xoncmarwma C ¢ (1) sxeusasenmmua A.
0 t

®dunancupoBaHue: lanmoe ucciremosanune ¢unamncupyercs Komurerom maykm MwummcrepcTBa HAyKW U BBICIIETO
obpaszoBanust Pecriy6uimkn Kazaxcran (rpant NeAP22686420).

KiroueBrble cjioBa: OrpaHUYeHHOCTH OIIEPATOPOB, OIIepATOp XapaW, HaWIydniad KOHCTAHTA, CYIepIO3UNNAd OIepa-
TOPOB.

2010 Mathematics Subject Classification: 42B25, 46E30, 47L07, 47B38
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OIIEHKU BUJIMHEMHOI'O IIPUBJINXKEHU S ®YHKIINN B
ITPOCTPAHCTBE JIOPEHIIA

I AKMIIEB
Kaszaxcranckuii pusmasn MI'Y, Acrana, Kazaxcran
Hucruryr maremMaTuku 0 MaTeMaTHIECKOIO Moleanpopanus, Aamarel, Kasaxcran

akishev g@mail.ru

ITycrs N — MHOXKeCTBO HaTypasbHBIX uncesn u T = (z1,...,Ty) € [ =[0,1)™, T™ = 271™.
Yepes Ly, - (T™) obo3nauum npocrpanctso Jlopemna, cocrosinee u3 Bcex N3MEePUMBIX 110 Jlebery
2m—nepuopnueckux dyukuuii f, aist koropeix (cm. [1], ¢. 228)
1 1/
1 fllp.r = /f*f(ﬂtp‘ldt <00, 1 <p<o0,1<T <00,
0

riae f*(t) — mesospacratomas nepecranoska dyukmuu |f(277)|, T € I™.
ITycts Vi(t) — ommomepnoe aapo Bamne-Tlyccena mopanka 21 — 1, I € N. Kaxmomy 5 =

(s1,...,m), s; € N conocraBum TpuroHoMerpmdeckuit nosmnom (cm. 2], [3])
m
As(Z) = H(VQSJ (@5) = Vos;-1(25)).
j=1
Mg dynkmun f € Ly (T™) pacemorpum ceeprry As(f,T) = (f * As)(T).
Iycte 7= (r1,...,mm), 0 = (61,....0m), 7 >0, 1 <6 < oo, j =1,...,m. Paccmorpum kiacc
Huronsckoro — Becosa
oo my . G| A
08 = {F € Lo ™5 [ 257145l [, <1}

31ech u fanee ly IPOCTPAHCTBO YUCIOBBIX Noc/e10BaTebHOCTell {ar} ¢ nopmoit [[{az}|li,-
Pacemarpusaercs Ty (F)p » — namiydniee 6umuneiinoe npubmkenue nopsaka M € N dynk-
wnn f € Ly -(T?™). Ecim F C Ly (T?™), To nonoxum 1a (F)pr = sup 7ar (f)pr-
fer

Onenku HawTydiiero ouianaeiiHoro npubsmkenns dyuknuu KinaccoB Cobosesa, Hukonbckoro—
Becosa B mpoctpanctse L, (T?*™) yeranosnens B [2]-[4]. doxazana

Teopema 1. IIycmo 11 = ... =79y, 1 <0 <00, j=1,..,m, 1 <p<qg<oo, 1< < <2u
To/q < 11/p. Toeda cnpasedausa ouenka
2T1(m*1)+223"':2(i*9%)+

(87 3 B)gry < CM 721574 (logy M) E

Sameuanue 2. B caywae 1 = p, 0 = q u 0; = 0 dasa j = 1,...,m smy meopemy panee doxasanu
A.C. Pomawiox u B.C. Pomawiox [4].

®unancupoBaHue: [lanmoe uccienoBanne duuancupyercs Kovmurerom maykm MwuHnCTepcTBa HAyKW W BBICIIETO
obpasosanust Pecy6siuku Kasaxcran (rpant Ne AP19677486).

KuroueBsie cioBa: GwmHeitHOe mpubmkenne, kinacc Hukombckoro — BecoBa, mpoctpancTBo JlopeHtia.
2010 Mathematics Subject Classification: 42A10, 41A46
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OIITUMAJIBHBIE KYBATYPHBIE ®OPMVYJIBI JIJIsI KJIACCOB
MEPMOANYECKNX ®YHKIIUN C 3AJAHHON MAYKOPAHTOM
MOJIVJISI TJIAJIKOCTH

IIT.A. BAJITUMBAEBA

Hucruryr maremMaTnku U MaTeMaTHIeCKOro Mogeauposannsa, Aavmarel, Kasaxcran

sholpan.balgyn@gmail.com

Oycts K — wommakr (¢ wemycroit sryrpennocthio) B RY(d > 2), F — mexoropoe MHOXe-
CTBO (KJIACC) KOMIUIEKCHO3HAYHBIX (DYHKIWH, 3aJaHHbIX U HenpepbiBHbix Ha K. [Ipu unciennom
MHTerpUpoBaHuy Jist npubukenus unrerpana [, f(x)dr, f € F, ucnonassyiorcs BhlpaxKeHus Bi/a
(ky6arypubie hopmyast) Q(f, Cn, Ay) := Z/]gv:1 c(k)f(A(E)), 3aecs Cn := (c(1),...,¢(N)) € CN —
Beca n Ay == (A(1),...,A\(IV)) € KN — cerxa yznos kybarypnoit bopmyast, a R(f, K,Cn, Ay) :=
[ f(z)dx — Q(f,Cn,AN) ee morpemmocts na dynknun f. O6o3HaumM

R(F, K,Cn,An) :=sup{|R(f, K,Cn,AN)| | f€TF} (1)

3a/1ata ONTHMAIBHOTO YHCIEHHOTO HHTErPUPOBAHNS, PACCMATPHBAEMAas HAMH, COCTOUT B OIIpe-
nenennn To4HOro (1o N) mopsijika BeJInYInHbI

Ry(F, K) := inf{R(F, K, Cy,Ax) | On, Ay} 2)

(omrrumasnpHOM norpemnHocTr) 1 nocrpoernn nocaeosareasaoct (O, Ay | N € N) Becos u y3sm08
taxwx, aro norpertrocti R(F, K, C}r, Ay) coorBercTByIonmx Kybaryprbix dbopmys (1) peamnsyior
HOpsAZ0K onTuMaabHoil morpemmoctu (2). Kybarypuee dopmynst Q(f, Chr, Ay) 6yaem HaszbBarh
ONTUMATBLHBIMEA (10 TTOPSAKY ).

Hamu paccmarpusaercs caydail K = T¢ — d—wmepnslii Top, F— GyHKIHOHATBHBIE KIACCHI
tuna Hukomsckoro—becosa. g f € Lp(Td) OTIPEeJeINM CMEITAHHBI MOMY/Ib TJIAJKOCTH TOPSIIKA
L€ N:O(f, )y = supjnj<t; jeeqy IAL () |lpst = (t1,..,ta) € [0,7]%, rme cventanmas pasHocTh
nopsizka | dysxmun f B Touke x € T¢ ¢ marom h = (hq,... yha) € R? ompegensercs caemyio-
mum obpazom Al f(z) = Aﬁll’lAﬁu,z e Aﬁld,df(x), 371€ChH Aﬁlm — oneparop (0ObIYHOI) KOHETHOI
PA3HOCTH TOPSAKA | ¢ TImarom hj o j-0it IeEpeMeHHOM].

Iycrs Q : [0,00)% — [0, +00) — 3aTaHEAS MaXKOPAHTa MOTY/IA TAIKOCTH TOpAIKa [ .

Temeps onpenennm mpocrpanctsa Hukonsckoro—becosa sBh Q(Td) byHKImME ¢ 337aHHON Ma-
JKOPAHTOM () CMEeIMIaHHOTO MOY/IS TJIAJIKOCTH TOPAIKa [.

Omnpeneaenue 1. Ilycre 1 < p,0 < oo. Torma mpocrpanctso Hukosbsckoro—bBecosa SB;;? =

S B;?(Td) cocTouT U3 Bcex DyHKNu f € L, ¢ KOHEYHOI HOPMOU

Qe (f, 10 dt; "/’
inisEgi=i = { X [ () ) coen

P#eCeq j€e

Qle f: e
IF1SBE = Ifll+ 3 sup elinB),
e, > o (te, 1)

o 1,2 L, 1,Q rnd
O603HaYMM eUHUYHBIHA 111aPhI IPOCTPAHCTBA, SBPG qepes SBpe = SBPG (T%) u 6yem Ha3BIBATH
nx KaaccoMm Hukonsckoro-becosa.

T
Jas cienmasibroro Beibopa () = (H;l:l tj> , vae | > r, GyHKINOHAILHBIE TPOCTPAHCTRA

SBIZ;QQ "(T9) copmasaior ¢ Kiaccumueckumu npoctpancTsamu Hukosbckoro-Becosa SB;Q(']I‘d) nepu-
ojinvueckux QYHKINN ¢ JOMUHUPYIOMEH CMeNanHoN IPOU3BOIHOMN, yIOBIETBOPSIONIEl "KpaTHOMY
yenosuio Lenbiepa. B wactaocTH, SB;OO(Td) = SH, (T?4) — coorsercrsytomue npocrpancrsa Hu-
KOJIBCKOTO.
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st xmaccos Ry (SH;,) mpasmibras o nopasky omenka camsy ycranosiena H.C.Baxpanosbim
[1] B obmem ciyduae, a mpasuabHas orenka ceepxy — H.C.Baxsamosbiv [2,3]| (cayuait d = 2) u
B.B. y6wswibiv [4] (obmmit cay=air). Toarsrit mopsgok semmanisr Ry (SB) ) waitnen B.B. ly6n-
HUHBIM [5].

Hamm ycranaBauBaeTcsa TOYHBIN TOPSIOK BEJTUTHHEI RN(SB;’?) c1<p,0 < oo, KOTJIA MaKO-
panta Q umeer Bug Q(t,...,tq) = w(H?Zl tj), rie w(t) — OJHOMEDHBIN MO/Y/Ib TIAAKOCTH HOPSAIKA
1, yioBJIeTBOPSIONTUI U3BECTHLIM ycjioBusiM bapu—CreukunHna, a TakKe yCJI0BUIO HEIIPEPBIBHOI'O BJIO-

1, rrmd d
xenns By (T < C(T7).

PdunaucupoBaHue: Jammoe ncciemosanue dunrancupyercs Komurerom nHaykm MwuHmMCTEpCTBa HAYKW W BBICIIETO
obpasosanus Peciy6suku Kazaxcran (rpanr Ne BR20281002).

KuroueBrie cioBa: kybarypuas dopmyna, kraccel Hukomsckoro-bBecoBa, cmemnianrasi 1/1a/IKOCTh, MHOTOMEPHBIH
TOp

2010 Mathematics Subject Classification: 42B35, 41A63, 41A55
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HOBBIE KYBATYPHEIE ®OPMVYJIBI /1JIsI IIPOCTPAHCTB
KOPOBOBA

C.2K. BACAPOB!, H.T. TJIEYXAHOBA?

“ B HHCKHUI HOHaJIBHBIH VHuUBepcureT uMm. J1.H.1I'ymuies TaH XCTaH
1.2 Eppasniic Harmona epcure JLH.I eBa, Acrana, Kazaxcra

'bassarov.serzhan98@gmail.com, 2tleukhanova@rambler.ru

[Iycts F' — mexoTopblii K1ace byHKINI HHTErpupyeMbix B cMbiciae Pumana ma [0, 1]",n € N.
W nycts f € F.

Ounpenenenne 1. Kybamyproti dopmyaoti 6ynem wazsigarh cymmy Qnf = Zszl ek f(My), xoro-

pas npubanzxenno seraucager uarerpan [(f) = [ f(x)dx ¢ morpemnoctsio Ry:
[0,1]"

N
15 = [ fa)de =Y af(M) - Ry, 1)
0,1] k=1

Onpenenenue 2. Ilycts o > 0. Byaem roBoputs, uto GyHKOMS f TPUHAIIEKUT NPOCMPAHCMEY
Kopo6osa E* = E|0,1]", ecim

«

Illee = sup | [T max(t, k1) | |£)] < o,
ez \ 5

e f (k) — xoadpdurment kparHoro psiga Pypee dyuknuu f.
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[Iycts p > 1 — npocroe auciao u m € N. U nycrs f € C[0,1]", f — l-uepuopuueckas.
Omnpenenum dyukimonan Fy,(f;p) creynyrommmM obpaszom

Pt == X X %

ki++kn=m 71=0 rn=0 j=1
kj€Z+

rae e(x) =1 ecm © > 0, unave 0.

Teopema 3. IIycmo n,m € N. Ecau oo > 1, f € E*, mo

mn—l
sup  |I(f) = Fu(fip)| < c—0m, (3)

Ifl| pa=1 p

2de ¢ — KOHCMAHMG, 3A8UCHULGA O QU ¢, N.
®uuancupoBaHue: [lanHoe uccienoBanue dunaHcupyercs Komurerom Hayku MUHUCTEPCTBA HAYKU U BBICIIETO
ob6pasosanus Pecy6siuku Kazaxcran (rpant N AP23488613).

KiroueBsie caoBa: Kybarypusie (opMysbl, YMCIEHHOE HHTEIPHPOBaHNe, TpocTpancTBa Kopobosa, mepuogmdecke
byHKIHIIA.

2010 Mathematics Subject Classification: 656D30, 65D32

OB MHTEPIIOJIALIUUN JIOKAJIBHBIX ITPOCTPAHCTB TUIIA
MoprPu

K.A. BEKMATAHBETOB!, E.JI. HYPCYJITAHOB?

L2 Kasaxcranckmii pumman MI'Y uvern M.B. Jlomonocosa, Acrana, Kazaxcran
1’2MHCTI/ITYT MaTeMaTHKH U MaTeMaTHYeCKoro Mogeauposanus, Aamvarsl, Kazaxcran

hekmaganbetov-ka@yandex.kz, 2er-nurs@yandex.ru

B cepun pabor B.U. Bypeukosa u E.JI. Hypcyrramnosa 6puin onpeneneHbl JOKAIbHBIE TPO-
cTpaHcTBa TUNa Moppy 1 M3ydeHbl X WHTEPIOIIITNOHHBIE CBOMCTBA OTHOCUTEIHHO BEITeCTBEHHOTO
MEeTO/Ia WHTEPITOJISIIIAN.

Onpeneaenue 1. Ilycts 0 < p,g < ocom 0 < A< oompu g < oo mmu 0 < A\ < oo mpu g = o0.
JlokagbuBIe pocTpancTBa Tuma Moppn LMp{q OIPEIEISIIOTCA KaK IPOCTPAHCTBO BCeX (DYHKIIMIA
fe LZ’C(R”) TAKWX, 9TO Npu ¢ < 00

o, g dt\ 1
lesey, = ([ (P10 Inym00)" ) <

_ Y
1fllzary, = i‘;lgt £ 1l 2, (B(ost)) < 00,

U IIPU ¢ = OO

rje B(0;t) — orkpeiThIit map ¢ nearpom B Touke 0 € R™ paguyca t > 0.
B uacrroctu, B [1] 6bL1a mOMyUeHa ciepyomas Teopema:

Teopema 2. Ilyems 0 < p,qo,q1,q¢ <00 u 0 <0 < 1. Ilyems, xpome mozo, Ag # A1 u 0 < Ag, A1 <
n/p ecau p < 00 u xoms Ove 00UH U3 NAPAMEMPOS (o, q1 uau q Konewen, u 0 < Ao, \1 < n/p ecau
qo = q1 = q = 00. Tozda

p,q0° pPa1 p,q’

(LM”\O LMM )9 — LM
7q

2de A= (1 —0)\g + 0.
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BaMeTI/IM, 9TO OTHOCHTEJIbHO BEIIECCTBECHHOI'0O METO/Jd HMHTEPIIOJATNN BO3MOZKHO JIMIIL OIIMCAa-

Ao oY
HUE Pe3yJbTaTa UHTEPHOJAINS TTapbl (LMp7q0,LMp7ql> ¢ OOMHAKOBBIM mapameTrpoMm p. Hac ke

HHTEPECYET BOMPOC ONUCAHUS WHTEPIOJSITHOHHBIX TTPOCTPAHCTB JIJI MTaphI (LM Ao MM ) npu

Po0,90° P1,91
Po # P1-
B nmannoit pabore Mbl M3ydaeM WHTEPIIOJISAIIMOHHBIE CBONCTBA JIOKAJbHBIX TPOCTPAHCTE THIIA

Moppu 0THOCHTEIBEHO METO/a HHTEPIIOJIANMA JJisi aHN30TPOIHBIX npocrpadcTs [2]. Tonb3ysich cxe-
moit w3 paborer E.U. Bepexkuoro [3] ompegesny ammpoKCHMAIMOHHBIE JIOKAJIbHBIE TPOCTPAHCTBA
—_—

Tuna Moppu LM;}Q u LM;‘,? .

Ounpegesienne 3. Ilycrs U(0;1) C R™ Takoso, uro 0 € U(0;1) u u(U(0;1)) € (0,00). Honoxum
rakxke, uro U(0;1) — 3Be3mHOE MHOXKECTBO OTHOCUTENBHO Touku 0, TO ecth, ecu x € U(0;1), To
uve € U(0;1) mpu v € (0,1). O6oznaunm wepe3 U(0;¢) — MHOKECTBO TOMOTETHIHOE MHOXKECTBY
U(0;1) ¢ kovsdumuenTom ¢ u moCTPoOMM cemeiicTBo Henepecexatommxes kosen, R(0; k) = U(0;2F) \
U(0;2F1) k € Z.
HyCTbgaﬂeeO<p,r,q§001/10<)\<oonp1/1q<ooy1m/10/§\_§<oonpﬂq:oo.

A A
Annpokcumanmonnble JTOKaTbHBIE mpocTpancTsa thma Moppn LMy! n LMy, onpenensiores kak

MIPOCTPAHCTBA BeexX (byHKInil f € LL%C(R”) TaKWUX, YTO KOHEYHBI CJIEIYIONINE BEJIUIUHbI

00 1/q
_ q
= | 2 (2 Ixmon Ol )] o
00 q 1/q
1Al = [{ X (™ (Fxrew) ) ,
B Lyn ()

C COOTBETCTBYIOIIEH Monudukanueii mpu ¢ = oo.
3mech X pg(o:k) () — xapakTepuctudeckas dynxima xorbra R(0;k), f*(t) — meBozpacraroniasa
nepecranoska Gyaknmu f(z).

Aq
Sameuanue 4. Mooicrno nokazamo, wmo npu p = r npocmpancmeo LMy, coenadaem ¢ 10karvHvim
npocmparcmeom muna Moppu Lsz‘q u3 Onpedeacnua 1 (¢ 9K6UBAAEHMHOCTNDIO HOPM).
K

Hamu nokazama ciemyromas Teopema:

Teopema 5. IHycmo 0 < pg #p1 <00, 0 <r < oo u 0 < qo,q1,9 < 00. Ilycmov, Kpome mozo,
A # M ul <N <n/pecau p; < oo (i = 0,1) u zoma 6v 0dun u3 nNapamempos qo,q1 Ul q
konewern, u 0 < N\; < n/p; (i = 0,1) ecau qo = ¢ = ¢ = 00. Toeda npu 0 < 01,02 < 1 sepnw
CAEOYIOWLUC PABEHCMEA:

— A A T
a) ecau x = (1,2), mo (LMpOQq(),LMpl{ql)(el b LMy,

— Ao A1 — /_\;1
6) ecau x9 = (2,1), mo (LMpo,qo’ L]WPMJ(01792)7(7,7(1)*2 = LMy,

2de X = (1—02) o+ 62X1 ul/p=(1—061)/po+6i/p1.

Bameuanue 6. Panee darnvili nodrod 0vin HaMU UCTIOAB306AN OAA UHMEPNOAAYUL NPOCTNPAHCME
muna Huxoavcrkozo-Becosa u Jlusopruna-Tpubeas (cmompu [4]).

®unancuposanue: lanHoe uccienoBanue Qunancupyercs Komurerom Hayku MUHHCTEPCTBA HAyKU U BBICIIETO
obpasosanus Peciy6suku Kaszaxcran (rpant Ne AP23488613).

KuroueBrblie ciioBa: j0KaJIbHBIE TPOCTPAHCTBA Trma Moppu, anmpoKCHMAITMOHHBIE JIOKAJIbHbBIE TTPOCTPAHCTBA THIIA
Moppu, MeTos aHU30TPOIHON MHTEPIIOJIAIINN.
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B 4YECTH 80-JIETHEI'O IOBUJIES TMTPO®ECCOPA MUXANJIA
JIbBOBUYA I'OJIbJIMAHA

H.A. BOKAEB!, I'2K. KAPIIIBITTHA?, A. TOTATUINBIJINA?

! Eppasniicknit narnmonamsueni yausepcurer uM. JI.H. I'ymunesas, Acrana, Kazaxcran
2Mesx mynaponmsri yausepcurer Acramnl, Acrana, Kasaxcran
3 Uucruryr maremarnxu Yenickoit akagemun nayk, Ipara, exus

hokayev2011@yandex.ru, *karshygina84@mail.ru, 3gogatish@math.cas.cz

Crarbs nocesiiena 80-jeTuemy w0bunero mpodeccopa Muxanna JIbBoBuya l'osbiMaHa, BeIIa0-
IIEroCs YYeHOr0, JaypPearTa MHOXKECTBA HAIrPa/l, 4€HA BEIYIIUX HAYIHBIX OOIECTB U OCHOBOIIOJIOXK-
HUKa Paga obacTeil MaTeMaTHdecKoit Hayku. B J0KIa/1e paccMOTPEHbBI ero HAyYHbIE TOCTUYKEHU,
BKJIFOUasi PAOOTHI B TAKUX 00JIACTAX, KaK CIEKTpaIbHAs TEOPUs, HHTErPaJIbHbIE HEPABEHCTBA U OTI-
TUMAaJIbHBIE BJIOXKEHUS TTOTEHIINAIOB, 8 TaKyKe BKJaJ Tpodeccopa B Pa3BUTHE MATEMATHIECKOTO
obpazoBaHud W HAy4HBIX ucciaenoBanuit. OrMeuensl ero Hosee 100 mybsukamnuii, B Tom [ncie 28
crareti ¢ 2015 mo 2025 rogpl. ydyacTue B MEXKIYHAPOMHBIX KOHMEPEHIINAX, a TaKXKe aKTHUBHAs 00-
pazoBaTesibHas JedATeIbHOCTh, BKJIFOYAOIIAS MOAr0TOBKY Oosee 20 H6akasiaBpoB, 12 MarucTtpoB u
HECKOJIBKUX KaHINJIAaTOB HAYK. CTaTbH TaKXKe IIOAYCPKUBACT BazKHOCTD pa6OTbI MI/IX&I/I.H& ﬂbBOBI/I—
4a B POJIM HAYYHOI'O PYKOBOJIUTEJI, HACTABHUKA U PEIEH3EHTa, a TAKKE er0 BJUIHUE HA PA3BUTHE
maremaTuku B Poccum u 3a pybexom. 80-imerme mpodeccopa Losbamana — 3HaunMas Bexa B €ro
JKU3HU U Kapbepe, CUMBOJIM3UPYIOIIAs €r0 HEOIIEHUMbIl BKJIaJ] B HayKy, 0Opa30BaHUE U PA3BUTHE
MaTEMATUICCKON HAyKU Ha MEXKIYHAPOJIHOM yPOBHE. A TaKKe MPEJICTABIEH PE3Y/ILTAT COBMECTHOM
paboTHI.

2010 Mathematics Subject Classification: 01A70

OB OILIEHKE JUCKPETHOI'O OIMEPATOPA XAP/I1 B BECOBLIX
ITPOCTPAHCTBAX IIOCJIEJJOBATEJIbHOCTEN

A. TOTATHUHIBUJIN!, H.A. BOKAEB?, HK. KYBEYBAEBA?, T. YHBEP*

HCTUTYT MaTeMaTUKN eIrnicKo AKaJeMuu ara exmAa

i Y Y Axka L T, ,

23 Eppasuiickmii Harpronapaeni yausepcurer uM. JILH. Iymminesa, Acrana, Kazaxcran
4 Vuupepcurer Kupuxxase, Kupuxxkare, Typrims

lgogatish@math.cas.cz, *bokayev2011@yandex.ru, 3nurgul. kuzeubaeva@mail.ru,
4tugceunver@kku.edu. tr

PaccMmoTrpuM BecoBoe HepaBeHCTBO XapInu

9] n q % () ?
D (2 ak) an] <C(D atbn M
n=1 \k=1 n=1
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JJIsl HEOTPUIATETbHbBIX, HEBO3pACTAIONMX mocyegosarenbuocreil © = {x,}. 3necy {a,} u {b,} —
3a/IaHHble HEOTPHUIATEIBLHBIE BECOBBIE MOCJIEI0BATEILHOCTH, P, ¢ € (0, 00) — dburcrpoBanmbe mapa-
meTpsl, a KouctanTa, C' > 0 me 3asucnt oT . COOTBETCTBYIOMIASA 3a/1a493 B HEMPEPHIBHOM CIIydae
OeLta paccmorpena B [1]. B caemyromux Teopemax HepaBeHCTBO (1) I HEOTPHUIIATETBHBIX, HEBO3-
PaACTAIOIINX MOCIEIOBATETHHOCTEH CBOANTCA K HEPABEHCTBY JIIT HEOTPHUIIATEIBHBIX MOCTIEI0BATEb-
HOCTEI.

Teopema 1. ITyemv 0 < g < oo, 0 < p < 1. ITpednonoscum, wmo {a,} u {b,} — sadannwvie
noCAedO8AMENPHOCTNU HEOMPUUAMEALHUT 6€co8. To20a caedyoujue Ycaosus K6USAAEHHDL.

(i) Hepasencmeo (1) ewnoansemcs 0as 6Cex HEOMPUUAMEALHUET, HEEO3DACMANOUUT NOCAEJ0-
sameavrocmet {T,}.

(ii) Cnpasedauso caedyrowee HepageHcmeo:

q

n=1 \i=1 \k=i

|
Q [=
=

P

OA%L 6CET HEOMPUUATNENLHIT NOCACIOBAMEALHOCTED Yy, 206 By = > ) 1 by, n €N,

Teopema 2. Ilycmo 0 < ¢ < 00, 0 < p < 1. Ipednonosicum, wmo {a,} u {b,} —— 3adannwe
noCcAedO8AMEALHOCTNU HEOMPUUAGMEALHUT 6eco6. Tozda caedyroujue Ycaro8UA IKEUBANEHTIHDL.

(1) Hepaserncmeo (1) evnoanaemca 0ad 6CET HEOMPUUAMEADHVT, HEBOZPACTNAIOULUT NOCAEI0-
samenvrocmeti (y,).

(ii) Jaa ar060z20 a > 0 cnpasedauso caedyrouee HepaceHcmso:

. , N 3 . 1
n % P
SIS (Z B?“yk> a] <C (Z yan> :
n=1

n=1 \i=1 BZ. p k=1

0AA 6CET HEOMPUUAMEALHBLT NocAedosamerbrocmeds { Yy }.

KiroueBbie cjoBa: ANCKPETHOE BECOBOE HEPABEHCTBO Xap;m, HEOTPpHUIlaTEe/IbHBIC BECOBBIC ITOCJIE-
JO0BaTEJIbHOCTH, IIOCJI€J0BAaTCJIbHOCTH.

2010 Mathematics Subject Classification: 42B25, 46E30

JINTEPATYPA
[1] A.Gogatishvili and V.D.Stepanov. Reduction theorems for weighted integral inequalities on
the cone of monotone functions., Uspekhi Mat. Nauk 68, (2013), 597-664

O KOPPEKTHOM PA3PEIINMOCTHU HAYAJIBHOM SAJAYN JJIA
CTAHIJAPTHOI'O YPABHEHNSA KOPTEBETA-JIE PPU3A B
BECOBOM JPOBHOM ITPOCTPAHCTBE COBOJIEBA

JLK. YJKATICAPBAEBA!, A.X. KACTPO?

| Eppasniicknit nanuonasubli yausepcurer um. JI.H. I'yumrepa, Acrana, Kazaxcran
2Hazap6aes ynusepcurer, Acrana, Kazaxcran

Heylazhk67@gmail.com, 2alejandro.castilla@nu.edu.kz
Paccmorpum 3agady s cTaHIapTHOTO ypaBHEHNA Kopresera-ne Ppusa

Ut + Uggr +ut, =0, x €ER, t >0,
u(z,0) = ug(z), zr € R,
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C HAYaJbHBIMU JIAHHBIMU B BECOBBIX JpOOHBIX npocTpancrBax CobosieBa. k-obobienHble ypaBHe-
uusi Kopresera-ne ®@pusza ObLIN TPEIOKEHDBI JIJTsT MOJSTUPOBAHNS MAarHUTOAKYCTHYECKUX BOJIH B
busvKe NIA3MBI, & TAKXKe TECHO CBsI3aHBI C 3ajad9aMu HejauHedHoi ontukn ([1]).

B nmammoit paboTe mokazaHa JIOKAaJbHAs KOPPEKTHOCTh HAYaJbHON 3amaum (1) mma ypasme-
nust Kopresera-je ®@pusa B BecoBom apobuom mpocrpancrse CoGonesa H3/4(R) N L2 (|z|?"dz),
r € (0,3/8] ¢ ncnonp3oBanrem TexHukHM npocrpancTsa Byprena. 3y4enne HeanHeRHBIX TUCTIEPCH-
OHHBIX YPAaBHEHWII B BECOBBIX JMpobHBIX npocTpancTBax CobosieBa MUHUMAIBHON PETYASPHOCTH HA
,ZLaHHbII;'I MOMEHT dBJACTCA OY€HLb AKTYaJIbHBIM. OHTI/IM&.HBHBIQ PeE3YyJIbTATHI 10 JIOKAJIbLHON M TJIO-
bapHO# KOppekTHOCTH 1jig ypasHenus Kopresera-nme @pusa B npocrpancrsax Cobosesa H*(R)
6L nosywenst B [2], [3]. Pesyasrars! B BecoBbix npocrpancrsax Cobosesa gt k-06001eHHOTO
ypaenenns Kopresera-ne ®pusa npu k = 3 B Becoom poctpanctse Coboresa H*(R)NL?(|z|?")dx),
0<s<1,re(0,s/2] 6bum nomyuenst 8 [4], [5].
®dunancupoBaHue: lanmoe ncciremosanune ¢unamncupyercs Komurerom mHaykm MwuHmcrepcTBa HAyKW W BBICIIETO

obpasosanusa Pecny6smku Kazaxcran (rpanr NeAP23489433 «MaremaTuveckuii aHam3 HeuHEAHBIX K-00001I€HHBIX
ypasrermii Kopresera-ne @pusa B BeCOBBIX apobHBIX mpocTpancTax CobomeBas ).

KiroueBsbie cioBa: ypasaenune Kopresera-me @pusa, Becosbie npobubie npocrpancrsa CoboseBa, IucrepCuoHHbIE
ypaBHEHUS, JIOKAJIbHAS KOPPEKTHOCT.

2010 Mathematics Subject Classification: 35A02, 35A02, 35G25, 35Q55
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L,-VHTETPUPYEMOCTb KPATHBIX TPUTOHOMETPUYECKUX
PSJIOB

A.B. MYKAHOB!, E.JI. HYPCYJITAHOB?

! ucturyr MaTeMaTHKH H MaTeMaTHIeCKOro MogeanpoBanusd, Aavars, Kasaxcram
2 Kazaxcranckmii puaman MT'Y mvernn M.B. Jlomonocosa, Acrana, Kazaxcran

2

!'mukanov.askhat@gmail.com, 2er-nurs@yandex.ru

Hannasg pabora TOCBAIEHA U3yUeHNS KPUTEPHUd L,-MHTErnpyeMOoCTH CyMMbl KPATHOTO TPHU-
TOHOMETPHUYIECKOTO psima. B pabore [1] ©. Mopuiiem GbLT TOIyYeH ABYMEDHBIH aHATIOT W3BECTHO
Teopembl Xapau-JIuTTiBysa 00 Ly)-MHTerupyeMoCTH CyMMbl TPUTOHOMETPHYECKOTO Psja C MOHO-
TOHHBIMU KO3 dunuentamu. Mbl cchopmyaupyem pesysibrar Mopuiia B d-MepHOM ciydae, d > 1,
JJId pAJ0B BUJIA

o o0
E apelh®) = E g akl,“,7kdez(k1x1+"'+kdwd), z € [-m, 74,

keNd kq=1 ki1=1
rje lim ar = 0.
k‘1+‘..+kd~>00
,HJIH IIOCJIEJOBATE/IBHOCTH {ak}keNd KOMIIJICKCHBIX 4YHCeJI OIIpeae/InM Pa3HOCTH:

ANap = Nag, k. kg = Qky,okykg = Qb1 kgs 1 < J < d,
ADay .= AYAZ . (A%y)...).
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Onpegenenne 1. IlocnenoBareabuocts {ay }ycnd BEIECTBEHHBIX YHCET HA3BIBACTCH MOHOTOHHOIL
B cMBIcTe Xapan, ecan s oboro k € N¢

A(d)ak Z 0.

Bameuanue 2. Jaa nocaedosamesvrocmu {ay }pend, MaKol 4mo lim ar = 0, monomon-
ki+4...+kg—00

HOCL 8 cmbicae Xapou BAEHETN MOHOTMORHOCTG NO KAHCOOMY UHIEKCY:
ap < am, Oaa amobwx k>m, km e N

Teopema 3 (®. Mopun). ITycmo f(z) — unmezpupyeman na [—7,7|% dynwyus ¢ padom Dypve
S apet® ) 20e {ar}pena — Monomonnas nocaedosamenvrocms 6 cmoicae Xapou. Tozda daa ao-

keNd
6020 1 < p < 00 cnpasedauso

p—2

d P
A ey = | D lanl | T] % =t Jp(f). (1)
i1

keNd

B [2, 3, 4] M. dpsuenko mokazana teopemy Xapau-JIurTiasyma mpu 6osiee ¢abbiX OrpaHute-

Hugx "Ha Kodhdunuents psga. B wacrrocTn, sxkBuBasenTHOCTH (1) OblL1a ycTaHoBgeHA /IS Psia
S ape'®®) ¢ koscburmenTaMIT, MOHOTOHHBIMI [0 KAKJOMY HHICKCY, TIPIT % < p < o0. Kpome

keNd
Toro, B [3] aust caywas 1 < p < ﬁdl OBLT TOCTPOEH TpUMEP PAfa ¢ KoM DUIMeHTaMu, MOHOTOH-
HBIMH 10 KarKJ0MY HHIEKCY, MOKa3bIBalomuit, 9To nepasenctso | f||z, < Jp(f) me Bemommgerca. B
HesaBHel paboTe [5] Takoil mpuMep ObLT TTOCTPOEH JIJIsk KPUTHIECKOTO CIydast p = %.

B pabore [6] sxsuBasentHOCTh (1) GBL1a yeTaHOBIeHA TIpH 2 < p < 00 JISA PAJIOB C KOMILIEKC-
HBIME KO(DDUITUEHTAME, YIOBJETBOPSIONIUMU YCIOBUIO cJiaboif MOHOTOHHOCTH.

B negasaux paborax [7,8] moxHO HajiTh janbHeiiine 0606imerne Teopembl Xapu-JIuTaBya
JUTsT IBOMHBIX TPUTOHOMETPUYETKUX PSIIOB.

MpI paccMOTpesin HOBBIH KIACC KPATHBIX KOMILIEKCHO3ZHAYHBIX 000OIIEHHO MOHOTOHHBIX TTOC/Ie-

ITOBATEABHOCTEI.

Onpenenenne 4. Byjgem rosoputs, 90 MOCAEI0BATENLHOCTD {A }jend KOMIIEKCHBIX YHCEJI IPU-
HaJJTEZKAT KJIACCY GMff, ecu cymecrsyer C' > 0 takoe, uro s soboro k € N ppimosmsiercs
HEPABEHCTBO

2kd —1 2k1 1
Z tet Z ‘A(d)aml,...,md S Can (Wd)7
md:2kd*1 mp=2k1-1
TIe
~ 1
ap(Wg) = sup  — Y aql,

‘w‘22k1+"'+kd
a W,y — 5T0 MHOXKeCTBO IapaJutesiernienos B N7,

Ilycrs f — uaterpupyemas ma [—m, 7] dyuxmus ¢ psgom @ypoe S ape!®?) . IIng 1 < p < oo

keNd
OnpeJleIuM
e e kyt...+k P e
1+ tkg
Ip(f) = Z s Z <2 v ®k1,...,kd(f)> )
kqg=1 ki1=1
e
2ka—1 2k1 1
@ku,...,kd(f) = Z s Z ‘A(d)aml,...,md
md:2kd71 m1:2k1*1
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Mg KpaTHBIX TPUTOHOMETPUYECKUX PAJIOB ¢ KO3 duiinenTaMu U3 BBEJIEHHOIO KJiacca 06001eHHo
MOHOTOHHBIX TTIOCJIE/IOBATENILHOCTElH TPH BeeX 1 < p < 00 YAAT0CH YCTAHOBUTD CJIETYIONINE KPUTEPUH
L,-wnTerpupyemMocTy.

Teopema 5. [Iycmov 1 < p < oo u f € Li([-m,7%), f(z) ~ 3 ape’™?). IIyemv maxoce a =
keNd

{ar}pena € GMY, mozda
1|z (=) = Ip(F)-

Teopema 6. [Iycmv 1 < p < oo u f € Li([-m,7%), f(z) ~ 3 ape™?). IIycmv maxoce a =
keNd

{ar}pena € GMY, mozda

AN gy =< T (F) = D _(ap)PkP 2]

keN

ede {a} }ken — meso3pacmarowian nepecmaroska nocaedosamenvrocmu a = {ag tpend.-

PdunancupoBaHue: lanmoe ncciremosanne ¢unamncupyercs Komurerom maykm MwummcrepcTBa HAyKH U BBICIIETO
obpaszosanust Peciy6simkn Kasaxcran (rpant Ne AP22688236).

KuroueBblie cjioBa: TpuroHoMeTpudeckue psiabl Pypbe, KpaTHbIE PsAIbl, TPOCTPAHCTBA Jlebera, 0000IIEHHAsT MOHO-
TOHHOCTbH, TeopeMa Xap/au-JluTTiByaa.

2010 Mathematics Subject Classification: 42B05, 46E30
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Dynamics of a Volterra quadratic stochastic operator with
a piecewise-linear function as parameter

SH.B. ABDURAKHIMOVA

! Namangan State University, Namangan, Uzbekistan

shakhnoza.karimova95@Qmail.ru

In this work, we study the fixed points and two-periodic points of a Volterra quadratic stochas-
tic operator defined on S = S' x [—1,1], whose parameter is a piecewise-linear function, and their

type.
Let S™~! be the simplex:

Sl = Lp = (21, ...,2m) € R™ : 2; > O,in =1} (1)

=1

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 55

We consider a Volterra operator on S' and construct a time varying dynamical system. This
dynamics is generated by the operator W : (z,y,a) € S — S,(where S = S! x [~1,1]) having the
following form:

v’ = (1 - ay),
W< o =y(l+ax), (2)
a' = f(a)

where f:[—1,1] — [—1,1] and it has the following appearance:

2a+2,if —1<a<—3,
fla) =< —2a,if —§ <a <4, (3)
2a —2,if} <a<l.
Remark 1. Since a uniquely defines the probability

1+a
2

P11 =

each choice of a € [—1,1] has a biological interpretation. Moreover, given f in (2) can be considered
as a control rule on the population.

Definition 2. A point = € X is called a fixed point for f : X — X if f(x) = x. The point z is
called a periodic point of period n if f™(z) = x. The least positive n for which f™(z) = z is called
the prime period of z.

Denote by Fix(W) the set of all fixed points of W, i.e., the set of all solutions of W (z) = =.
Definition 3. (see [1]) A fixed point z* of a mapping F' is called
e hyperbolic point if its Jacobian Jr at z* has no eigenvalues on the unit circle.

e attracting point if all the eigenvalues of the Jacobi matrix Jp(z*) are less than 1 in absolute
value;

e repelling point if all the eigenvalues of the Jacobi matrix Jp(x*) are greater than 1 in absolute
value;

e a saddle point otherwise.

Theorem 4. 1.The problem of finding two-periodic points of the function f divides the interval
[—1,1] into the subintervals as follows:

1,10 = (1,303~ -H UL B Bud D U

And we have followings:

a) If a € [—1,1], then the solution of f(a) = a and if a € [—%, 1], then the solution of
f(f(a))=aisa=0. It is a fized point for f.

b)If a € [—1,—3], then the solution of f(f(a)) = a isa= —3 and if a € (1, 1] then the solution
of f(f(a)) =aisa= % These points form the following 2-pem’0dic orbit for f: {— % %}

¢)Ifae (—3,— %) then the solution of f(f(a)) =a isa = —% and if a € (3,3), then the
solution of f(f(a)) =a i . These points form the two-periodic orbzt for f as follows: {—%, % .

d) Ifa € [-3,—-3), then the solution of f(f(a)) = a is a = —% and if a € [3,1], then the
solgtign of f(f(a)) = a is a = %. These points form the two—pemodzc orbit for f as follows:
{=5.5}

2. a)The set of fized points of W is Fix(W) = {(x,1 — 2,0)|0 < x < 1}. The type of fized
points of W is non-hyperbolic.

b)W has two-periodic orbit cow*esponding to {—g, g} i.e. two- periodic orbit of f as following:

{(0.4188611699, 0.5811388301, — ) (0.5811388301,0.4188611699, )}

The type of the point (0.4188611699 0.5811388301, f) is repellmg
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Keywords: Quadratic stochastic operators, fixed point, periodic point, Volterra operators, simplex.
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Compartmental unpredictable functions
M. AKHMET!, M. TLEUBERGENOVA?

I Middle East Technical University, Ankara, Turkiye
2K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan

Imarat@metu.edu.tr, >madina-1970@mail.ru

There is a huge family of recurrent functions, which starts with equilibria and ends with Poisson
stable functions. They are fundamental in theoretical and application senses, and they admit a
famous history. Recently, we have added the unpredictable functions to the family. The research
has been performed in several papers and books. Obviously, theoretical and application merits of
functions increase if one provides rigorously approved efficient methods of construction of concrete
examples, as well as their numerical simulations. In the present study, we met the challenges for
unpredictability by considering functions of two variables on diagonals [1]. Algorithms have been
created, and they are both deterministic and random. Characteristics are introduced to evaluate
contributions of periodic and unpredictable components to the dynamics, and they are clearly
illustrated in graphs of the functions. Definitions of non-periodic compartmental functions are
provided as suggestions for the research in the future.

Keywords: unpredictable functions, compartmental unpredictable functions, degree of periodicity.
2010 Mathematics Subject Classification: 26B40

References
[1] Akhmet M., Tleubergenova M., Zhamanshin A. Compartmental Unpredictable Functions,
Mathematics, 11(5) (2023), 1069.

Weighted Hardy type inequalities
A. ALGA
SDU University, Almaty, Kazakhstan

atinaalga02@gmail.com

Definition 1. A couple of C'-functions (V, W) is an N-dimensional Bessel pair on (0, R) if there
exists ¢ > 0 such that the ordinary differential equation

" N—-1 VT(T) / CW(T’) _
v+ (N ) e+ G =0 0

has a positive solution on the interval (0, R).
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Theorem 2 (Improved Hardy identity with more general weights). Let G be a homogeneous Lie
group and |.| be any homogeneous quasi-norm. Let Br C G be a quasi-ball with respect to |.|
Let 0 < R < oo, V and W be positive C*-functions on (0, R). Assume that (rN_lv, T’N_IW)
is a Bessel pair on (0, R). Then for u € Cg°(Br\{0}):
du(x

[ |5 / W) lu(o)?de = [ v<w|><z>2<|x>1d|‘;|(§((|§|)))

R Br

2

(2)

Here ¢ is the positive solution of
_ / _
([l 'V 2Dy (2D)" + |2l Y= W (|2)y(|a]) = 0 (3)
on the interval (0, R).

Remark 1 (Improved Hardy Inequality). In the Abelian case G = (R",t). For V =1, W = (-2

4|:E|2 )

= |z|” (%72 ) we obtain the following improved Hardy inequality for all u € C§°(Br\{0}):

/yvu 2da:>/'u dz > <N2> }Z:zd (4)

Br

where N > 3.

Remark 2 (Weighted Improved Hardy Inequality). In the Abelian case G = (R",t). For V =
2 —2—«

|z|~* W = Wr_%a, ¢ = |:c\_(N 2 ), we obtain the following weighted improved Hardy

inequality for all v € C3°(Br\{0}):

|Vu(z)|? N—-2—a\? [ [|u?

R Br Br

Remark 3 (Critical improved Hardy inequality). In the Abelian case G = (R",t). V = 7] s,
W = 7, o= ‘log %l ’ Then we obtain the following critical improved Hardy inequality

4]z|Nlog % L=

for all uw € C° (BR\{O}):

[ /‘d';m L o

|z |V <log W)

which gives an improved version for the classical critical Hardy inequality when N = 2:

2 2
(V@) Pz > [ |-Lu@)| aps L [ @ (7)
B{ >B/R ‘dm > 434 P (log%)Q

This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University,
Kazakhstan).

Keywords: Bessel pairs, Hardy inequalities, factorization methods.
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Generalised Picone’s identity for A ,—Laplace operator and
its applications

S.Zh. ANUARBEK
SDU University, Kaskelen, Kazakhstan

anuarsamatunderworld@gmail.com

The A,-operator was considered by B. Franchi and E. Lanconelli.

Definition 1. We set

N
0 .
Ay ::Zawj(PY]Za%j)a 8“:87%7 j=12,...,N, (1)
=1

2

N
V’Yu = (’72812'“’ 716:1:1'“’ e a'YNaxNU)a |v'yU’ = Z |’7@amlu|2
=1

Here, the functions ; : RY — R are assumed to be continuous, nonzero, and of the class C!
in RV \ 1T , where

N
II .= $=(.1‘1,.?U2,...,:L‘N)ERN:HZ‘]'IO . (2)
j=1

Theorem 2 (Picone’s identity). For differentiable functions v > 0 and u > 0, we have

2 2
Va2 + 55 |Vol? = 25Vu- Vo = [V = V(=) - Vo > 0. 3)

Applications of the identity (3) to second-order elliptic equations and systems are extensive.
We discuss variable exponent of the anisotropic A,-Laplace operator for the nonlinear Picone’s
identity. Abolarinwa A. developed the variable exponent Picone type identities. Luyen developed
a nonlinear Picone’s identity using operator (1).

Additionally, we establish the Picone identity for the p-biharmonic operator L’fm, and provide
applications to generic weighted Rellich type inequalities, a Hardy-type inequality, and the Sturmian
comparison principle.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Keywords: Picone’s identity, Laplace operator.
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Factorizations and unified Hardy inequalities
K. APSEIT
Unstitute of Mathematics and Mathematical Modeling, Kazakhstan
LSDU University, Kaskelen, Kazakhstan
kuralay.apseit@sdu.edu.kz

In this note, we begin by recalling results from [1], which employ the factorization method of
differential operators introduced in [1]—[3]:

n —2)? m S
Llen@ras > [ lo-a2irer B2 1Y T G/ le - a] s ()

Jj=1k=1

valid for f € C§°(12), assuming that Q& C R",n € N,n > 2, is open and bounded with zg € ,m € N,
and the logarithmic terms Ing (v/ |z — z¢]) , k € N, are recursively given by

Iny (v/ |z — xol) :=In(v/ |z —x0]), 0<|2z—20] <7,
Ing1 (v/ |z —20|) :=In(Ing (v/ |2 — x0])), O0<|z—20| <v/etg1, keEN,

for v > 0,z € R"\{zo},n € N,n > 2, with 0 < |z —xo| < diam(Q) < v/en, where e; :=
1, ery1 =€, ke N. We denote 22:1(-) :=0 and ngl(-) := 1, so when m = 0,29 = 0.

In this talk, we discuss the inequality (1) with a more general weight. Moreover, we show the
sharp remainder formula for the inequality (1).

Furthermore, we discuss the generalizations of these results on homogeneous Lie groups.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).

Keywords: factorization method, Hardy inequality, homogeneous Lie group, stratified group.

2010 Mathematics Subject Classification: 22E30,26D10

Linear widths of some compacta in the Nikol’skii — Besov
space, related to the Morrey space, over m-dimensional
torus

R. BAICHAPANOVA
Al Farabi Kazakh National University, Almaty, Kazakhstan

baychapanovaroza@mail.ru

Let m e Nym > 2, 2z, ={1,...,k}, No =NU {0}, Ry = (0,+00). For z = (z1,...,2m),y =
(Y1, Ym) € R™, weput 2y = 2191+ . -+ ZimYm, 2] = |21+ . FH|am], 2] = max(|z,| @ 1 € 21);
r<y (r<y) ez, <y, (v, <y,) for all pu € z,,. For t € R, t; := max{0,t}.
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Let S := S(R™) and &' = S'(R™) be the Schwartz spaces of test functions and tempered
distributions, respectively; f = F,,(f) and F,,'(f) direct and inverse Fourier transforms of f €
S'(R™); in particular, for ¢ € S,

PO = Ful@)©) = [ elae e, Fil9)©) = [ o)t da, g R

Let T™ = (R/Z)™ be the m-dimensional torus; sometimes it will be convenient for us to
identify T™ with the cube Qo := [0,1)™ in R™. Further, we denote by &’ = §’(T™) the space of all
distributions f from S’ which are 1-periodic in each variable (i.e. such that (f, (- +&)) = (f,»)
for all ¢ € S and any £ € Z™) and by S=8:=8 (T™) the space of all infinitely continuously
differentiable functions on T™ endowed with the topology of uniform convergence of all derivatives
over T™. Then the space S'(T™) is naturally identified with the space that is topologically dual to
S(T™). It is well known that f € S’ if and only if supp f C Z™, i.e. distribution f vanishes on the
open set R™\Z™.

For 1 <p < oo and a measurable set G C R™, as usual, let L,(G) be the space of measurable
functions f : G — C, which are Lebesgue integrable in p-th power (when p = oo essentially
bounded) over GG, endowed with the standard norm || f | L,(G) ||

For 1 < ¢ < o0, let £, := {4(Np) be the space of all (complex) number sequences (¢;) = (¢; :
J € Np) with finite standard norm ||(¢;) | £4]|-

Further, let £,(L,(G)) (respectively, L,(G;£,)) be the space of all function sequences (g;(z)) =
(gj(x) : k € Ng) (x € G) with finite standard quasi-norm (norm if p,q > 1)

[1(95(2)) | £(Lp(G) [ = | (Nl 95 [ Lp(G) 1) [ g |

(respectively,
[ (g5()) [ Lp(G3€g) | = |1l (95()) 1 g I | Lp(G)I])-

Let O be the set of all half-open dyadic cubes in R™ of the form
Q=Qje={zeR™: 2z -€c[0,1)"} (j €Z,E€Z™).
For a cube Q = Qj¢, we denote by zg :=277-£, 1(Q)(= 277), j(Q) := j and |Q|(= 27™) its "lower

left” corner, side length, level and volume, respectively.
Let

0={QeQ|QCQ=[01)"}={Qs|j €N, E€Z™:0 <& <21} (0,1€R™).
First we choose a test function ng € S such that
0<m() <1, §eR™ ) =1Iif[{le <1; suppip={{€R™|[{|e <2}

Put 7)(§) = 0(27'€) — (&), ;&) =1;(§) =0(2'77€), j € N. Then
Zﬁj(g)zlv 56Rm,
=0

ie. {1;(€)]j € No} is a resolution of unity (by corridors) on R™. It is clear that

n(x) = 2"no(22) — no(@), n;(x) =207V 1), j € N,

Let g : R™ — C be an arbitrary function, its periodization g : T™ — C is defined as the

(formal) sum of the series > g(x + &).
gezm

In particular, by the Poisson summation formula it is easy to see that if ¢ € S then ¢ € S ,
and, moreover, $(z) = 3 cczm P(§)e itz
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Next we denote by ﬁ; the operators defined on &’ (7 € Np) as follows. For f € S,

Aoy = f # (o) = (Bl =) = 3 OO

gezm

For the sake of convenience, we put &;’( f,x)=0if j <O0.
Let s,7 € R, 1 <p,q < oco. Then
L. the smoothness space Bj; = Bg;(’]l‘m) of Nikol’skii—Besov type, related to the Morrey

space, consists of all distributions f € S , for which the norm

~ 1
1 Bpg |l = sup 7=

/ > |29 AT (S, 2)sign((F + 1 = 5(@)4)) [ £o(Lp(@))]
QeQ @]

is finite,
I1. the smoothness space space F,;7 := F;7(T™) (p < o) of Lizorkin - Triebel type, related to

the Morrey space, consists of all distributions f € S , for which the norm

1

11 Fpg | = sup [ AT(f2)sign((j + 1= 5(@))+)) | Lp(Q; )]

QeQ @I

is finite. B N
We denote the unit balls of F;7 by F57 = F,7(T™).
We define N—th linear width Ay (F, X) of a set F in a Banach space X (N € N)as follows :

AN(F, X) =infsup ||z — Az | X ||,
A zeF

where inf is taken over all possible finite-dimensional operators A : X — X with rank(A) < N.

Theorem. Let s,t € Rt < s,1<p,q,r <oo,0 <7< min{%,%}. If =t > (- %)+ and

P
p > 2 or r <2, then the following weal asymptotic estimate holds :

Tt ptry o vt 21y
AN(Fpgs Brg) < N'm e/ at N — o0,

Key words: (smoothness) space of Nikol’skii — Besov/Lizorkin — Triebel type, Morrey space, linear width, m-di-
mensional torus.
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Quantitative analysis of some classes of integral operators
D.B. BAZARKHANOV
Institute of Mathematics and Math Modeling, Almaty, Kazakhstan

dauren.mirza@gmail.com

We consider integral operators J# with kernels K : T = T™ x T" — C of the form

mwzxmwz/K@wmwy
J

(here TF = (R/Z)¥ — k—dimensional torus, = (21,...,7,) € T™ y = (y1,...,yn) € T7,

m,n € N).
We fix the numbers k € N: k < m and [ € N : [ < n, the vectors m = (myq,...,m;) € NF
and n = (ng,...,n;) € N such that my 4+ --- +my = m, ny + --- +n; = n, as well as the
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"partitions” x = (z',...,2F) € T™ x ... x T™ and y = (y',...,y") € T™ x --- x T™ of variables
x=(x1,...,2m) € T and y = (y1,...,yn) € T™ respectively.

Further, we consider the product Nikol’skii — Besov spaces BIS; g,n) (T™*"), Bya(T™), Bi5(T")
and the product Lizorkin — Triebel spaces Lig’n) (TCm+n), Ls»(T™), LE% (T™) (of function/distribu-
tion), as well as the Lebesgue spaces L, (T™) (here S = (S, ..., Spp) € RFHL ST = (S1,...,8%),58% =
(Sk+1, cee Sk—i—l); S = (81, .. .,Sk) S Rk, t = (tl, .. ,tl) S Rl, P = (Pl,Pz), Q = (Ql,Qz),
1< P, P, Q1, Q2,p, ¢, 7, u < 00).

Definitions of B5%(T™), Ls%(T™) can be found in [1] (the spaces BL%(T™), Ly%,(T") are defined
analogously). The spaces Bg (51,11) (T™+7) and LJS;(S’H) (T(™+m) are defined similarly to B3®(T™) and
Ls®(T™) respectively, only the norms || | L,(T™)|| and || | £,(N)]| should be replaced by the mixed

norms || - | Lp(T™ )| and | - | £o(N&))]|| (here the norms || - | Lp(T™ )| and || - | £o(N&F|| are
defined as follows : for a function f : T™"" — C and a sequence C = (ci,n) KkeNE JeNg C C,

LA VLA (T = f (2 9) | Loy a(T™) | Ly (T,

llo] (NGO = Mlleqn | o k(NG)II | £z 1(No) -

In this talk, we discuss the weak asymptotics of the approximation numbers and the Kolmogo-
rov widths of integral operators .#  with kernels K belonging to B}b; g,n) (T™*") or Lig’n) (T™+n),
acting from B!Z(T™) or L!B (T") into L,(T™), as well as into BSE(T™) or L™ (T™) for a number

of relations between the parameters of kernel spaces, function spaces, and target spaces.
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Dirichlet Problem for a Two-Dimensional Quasilinear
Second-Order Elliptic Equation in Besov Spaces
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The Dirichlet problem for a quasilinear second-order elliptic equation, which is not reduced to
canonical form, is considered in a planar domain in the framework of Besov spaces. The represen-
tation formula, solvability (uniqueness) conditions for the solutions of the problem are obtained.
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On the Generalization of Bochkarev-Type Inequalities
A. GHORBANALIZADEH

Nazarbayev University, Astana, Republic of Kazakhstan.
Institute for Advanced studies in Basic Sciences (IASBS), Zanjan, Iran

arash.ghorbanalizadeh@nu.edu.kz; ghorbanalizadeh@iasbs.ac.ir

This work is based on a collaboration with Professor E. Nursultanov and Professor D. Suragan.

The Hausdorff-Young inequality is a fundamental result in harmonic analysis that provides an
upper bound on the ¢?-norm of the Fourier coefficients of a function in terms of its LP-norm. It
states that if f € LP(T) for 1 < p < 2, then its Fourier coefficients belong to ¢4, where ¢ is the Holder
conjugate of p (i.e., % + % = 1). The generalization of the Hausdorff-Young inequality for Lorentz
spaces was studied by Elias M. Stein, who extended the classical Hausdorff~Young inequality to
the refined scale of Lorentz spaces LP'". His result states that if f € LP" for 1 < p < 2, then its
Fourier coefficients satisfy

1flleg, < ClA Ly,

Bochkarev showed that, unlike in the spaces LP? for 1 < p < 2 and 1 < ¢ < oo, a direct
analogue of the Hausdorff-Young theorem does not hold in Lorentz spaces L?? for 2 < ¢ < oo and
later, he obtained upper bounds for the Fourier coefficients of functions in L?9. In fact, in Lorentz
spaces, the coefficient depends on p, and as p — oo, it blows up, i.e.,

Lemma 1. Let 1 < p < 2, and let f ~ 3 ape®™**. Then
1

lalle,, < c %

[fllzpg, 2 < g <oo (1)

N[
N~

1
P
where ¢ is some constant.

In this work, we extend these results to Grand Lorentz spaces.
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Growth properties of Laguerre transform via moduli of
continuity
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In 1960, Debnath [1] introduced the Laguerre transform of a function f(x) definedin 0 < z < oo
by means of the integral

L{f@)} = Faln) = [ et L) (2) f(z) do,

0
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where L{® (z) is the Laguerre polynomial of degree n (> 0) and order v (> —1) defined by the

Rodrigues’ formula [2, p.101, Formula (5.1.5)]
e’ dr

L,(la)(m) = Hx_o‘w (:U”Jro‘e_x) , x>0,

which satisfies the ordinary differential equation expressed in the self-adjoint form

d —z o+l d (o) —z a7 () _
o <e x den () ) + ne *z*LyY (z) = 0.

The inverse Laguerre transform is given by
f(@) = L7 fa(m)} = D00 fa(n) L (@),
n=0

where 6 is a normalization factor given by 6% = (" *)T'(a+1) = W

The focus of the current paper is to establishes a general inequality controlling the growth
behavior of the Laguerre transform using the modulus of continuity defined by a generalized trans-
lation operator associated with the Laguerre translation. We first introduce the weighted Lebesgue
measurable space £5, then we prove the Riemann-Lebesgue lemma and the Hausdorff-Young in-
equality for the Laguerre transform. Furthermore, we introduce the Laguerre translation operator
and define the modulus of continuity of a function with respect to this operator. Finally, study
the growth property of the Laguerre transform and prove an analog of the Titchmarsh theorem for
functions from Lip(8, £5).
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Cylindrical Hardy type inequalities and identities
M.S. KALAMAN
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In this work, we study cylindrical extensions of the Hardy and Sobolev inequalities, with a focus
on sharp constants and identities following the approach of Badiale-Tarantello [1]. This extension
leads to sharper constants, direct identities and the confirmation of the nonexistence of nontrivial
extremizers. As a secondary result, we introduce extended Caffarelli-Kohn-Nirenberg inequalities
with remainder terms, which lead to a cylindrical version of the Heisenberg-Pauli-Weyl uncertainty
principle. Moreover, we prove new LP-Hardy-type identities with logarithmic weights, which, in a
specific case, yield the critical Hardy inequality. We also examine the extension of these results to

homogeneous Lie groups.
This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University,
Kazakhstan).
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Hardy-type inequalities for a class of iterated operators
A.A. KALYBAY

KIMEP University, Almaty, Kazakhstan
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

kalybay@kimep.kz

Let 1 < p,g < coand 0 < r < co. Suppose u, v, and w are weights, i.e., positive measurable

1
(e.¢]

functions on (0, 00). Moreover, let || f|lp = (f v(t)|f(t)|pdt> " denote the norm of the Lebesgue
0

space Ly (0, 00).
Let us consider the weighted inequality

1S fllgu < Clf]

where S is one of the following operators:

Py 0 < f € Lp,v(0> OO), (1)

S =

T t r

stra = | fue | [ ses ] ar)
0 0

S

S f(a) = 7 w(t) 70 F(s)ds p

Inequality (1) for the operator ST was first studied in [1] for the cases 1 < p < g < oo,
0<r<oo,and 1< qg<p<oo,0<r<gq. This study was motivated by the connection between
inequality (1) and the boundedness of the multidimensional Hardy inequality from a Lebesgue space
to a Morrey-type space. In this work, we examine the validity of inequality (1) for both operators
ST and S~ in the case 1 < ¢ < min{p,r} < oo, which was not considered in [1].

Let us note that the results on inequality (1) for the operators S* and S~ have numerous
applications, as outlined in the recent papers [2]| and [3].
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On the Laplace-Beltrami operator in stratified sets
composed of punctured circles and segments

B.E. KANGUZHIN!, K.A. DOSMAGULOVA?

L2 Al-Farabi Kazakh National University, Almaty, Kazakhstan
L2Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

kanbalta@mail.ru, 2karlygash.dosmagulova@gmail.com

This study explores the introduction of local coordinates on the circle S' and investigates
various function classes defined on it. It establishes the correspondence between smooth functions
on the circle and smooth 27-periodic functions on the real axis. Using exterior differential forms and
the Hodge operator, the Laplace-Beltrami operator on S is introduced, and its explicit form in local
coordinates is derived, demonstrating its reduction to the second-order differentiation operator.
A spectral analysis is conducted, determining eigenvalues and eigenfunctions expressed through
Chebyshev polynomials of the first and second kinds. Additionally, well-posed problems for the
Laplace-Beltrami operator on a punctured circle are formulated. Finally, the study extends to
stratified sets consisting of punctured circles and segments, providing eigenvalues and eigenfunctions
for a specific configuration of two punctured circles and a finite interval.

Choose an arbitrary point xp € S'. Denote by S} the punctured circle S\ {zo} . Consider the
equation

(I = Aw(z) = f(z),2 € S, (1)

Theorem 1. For any function f € La(S') and any numbers vo and 1, the inhomogeneous equation
(1) is supplemented by the conditions

Uo(w) =, Uilw)=m (2)

has a unique solution.
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Best constant in I’ Poincaré-Friedrichs’s inequality for
Hormander vector fields

M. KARAZYM

Nazarbayev University, Astana, Kazakhstan

mukhtar.karazym@nu.edu.kz

Let U be a bounded domain in R?* with d > 2 and let

m
Xizzbik(l‘)axk’ i=1,...,m with m <d,
k=1

be smooth vector fields in U satisfying Hérmander’s finite rank condition. We define the horizontal
gradient by
X :=(X1,....Xn)

and its length by

2

X f| = <Z <Xl-f>2>
i=1

Let Q € U be an open connected subset. We say that g € L
f € L} () with respect to X;, written

1

e (§2) is a weak derivative of

X”Lf =9,
provided
/ g(x)p(x)dr = / f(x) X p(z)dr for all p € C3°(Q).
Q Q

Here X represents the formal adjoint of X; given by

Xip(@) == Oy, (birp(2)).
k=1
Then
WP (Q) = {f e LP(Q): X;f € LP(Q) fori=1,...,m}
equipped with

1
P
— p p
[ullyir ) = </Q(IUI + | Xul )dw)

is called the horizontal Sobolev space. Next we define the trace zero horizontal Sobolev space
W;(%(Q) as the closure of C§°(Q2) in W)I(’p (©2). We refer to [1] for more information on this subject.

The following inequality, known as the Poincaré-Friedrichs inequality for Hormander vector
fields, can be found, for example, in [2] and [3].

Theorem 1. There exists a constant C > 0 such that
/Q |ulPdx < C’/Q | X u|Pdz for all u € W;(%(Q) (1)

Here C does not depend on wu.

Using (1), we equip W)l(%(ﬂ) with the equivalent norm

1
o P v
i oy = </Q Xul da:) .
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Having established the necessary preliminaries, we now focus on

Z:X;k (|Xu]p72 Xiu) = MulP%u  in Q,
i=1 (2)

u=20 on 0f).

We interpret (2) in the weak sense. The nonlinear eigenvalue problem (2) necessitates the concept
of eigenfunctions, which we define next.

Definition 2. If a function u € W)l(%(Q) \ {0} satisfies
/ | Xu|P?Xu - Xpdr = /\/ lulP~2updx (3)
Q Q

for all ¢ € W)l(’%(ﬂ), then we call u an eigenfunction of (2) corresponding to an eigenvalue .
Given u € W)l(if% (©2) \ {0}, we define the Rayleigh quotient by

Jo | XulPdx

Jo lulPdz @

We will demonstrate that minimizing the Rayleigh quotient results in the first eigenvalue of (2).

Theorem 3. [4] There exists u; € W)l(%(ﬂ) \ {0} such that

Jo | XuiPdz of Jo [ XulPda Y

JolulPde — uewin @njoy Jq lulPda

Moreover, (A1,u1) satisfies (3) for all ¢ € W)l(i%(Q) and A1 is the smallest eigenvalue.
As a result of Theorem 3, we have determined the sharp constant in (1).

Corollary 4. The Poincaré-Friedrichs inequality for Hormander vector fields

/ |ulPdx < )\1_1/ | Xu|Pdx
Q Q
holds for all u € W)l(%(ﬂ) The constant \[* is sharp.
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The two measurements problem in medicine and medical
databases in Kazakhstan

K.T. MYNBAEV!, A.T. AUBAKIROVAZ?, A.K. SHAIMERDENOVA?

! Kazakh-British Technical University, Almaty, Kazakhstan
1 Syzganov National Scientific Center of Surgery, Almaty, Kazakhstan
2 Al-Farabi Kazakh National University, Almaty, Kazakhstan

k. mynbayev@kbtu.kz, 2a.t.aubakiroval978@gmail.com, 3altynay.kaznu@gmail.com

In medicine, often it is advisable to use the average value of two measurements for a number
of parameters. This is necessary to improve the accuracy and reproducibility of results, especially
when analyzing biomarkers, where variations in measurements are possible. In scientific literature,
averaging of values is recommended

e when studying hematological and biochemical parameters,

e immunological markers (for example, sugar (insulin) to total protein or hemoglobin to ery-
throcytes, bilirubin to urea, etc.),

e as well as pharmacokinetic parameters, such as the concentration of tacrolimus (used together
with other medicines to prevent the body from rejecting a transplanted organ).

In Kazakhstani practice, taking two measurements is not standard. In routine laboratory di-
agnostics in Kazakhstan, as a rule, one measurement is used, since averaging of values is not made
mandatory by regulatory documents and may require additional resources. However, in scientific
research, repeated measurements are justified, especially when working with highly variable pa-
rameters. The main reasons why this method is not used everywhere are limited resources, lack of
regulatory requirements in national normative documents and impracticality for routine analyses
with a small spread of values. At the moment, there is no direct requirement to average values in
laboratory studies in official documents of the Ministry of Health of the Republic of Kazakhstan.
However, in international recommendations (for example, Clinical and Laboratory Standards In-
stitute, World Health Organization) this approach is used to increase the reliability of data.

The two measurements problem is formalized as follows. Suppose X1, X5 are independent iden-
tically distributed variables with a distribution function F' and density f. We consider estimation
of the distribution function of the sum X7 + X5

1) = Fxyo(®) = [ F(t=a)/(@)s
This equation suggests plugging good estimators F and f of F' and f, respectively, to obtain an
estimator of H(t).

In the first result we suggest an estimator F'(z) that converges to F(z) at all points = € R.
Mynbaev et al. (2022) proposed an estimator of F'(z) that converges to F(x) at all continuity
points of F'. Here F' does not have to be absolutely continuous and may have jumps.

In the second result we develop an estimator f(z) of f(x) that converges to f(z) at all Lebesgue
points. Smoothness of f is not required and the result is true under the minimal assumption
f € Li(R).

Finally, imposing additional restrictions on the kernels in the first two theorems, we tackle
the problem of estimating H(t). The smoothness condition on F' and f are expressed in terms of
continuity moduli, which are further made more explicit using Besov spaces.
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Let N be a set of natural numbers and Z; = NU {0}; T™ = [0, 27)™ and I = [0,1)™.
L, -(T™) denotes the Lorentz space of all real-valued Lebesgue measurable functions f, which
have a 27-period in each variable and for which the quantity is finite
1
1 =
Iflor =3 [(Fr@) 67y 1<p<mi<r<s,
0

where f*(t) is a non-increasing rearrangement of the function | f(27)|, T € I"* (see [1], P. 213-216).
Consider the one-dimensional Bernoulli kernel (see, for example, [2])

F.(x)=1+ QZk_T cos(kx —rm/2), r > 0.
k=1

Next, for a vector 7 = (r1,...,rm), 75 >0, j =1,...,m, we set Fx(T) = H;”Zl Fyj ().
Consider the functional class

W ={f: f=pxFr, |olp <1},

where 1 < p <00, 1 <7 < o0, (px Fr)(T) = W J1m 0(T — W) Fr)(u)du.
Here ep(f)p, is the best M—term trigonometric approximation of a function f € L, (T™),
M € N. For a functional class F' C Ly, (T™), we set ey (F)pr = supsep en (f)pr-

Theorem 1. Let0<ri = ... =7, <71p41 < ... <1y, 1 <g<2<p<oo, 1 <71, <00 and
7_1:7_17-i1
If1<q<2andr1>%, then

_ _ 1_1 (v=1)(r1—1+%)
ert (Wi Vpms < M~ D(logy M) 01

Ifg=2 and r > %, then

_ (=1 (ri—3+)+(3-2)
ert(WE, )pms <CM " (logy M)~ © 10 2

a+ = max{0,a}. For 1 <1 <2, the estimate is sharp in order.

Remark 2. For 1y = q and 12 = p, Theorem 2.2 [2] and Theorem 2.8 [3] follow from Theorem 1.
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Sparse wavelet approximation of some compacta in the
Nikol’skii — Besov space, related to the Morrey space, over
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Let me N, m > 2, 2z, ={1,...,k}, N =NU{0}, Ry = (0,400). For z = (z1,...,2m),y =
(Y1,---Ym) € R™, we put 2y = 2191+ . - +ZmUm, 2] = 21|+ . FH|zm], |2]eo = max(|z,| : 1 € zp);
r<y (x<y) &z, <y, (x, <y, forall p € z,. Fort € R, t; := max{0,t}.

Let S := S(R™) and &' = S’(R™) be the Schwartz spaces of test functions and tempered
distributions, respectively; f = F,,(f) and F,,'(f) direct and inverse Fourier transforms of f €
S'(R™); in particular, for ¢ € S,

PO =Ful)©) = [ el@e e, Fil O = [ o)t Edr, g R

Let T™ = (R/Z)™ be the m-dimensional torus; sometimes it will be convenient for us to
identify T™ with the cube Qg := [0,1)™ in R™. Further, we denote by S = S'(T™) the space of all
distributions f from S" which are 1-periodic in each variable (i.e. such that (f,¢(- +&)) = (f, )
for all p € S and any £ € Z™) and by S := S := S(T™) the space of all infinitely continuously
differentiable functions on T™ endowed with the topology of uniform convergence of all derivatives
over T™. Then the space S§’(T™) is naturally identified with the space that is topologically dual to
S(T™). It is well known that f € S’ if and only if supp fC Z™, i.e. distribution fvanishes on the
open set R™\Z™.

For 1 < p < oo and a measurable set G C R™, as usual, let L,(G) be the space of measurable
functions f : G — C, which are Lebesgue integrable in p-th power (when p = oo essentially
bounded) over G, endowed with the standard norm || f | L,(G) ||

For 1 < ¢ < o0, let £, := {4(Ng) be the space of all (complex) number sequences (¢;) = (¢; :
J € Np) with finite standard norm ||(¢;) | £4]|-

Further, let £,(L,(G)) (respectively, L,(G;4,)) be the space of all function sequences (g;(z)) =
(9j(z) : k € Ng) (z € G) with finite standard quasi-norm (norm if p,q > 1)

(g5 (2)) | £g(Lp(G)) I = I (Nl 95 [ Lp(G) 1) [ g |

(respectively,

(g5 (@) | Lp(G5 bg) || = [ (g5()) [ 4 1 Lp(G])-
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Let Q be the set of all half-open dyadic cubes in R™ of the form
Q=Qje={zeR™: 2z -£c[0,1)"} (j €Z,E€Z™).
For a cube Q = Qj¢, we denote by xg :=277-£, 1(Q)(= 277), j(Q) := j and |Q|(= 27™) its "lower

left” corner, side length, level and volume, respectively.
Let

0={QeQ|QCQ=[0,1)"}={Qj|jeNo, E€Z™:0<& <21} (0,1€R™).
First we choose a test function g € S such that
0<m(&) <1, £eR™ M) =1 if |l <1; suppip ={§ €R™ | [{|oc <2}

Put 7() = 70(27'€) — Mo(€), 7;(8) = 1;(€) =7(2'77¢), j € N. Then

Yo =1, ¢er™
j=0

ie. {N;(§)]j € Np} is a resolution of unity (by corridors) on R™. It is clear that

n(z) = 2o (2x) — no(x), n;(x) = 20~ Dmy(21~1g), j € N.

Let g : R™ — C be an arbitrary function, its periodization g : T™ — C is defined as the

(formal) sum of the series > g(x + &).
gezm

In particular, by the Poisson summation formula it is easy to see that if ¢ € S then ¢ € 5,
and, moreover, ¢(x) = dezm P(&)emice,

Next we denote by A? the operators defined on &’ (j € Ny) as follows. For f € &,

~

Ag(f; 17) = f*ﬁ](:c) = <f7ﬁ](x — )> — Z ﬁ](é‘) (6)627”'53:.

gezm

For the sake of convenience, we put Ay(f, x)=0if j <O0.
Let s,7 € R, 1 <p,q < occ. Then
L. the smoothness space Bj; = B;;(']I‘m) of Nikol’skii—Besov type, related to the Morrey

space, consists of all distributions f € &', for which the norm

1f1Byg |l = sup 1T\I(25j5}7(f, z)sign((j +1 = 5(Q))+)) [ £(Lp(Q))]
geo 1@

is finite,
II. the smoothness space space Fj[ := szqT(Tm) (p < o0) of Lizorkin—Triebel type, related to

the Morrey space, consists of all distributions f € S , for which the norm

1F1Eyq |l = sup

o |Q| 127 AT(f,2)sign((F + 1 = (@) +)) | Lp(Q; L) |

is finite.
We denote the unit balls of FST by FST = Fyp(T™).
Let ® = {¢,|v € T} be a Countable system of elements of a Banach space X over field of

complex numbers C. We put (N € N)

SN (@) ={¢ = cvd|(c)ver C C such that Y sign|c,| < N}.

veY veY
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Best N —term approximation of an element x € X with respect to system ® is defined as follows :
on(z, @, X) =inf{[|z — ¢| X[ | ¢ € En(P)}.
For a set F C X, we put
on(F,®,X) =sup{on(z,®,X) | z € F}.

Let W™ be m—dimensional system of periodized Meyer’s wavelets (for its definition see [1,
ch. 3)).

We denote r, = min{r, 2}, » = min{p, ¢, }.

Theorem. Let s,t e Rjt < s, 1 <p,q,r <o0,0<7< min{%, It (% — 1), then
the following weal asymptotic estimate holds :

JN(ﬁ;;,VNV(m),EZ) <~ N= as N — oo.

Key words: (smoothness) space of Nikol’skii — Besov/Lizorkin — Triebel type, Morrey space, best N —term approx-
imation, wavelet,m—dimensional periodized system of Meyer’s wavelets, m—dimensinal torus.
2010 Mathematics Subject Classification: 41A46, 42B05, 42B35
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Weak version of symmetric space
T. NURLYBEKULY

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Astana It University, Astana, Kazakhstan

bekjant@yahoo.com

We investigate a weak version of symmetric spaces and to study some properties of noncom-
mutative spaces associated with the weak version of symmetric spaces.

Definition 1. Let E be a symmetric (quasi-)Banach space on (0,1). The fundamental function
g is defined by ¢g(t) = ||xall, where ¢t € [0,1) and A is a Lebesgue measurable subset of (0, 1)
with m(A) = t.

Note that ¢r, 1) =t (see [2, p. 65]). Let 0 <p < oo. If A C (0,1) with m(A) =¢ (0 <t < 1),
then

11
er,0,1) (1) = [Ixalp = lIxally = t7.
Let My, (0,1) be the usual Marcinkiewicz space:

t
My (0.1) = {F € Lo(01) 5 [l =00 22 [ (yds < oo}
t>0 0

Definition 2. Let E be a symmetric (quasi-)Banach space on (0,1). We call M, (0,1) is a weak
version of E and denote it by F.

The classical weak L, space L, (0,1) (1 < p < o00) is defined as the set of all measurable
functions f on (0,1) such that

1
||f||Lp,oo = Suptput(f) < o0.
t>0
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For p > 1, L), »(0,1) can be renormed into a Banach space. More precisely,

t
[ SUPt_H;/O pis(f)ds

t>0

gives an equivalent norm on L, o (0,1). We refer to [3] for more information about weak L, spaces.
If E=1L,00,1) (1 <p < o00), then Ex = Ly (0,1). But for 0 < p < 1,if f € (Lp(0,1))0,
then

1 t 1
£z, 0.1)) = SUPEP " / 1s(f)ds = / ps(f)ds = || 11
t>0 0 0

Hence, (Ly(0,1))s = L1(0,1) and it is different from the classical weak L, space.
Let ® be an N-function, we define

10/ (1)
= . d bs = .
20 o) ¢TI S 0

If by < oo, then the fundamental function of Orlicz space Lg(0,1) on (0,1) equipped with the
Luxemburg norm, is the following

1
Pry)(t) =1/ 1(;)7 t>0,

where the Luxemburg norm is defined by

1
lzlle = inf{A > 0 / o1z < 1),
0

Hence, if £ = Ly (0,1) and 1 < ap < by < 00, then Ex = Lo (0, 1).

Proposition 3. Let E; be a symmetric (quasi-)Banach space on (0,1) which is o;-convex for some
0<a;<oo(i=1,2). Then Ey and Ey can be equipped with equivalent quasi norms || - ||1 and
I llo, respectively, so that @i cr,(t) = wr, (or, (2), for any t > 0.

Theorem 4. Let E; be a symmetric (quasi-)Banach space on (0,1) which is a;-convex for some

1
O<a;<o(i=1,2)and0<a<1. Ifz e ((Efl))oo)(%)(/\/l) and y € ((Eél_a))oo)(ﬁ)(/\/l), then
zy € (E1 © E3)oo(M) and the following Hélder type inequality holds

||xyH(E1®E2)oo S Hx”((EYl))oo)(%) ||yH((E£1—a))OO)(lla) .

Theorem 5. Let E be a symmetric (quasi-)Banach space on (0,1). Then we have the following
Chebyshev type inequality

tor(T(et00) (7)) < 2]l Boo; V2 € Eoo(M).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23484600).

Keywords: Symmetric space, fundamental function of symmetric space, noncommutative symmetric space, von
Neumann algebra.
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Sparse trigonometric approximation of some compacta in
the Nikol’skii — Besov space, related to the Morrey space,
over m~-dimensional torus

B. OMAROV
Al Farabi Kazakh National University, Almaty, Kazakhstan

beksultan.omarov.01@Qmail.ru

Let m e Nym > 2, 2z, ={1,...,k}, N =NU{0}, Ry = (0,400). For z = (z1,...,2m),y =
(Y1, Ym) € R™, weput 2y = 2191+ . - +ZmUm, 2] = 21|+ . 2w, |[2]eo = max(|z,| @ 1 € zp);
r<y (x<y) &z, <y, (x, <yu) forall p € z,. Fort € R, t; := max{0,t}.

Let § := S(R™) and &' = S'(R™) be the Schwartz spaces of test functions and tempered
distributions, respectively; f = Fm(f) and F,.1(f) direct and inverse Fourier transforms of f €
S'(R™); in particular, for ¢ € S,

PO =Fnl)©) = [ elale e, Pl = [ pla)e?Eda, g R

Let T™ = (R/Z)™ be the m-dimensional torus; sometimes it will be convenient for us to
identify T™ with the cube Qg := [0,1)™ in R™. Further, we denote by &’ = &’(T™) the space of all
distributions f from &" which are 1-periodic in each variable (i.e. such that (f, (- +&)) = (f, ¥)
for all ¢ € S and any £ € Z™) and by S=8:=8 (T™) the space of all infinitely continuously
differentiable functions on T™ endowed with the topology of uniform convergence of all derivatives
over T™. Then the space &'(T™) is s naturally identified with the space that is topologically dual to
S(T™). It is well known that f € S’ if and only if supp f C Z™, i.e. distribution f vanishes on the
open set R™\Z™.

For 1 < p < oo and a measurable set G C R™, as usual, let L,(G) be the space of measurable
functions f : G — C, which are Lebesgue integrable in p-th power (when p = oo essentially
bounded) over G, endowed with the standard norm || f | L,(G) ||

For 1 < ¢ < oo, let £, := {4(Ng) be the space of all (complex) number sequences (¢;) = (¢; :
J € Np) with finite standard norm ||(c;) | 4]

Further, let £,(L,(G)) (respectively, L,(G;{,4)) be the space of all function sequences (g;(z)) =
(g9j(z) : k € Ng) (z € G) with finite standard quasi-norm (norm if p,q > 1)

(g5 (2)) | £g(Lp(G) [ = I (Nl 95 [ Lp(G) 1) [ g |

(respectively,
1(g5(2)) | Lp(Gs ) | = N[ 1 (g5 () [ g | | Lp(G)I])-

Let Q be the set of all half-open dyadic cubes in R™ of the form
Q=Qje={reR": 2x—-¢c0,1)"} (j€ZET™).

For a cube Q = Qj¢, we denote by zg :=277-£, 1(Q)(= 277), j(Q) := j and |Q|(= 277™) its "lower
left” corner, side length, level and volume, respectively.
Let

0={QeQ|QcQu=1[0,1)"}={Qje|j €Ny, £E€Z™:0<¢ <21} (0,1 €R™).
First we choose a test function 19 € S such that
0<m) <1, £eR™ M) =1 if |l <1; suppfp ={§ €R™ | [{|oc <2}
Put 7)(€) = 0o(27€) — (&), 7;(€) :=1;(§) =n(2"77¢), j € N. Then

Zﬁ](g)zla geRm’
=0

Institute of Mathematics and Mathematical Modeling



76 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

ie. {N;(§)]7 € Np} is a resolution of unity (by corridors) on R™. It is clear that

n(z) = 2Mno(2) — no(x), nj(x) == 20~ Vmy(297 1), j € N.

Let g : R™ — C be an arbitrary function, its periodization g : T™ — C is defined as the

(formal) sum of the series > g(x + &).
Lezm

In particular, by the Poisson summation formula it is easy to see that if ¢ € S then ¢ € S ,
and, moreover, ¢(x) = dezm P(&)eice,

Next we denote by A? the operators defined on &' (j € Ng) as follows. For f € &,

Ay(f, .’E) =f *77](1‘) = (f7 '}7](_@ — )> - Z ,,/7‘](5) A(§)62m'§x.

Eezm

For the sake of convenience, we put A;-’(f, x)=0if j <0.
Let s,7 € R, 1 <p,q < cc. Then
L. the smoothness space By := B;Z(Tm) of Nikol’skii—Besov type, related to the Morrey

space, consists of all distributions f € g’ for which the norm

1F1Byg | = sup = (27 AT(f,2)sign((G + 1= j(Q)+)) [ £o(Lp(Q))]

Qed ’Q‘T

is finite,
I1. the smoothness space space ;7 := F;7(T™) (p < co) of Lizorkin - Triebel type, related to
the Morrey space, consists of all distributions f € &', for which the norm

127 AT(f, @)sign((j + 1 = 5(Q))+)) | Lp(@; £

1f 1 Fpg |l = sup
QEQ |Q‘T

is finite.

We denote the unit balls of ﬁ;g by I?“IS,;' = Fy(T™).

Let ® = {¢,|v € T} be a countable system of elements of a Banach space X over field of
complex numbers C. We put (N € N)

Sn(®) ={¢ = cvd|(co)ver C C such that » sign|c,| < N}.
veY veY

Best N —term approximation of an element x € X with respect to system ® is defined as follows :
on(z, ®,X) =inf{[|z — ¢| X[| | ¢ € En(P)}.

For a set F C X, we put on(F,®, X) = sup{on(z,®,X) | z € F}.
Let ™) = {272 | ¢ € 7™} be m—dimensional trigonometric.
Theorem. Let s,t e Rt <s,1<p,q,r<oo,0<7< min{%,%
. —t 1 _ 1 . : : )
i) Ifp<r<2, 22> 5T then the following weal asymptotic estimate holds :

1_1
r as N — oo.

(FST (z(m) BtT) N £

pg’

S

(i) If2<p<r, ﬁ > 5, then the following weal asymptotic estimate holds :

on(F5r 0 BTy < N%°as N — oo

pg’

i) f p<2<r, ‘%t > 1;, then the following weal asymptotic estimate holds :

on(F7, T BTy < N 572 as N = oo,

Key words: (smoothness) space of Nikol’skii — Besov/Lizorkin — Triebel type, Morrey space, best N—term trigono-
metric approximation, m—dimensinal torus.
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Generalized integral Hardy inequalities
ILA. ORYNGALIYEV

1SDU University, Kaskelen, Kazakhstan
Unstitute of Mathematics and Mathematical Modeling, Kazakhstan

imangali.oryngaliyev@gmail.com

Hardy-type inequalities are fundamental in functional analysis and PDEs. While their Eu-
clidean versions are well understood, the work by Drabek, Heinig, and Kufner [1] established
higher-dimensional extensions with sharp constants. This work generalizes these inequalities to
homogeneous Lie groups, providing new insights into integral and gradient inequalities in non-
Fuclidean settings.

A key result that we obtained is the extension of weighted gradient inequalities to homogeneous
Lie groups, replacing radial symmetry with homogeneous quasi-norms and left-invariant vector
fields. Additionally, a new inequality is obtained for the case when the integrability exponent of
the gradient term is smaller than that of the function itself, which was previously unknown with the
sharp constant. These results build upon classical inequalities established by Hardy, Littlewood,
and Pdlya [2] and extend their applicability beyond Euclidean space.

Furthermore, we derive weighted exponential integral inequalities in Lie groups, proving their
validity under appropriate weight conditions. These findings contribute to the broader study of
metric measure spaces and PDE estimates in non-Euclidean settings. Future research may explore
further generalizations to sub-Riemannian geometries and Carnot groups.

This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23490970).

Keywords: Integral Hardy-type inequality, sharp constant, homogeneous Lie groups.
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Existence and regularity of solutions to gradient degenerate
PDEs

P. OZA', D. SURAGAN?

1.2 Nazarbayev University, Astana, Kazakhstan

Ipriyank kumar@nu.edu.kz, 2durvudkhan.suragan@nu.edu.kz

In this talk, we discuss a gradient-degenerate nonlocal version of the generalized p-Laplacian,
introduced by Baravdish-Cheng-Svensson-Astrém [1]. A key feature of this operator is that it
degenerates along the set of critical points. We establish the existence and interior Lipschitz
regularity of viscosity solutions to

|Du[") (=(=A)*u + (q(|Du|) — )AS u+b- Du) = f in 9, (1)

where Q is a bounded domain in RV, v € C(Q,R) satisfies infqoy > 0, and f € L¥(Q,R). In
this equation, Du denotes the gradient of u, (—A)® represents the fractional Laplacian, and A%
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is the infinity Laplacian with order s € (1/2,1). The function b: Q@ — RY is bounded Lipschitz
continuous, while ¢(|Du|) is a continuous function with ¢(|Du|) > 0, specified later. A distinctive
feature of the operator in (1) is its gradient-dependent structure, combined with the fact that it
degenerates on the set of critical points, C := {x: Du(x) = 0}. These characteristics make the
analysis of this operator particularly interesting. we employ an adapted Ishii-Lions ”doubling
variables” technique [2]. We also discuss a setting in which the uniqueness of the solutions is
confirmed.

Funding: This research has been funded by Nazarbayev University under Collaborative Research Program Grant
20122022CRP1601.

Keywords: integro-PDE, nonlocal elliptic equation, variable exponents, viscosity solutions
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On spectrum of the generalized Cesaro operator on
rearrangement invariant spaces

B.O. OZBEKBAY

Unstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
ozbekbay.b00@gmail.com

This work studies the spectrum of the generalized Cesaro operator

Car) =" [ (- P f(s)ds, B> 0, )

acting on rearrangement invariant spaces E(0,1) and F(0, co) with Boyd indices satisfying 0 < @ <
8 < 1. The boundedness of the operator and its spectral structure are investigated. The results
provide new insights into the properties of Cesaro-type operators in rearrangement invariant spaces
and their potential applications. This research is a joint work with Kanat Tulenov.

On the density of the set of finite sequences in the
weighted Sobolev difference space

D.S. SARSENALY

'I..N. Gumilyov Eurasian National University, Astana, Kazakhstan

dinara.sarsenali@mail.ru

This work is devoted to the study of the relationship between the weighted Sobolev difference
space and the closure of a set of finite sequences depending on the behavior of the weight sequences
at infinity.

Let 1 <p<oo,p = 1%. Let {f;}:2, be the sequence of real numbers, and define the difference
operation:

Afi = fix1— fi, 120, Afi = A (Anilfz) ,n=12, ...
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Let E, be the set of sequences of real numbers { f;};°,, where f =0, k=0,1,...,n—1, which
is equivalent to the condition A'fo =0, i =0,1,...,n — 1. Let us define a weight difference space
on this set E,.

A sequence of real numbers {v;};°, is called a weight sequence, if v; > 0,7 > 0. Let n > 1,
Wy, be the set of all sequences from Es, satisfying the condition

1
0 P
[1A™ |, = (Z v; IA"fi!p> < o0,
i=0
and we define the norm of this set as follows:
”fHW;tU = HAanp,u ,Vf € W]?,'u (1)

Then the pair (W;v, Il ) forms a normalized space and let us call this space W, the weighted
’ p)1] b
Sobolev difference space, which is complete.
[e]
Let’s denote by E the set of sequences from the set F,, whose values become zero after a finite

number of indices. From these definitions, it follows that £ C W',
o

o
By W"p ., we denote the closure of the set E' with respect to the norm (1) of the space Wy,

[¢]
The main goal of the work is to study the relationship between spaces W', and W",,,,, that
is, to determine under what conditions they coincide.

Theorem 1. Let 1 < p < co. In order for W",,, = W, it is necessary and sufficient that the
weight sequence {v;};-, satisfies the condition:

Zvjlfpl = 0. (2)

j=0

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23488579).

Keywords: The weighted Sobolev difference space, weighted spaces, weight sequences, finite sequences, closure of
the set.
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Fourier multipliers and their applications on the quantum
Euclidean space

S. SHAIMARDAN

Institute of mathematics and mathematical modeling, Almaty, Kazakhstan

shaimardan.serik@Qmail.com

In this work, we present some applications of the LP-L? boundedness of Fourier multipliers
to PDEs on the noncommutative (or quantum) Euclidean space. More precisely, we establish LP-
L7 norm estimates for solutions of heat equation with Caputo fractional derivative in the case
1 < p <2< g < oo. Moreover, we obtain the well-posedness of the nonlinear heat equation on the
non-commutative Euclidean space.
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Critical Hardy type identities and inequalities with
multiple logarithmic weights

Y.Y. SHAIMERDENOV

SDU University, Almaty, Kazakhstan
Ghent University, Ghent, Belgium
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

yerkin.shaimerdenov@sdu.edu.kz

Consider the cylindrical extended weighted Hardy-type inequality as presented in [1]. Let
7= (x/’ib//) c RN % Ran’

with 2 < N <nand 1 <p < N. Then, for all f € C°(R™\ {2/ = 0}), the following inequality
holds:

f

‘gj’|0‘/17

' -Vnf

|x/‘a/p

< p
- N-—-«

Y

Lr(R™)

Lr(R")

where |2’| denotes the Euclidean norm in RY and V  is the standard gradient on RY. The constant

p . .
~N—g is optimal.

The critical case &« = N of the above inequality was obtained in [2] in the form

f

|x/|N/P

' Vnf /
ngW‘

, (1)

LP(R™)

Lr(Rn)

with the constant p being sharp.

In this presentation, we generalize (1) by introducing logarithmic weights on both sides of
the inequality. In particular, our generalized inequality reduces to (1), and to the classical critical
Hardy inequality with a logarithmic weight on the left-hand side. We also establish the optimal
constant and derive an identity that demonstrates the non-attainability of the sharp constant.
Moreover, we present higher-order versions that intriguingly involve Stirling numbers of the second
kind (as in [2]) and a Caffarelli-Kohn—Nirenberg type inequality which implies an uncertainty-type
principle.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and In-
stitute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).
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On boundedness of the Calderéon operator on
Marcinkiewicz spaces

K.S. TULENOV
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

tulenov@math.kz

The Calderén operator has its origins in the work of Alberto Calderén in the 1950s, particularly
in the study of singular integral operators and boundary value problems in mathematical physics.
It was initially introduced in the context of Calderén’s approach to the Cauchy integral and its
role in solving elliptic partial differential equations. The operator plays a crucial role in Calderén’s
inversion method for electrical impedance tomography and is deeply connected to the theory of
pseudodifferential operators. Its development laid the foundation for modern harmonic analysis,
microlocal analysis, and the study of boundary layer potentials in PDEs.

In this work, we study boundedness of the Calderén operator in Marcinkiewicz spaces. More-
over, we characterize optimal range for the Calderén operator among Marcinkiewicz spaces. We
also presend some applications of these results.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

Keywords: Marcinkiewicz spaces, Calderén operator, fully symmetric space, optimal range.

2010 Mathematics Subject Classification: 46E30, 47B10, 46L51

On the boundedness of Multilinear Calderén-Zygmund
operators on grand Herz-Hardy spaces

M.A. ZAIGHUM
Nazarbayev University, Astana, Kazakhstan.
Riphah International University, Islamabad, Pakistan.

zaighum.asad@nu.edu.kz

In this talk, the boundedness of multilinear Calderén-Zygmund operators on the product of
grand Herz-Hardy spaces shall be presented. Formally, we will find the conditions for which the
following inequality

m
T _'H <C . NP
| ke < 121 1£ll o0 gy

holds, where C' is a constant that does not dependent on f = (f1,-++, fm). The key idea used in
the proof is the atomic decomposition of grand Herz—Hardy spaces, which was established in [1].

Funding: This research was funded by Nazarbayev University under Collaborative Research Program (Grant:
20122022CRP1601).

Keywords: Multilinear Operators, Calderon Zygmund Kernels, Grand Herz Hardy Spaces.
2010 Mathematics Subject Classification: 46E30, 42B20
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Hardy spaces, Preprint, (2025).

Institute of Mathematics and Mathematical Modeling



82 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

Refined General Weighted [ Hardy and
Caffarelli-Kohn-Nirenberg type Inequalities and Identities
Related to Baouendi-Grushin vector fields

AE. ZHANGIRBAYEV

SDU University, Kaskelen, Kazakhstan
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

amir.zhangirbayev@gmail.com

The study of inequalities involving the Baouendi-Grushin operator began with the work of N.
Garofalo [1], who examined them within the L? space setting. Subsequently, L. D’Ambrosio [2,
3] extended the results to LP spaces. Then, P. Niu, Y. Chen, and I. Han [4] explored different
Hardy-type inequalities on the entire space, the pseudo-ball and the exterior region of the pseudo-
ball using the Picone identity. More recently, I. Kombe and A. Yener [5] provided a significant
advancement by identifying a sufficient criterion involving pairs of nonnegative weight functions,
ensuring the validity of a generalized weighted Hardy-type inequality with an additional remainder
term.

In the talk, we present refined general Hardy-type inequalities and identities with explicit
remainder terms associated with Baouendi-Grushin vector fields, thereby improving most of the
results above. In addition, we obtained the corresponding weighted Caffarelli-Kohn-Nirenberg type
inequalities with remainder terms, which, as a result, allow us to derive the Heisenberg-Pauli-Weyl
uncertainty type principles.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).

Keywords: Hardy inequalities, Baouendi-Grushin operator.
2020 Mathematics Subject Classification: 26D10, 35J70
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Cexkperapu:

upodeccop Acanosa A.T.
akajgemuk HAH PK Canpibexos M.A.
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CUHIVYJIAPJIBI AYBITKBIFAH NMIIYVJILCTI KYWNE HOTEITITIMIHIH
ACUMIITOTUKAJIBIK 2KIKTEJIVI

H. ABUJITAN

Lo-®apabu arpimgarsr Kazax ynrreix yansepcureri, Asvarsr xaaacer, Kazaxcran

avyltaynauryzbay@gmail.com

By »KyMBICTa CHHTY/IAP/IBI QY BITKBIFAH UMITYIBCTI CHI3BIKTEI eMeC auddepeHInaibk, TeH Ie-
yJIep yiiiH 6acTamkbl ecell KapacThIPbLIaJibl. KapacThIphLIbII OThIpFaH KYyiieHiH JuddepeHTnaliIbIk
TeHeyineH 0oeK, MMITYIbCTi 0eJIirige CUHTYAAP/IbI aybITKbIFaH. 2K yMbICTa IIEKAPAJIBIK, (PYHKITHS-
JIap 9JiCiH KOJIIaHBIM, IIENIMHIH aCUMIITOTUKAJIBIK KYBIKTAYLIH KYPY AJCOPUTMI KOpCeTlnemi.

CHHTYAIPABIK ayBITKBIFAH UMITYICTI A PePEeHITnANABIK TeHAeyIepIi

e = F(z,y,e), eAz|i—g, = I(2,y,¢),
v ="Ff(zy),  Ayl=s =J(zy)
TeMeHgeri 6acTanKbl MapTIeH KapacThIpaibIK;
2(0,6) =2, y(0,e) =", (2)

MYH/IAFbI € OH KiIlll mapameTp, z, F' xkoue [ — m enemai GyHKIUsIap, Yy, f KoHe J— are n ejrmemii

bynxuusuiap, 20 xone y'— e—man Toyescis 60/CHH, 0L 1,0 < by < by <..<6,<T—(0,T)

HHTepBaJIbIHAArLl y3imic momentrepl. An Ax|—g, = x(6;+) — x(0;), myngarst z(6;+) = li]én x(t)
t—0;+

(1)

xKoue z(0;—) = x(0;) 6oachIH.

Teopema 1. Auamaavk (C1) — (C5) orcone (C6) wapmmapor opwndascon. Ezep e € (0,g0] ywin
memendezi mencizadikmi Kanazammanoupamuvit oY, My paKmuiap €y scone ¢ mabviaca, onda [0,T]
kecindicinde (1),(2) ecebinin, wewimi bap srcone scanrzusd 604a0bi:

|2(t,€) — Zn(t,e)| < ce™™, 0<t<T,
ly(t,e) — Yo(t, )| <™, 0<t < T,

MY HOa2b
Zult,e) = () + Y wl (),
k=0

k=0

n n
Yalte) =Y ebi(t) +e 3 v (m),i = 1,2,...p.
k=0 k=0

Kapxkbrnauawsipy: Byn 3eprreyai Kazakcran Pecriy6mkacer Feimbiv xxome xorapst 6imiv Munuctpiriaia Feiasiv
xommreri (rpant Ne AP23488301) xapKblianapIpaibl.

KinrTi cesmep: Umiyiberik xyiiesep, CUHTIYISPJIbl UMILYILCTIK Jud depeHnuaiiplk TeHaeyiep, meKapaibiK OyHK-
[USJIAP 9JICI.

2010 Mathematics Subjecent Classification: 35B25, 35B40, 34A37
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[4] Vasil’eva A. B., Butuzov V. F. Asymptotic Expansion of Solutions of Singularly Perturbed
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KOMIIJIEKC KOR®PUIIMEHTTI TOPTIHIIII PETTI
ITAPABOJIAJIBIK TEH/JIEY YIIIH KEPI ECEIITIH IHIEITIIM/ILJIITI

A.B. IUIMAHBETOBA

M. Oyesos arpimgarsr Oxrycrik Kazaxcran yuusepcureri, Isivkent, Kazaxcran

aselek enu@mail.ru

TepTiumt perti b6ip ejmeMai TeHIeY VIMH apajac Kepi ecentiy 6ap OOMybI KoHE YKAJFBI3 H0-
JIYBI aHBIKTAIAd6I By KyMbIcTa KOMILTEKC MOH/] KoaddurmenTi 6ap Topriatii perTi mapaboiaIbik

TEHJIEY1
4

(e t) + (e, )+ g@ula, 1) = £(1), (1) € 0, 0

Jnpuxiie meKapasblK MapTTapbIMeH
u(—=1,t) = 0,u(1,t) = 0, Uz (—1,t) = 0, upe(1,¢) =0, t€[0,T) (2)

JKoHe Gacranksl mapTtrapel u(z,0) = ¢, u(z,T) = P(z), x € [-1,1], myrgarsr 2 = {-1 < z <
1,0 <t < T}, o(x) nen w( ) xerkimikTi Teric dynkmmsnap xone q(r) = q1(x) + ige(x) KomILITEKC
MOHII KO3 pUIIHEHT. C t KeHicTiri 6apyabik u(x,t) dbyHKIUMACHHBIY ¢ OolibiHIma [, = GoiibiHma k
peTTi y37iCCi3 TYBIHABICHIHAH TYPaJIhI.

Aitraneik D(Lg) Kublnel (2) meKapasiblk MapTThl KAHAraTTAHIPATHIH (QyHKIHATAPIAH TYPa-
awt @(x),y(z) € CH—1,1) N C3[-1,1].

Teopema. Atk q(z) € C4[—1,1] :one @, 1, Lyp, Ly € D(Ly) 60acem. Onma (1), (2) xone
facTankbl TAPTTAPDI Kepi ecebinin Kkaarbi3 memriMi Kereci Pypbe KaTtaphbl TYPiHIe KA3aMbI3

u(x, )+ Z 1('0_16 e_—i‘b:T M 1) Xy (z), xome
F(a) = Lype) = 3 25 N Xil).
k=0

Kinrrik cesnep: Ilapabonasubik renuey, Pucc 6a3uci.
2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20

OJEBUET

[1] Imanbetova A., Sarsenbi A., Seilbekov B. Inverse problem for a fourth order hyperbolic
equation with a complex-valued coefficient, MDPI Mathematics, 11 (15), 3432 (2023).
https://doi.org/10.3390 /math11153432

[2] Imanbetova A., Sarsenbi A.A, Seilbekov B. TInverse problems for the beam vibration
equation with involution. Vestnik Udmurtskogo Universiteta, Matematika, Mekhanika, Kompyuternye
Nauki, (2023) ; 33 (3): 452-466. https://doi.org/10.35634/vm230305

KEHIITYJII APTYMEHTI BAP
UHTETPAJIIBIK-/TN® ®EPEHIIUAJIIBIK TEHJAEY YIIIIH IHETTIK
ECENTI HIAPAMETPJIEY 9JIICIMEH 3EPTTEY

H.B. ICKAKOBA!, A. JKAKAH?

! Maremarnka xoHe MaTeMaTHKAIBIK MOJeIbAey HHCTUTYTHI, Amnvarsl, Kazaxcran
201-Qapabu arsirgarer KaszYy, Anvarer, Kazakcran

"narkesh77@gmail.com, 2akhanat9191@gmail.com

Kemrirynai aprymenti 6ap waTerpaiabik-anddepeHuaiabk, TeEHIeyIep Kyiere 0TKEeH OKAFaIap
HeMece KYHJIEep/iH y3aK ocepl THETIH cajajgapia KeHiHeH KOJAaHbLIagbl. OIapablH KO aHBbICHIH
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CUIIATTAUTBIH HEri3ri KyObLIbICTap: SKOJIOIHMS KOHE OMOJIOTUANAFbl HOMYJIANUAIAD JTUHAMUKACK;
SKOHOMUKA, KoHE KaPXKbI Kyiiesepi; BUoIorusaibik, koHe (DU3UOTOTUABIK, POIECTEP; XUMUSLIBIK,
peakimsiap xkoHe auddy3usa mporecTepi; KOPIaraH opTa MPOIecTepi KoHe KJIUMAT MOIEbIepi;
DAeKTp TizbeKTepl MeH CHUTHAJ TACBIMAJIAY; MaTepUaITAHYAAFbl 3aTTApIbIH ©CY YKOHE bIIBIPAY
mporiecTepi.

(0, T) apanbirbraaa Kemiryii apryMmenTi 6ap nHTerpaaabik-1uddhepeHma bk TeHIeyaep Kyii-
ecl VIIH KOCHYKTE/I MEeTTIK ecell KapacTBIPLLIAIbI

T
dZEt):A(t)x(t)—l—/ )Y (s)x(s—71)ds+ f(t), te(0,T), x€R", (1)
0
z (t) = diag [z (0)] - ¢ (), te€[-7,0], (2)
Bx(0)+Cz(T)=d, deR", (3)

MyHarbl (n X n) —esmemui marpuna A (t) xone n—eutemyi Bekrop-pyukuust f (t) (0,7) apasibi-
FhIHgA y3iaiccis, B kone C' — (n X n) eamemzi TypakThl Marpunaiap, ¢ (t) — GacTankpl KUbIH
[—7,0] ma Gepimren ysimiccis muddepennuanmanaTbia BeKTOp-byHKIWM, coHmaii-ak ¢; (0) = 1,
1=1,2,...,n, 7> 0— TypaKThl KeITryai apryMeHT.

Keiine xemiryni aprymenti 6ap muTerpainbik-nuddepeHiimanibk TeHIeyIePIiH aHATATHKA-
JIBIK TIEMIiMaepid Taby KUbIH, COHIBIKTAH 013 OJapAblH CAHIBLIK, IIeImiMaepin Tabyra Ha3ap aymgapa-
MbI3. OChIFaH JAefiHT] KOIITEereH XK yMbICTAP 1A KEIMTyJIl apryMenTi 6ap nHTerpaaisk-anddeperiuai-
IBIK TEHIEYJIEPIiH CAHIBIK MIEMiMACPIH TabyabIH opTYPJIl omicTepl KapacThIPhLIAb. OJIapablH, iIrid-
Jie: KOJLTOKAIIMST dIiCTepi, CIUIAMH YKOHE CIEeKTPJIK omictep, Mroum-Jlexxanap MaTpUItaablK oIici,
nuddepeHIman bk, TYPAeHIIPY dici, YebbleB KOIMYIIETIKTEP] o/licTepiH epekIie aramn eTyre 60-
JTAJTBL.

By xywmeicra (1)-(3) merTik ecerrri mrenty yirin JIxyMabaes mapaMeTpiiey o/1ici KO IaHbLIA b
[Mapamerprey ouicinin [1,2] npesnapeina werizmesne orbipbin, (1)-(3) merrtik ecenriy merriim -
DiHIH TapTTaphl AJBIHILI YKOHE OHBIH JKYBIKTAJTAH MIEHIMIH Ta0y aaropuTMi KypPbLIIbL.

Kap>kbrnauapipy: Byr 3eprreyai Kazakcran Pecybsmkacet Peiabiv xxome xorapst 6imiM Munuctpairiaiy Ierasiv
xommreTi (rpantT Ne AP23486114) KapKbLIaHIBIPAIBI.

KinrTi cespep: naTerpanapik-auddepeHnuaiasl TeHaeyaep, mapamMeTpiey 9micl, aJropuTM, KenIrysi apryMeHT.
2010 Mathematics Subject Classification: 34B37, 65L06

OJIEBUET
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KYKTEJTEH ©@YHKIITMOHAJIIBIK-ANBIPHIM/IBLLIIBIK TEHJIEY
YIIIH ChI3bIKTHIK HIETTIK ECENTIH, HIEIIIM /LTI

H.B. ICKAKOBA!, A.T. OPAJI?

'Maremarnka »x&ome MaTeMaTHKAIBIK Mogesnaey uacTaTyThl, Aamarel, Kazakcran
2051-Dapabu arsingarer KazYy, Anvarer, Kazakcran

In iskakova@math.kz, 2aruzhanoral@gmail.com

Conrbl GipHerie Kb KYKTeareH nuddepeHnualiiplk TeHIeyJIEPMEH CUITATTAIATBIH MOCe-
JIesiepre YIKEH KBI3LIFYIMBLIBIK TAHBITBLIYAA. Byl Temmeyaep KaaablK acepsepi 6ap mporectepi
cunaTTali/ibl, MyHJa 6eJiriji 6ip yakbIT Me3eTiHjeri npolectid Kyiti Oykia mporecc 6apbiChbiHA dCED
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eryi Mmymkin. 2Kykresren jguddepeHiualiblK TeHieyjiep O1oaorns, SKOJIOTU 2KoHE JKEPACThI Cy-
WBIKTBIKTAPBIHBIH TUHAMWKACHI CUSTKTHI OPTYPJL catagapaa KOJTaHbLIa bl

(0,T") apasbIFbIHIa KEMTy/al apryMenTi 6ap xykreiaren anddepeHnnaabK TeHIey VI Chl-
BLIKTHIK, ITIETTIK €Cell KapaCThIPLIIAIbI

N
Z—f = A(t)x(t) + B(t)x(t — 1) + ;Kj(t)az(ﬁj) + f(t), te(0,7), xeR" (1)
$(t) = (P(t)a te [_Tv O]v (2)
Ch(0) + Cou(T) = d, d€R”, (3)

myHgarbl (n X n)— emmemi marpunanap A(t), B(t) xone n— enmemai f(t) BekTOp-DyHKINACH
(0,T) apasbirbiaga yaimiceis, ¢(t) : [—7,0] — R™ - ysimicciz auddepeHnmanianaTblH BEKTOD-
dbynkuus, C1,Cy — (n X n) emmemal TypakThl Marpunaiap, 7 > 0 - Kemiryai apryMeHT KoHe
N7 =T, N—narypan caH ; 0; - ;KyK HYKTesep xoue 0;41 —0; =7 ,j=1,N.

By xymbicta kermirysi aprymenTi 6ap xkykresreH AudPepeHinuasiiblK TeHIeyIep YITH €Ki
HYKTEN CBI3BIKTBIK MIETTIK ECETTi Mentyre apHajraH THIMJ CaHJIBIK, aJrOPUTM YChIHBLIaABL. (1)-
(3) ecerrriy mermimMiiria Taraiipiagay yirsa Jxymabaes mapaMerpsey 9ici KOJIAHBLIAIBL. Byt
9IICTI KOITaHy KAPaCTBIPBLIBIT OTBIPFAH €CENTi OHAM MIENTiIeTiH ChI3BIKTHIK Are0PAIBIK TEHIEYIeD
Kyltecine xone kot mudpdepenimanipik TeHaeyaep yiiin Komn ecebine xeaTipe/.

Kap>xbrnauapsipy: Byn 3eprreyni Kazakcran Pecriybsmkacsr Feiibiv kome xorapsl 6iiv MunaucTpiiriaiy 1euisim
xommrerti (rpant Ne AP23485618) xapKbliaHapIPaIbL.

KinrTi cesnep: xKykTeared GpyHKIMOHAIIBK-aHBIPBIM/IBLIBIK TEHJIEY, CHI3BIKTHIK, IMETTIK €CerTep, KEeNirysai apry-
MEHT, IIapaMeTpJey SIiCi, aJITOPUTM.

2010 Mathematics Subject Classification: 34B37, 65L06

OJEBUET
[1] Dzhumabayev D.S. Criteria for the unique solvability of a linear boundary-value problem

for an ordinary differential equation, Computational Mathematics and Mathematical Physics, 29:1
(1989), 34-46.

TePTIHIII PETTI IU®PEPEHIIMAIABIK TEHAEY/IIH
KOPPEKTIJIITI TYPAJIBI

E.©. MOJIIATAJIN!, T.A. AJLIOMZKAPOBA?

JLH. I'yvmunes arsiagarsi Eypasus yarreik yausepcenreri, Acrana, Kazakcran

lyerka2998@gmail.com, 2aldomzharova0l@gmail.com

bi3 xeseci Teprinti perti quddepeHnnaIIbK TEHALYII KAPACThIPAMbBI3:

(p(@)(p(2)y)") = (r(2)y) = F(), (1)

MYHIAFbI

x € R = (—00,00), r(xz) >0, p(x) >0,
p(x) — ym per ysimiccis muddepennumanianareit, anx r(z) — ysimiccis auddepeHnraIIaHaTHIH
dbyuxips. F(x) € La(R) nen yitrapambs. C(()4) (R) repr pet y3iniccis quddepenipanjanaTbi KoHe
buHATTI PYHKIUAIAPILIH KABIHBIHIA AHBIKTAIFAH

Loy = (p(x)(p(z)y")")" = (r(z)y’)’

oneparopbifbiH Lo (R) kenicriri Hopmaceiaga ryiibikramsysir L aen Genrinediik. (1) rengeyinin mre-
mimi et Ly = F' reriria KaHararTan sipaTeid y € D(L) seMeHTiH aTaiiMbI3.
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bizain makcaTbiMbI3 — merriMHiH 6ap 60JIyBl MEH KAJIFBI3AbIFEl TYPaJIbl TEOPEMAHDI TOJIEJIIEY.
Conpaii-ax IMeIMHIH »KoHe OHBIH OIPIHIM peTTi TYBIHIBICHIHBIH CaIMaKThl HOPMACHIHBIH, OarachIH
ay.

TepTiumt perti qudpdepeHnIna I bIK TeHIEYIep Heri3ineH mekTey 00bicTa 3eprreired. Kowm-
TMTAKTBLIBI eMeC 0B/IBIC XKAFAANBIH I, XKAJIIIBL TYPAeri aftubiMasisl kKodddurmenTrepi bap Koraphl XKy
perTi audppepeHnuaabK, TeHIeyIepiH eIy XKoHe peryasapablk maprrapbin M.A. Hafimapk,
A.T. Kocriouenko, M.B. @enoprok, P.C. Ucmarunos, congaii-ak M.Orenbaes 3eprreren. Bipak 6y
aBTopJap OH TaHOaJbl Kimt koaddurmenti 6ap TeHaeyaepai kapactoipasl. Kepiciame, (1) renme-
ViHIH Kimi mytieci »KOK, OFaH KOJIJIAHYFA YKOFApbIa aTaJfaH aBTOPJAPJBIH dJIICTEP] KAPAMCHI3.
p = 1 xKarnaiieiaga, r GyHKIUATAPBIHBIH KeH Kiackl yiid (1) regaeyinin koppekTinini [1] makasra-
CbIHBIH HoTHKesiepiHeH mibirabl (|2] - Hi e kKapanbi3). 3] ymbicbinja [1] MakaiacblHbIH HOTHIKEC
[IIeHE/ITeH AHBIMAJIBI 2KOFapPTbl KOA(MPPUITHEHTTI TeHAeyre KaJIIbLIAHTAH.

Kapxxkbuianapipy: bya zeprreyai Kazakcran Pecniybsinkace! Peimbiv 2xone korapsl 6imiM Munan-
crpairinig Feurbiv komureri (rpant Ne AP23488049) kapKbLiaHpIpasb.

Kinrri ce3aep: aykcan bl auddepeHualiiblK TeHey, KYIIT] MIeniM, MeHeIMered K03 uiinent,
KOpPpeKTiIiK, memrim/al Haraay.

2010 Mathematics Subject Classification: 34A30, 34B20, 34C11
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MexaHuKabIK KYHeaep/IiH Ke/jieHeH TepbeicTepid HerypJbIM I9/1ipeK Mojiesijiey YimiH 6epe-
HEHIH KUCBIKTBIFBIH ChI3BIKTHI eMec GeciHi perke jefiin amy MaHbI3AbLIbIFb! 1] KyMblcTa 3epTTe-
red. OJ1 2KyMbICTa TapaMeTp OOUBIHIIA YKIKTey 9/1iCi KOJIIAHbLIBII, DepeHeHiH KoJijieHeH TepbesticiHiy
QyHIaMEeHTAT XKULTINHE XKYBIK, aHAJTUTUKAJIBIK (opMy/ia Tabblirad. By ke3ze y3biaabirsl £ Oope-
HeHiH KeJjieHeH Tepbeici Dityiep—BepHyiiin Teopusachl OObIHIIA KEJECl TeH/IeyMeH CUIIATTAIa]Ibl:

92 02w 1 /0w\? 3 /ow\? 02w 02w
w<E1w<1+2<m> +8<8x> tPa s thwtpAdas =0, (1)

MyH/JIaFbl F jleren 6epeHeHiH MaTepUaJIbIHbIH CEPIiMIIK MOy, I geren GepeHeHiH MOMEHT UHED-
1usAChl, P jered Ceirynibl Ky, k Jeren cepinnesi Heri3 s karanpiesl, w := w(z, t) gjeren 6epeHeHin
KOJIJIEHEH BIFBICYBI, P JereH DOPEHeHIH, MaTepUaJIbIHbIH THIFBI3ABITE, A JereH OepeHeHiH KeJIIeHeH
KMMACHIHBIH, aydanbl. Commaii-ak, bepeHe €Ki »Kak IeTIHeH TOICAIbl OeKITiIreH

0% w(z,t)
0 x?

0% w(w,t)

z={

w(0,t) = =0, w(t,t) =

=0
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2KoHe bopeHeHiH 6acTallKbl CoTTEri Kbl DACTANKDBI MIAPTTAPMEH CHAIIATTAJIA DI

dw(x,t)

w(,0) = vna), S
t=0

= 0. (3)
Bepeteniy KUCHIKTHIFBI CHIZBIKTH (DYHKIASIMEH JKYBIKTAJIFAHIa Y3BIHIBIFEL /-T€ TeH TOMCaIhI-TOTI-
casibl GekiTifren Ditmep-Bepuymin 6epeHeciHiH MEHIKTI KUALTKTEPl MeH MeHNIKTI (hyHKITHsIa-
DBIHBIH CHUMMETPHUSAIB 9KBUBAJIEHTTIK KacuerTepi [2] xymbicta 3eprresred. O JKyMBICTA Y3bIH/bI-
TBl {-Te TeH TOICAJLI-TOICAJBI OEKITIITeH 6OpeHeHIH MEHIIKTI *KULIIKTEPIHIH KUBIHB! Y3bIHIBITEI
£/2-re TeH TONCANBI-CHIPFBIMAJIBI KOHE TOICAIBI-TONCAJbI €Kl KbICKA OOPeHeHiH MeHIIKTI KuiTik-
TepiHiH KUBIHAAPBIHBIH OIpIryiHEH TYpaTBIHIABIFB JoJesaenrer. |1 xymbicra (1)-(3) Gacramksi-
IIeKAPAJIbIK €CeITiH MEeHIIKTI Kuiairine aMmmnTyaaHubiy ocepl aitkpie kopcetiai. Conppikran "|[2]
JKYMBICTBIH HOTHZKETepl (1)-(3) GacTanKbl-IIIeKapaIbIK eCENTiH MEHIIKTI KUTKTepiHe CaKTaIybl
MyMKiH 6e?"qeren cypak TywbIHAAN . BagHmaMasa ochl 3epTTeY CYPAFbIHA KATBICTH Keiibip HOTH-
Keqep DasHIaIaThIH 601315

bagngamansr maiibiamay 6apbIChIHIa OH-TiKipaepin OLImipremgepi VIMiH KaybIMAACTHIPBLIFAH
mpodeccop xxymabaes C.A. MeH KaybIMIACTHIPBLITAH Tpodeccop Aunapos A.A.-Fa aBTOp aJIFBI-
chIH bimmipei.
Kap>kbrnauapipy: By 3eprreyai Kazakcran Pecriybsmmkacst P'eibiv sxome xorapsl 6imiv Munauctpoiriaiy Feuisiv
xommreTi (rparT Ne AP19579114) Kap:KbLIauabIpaIb.

Kinrri cesaep: Gepene TeHeyi, ChI3BIKTHI €MeC TeHJEY, MEHIIIKTI KUK, 6aCTallKbl XK9HE IEeKAPAJIBIK, APTTAP.
2010 Mathematics Subject Classification: 35P30
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y'(x) —ey’(a+b—2)+q(x)y(z) =0
y(a) =y(b) =0
Byn xywmbicta ekinmi perti masomorusce 6ap (1) muddepennmanapik TeHey YIMH MIeTTiK

ecen KapacThIpbLIa bl. KapacThIphLTATHIH METTIK ecell YIIiH JIAmyHOB Tenci3airi aasaaasl. Jdoet-
ey bapoichiaga Lemnmep xore Cob0JIeB TEHCIZIT KO MAHBIIAIH.

(1)

Teopema 1. Bepinzen (1) wewapaavr ece6i ¢ € L*(a,b) ywin xandatda 6ip 1 < s < 00 604CHIH.
Ezep y (1) ecenmin, mpusuaado emec wewimi 6oaca, onda 1 < s < 0o , aicone g4 # q nemece q > 0
(1) ecenmin anwkmany alimaeoing MUECIAL GOAMACE, OHOG

b s 1+¢
([ #4e) > zapn —ae )
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MYHJaFbl § = 1 yIIiH

b 4(1+¢
/ qide > (b—a)’ (3)
JKOHE § = 00
72(1+¢)
lqlloo > W (4)

G+ TYPaKThl OOJIFaH 2Karaaiiga raHa KaTaH TeHCI3JIK OpPbIHIAIA/IbI.

KinrTi ce3aep: Jlsanynos rekrec rencizuikrep, Coboses rencizairi, enbaep rencizairi mwerrik ecenrep.

TePT OJIIIIEMII TUTIEPTEOMETPUAJIBIK ®YHKIINA YIIITH
CBbI3BbIKTHhI-TOVYEJICI3 HIEIIIIM/JIEP

A.P. PEICKAH!, A.E. AMAHTE/TH/IBI2, B.K. ABJTPAXMAH?

1.2.3 AGaii arergarnl Kazak VATTBHIK [I€arordKaJjiblK yHupepcureri, Ajamarer, Kazakcran

lainur-ryskan@mail.ru, 2ayajanjan1234@gmail.com, 3balnura.abdrakhman@mail.ru

Byn 3epTTey >KyMBICHI TOPT aliHBIMAJIBI THIIEPTEOMETPUATHIK, Fl(;l) hYHKIUSICHI VITIH eKiHTITi
perTi aepbec TybIHABLIEL HuddepPEHITHAIBIK TeHIEYJIED KYiteciH memnryre apaaarad. 2Kyiteniy ceriz
CBIZBIKTHI TOYEJICI3 TMEeMTiMIepl alfKbIH TYP/ie aHBIKTAJITaH.

Konmanbasnsr ecerrrep/i ety yimia — (PU3UKAIBIK TPOIECTEPMEH Ol TaHBICTHI MATEMATHKAIBIK
MOJEAbAEPIl KYPY KoHe HoTHhzKeaepai 60aKay VIMH KOl aifHbIMaJ b THIEPTreOMeTPHUSIIBIK, (DYHKIINA-
AJAPbIHbIH, KACUETTEP]l Y3/1KCI3 3epTTein Kejieli.

QusuKaIbIK, ITPOHECTEPIH MATEMATUKAJIBIK MOJIEIbIAEP], d1eTTe, KapamnalibiM muddepeninali-
IBIK TEHIeyaepai, aepbec TybIHABLIBI auddepeHnnaaIbk TeHIeYIepai HeMece TeHaeyaep Kyie-
JIepin KaMTuabl. Ajaiiga, HakThl IIPOIECTepdl CHIATTANTLIH TeHJIeyaepIiH TeK Keibipeysepi rama
sieMenTap yHKIMAIAp KaIackiHaa memiayi mymkin. 2Kana dyakmusaiap sgerre nuddeperimal-
JBIK, TEHJEYIEPIiH HEMECe OJapIblH JKYHeJaepiHiH IeliMi peTiHe aHbIKTa bl KOHe 0J1ap apHAWbI
HeMece TPAHCIEHIEeHTTIK (yHKIuaaap Aen ataanbl. Ocebuiaiinma, beccenb QyHKIMAIaph, IpMUT
dbyuknmsiTaper, 'aycerbid runepreoMeTpusiibK (DyHKIHACH Tadiga 60msr. [1].

KBaHTTBIK XUMUsT €Cerrrepid menty KaxkeTTimiri [2],[3] conbiMen katap ra3 AWHAMEHKACHIHBIH
KemTereH ecemrepi 6ip xoue bipHere afHbIMAIBICH 6ap apHaiibl QYyHKIUAIAD TEOPUICHIHBIH 1AMy bl-
Ha TYpTKi 6osael. ['a3 quHAMHUKACHIHBIH ecenTepi OGipHerre afHBLIMAILICH Oap THIEPreOMeTPUsIIbIK
byHKIMIAPHIH KOJIIAHY apPKbLIbI ODHEKTEIETIH eKiHI perTi gepdec TybHAbLIb Juddepenmali-
JBIK, TeHgieyepi merryre okeaes [4]. CormbIKTan 0Chl TEH/EyIep VIIiH MIEeTTIK eCemTepii 3epTrey
Ke3iH/e TUIIEPTeOMEeTPUAIBIK, (PYHKITUSIAD KYHECIHIH e MIH 36pTTel, aifKbIH CHI3BIKTHIK, TOYeJICi3
mermrimzepai TabysiMbl3 kaxer [5],[6],[7]. kcron Ky — Ko kracsiagars Tept afinbiMass! 21 rumnep-
reoOMeTpUsIIBIK (DYHKIUSCHIH eHri3ai, keitinipex [Mlapma men Ilapuxap [8] oprypsi mapamerpiepi
6ap Tepr aiftubiMabIchl Hap 83 rumepreoMeTpUANbIK (DYHKIINAHBI EHTI3I.

Byn yMBICcTBIH MaKCcaTH F: 1(;1) bYHKIUACH VIITH aifKbIH »Ka3bLIFaH TEHIey/Iep XKYHEeCiHIH ChI3bI-
KTBIK, TOyeJsICi3 mremtimaepin Taby 6osbin TabbLiaib.

I'mmepreomerpustabik F) 1(;1) GYHKIMACHIH KAPACTHIPANDBIK

i (1) man+p(a2)q(01)msntq(b2)p x™y" 2Pt

4) . . _
F17 (a17a27b17b27017627c37xay7Z7t) - (Cl)m+p(62)n(c3)q mlnlplql

m,n,p,q=0

MyHgarol ¢ # 0,—1,—-2,-3,...,i=1,...,3.
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Kerm aiinbiMa/ibl rumepreoMeTpusiiblk, OYHKIHAAIAP TEOPUAChIHA YKoHE OJIapIbIH KacHeTTepiHe
coiikec [1| runepreomerpusiibik dyrakms yiin (1) mepbec TyBIHABLIB AndOEpeHITnaTIBIK TeH Ie-
yiep XKyiecin Kejeci Typ/e ka3yra 001816l

0 0 0 0 0 0 0 0
<01+:pa +zaz> <x8+1>x u<a1+1:6 +ya +28><b1+x8 +y8y>u—0
<c2+y8> <ya+1>y1u— <a1+x8+y8+za> (bl+xa+ya>u:0

oy oy Ox oy 0z Ox oy ’

L YR (PUPpL VAU I DU AL IV
AT 02 ) \Foz tu—{a Yor Yoy ez )\ e Trie ) T

+t§ t§+1 1y — +t8 b+g+tg =0
T %) "o U\ )\, T ) T

MyHAaFBI

(2)

4
u(x7y7 Zut) = F1(7)(a17 az, bl) b27 C1,C2,C3;2,Y, Z7t) (3)

Anrebpanblk amMagIapMeH KapamafibM ecenTeyaepi OpbiHaall OTHIPHIT, Keleci eKiHI peTTi
nepbec TyBIHABLIB auddepeHInaIIbIK TeHIeyaep KyHeciH amaMbr3:

(1 — 2)Upy — 20YUgy + 2(1 — 2)Ug> — yQuyy — YUy +
+[c1 — (a1 + b1 + D)zjug — (a1 + b1 + 1)yuy — brzu, — arbiu =0,
y(1 — y)uyy — 22Uy — 2LYUgy — T2Uz, — YZUyz—
— (al + b1 + 1)zuy + [c2 — (a1 + b1 + 1)yluy — bizu; — arbiu = 0, (4)
2(1 = 2)Uz + 2(1 — 2)Up, — Ttug — Y2Uy, — Yty — 2tz — bazuy — boyu,+
+ [e1 — (a1 + b2 + 1)z]u, — artuy — arbou = 0,
(t(1 — t)ug — ztuze — agzuy + [c3 — (ag + ba + 1)tJuy — azbou = 0.

Ajita kery kepexk, (4) xyiiecinig ym Tereyi ChI3bIKTE TOyei 60ab1, ofiTkeni F. 1(;1) (4) xyiieni
KaHaraTTaHAbIpaabl. ChI3BIKTHIK TOYE/ICI3 IMEeImMIep/Ii Keaeci Typae i3meiimis:

uw =2y’ (5)
Mysparer w — Genricis dbyuknusa, an «, 5,7,0 anbiKTagsarsia Typakreuiap. (5) epuerin (4)

Kylieneri u-IbIH OPHBIHA, KOUBII, AuddepeHnaalablK, TeHIeYIepIi Kelecl JKyHecin aqaMbI3:

(1 — 2)wey — 20yway + (1 — ) 2w, — y2wyy — yzwy, + [C1 — (A1 + By + 1)z]w
— (A1 +Bi1 + NY)w, — [aw_l — Bi]zw, + [a(cr +a+ v — 1)ac_1 — A1 BJw =0,

y(1 —y)wyy — 2wy — 20YWay — T2Wg, — Y2Wy, — (A1 + B1 + 1)zw,
+ [Cy — (A1 + By + 1)ylwy — Bizw, + [B(ca + 5 — 1)y_1 — A1 B1Jw =0,

2(1 = 2)wzy + (1 — 2)Wyy — Tlwy — Y2Wwy, — ytwy, — 2w, — Bozw, — Bayw,

+ [Cl — (A1 + By + l)z]wz — Ajtwy + [’Y(Cl +v— 1)2_1 — AlBQ]’w =0,

t(1 — t)ywy — ztw,e — Agw, + [C3 — (Ag + By + 1)t]wy + [6(c3 + 6 — 1)t~ — Ay Bolw = 0.
(6)

Mynars:

Ay=a+B+v+a1, As=d4+az, Bi=a++b, Ba=v+09+ b,
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Ci=ca+4+2a+y, Ci=c1+2y, Co=co+28, C5=cs+20.

(6) xyite (4) xKyitemeH cofikec KeJienl, erep KeJeci MmapTTap OpbIHIAICA:

7 =0,
alcr+a+y—-1)=0,
Blea+B—1) =0, (7)

v
0

Cl—i—'}’_l):O,
C3+(5—1):0.

(
(

JKyieciniy mernrimepin ceriz KoMmbuHaIMS TYPiHJe Ka3yFa 6oJa bl

1 2 3 4 5 6 7 8
all0 1—¢ 0 0 l—cp 1—¢ 0 1—¢
ﬁ 0 0 1—62 0 1—02 1—62 1—02 1—62
v10 0 0 0 0 0 0 0
610 0 0 1—c3 0 l—c3 1—c3 1—c3

Ocpuraiina, xyiienid memimaepin (5)-Ke Koiibii, 613 Keaecl TuuepreoMeTpusiblK (byHKITHIAP
TypiHgeri Tepr aitubimanbl exinmi perti (4) muddepennmanabik Tengeyep KyHeciHis, ChI3bIKTHIK
TOYeJICI3 IENTIM/IEPIH aJaMBbl3!

4
UI(ZL', Y, Z7t) = F1(7)(a1> az, bla an C1,C2,C3;1,Y, th) =

[e.9]

= Z (al )m+”+P(a2)q (bl )m+n(b2)p+quynzptq 8)
(c1)mp(c2)n(c3)gm!in!p!q!

m,n,p,q=0

(4)

ug(z,y, 2,t) = ﬂﬁl_chl;l (a1 +1—=cr,a2,b1 +1—c1,b2;2 —c1,69,¢3;2, 9,2, 1) =

o0

1—c1 Z (al +1-— Cl)m+n+p(a2)q(b1 +1-— Cl)m+n(b2)p+ql‘mynzptq
(2- Cl)m+p(C2)n(03)q m!nlplq!

(9)

u3(x7yaz7t) = yliczFl(’?)(al + 1-— CQ)QQ)bl + 1- 027b2;6172 - 02703;x7y725t) =

1—cs i (a1 41— c2)minip(a2)g(b1 +1 — c2)min(b2)prqx™y" 2Pt (10)

0 (€1)m+p(2 — c2)n(c3)gm!Inlpl ¢!

ug(T,y,2,1) = tlfcsFl(?)(al,az +1—c3,bi,b0+1—c35¢1,02,2 —c332,9,2,t) =

[e.e]

=ty (a1)mtntp(az + 1 = c3)g(b1)man(b2 + 1 — c3)prqa™y" 2Pt (11)
(c1)m+p(c2)n(2 — c3)gm!nlplg!

m,n,p,q=0

us(x,y, 2,t) = xlfclylfczFl(?)(al +2—c1—cg,a2,b1+2—c1 —c2,b2;2—c1,2 — ¢, ¢332, Y, 2, t) =

o0
— eyl 30 (@142 = c1 = )mintp(a2)g(b1 + 2 = 1 = c2)min(ba)piqgr™y" 21! (12)

m,n,p,q=0 (2 = c1)m+p(2 — c2)nlc3)gm! nlplg!
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ug(z,y,2,t) = xl_cltl_C3F1(§)(a1+1—cl,a2—|—1—03,b1—|—1—01, ba+1—c3;2—c1,09,2—c3;2,y,2,t) =

o0

_gtagea Y (a1 +1 — c1)mintplaz +1 —c3)g(b1 +1 — c1)man(b2 + 1 — c3)piqa™y" 211
(2 = c1)mp(c2)n(2 — c3)gmIn! plg!

m,n,p,q=0
(13)

ur(x,y, z,t) = yl_cztl_%Fl(;l)(al—i-l—CQ,a2+1—03, bi+1—co,ba+1—c3;¢1,2—c2,2—c352,y, 2, t)

o0

Y (a1 +1 = co)miniplaz +1 —c3)g(br +1 = co)min(ba + 1 — c3)pyqz™y" 2"t
(1) m+p(2 — c2)n(2 — c3)gm!n!plq!

m,n,p,q=0

(14)

U8(.’IJ, Y, Z7t) =

= 331761?/17627517631?1(3)(a1+2—c1—02, as+1—c3,b1+2—c1—co, ba+1—c3;2—c1,2—c,2—c3; 2, Y, 2,t) =
— xl—Clyl—CQtl—C3 %

y i (a1 +2—c1 —c2)mantplaz + 1 —c3)g(b1 +2 — c1 — C2)mn(ba + 1 — c3)pyqx™y"2Pte
0 (2 —c1)m+p(2 — c2)n(2 — c3)gm!n!p!q!

(15)

KopbITbIHABI
.. 4 . . .
Byn xymbicTa TOPT afiHBIMAJIBI TUITEPTEOMETPHUSIIIBIK F1(7) GYHKITUACH YIH eKiHi perTi aep-
6ec TyBIHABLIL (D QEPEHITNAIIBIK TeHAeyIep XKyHecitin merrimMi KapacTepbliasl. 2K yiterHin ceri3
CBIBBIKTHI TOYEJICI3 TIENTiMi aHAJUTHKAIBIK, TYPIE AJIBIHIBI.

Kinrri cesgep: TopT aliHBIMAIBI THIIEPreOMeTPUSIILIK, (DYHKIN, eKiHmm perTi nepbec TysIHABLIE auddepeHnnast-
OBIK TeHJIEY, KYUEeHIH ChI3BIKTHIK TOYyeJICi3 IIenrimMaepi.
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L] 4
TOePT AMHBIMAJIBLI TUIIEPTEOMETPUSJIBIK F1(5) OYHKIINACHI
YIIIH EKIHINII PETTI JUOPEPEHIINAJIABIK TEH/AEYJ/IEP
2KYUECIH HIEITY

AP. PRICKAH!, YE. MAXAMBETUSIPOBA?

Abait areragarer Kazak YarTeik negarorukajbik yausepcureTi, Asmarel, Kazakcran

lyldana.m@kazstroymonolit.kz, 2ainur-ryskan@mail.ru

(4)

Byn makasa 6apbIChIHAA TOPT AfHBIMAJIBI THIIEPTEOMETPUSIIBIK, (DYHKIMSACH! VIIH, SFHU, F1§
yIIi# jepbec TyBIHIBLIBI €Kit perTi guddepeHnuasibk TeHaeyaep XKyiecinin memiMi peTiHie
KapaCTbIPAMBI3.

IN'unepreomerpustaIbiK, PYHKIUAIAD TEOPUAIBIK KIHE KOIIAHOATH MATEMATUKAHBIH (DYHKITHA-
JTaphI IMIHIEe MAHBI3IBI POJT aTKapaabl. Kasipri Tasga Kem alfilHbIMaJIbl THIEPTeOMeTPUSIIBIK, (DYHK-
IUAIAPIBI CATIATTAYABIH 9aicTepi xeTkiaikTi. Byr dyuknuamrap 6eariai 6ip mopexenik karapsap-
JIBIH KOCBIHIBICHI TYpiHe [1], nuddepennuanapik Termeyep Kyitecinin mermimi petiage [2], Diitep
tuningeri narerpanuap|3| vemece Memmn-Baprc [4] unrerpasapbl apKbibl aHBIKTALYbl MYMKIiH.
Ochl ecenti mbirapy 6apbiCchbiHa 613 IUIIEPreOMeTPUSIIBIK (DYHKIUAHBI TudDepeHITHAIbIK, TeH/ 16
yaep XKyHeciHiH mentimMi peTiHge KapacThIPpaMbI3.

['mnepreoMeTpusiyibiK (DYHKIIUSTHBI KAPACTBIPARBIK [5]:

i (a1)m +n+ p(az)g(as)ym +n+p+q

4
F1(5)(a17 az, as, ba C1,C2,C3,T,Y, %, t) = (Cl)m + p(cz)n(C;;)q

m,n,p,q=0

m,n
x 'y zptqil T
m!nlplq!

MyHIars! ¢; # 0,—1,—-2,—-3,..., ®&one i = 1,2, 3.

'unepreomerpusiibik dyukmsinap [6],[7],[8] reopusicbinan Genriai 6oranait, F 1(;1) GyHKIIACHT
eKiHI perti Jepbec TYBIHIBLIB Hud depenuanibK, TeHIeyIep Kylecid KaHaraTTaHbiPalbl:

(2(1 — 2)Ugy — 2XYUgy — T2UL, — ThUgp + 2Ug, — y2uyy — Y2Uy, — Yty — 21Uz

+ (c1 — (a1 + b1 + 1)x)uy + (a1 + b1 + 1)yuy — artuy — brzu, — a1bju =0,
Y(1 — y)uyy — 20yusy — T Uy — T2Ups — Tt — Yty — Y2Uy, — 2ty

— (a1 + b1 + aug + (c2 — (a1 + b1 + 1))yuy — artuy — bizu, — arbju =0, (2)
2(1 = 2)Use — T2UL — Y2UYs + TUg + (¢1 — (a1 + b2 + 1)2)u,

— baxuy — boyuy — ajbou = 0,

t(1 — t)uy — xtug — ytuy + (c3 — (a2 + by + 1)t)uy — aszu, — asyuy — azbiu = 0.

4
MYHJIafbl: U = F1(5)(a’17 ag,ag, by, be; 1,2, 3,7,y 2,t)
ZKyiienin memnmiMin Keseci TypJe i3aeiimis:
u =z’ t0w (3)

MyHTa w — Oesrici3 pyrKIms, o, 5,7y, — AaHBIKTAIYhl KAXKET TYPAKTHLIAD. xo‘yﬁ 2V t0w-pp1 (2) ren-
Ieyre KOMraHma, aepbec TYBIHILLIb AudDepeHnaiabplK TeHAeyIep KYHeCiH agaMbl3:
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(2(1 — 2)wey — 20Yway — Ttwer — 2(x — 1)was + tway — wayy — YWy, — Ytwy — 2twy

+[C1 — (A1 + B + 1)z|w, + (A1 + By + Dywy — (B1 — ar V) zw, + Ajw
+(ala+y+e — Dot — A By)w =0,

y(l— y)wyy — a:2wm — 2XYWey — T2Wgz — TlWrt — Y2Wy, — Ylwyr — 2wy

+ [C2 — (A1 + By + 1)Jyw, — (A1 + B1 + 1)aw, — Braw, — Ajw;

+(B(Ca+ B -1y — A1 By)w =0,

2(1 = 2)wzz — (2 — Nwye — y2zwy. + [C1 — (A1 + Ba + 1)z]w, — (B2 — vz ) zw, — Boywy
+(y(y+a+Cy—1)z7t — A1 By)w = 0,

t(1 — t)wy — Ttwa — Ytwye + [C3 — (A2 + By + 1)tlwy — Aszw, — Asywy

+ (0(C54+6 —1)t71 — BiAy)w = 0.

(4)

MyHIaFBL:
a+fB+y+ar = A, d + az = As,
a+pB+d+b =By, v+ by = By,
c1+ 20+ =Ch, c+a+2y=0C, (5)
206 + co = (s, 20 + c3 = Cs,
Ai1Bi=(a+B8+~v+a1)(a++ 5+ b1),
A1By = (a4 B+ +a1)(y + b2), BiAy = (0 +a2)(a++6+b1).

(2) xone (4) xyitesep keseci maprTTap OpbIHAAJFAHA DaaMasibl GOJIBII HIBIFA/IbL:

a=0, v=0,

alcir+a+v—1) =0,

Bles+B—1) =0, (6)
(e +a+y-1)=0,

d(es+d—1)=0.

(6) »xyiieHin mermiMaepi TOPT KOMOUHAIMS TYPIHE XKa3bLIybl MYMKIH:

1 2 3 4
a |0 0 0 0
Bloll—co| 0 |1-c]| (7
~lo] o 0 0
) 0 0 1—63 1—63

Ocouraiinia,(7) xylieniq menmimaepin (3) kyitere KO0 apKbLIbl, €KiHII PETTI TOPT aliHBIMATBI-
cbl Gap auddepennnan bk [9] Tergeysep Kyheciniy ChI3bIKTBIK TOYe/ICI3 memiMaepin Keseci Tepr
TUIIEPreOMETPHUSIBIK (DYHKIHS TYPIH/e aJaMbl3:

4
Ul(!L‘, Y, Z7t) = F1(5)(a17 az, ag, ba C1,C2,C3;2,Y, Z>t) (8)
u2(xaya Z7t) = yl_C2F1(§)(al +1-— C2, 02,43, b+1— C2;C1, 2— €2,C3; L, Y, th) (9)
us(x,y, z,t) = tlfc3F1(§)(a1, ag,as+1—c3,b+1—c3;c1,02,2 —c3;2,y,2,t) (10)
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ug(z,y, 2, t) = yl‘”tl‘c‘“’Ffé)(al +1—co,a2,a3+1—c3,0+2—cy—c3;¢1,2— 2,2 —c3;2,9,2,1)

(11)

KinTTi ce3mep: Ko aliHBIMAJIBI TUIIEPTEOMETPUSIIBIK (DYHKIMsIAP, Aud depeHnalabK, TeHIeyaep, eKIHI peTTi
mud dbepeHImanabK TEHIEY, TUIePreOMEeTPUSIBIK KATaP S/IiCi, AaHATNTUKAJIBIK, MIeIiMIeP, PEKYPPEHTTIK KATHIHACTAP,

CBIBBIKTBIK TOYeJICi3 IIemriMaep.
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JIOKAJI /BEMJIOKAJI OIEPATOP KATBICKAH

}KAPTbIHAfICbIBBIKTbI 2KBUJIYTAPAJIY TEHAEYJIEPI YIIITH
DOVYIXKUTA TEKTEC KPUTUKAJIBIK KOPCETKIIIITEP

B.T. TOPEBEK

! Maremarnka sxoHe MaTeMaTHKAIBIK MOJeACY HCTHTYTHI, Amvarsl, Kasakcram

torebek@math.kz

By xxymbic
up + Lopu = [ulf + f(z), t >0, z € R,

JKapThlIail CBI3BIKTHIK KbLTY TeHaeyinid f(x) = 0 xoue f(z) # 0 xarmaitrapeiagarsl Oymkura
TeKTeC KPUTHKAJIBIK KOPCeTKimTepin 3eprreitai. Myngarer L, ; apanac JoKaa-0efiIoKal oIepaTops!

Lop=—aA+b(—A)° a,be R, s (0,1),

Janac oneparopein A xone Gosmrek perri Jlamnac oneparopein (—A)® kamruasr. Ecenriy rio-
Ha.1 mremiMepinin 6ap 6oJsiybl HEMece GoJiMaybIH 3epTTey apKblLIbl Dy/KuTa TEKTEC KPUTHKAIBIK
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KOPCETKIIIT] aHBIKTaMbI3. Bip KbI3bIFbI, KPUTHKAJIBIK KOPCETKIIT OnepPaTop by Oeitiokast 6e/iriHiH
IopexKecine Toyesal 60Iambl JKoHe HOTHKeCIHAe bormek perTi Jlamiac KaThbICKaH eCenTiH KPUTHKA-
JIBIK KOPCETKINTIMEH COMKeC KeJiei.

f(z) = 0 xarpaiina 6i31iH Hornkesepimiz Buajku xone 1.6. [Bull. London Math. Soc. 57
(2025), 265-284] xone Hdean [enno xone 1.6. [Nonlinear Analysis 255 (2025), 113761] sxymbicTap-
JIBIH, HOTHKEJIEpiH xKakcapraibl. f(z) # 0 xarmaiiga, 61310 HoTuKeaep Banr xone 1.6. [J. Math.
Anal. Appl., 488 (1) (2020), 124067| xxone Mayzkny6 [La Matematica, 2 (2023), 340-361] xxymbicTa-
PBIH TOJIBIKTHIPAIbI.

Kap>kbrnauapsipy: Byn 3eprreyni Kazakcran Pecriybsmmkacsr Poimbiv xkome xorapst 6imiv Munuctpoiriaia Feuasivm
xommreTi (rparT Ne BR20281002) Kap>KbLIaHIbIPAIb.

Kinrri cesaep: KbUIyTapajy TeHAeyi, KpUTHKAJIBIK KOPCETKITI, JOKAJI TIeMiM, TI06aI TeriM.

2010 Mathematics Subject Classification: 35K58, 35B33, 35A01, 35B44

KPUTEPUM OJHO3HAYHOM PA3PEIIINMOCTU
CIIEKTPAJIbHBIX 3AZTIAY TPUKOMM JIJIsI OJTHOI'O KJIACCA
MHOT'OMEPHBIX T'MIIEPBOJIO-3JIJIMIITUYECKUX YPABHEHUN

C.A. ATIJTATIIEB

Y Mucrurnyr maremarnxn w maremarmaeckoro mogesuposanns, KH MHBO PK,
aldash51@mail.com

JByMepHBIe ClieKTpaJibHbIE 3a/0a9l I/ YpaBHEHUN runepbo/I0-3/UIMITHIECKOTO THITA, XOPOIIIO
U3yUeHbl, OJHAKO, WX MHOTOMEDHBIE AHAJIOTH MaJIO UCCIeTOBAHBI.

B pabore ycraHoBieH KpuTepuil OJHO3ZHAYHON pa3pennMOCTH CIEKTPAIbHBIX 33a7a4 TpukoMu
JUIA OTHOTO KJIACCA MHOTOMEDPHBIX THUIIEePOOJIO-3/unTuYecKux ypasuenuii. Hafinens cobcrBennbie
3HAYEHWST W COOTBETCTBYIOIIAE UM COOCTBEHHBIE (DYHKITHH ITHX 3a/1ad.

ITycrs Q. — koHeuHast 061aCTh €BKJINI0BA IPOCTPAHCTBA iyt TOYEK (X1, ..., Tp,), OTPAHNYEH-
Hag mpu t > 0 cdeputeckoit mopepxuocteio I : |x|?2 + 2 = 1, a npu t < 0 komycamu K. : |x| =
—t+4e, Ky :|z|=1+1, % <t <0, rue |z|— nauna Beropa (T1,...,Tm, a 0 <e < 1.

O6Gozmaunm uepes Q1 u Q7 wactu obnactu ()., Jexamue B noaymnpocrpancrax t > 0 u t < 0.
Yacrs xonycos K., K1, orpanununsarouiux objgacru (1, oboznauum uepe3 S, S COOTBETCTBEHHO.

B obusractu 2. paccMOTpUM MHOTOMEPHBIE TUITEPHOIIO-3TUNTUIECKKUE YPABHEHUSI CO CIIEKTPAJIb-
HBIM JAeHCTBATENLHBIM TTapaMeTpPOM [

Azu+ (sgnt)uy + Z a;(x, t)ug, + b(x, t)us + c(x, t)u = pu, (1)
i=1

e A, - omepatop Jlammaca Mo TEpEMEHHBIM X1, ..., Ty, M > 2.

Paccmorpum ciemyromue ciekrpaababie 3agaan TpukoMu nis ypasaerus (1).

Bagaua T),. Haiitn pemenne ypasmenusi (1) B obmactun Q. npu ¢ # 0 m3 kmacca C(Q:)N
NC? (2T U Q) yaosmersopsiomee KPAeBbIM yCIOBHSM

u| =0,ul =0 2

= 0u] (2)
nan

u| =0,ul =0. 3

‘F "y (3)

BrambHeitneM HaM yI00HO HepedTH OT JeKapTOBBIX KOOPIMHAT X1, ..., Tm,t K cdepudecKkum

701,y 01,6, 7>0,0<0; <21, 0<6; <mi=2,...., m—1, 0= (91, --~76m—1)-
ycrs a;(r, 0,t),b(r,0,t),c(r,0,t) € We(QTUQD),i=1,...m, 1 >m+1
CrpaBeIuBhI CJIE/YIOIIIE TEOPEMBI
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Teopema 1. [Ipu ¢ = 0, 3amaga (1), (2) A1 KaKIOTO [ HMeeT COOCTBEHHBIE (DYHKIIUN.

Teopema 2. Ecm € > 0, To pemrenne 3agaau (1), (2) u(r,0,t) =0 < p # —~2.

Caencreue. 3amaua (1), (2) mmeer coGCTBEHHbIE 3HATCHNS [ = —7>
coOCTBEHHDBIE (DYHKITIN.

Teopema 3. Jlra mro6oro € > 0, 3amaua (1), (3) mMeer TpuBHaTHOE permenne < (1 # —v2.

Caencreue. 3anaga (1), (3) mMeer cobCTBEHHBIC 3HAYEHNA (@ = —Y> W COOTBETCTBYIONIAE MM

" COOTBETCTBYIONTNE UM

cobcTBeHHbIE DYHKITHH.

3ech ys— moJioKuTeIbHBIE HYH GyHKIMH Beccess mepsoro poma Js(z) 1mesoro mopsaka s >
m—+1
5 -

PdunancupoBaHue: lanmoe ucciremosanne ¢unancupyercs Komurerom maykm MummcrepcTBa HAyKd U BBICIIETO

ob6paszosanus Pecy6uinku Kasaxcran (rpant NeBR20281002).

JINTEPATYPA

[1] Kanbmenos T.II1. O peeyaspnmz kpaesws 3adanax u ux cnexkmpe 0as ypasruenud unepbo-
AUMECKO20 U cMewannozo muna, Asroped. mucc. nok. dus.-mar. Hayk, MI'Y, Mocksa (1982).

[2] Momncees E.J. Ypasuenua cmewarnnozo muna co cnekmpaivioim napamempom, N3m.-8o
MTV, Mockga (1988).

[3] Bumamze A.B. Kpaesvie 3adauu daa sasunmuseckus ypasnenuds 6mopozo nopadsa, M.: Ha-
yka (1966).

[4] Annames C.A. Kpurepuii 0HO3HAYHON PA3PENTIMOCTH CIEKTPATBHBIX 3a1a4d TpukomMu jiist
MHOTOMEPHOTO ypaBHeHusi JlaBpenrwheBa-buranze, Tesucv doxaados meocd. anpesvckol mamen.
kongepenyuu, Amvarer, UMMM KH MHBO PK (2023).

O PEHIEHUM TPAHUYHOW 3AJIAYU JJIs1 HEOJHOPO/IHOI'O
YPABHEHUSI TPETBETO IIOPSITKA B R3

FO.TI. ATTAKOB!, A.A. XAMUHTOB?
L2 Hamanranckuii nasxenepro-crpoutensusii uacruryt, Havanran, Y36exncran
" Mucruryr maremaruxn uv. B.HM.Pomanosckoro AH PY3, Havanran, Y36exucran

lyusupjonapakov@gmail.com, 2azizbek khamitov.93@mail.ru

B obaactu D = {(z,y,2) : 0 <2 <p, 0<y<gq,0<z<r} paccMoTpumMm ypaBHEHNE TPETHLETO
HMOPSIIKA BUIA
L [u] = Ugpy — Uyy — Uz = f (2,9, 2), (1)
riae p,q,r € R u 1j1a Hero ucesresyeM C/emyrontyio 3aady.
Bagaua A. Haiitu pemenne ypasmenns (1) B obmactu D n3 knacca Cags (D) N Cayrt (D),
VIOBJIETBOPSIIONIEE KPACBLIM YCIOBUIM:

u(ac,O,z) = u(quvz) =0, u(ac,y,O) = u(aﬁ,y,r) =0, (2)
( Y,z ) + buxz (07% Z) = ¢1 (f% Z) )
( by, z ) + dugy (p> Y, Z) = 19 (ya Z) ) (3)
uz (p,y, 2) = V3 (y, 2) ,

riae a, b, ¢, d € R\{0}, a ¢; (y,2), i = 1,3 — 3ajannble 10cTaTOuHO Iiajkue MYHKINM, IPHIEM

0% (0,2) _ 0%i (g, 2)

wz(oaz):¢z(q72):0 82 = 82 :07
) o . 82¢z (y7 ) 621/% (y, ) . i=1,3. (4)
77/)1 (y7 0) - wz <y7 T) - 0 822 - 822 - 07

f(x,(),z) :f(xv%z) =0, f(fE,y,O) :f(SU,y,T‘) =0,

Ormerum, uro jyist ypasHenus (1) B muockocru, T.e. z = 0 npu b = d = 0 B paborax [1-2], a
mpu a = ¢ = 0 B pabore 3| ucciaemoBanbr KpaeBble 3aa490.
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Teopema 1. FEcau 3adava A umeem pewenue, mo npu swnoaneruy yeaosud ab > 0, cd < 0, ono
eQUHCTBERHO.

Teopema 1 noxazaHa METOIOM WHTETPAJIOB SHEPTUH.

Teopema 2. Ecau 6bnoana0mes cACOYOUUE YCAOBUS:

1) iy, 2) €eC0<y<q0<z<r),i=1,3;
ay3823 = >~ 4, = = ) y

9) f (x,y,2)
0x0y2022

u (4), mo pewenue 3adawu A cywecmeyem.

€eC(0<z<p0<y<q0<z<r),

Teopema 2 noxazaHa MeTOAOM pa3eeHNs ePEMEHHBIX.

KuroueBrnie cioBa: Juddepennmanbaoe ypaBHeHHE, 9aCTHBIE IPOU3BOAHBIE, YPABHEHHE TPETHEro IHOPSIKA, KPa-
eBas 3aJa4a, COOCTBEHHOE 3HAUEHNE, COOCTBEHHAs (DYHKIWS, (DYHKIIMOHAJIBLHBIN P, aOCOTIOTHAS M PABHOMEDHAS
CXOIUMOCTb.

2010 Mathematics Subject Classification: 35G15, 39A14, 39A27
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ACUMIITOTUYECKAS CXOAUMOCTH PEIIIEHUA
MHTEI'PAJIBHOUN KPAEBOUM 3AJJAYMN JJIA
NMHTEI'PO-JJNO®PEPEHIIMAJIbBHBIX YPABHEHUN

H.A. BAXTUSAPOB

Kaszaxckuit Hanmonasisapiit Yaupepcurer uMenn ajib-Papabu, Aimare:, Kasaxcran

bakhtiyarovnuradil@gmail.com

Paccymorpum crenyroree naTerpo-nuddepeHimaabHoe ypaBHeHTe

1 m1+1
Loy =ey™ + A1)y D + ...+ A, (Hy = F(t) + / > Hit,x)y W (z,e)da (1.1)

C TPAHUYIHBIMU YCJIOBUAMM

hiy(t,e) = Zawy (0,e) =a;,i=1,p

hp+iy(t,€) Zﬂmy (1,e) / Z aip(2)y™ (z,e)dx = b;,i = T.q (1.2)

rae € > 0 - MaJsIbIit mapaMeTp, &;j, Bij, ai, b € R - n3BeCTHBIE KOHCTAHTEI, HE 3aBUCHIIHE OT €.
IpeanonoKuM, 9T0 BBIIOJIHAITCH CAEAYIONIE YCIOBHA:

1. Ai(t), F(t),i = 1.i sensorcst qocTaTouno riaaaknyu dbyHxiusvu za uatepsase [0, 1];

2. Ai(t) >y=const >0, 0<t<1;

3. Hi(t,x),i =0,...,m1 + 1 onpenenennb u gocrarouno riaagaku B obmactu D = (0 <t <1,0< 2z <

1);
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4 a1y 0,81, Z0n—1>my >ma>...>mp,n—1>0 >l >...>l,p+tqg=n,i=

Lp,i=1g;
~|heyao(t) o+ hayn—10()
5, A = £ 0, tme yi0,t = 1,....,n — 1 gaBastercs HyHIAMEHTATHHON
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CHCTEMOIl PEIIeHN CJETYIOIIEro OHOPOIHOTO N dEPEHITNAIBHOTO YPABHEHUS
Loy(t) = A, () y™ V(1) 4+ ... + A, (H)y(t) = 0.

Hexkoropsie apyrue yciaoBusi OyIyT YCTaHOBJIEHBI MO3ZKeE.
Bynem nckarb perrenne kpaesoii 3anaun (1.1) u (1.2) B Buge:

1 t
y(t,e) = C1®1(t,e) + ...+ Cr Pyt ) + B / K(t,s,e)z(s,e)ds,
0

rne K(t,s,¢) - dynkmma Komm, ®;(t,¢), i = 1,...,n — rpanngnsie Gyukuun, C;, i = 1,...,n —
HEeM3BECTHBIE KOHCTAHTHI, & 2(t,£) — Hem3BecTHAs (DYHKITHS.

KuirogyeBnbie cJiioBa: I/IHTeI‘pO—,Z[I/II/Iq)epeHL[I/IaIILHbIe YpaBHEHUYd, UHTETPAJIbHbIE KPa€BbI€ YCJ/IOBUA, 'DaHUYHAA

byuakmusa, dynkmua Komwu.
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PaboTa MoCBAIMEeHa N3yIeHnO OBEIEHNS PEIeHN{l YPABHeHHsT
lou = —u" (z) + oau” (—2) + q(x)u(z) = p*u(z), -1 <z < 1.

[Ipu sT0M, MBI pasBuBaeM MeTo bl PaboTe [1]| (eMm. Takke [2]). Crenys pabore [2; 53|, pazobbem
BCHO KOMILJIEKCHYIO (v TLJIOCKOCTH Ha 4 cektopa Sy, v = 0, 1,2, 3, onpeenseMbix HEPAaBEHCTBOM

1
Vggarwpg@.

Teopema 1. Eciu dynkius ¢(x) menpepoisia B unrepsase [—1,1], To B obuacru S,,v =
0,1,a1 > g, u Sy, v =2,3, g > ] KOMILJIEKCHOM p - TLJIOCKOCTH ypaBHEHUE

u'(z) — o’ (—2) — q(x)u(z) + p*u(z) =0

nMeer IBa JMHEUHOHE3ABUCHMBIX pemeHud ug, U1, YIA0BJIETBOPAIOININX COOTHOIIECHU AM

ug(z) = (eo‘kflpix + (—1)k+1 efa’“*lpm) [1 + 0 <[1)>} k=12,

0 - - 1
_ . ag_1pix _ (__1\k,—ag_1piz - _
—a%uk(x) Qp_1pi (e (—=1)%e > [1 +0 (p)} k=12,
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TIe oo = ‘/14+ou = ﬁ, p € S, mpu gocrarodno 60bIIOM |p|.
Kuaro4geBbie cioBa: Acuvnroruka, auddepeHipaibHoe ypaBHEHNE, THBOJIIOIHS.
2010 Mathematics Subject Classification: 35L35; 356N30; 35E99; 34110
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Bsesenne. O cuekrpanbHOii 3agaue s oneparopa Crokca

B pane pabor akagemuka O.A. JIagbKeHCKOH yKa3bIBAIOCH HA BAYKHOCTD TOCTPOEHUA (DyH A~
MEHTAJILHOM CHCTEMBI B IPOCTPAHCTBE COMEHOUAATBHBIX (DYHKIN [Td mpocTeiiimux obracTei Tuia
Kyba, mapa u ap.

Teoperudecku, CymecTBOBaAHNE TAKONW CUCTEMBI He TPeOyeT JT0KA3aTEIbCTBA, 3TO 0DIIEU3BECTHO.
[Tocnennnii hakT aKTUBHO MCHOJIB3YETCH CIEINAJIUCTAMHU IIPH JI0KA3aTe/IbCTBE TEOPEM CYIIEeCTBOBA-
Hust 1yt 2-D un 3-D cucrem Happe-Crokca (Kak B JIMHEHOM, TaK ¥ B HEJUHEHHOM CIy9asx) W I/
JATBHENTIEr0 aHaAIN3a KATeCTBEHHBIX CBOMCTB PeITeHns, JOKA3aHHOT0 Ha cyecTBoBanme. OIHAKO,
JUTsl YUCJIEHHOTO PEIIeHUs] TPaHUYHBIX 3aja4 JJIsd cucTeMbl ypaBHeHuit kak Crokca, Tak u Hapbe-
Crokca BO3HMKAET HEOOXOMIUMOCTh B MOCTPOCHNY BBITIEYKA3AHHON (DYyHIAMEHTATLHON CHCTEMBI.

B cBa3sm co ckazaHHbIM, [VIABHAA I€/Ib [IPEJACTABIEHHON PaboOTh: 3TO HOCTpOEHUE PYHAMEH-
TaJbHBIX CUCTEM B IIPOCTPAHCTBE COJIEHOWIAJbHBIX (DYHKIMI J1jis KBaJAPATHOH 06jacTu 1o mpo-
CTPAHCTBEHHBIM TTEPEMEHHBIM!

311eCh, BO-TIEPBBIX, C MOMOIIBIO ONEPATOPa, POTOP MbI BBOAUM MOHATHE PYHKINN TOKA 1yist 2-D
caydasi. 37€Cb MBI MOJiydaeM OOODIIEHHYO CIIEKTPAJbHYIO 3a/a4y st nuddepeHnaisHoro ome-
paropa 4eTBEpPTOro LOPs/Ka, KOTOPasd He pa3pelimMa B KBa/paTypax Taby/ upoBaHHbIX DYHKIIHIM.

Bo-BTOpBIX, MBI BBOAMM BMECTO TTOJIYYIE€HHOTO OMEPATOPA HOBBIN audpepeHnnaabHbIil onepa-
TOp YETBEPTOro MOpsifika (M3MeHeHHbIH 2-D GurapMoHWYECKHii 0meparop), I KOTOPOro HOCTPO-
eHa (PyHIAMEHTaJIbHAS CUCTEMA 000DIIeHHbIX COOCTBEHHBIX PYHKIMI B TPOCTPAHCTBE CKAJISIPHBIX
¢yHKIINN TOKA U COOTBETCTBYIOMINUX COOCTBEHHBIX 3HAYEHUI.

B-tperbux. B 2-D ciyuae, npumensst popMyJibl, 110 KOTOPBIM MBI BBeJH (DyHKIUIO TOKA, K
11OCTPOEHHOH DYyHIaMEHTAJIBHON CUCTEME, 110J1y4aeM HEKOTOPYIo cucremy 2-D Bekrop-dyHKIuil.

MpbI 1oKa3biBaeM, 4TO 3Ta CUCTEMA OKaXKeTCd DyH/IAMEHTAIbHOM B IIPOCTPAHCTBE COJIEHOU A b-
HBIX DYHKITHIA.

B pesynbrare, namm jgan orBer Ha Bompoc O.A. JlagbizkeHcKo# 11 KBapaTHo# 061acTH.

Jageikerckas O.A. ([1], p. 105) ormeqaer: «Mpr He BKItO9aeM B nonsttue ,DyHIaMeHTATbHAS

cucrema’ {Fy}7, (Hanmpumep, B MPOCTPAHCTBE (V?/%(Q))d, d > 2) cBONCTBO JIMHEHHO He3aBUCH-

MOCTH 3JIEMEHTOB 3TOH CHCTEMBI, OJIHAKO TPEOYeM OT Hee TOBKO CJIEYIONee: s JI000T0 YUCIa
o Ne

e > 0 u mobott dpyurIME G € (W%(Q))d CYIIECTBYET Takast cyMMa G° = Y axPr, Ne < 00, 9TO
k=1
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uMeeT MecTo HepapeHcTso ||V (F—@%)||12(q) < €.» Droro onpenenenns dyHIaMeHTATLHON CHCTEMBI
dyHKImME MBI OyIeM TpUAEp:KUBATHCA B HACTOAIIEH pabore.

OTmernm, 9TO ceKTpasbHbIe 3a1a4n 1is ormeparopa Crokca (HO ¢ yCJIOBUSME TEPHOIUIHOCTH )
B KyOn9eckoii 061acTi paccMaTpUBaINCh Takxke B paborax [2-4].

[Tpex e Bcero, MbI JIaIMM TIOCTAHOBKY CIIEKTpaIbHON 3amaun g orneparopa Crokca. ITycts
= (x1,...,2q) € Q CRY d>2, — orkpbiTag orpanuueHHas (0JHOCBA3HAs) 00IACTH C IPAHUIeELT
0. Haiitu nHerpusnasbubie pemennst {wy(x), pr(z), x € Q, k € N} u coorsercrByomue 3HaueHus
mapamerpa {\2, k € N} 11 ciemyiomeii rpaHmaHOlM 3a1a41:

~Ad(x) +Vp(xr) = Nw(z), z€Q,
div{d(x)} = 0, x €€, (A)
w(z) = 0, x € 0f.

Beeniem oCHOBHBIE IIPOCTPAHCTBA, KOTOPBIE HAMHU OyAyT HCIOIbL30BATHCSL.
[ycts 2 = (21,...,74) € Q C R d > 2, — oTkpbITas orpammdennas (0HOCBA3HAs) 06IACTD C
JOCTATOYHO IIaJAKOR rpamuneit ), m > 0 — meaoe 9ucio,

9
0.,

J

d
W) = {v\ aloly € L2(Q), o] < m}7 e 9l = 9210, Jal = Y ay, 0y, =
j=1

vf/g”(Q) = {v| v e WGH(Q), 0%1} =0, j=0,1,2...,m — 1, 7i — BHeIIHAS HOPMAJb K OQ}.

1. IIpsimoyroJibHasi 0b6J1acTb

[Iycrs dimQy = 2, O = {x90 < < 21, Yo < y < Y1} — 3aJAHHBIA OPAMOYTOJIbHUK,
X0, T1, Y0, Y1 — 3aJAHHbIE BBLIMIUHBL. Beegem ckangpuyto dyukimo Toka U(z, y) cormacuo dopmyn

wi(z,y) = 0,U(z,y), (z,y) € M), (1)
wo(z,y) = =0, U(x,y), (x,y) € Q1, (2)
Oywi + Oywo =0, (z,y) € . (3)

Crasutces cienytoriast 3a7ada: upu ycaosusax (1)—(3) maditu cranspuyo dyaknuio U(z,y) mis
sajannoil Bekrop-byukunu W(zx,y) = {wi(z,y), wa(z,y)}.
JlokazaHo Caeayioniee yTBEPK IeHHE.

Ipennoxenne 1. Jlaa xasicdoti deymepnoti eexmop-dynxyuu w(z,y) € (CH(Q1))? cywecmeyem
cxanapras pynxyuas U(z,y) € C%(Q1), ydosaemeoparowasn coomnowenuam (1)—(3). Cnpasedau-
60 u obpamnoe ymeepocdenue: Oas Kascoot crarapnot dynwyuu Ulx,y) € C2(Q1) cywecmeyem
deymepraa eexmop-dynryua w(z,y) € (C1(Q1))?, ydosaemsoparowan coommowenuam (1)—(3).

2. KsaapartHaa obJjsiacts

ITycrs renmeps Q = {0 < z,y < }. Ecam wj(z,y) EI/?/%(Q),]’ = 1,2, Torma Mbl OyaeM BMeTh

o
bymxmmo Toka U(z,y), TpuHaIesKamtyto mpocTpanctsy W 3(€2).
Crexrpasnphyto 3agady (A) ¢ momorsio opmyat (1)—(3) MBI cBeteM K CaeIyoMeil CieKTpasIb-
HOIl 3a/1a4€ 71 OM-rapMOHMYECKOTO OMepaTopa B TepMuHax (pyHKIMHA TOKA:

{ (=A)%U(z,y) = N(-A)U(2,y), (v,y) €D,

(A1)
U(.’L‘,y) =0, aﬁU(xvy) =0, (:Ii,y) € 0Q,

rie 1 — eIMHUYHAS BHEIIHSS HOpMaJb K rpammme 0f).
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Croexrpanbaag 3amada (Al), a Takxke ee 0600IEHNA T MOJUTAPMOHUIECKUX OIEPATOPOB,
n3ydagachk MHOTUMHA aBTopaMn. OKa3a/ioCch, UTO OHA IBHO HE PA3PENINMa JIJTsT KBAJIPATHONH 00IaCTH.
3ech MeTOT pa3sesieHns mepeMenubIx He paboraer. Vckarodenne coCTaBagAOT TOIBKO KPYTOBas 1
cdepngeckas obmactu [5-7).

Kparkas cxema HaIero mccaeoBaHus: 3aMeHa OUTapMOHMYIECKOro oneparopa B 3agade (Al)
IpyruM T pepeHITHaIbHBIM OMEPATOPOM TETBEPTOTO TOPSIIKA, s KOTOPOTO PACCMOTPHAM CO-
OTBETCTBYIOIIYIO CIEKTPANBHYI0 33a4y. C MOMOIIBI0 PENeHns TOCTeTHeN MBI XOTHM TTOCTPOUTD
PYHIAMEHTATLHYIO CHCTEMY B TTPOCTPAHCTBE COTEHOMTATBHBIX (DYHKIIHI.

Urak, MBI paccMaTpuBaeM BHION3MEHEHHYIO CIIEKTPATHHYIO 3aaTy:

4 ANTT 12
(0 +0,))U = N (=AU, (z,y) € Q, (4)
¢ yeaouaMu Jupuxie Ha TpaHure

Uz, )90 = 95U (2,9) 00 = 0. (5)
Oxazanock, aro 3agaqa (4)—(5) paspemmmva. Jlaamm onpegeenne CIeayomux MpOCTPAHCTE.

Oupeaesienne 2. O6o3naunm uepes Vi (2) u Vo (§2) mpocTpasCcTBa COOTBETCTBEHHO CO CKAJISIPHBIMU
MTPOUBBEIEHUAMU

(Vat, Vo) p2 () Vv €W(Q),

f o
((u,v)) & (92u, 8§U)L2(Q) + (Bgu, B;U)LQ Yu,v EWa(Q).

()

Teneps MbI MOXKeM CHOPMYJIUPOBATH CAEAYIONINE TEOPEMBI.

Teopema 3. Cnexmpasvhas 3adava (4) u (5) umeem caedyrowee pewenue
Un(2,y) = Xn(2)Yn(y), Aoy n€EN, (6)

2de Xn(7) = Pn(Q)jc=zr Yn(y) = Pn(Q)jc=y-

2
(I)Zn—l(g) — sin? %7 )‘%nfl = (M) , n€N,
D (C) = [Aanl — sin Agpl] sin? 2226 — sin2 228 [\,,¢ — sin Agn(], (7)
2
)\%n:(z%) , n €N,
U {Vn, n € N} A64410MCH NOAOHCUMENDHUMU KOPHAMY YPaSHEHUA tan v = V.

Hasee, B mpoctpanctse Vi () (ompeznenenne 2) criepsa, Mbl TOKA3bIBAEM OPTOTOHAJIBHOCTE CH-
crembl cobereennbix Gyukuuii (6) u (7). U nanee, nposoaum HOpMupoBky cucremsbl (6) u (7) onsth
ke B mpoctpancTse V1 (§2) (ompenesnenue 2). B pesynabrare, ycTaHABIMBAEM CJIEIYIONIYI0 TEOPEMY.

Teopema 4. Cnexmpaavhas 3adaua (4)—(5) umeem caedyrowee pewenue

_ Vi 8 . 9 Xon1Z . o Aon_
u2n_1($,y) = m ﬁ Sln2 27’12 ! Sln2 2712 ly, n & N, (8)
l 6(1 4+ 1/2)? 1 2 2
ugn (7, y) \/> V6(1L+ 1) : { gin 2% _ 2, + 25in? Un | (9)
4 pA/13uE + 182 + 13 [Vn l l l
1 2 2
| = sin Y _ Zy + 2sin? Iny , neN, (10)
Un l { l

20e {vy, n € N} asasromes nososcumenvuvmu KopHamu ypasnenus tany = v, n € N.
IIpu smom, cucmemor cobemeennoz dynkuyuts (8)-(9) npunadaescam npocmpancmey Vo(Q2)
(onpedeaenue 2) u cocmasanom opmonopmuposattvill basuc 6 npocmpancmee V() (onpedesenue

2).
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3. ®yHIaMEHTAJIBHOCTb CUCTEMbBI COJIEHONIAIBbHBIX MyHkimii (8)—(9)

Oupegnesnienne 5. Ob6oznaunm gepe3z H(2) npocrpancTso:
H(Q) = {@| @ € L*(Q), divdi = 0, 0 - ii|oq = 0}, L*(Q) = (L*(2))?, (11)
e w - 7 — HOpMaJibHasl COCTABJILAIOIIAN BEKTOPA W.
Teopema 6. Cosoxyntocms eexmop-dpynruut Wy (r,y) = {win(x,y), we,(x,y)} :
{wjnle,9)€ Vi(Q),5 = 1,2, n € N}

obpasyem Pyndamenmanronyro cucmemy 6 npocmpancmee coaenoudasvhur dynkuyui H(QY), 2de
'Jn(x7y) = {anaan(xyy)}a

Wy (x,y) = rot{u,(z,y)}, (z,y) € Q, neN, (12)
div iy, (z,y) =0, (z,y) €Q, neN, (13)
Wn(z,y) =0, (z,y) €N, neN. (14)

3akJroueHue

B pabore naiijieno ssBHOe nocTpoeHne PyHIaMEHTATBHBIX CUCTEM B TPOCTPAHCTBE COJIEHOUIA/b-
HBIX (DYHKIUH 7718 KBAApaTa, KOTOPOE HECTOXKHO TepedOpPMyIUPOBATE U /IS TPAMOYTOabHUKA. Jla-
HO TpeJCTaBJIeHNe OPTOHOPMIUPOBAHHOTO BAPUAHTA, MOCTPOEHHOM (PYHIaMEHTAJBHON CHCTEMBI. DTH
cucTeMbl (DYHKITUI MOTYT OBITH UCIIOJB30BAHBI JIJIS TTPUOJIMAKEHHOTO DPEINIeHUs] TPAHUYHBIX 33J1ad
JUTST CTAIMOHAPHBIX U 3BOJIIONMMOHHBIX cucTeM ypaBhenwnii Ctokca m Hapwe-CTokca B KBajpaTHON
00J1aCTH, U COOTBETCTBEHHO B NMJIMHJIPAX C CEUYEHUSIMU B BUJIE KBaJpaTa.

PunancupoBanHue: lannoe ncciremposanune dunancupyercs Komurerom maykm Munucrepcrsa HAayKyd U BBICIIErO
ob6paszosanust Pecy6sinku Kasaxcran (rpant Ne BR20281002).

KiroueBnbie ciioBa: oneparop CrTokca, cCnekTpaiabHas 3ajada, KBaJapaTHad 00/acTh, QyHIaMeHTaIbHAS COJIEHOU-
JAJIbHAA CUCTEMA.

2010 Mathematics Subject Classification: 35J05, 35Q30, 76D05, 76D07
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YCJI0BUSA PA3PEIINMOCTU KOY®PUIMEHTHLIX OBPATHBLIX
3ATAY IJ1d YPABHEHUA BIOPTEPCA

M.I' EPTAJIVEB
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Paccymorpum cienyoIyo HeTHHERHO BBIPOXK TAIONIYIOCs 00/1aCTh
Q={z,t| p1(t) <z < a(t), 0 <t <T < 0},

c ceaernnem = {p1(t) < = < @a(t)} nnst duKCUpPoOBAHHOIO 3HAUEHUST BPEMEHHOMN LIepeMEeHHOM
t € (0,T), u ;ay1st KOTOPOIl BBIMOJTHAETCST

©1(0) = ©2(0).
B obsiactu €2 MbI uccsieyeM cieyroNIyo oOpaTHyo 3a/1a4dy i ypaBHeHus Bioprepca
dpu(x,t) + u(z, t)Opu(z, t) — vO2u(x, t) = \(t)u(zx,t) + w(t) f(x,t),

C pa3IMYHBIMU KOMOUHAIMSIMU HEM3BECTHBIX U TPAHUYHBIX YCJIOBUIA.
OCHOBHOIT 11€JIBI0 PADOTHI ABJISIETCS OIMPEIEIEHIE JIOTOJHATEIBHBIX YCAOBUIT, IIPU KOTOPBIX 3TH
obparHble 3a0a49u OYIYT OJHO3HAYHO PA3PEIINMEI.

PunancupoBanHue: lammoe ucciemosanue dunancupyercs Komurerom nHaykm MuHncTepcTBa HAyKW U BBICIIETO
obpazosanust Peciy6imkn Kasaxcran (rpant Ne BR20281002).

KuroueBrblie cioBa: ypasaenune Bioprepca, obparnas 3a7a4a, BRIPOXKAaomasaca 0bracts, meron ['amepkuna.
2010 Mathematics Subject Classification: 35K55, 35R30, 35R37
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O CBOMCTBAX BABMCHOCTU CUCTEM COBCTBEHHBIX
CDVHKL[I/II;I OIIEPATOPA JUO®PEPEHIIMPOBAHNA IIPU
MHTEI'PAJIBHOM BOSMYUIEHNN KPAEBOI'O YCJIOBUA CO
CITEKTPAJIbHBIM ITAPAMETPOM

H.C. UMAHBAEB!, M.A. CAJILIBEKOB?

L2 Uucrnryr MaTemMaTnky n MaTeMaTHIecKoro Mogeanposannsa, Anvarer, Kazaxcran
VFOsxno-Kazaxcranckmit mes. yuusepcurer um. O. JKanubexosa, HIsmukent, Kazaxcran

limanbaevnur@mail.ru, 2sadybekov@math kz

PaccumarpuBaerca cnexkTpasbHas 3a7a4a /g oneparopa anddepeHmpoBaHus CO CIEKTPAIb-
HBIM TIAPAMETPOM B KPAEBBIX YCJOBUSAX MPU MHTEIPAJILHOM BO3MYIIEHUU KPAEBOI'O YCJIOBUS

l(u) =u/'(x) = du(z), 0<xz<l, (1)
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1
Ui(u) = u(0) — au(l) + Mu(0) — fu(l)} = /p(az)u(az)dm (2)
0

3aeck a u f # 0 — 3ajaHHBIe KOMIUIEKCHBIE dncaa, p(x) € La(0, 1).

XapakTepruCTHYECKNM OIPeIeUTEIeM MCXO/HOM «HEeBO3MYIIeH oIy 3a1aun npu p(z) = 0 6y-
aer Ag(\) = A[Bet — 1] + [ae? — 1] = 0, koTopoe oTenbHEIM cobeTBennbIM 3HaTerneM A 1 ce-
pueit COGCTBEHHBIX 3HAYCHMIT, NMEIOMUX aCHMITOTHKY, SBsiorcss \) = — In 3 + 2k7wi + 0y, k € Z,

~ 30
o, = O (%), COOTBETCTBYIOIIAs CHCTEMa COOCTBEHHBIX (byHKIH nMeer Buy Ul () = e %, ug(x) =
e)\gz = B—meékzezlmriz, keZ.

Jlemma 1. Cucmenma {ug(x), ke Z} obpasyem 6asuc Pucca npocmpancmea L2(0,1).

Jlemma 2. Buopmozonasvrotli {uk ), k € Z} ABAAEMCA CUCTNEMO {Uk ),k € Z} BVPAIHCAEMAA

no gopmyae vg(m) — N = =4 T e—Okz o2k , k€ Z. Illpu amom cucmema {vk ),k € Z} obpasyem

6asuc Pucca npocmpancmea Lz(0,1).

Teopema 1. Xapanmepucmu%ecnuﬁ ONPEdEAUMEND <BO3MYULEHHOT» cnexkmpaavrol s3adawu (1)-(2)

A0
umeem 6ud A1(N) = Ag(N) + Z %, 2de Ag(N\) - zapaxmepucmuseckuti onpedesument
He603MYUEHHOT (mo ecmsv, npu p( ) = 0) sadanwu, a pi— wosfpuyuenmu Dypve pasrodcenus

dynryuu p(xr) = Z prv2(x) no cucmeme {Uk ),k € Z} ABAANOUETCA OUOPMOLOHANDHOT K CU-
cmeme {uk ),k € Z}

Teopema 2. Muoowcecnso gynruut p(r), npu KOMOPWT CucmMema KOPHESHT 6EKMOPOS <GO3MY-
wennoty zadawu (1)-(2) obpasyem 6asuc Pucca 6 Lo(0,1), a6asemes naommuom MHONMCECMEOM 6
L2 (Oa 1)

PdunancupoBaHue: lanmoe ucciremosanne dunancupyercs Komurerom maykm MummcrepcrBa HAyKd U BBICIIETO
obpaszoBanust Peciy6uimkn Kazaxcran (rpamnt Ne 23485279).

KiroueBble cioBa: oneparop aud depeHImpoBanns, cOOCTBeHHbIe (DYHKINM, 6A3UCHOCT, MHTETPAIHHOE BO3MYIIe-
HUE, CIEeKTPAIbHBII IapaMeTp.

2010 Mathematics Subject Classification: 34B05, 34B09, 34110, 34L15

KPAEBAS 3AJIAYA J1JIsI OJTHOTO BBIPOXKJIAIOIIETOCSI
YPABHEHHUS C APOBHOM ITPOMU3BOJHOM

B.11 UPTAIIEB

! Hamanranckmii rocygapersensblit Texumaeckmii yansepcnter, Hamanran, Y36exkncran
" Mncruryr maremaruxn ww.B.J. Pomanosckoro AH PV3., Tamkent, Y36exucran

bahromirgasev@gmail.com

B obmactn 2 = Q, x Qy, Qp ={2:0 <z <1}, Q, ={y: 0<y <1}, paccMOTpUM ypaBHe-
HUE

K (y)l(u(2,y)) + 9o Dgyu = f (x,y),0# q € R, (1)

0%u(x,y) 0571 1 0t (z,y)
I(u) = (~1)° : 1)y () )
)= o e o (ot ) T ) +

+£<wﬂw%§f§+m@mww%

rae
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0<pj(y) €C? (), ij=0,1,...,s—1,s€N,
K (y)>0,y€(0,1),K(0)=K (1) =0,
K(i)(y):O(ym*i),y—>0+0,0§m<s,
K(“(y):0((1—y)"*i),y—>1—0,0§n<s,i:0,1,...,

K(y)€C*(0,1);1<a<?2,

z 8%u(t,y)
cDgu(z,y) = F(21—a) i (rﬁf)a_l — ApobHasi mpom3BoHas B cMmbicye Kamnyro, dyukuus f(z,y) sB-
0

AfeTcsa JOCTaTOYHO TIAAKoH B (1.
st ypasrenus (1) uccnemyem ceayronyro 3a1ady.
Sagaua R. Haiitu pemenne ypasaenus (1) ¢ yeroBusmu:

(u).cDyu € C(Q),

0%t (x,y)
ayQSfl

0% (z,y)

Uy (:an) cC (Q) s 8y25

cC(9),
YA0BJIETBOPAIOIIee KPAEBbIM YC/IOBUAM

du(x,0)  Hu(x,1) .
gy oy =0,0<zz<1,57=0,1,...,8 -1,

aou (0,y) + boug (0,y) = @o (y),a1u (1,y) + bius (1,y) = ¢1 (y),

rae dynknun g (y), 1 () gocrarouno rmaakue, boby # 0.

B nammoit pabore n3yvena kpaesas 3amada tuna Pobena jis ypasuennst (1) vHa oHO3HATHYIO
paspemnMocThb. PaccMoTpens! oTaeabHo caydan ¢ > 0 n ¢ < 0. JlokazaHbl TEOpEeMBI CYIIeCTBOBAHNS
n e JUHCTBCHHOCTHA.

OB 0IHON KPAEBOW 3AJJIAYE C PA3PBIBHBIMU YCJIOBUSIMU
CKJIEMBAHUA J1JId HATPYXKEHHOT'O YPABHEHUS
CMEIIIAHHOTO TUIIA TPETBHEI'O IIOPIJKA B BECKOHEYHOM
TPEXMEPHOU OBJIACTHU

B.M NCJIOMOB!, E.K. AJTUKVYJIOB?

! Hanmonanpusli yansepcurer Ysbexucrana umenn Mupso Yiayroexa ,Tanmkent, Y36exucraH;
! Kapmuuckuii rocyzapcersennstii yausepcurer, Kaprm, Ys6exucram;
2 TamkenTcknii yausepcnTer HHGOPMAIMOHHBIX TexHogoruil , Tamkent, Ysbexucram;

lslomovbozor@yandex.com, 2aliqulov.yolqin.1984@mail.ru

Kpaesbre 3amaum s ypaBHEHHS CMEITAHHOTO SJIIAMTHKO-TUITEPOOJNIECKOTO W Tapabo-Jio-
runepboIMIECKOT0 TUIIOB BTOPOIO MOPSJIKA B TPEXMEPHOI obsracTu 6bLIN HCCIe0BAaHbl B paboTax
A B. Bunaggze [1-4].

Hackosbko HaM M3BECTHO, KpaeBble 3aJiadu [IJisi HAIPY2KEHHbIX ypaBHEHU rnapabosio-runepbo-
JIMYECKOI'O THIIOB B GECKOHEUHBIX HPU3MATHIeCKUX 00J1acTsiX Masio u3ydensl. Ormernm paborst [5-7].

Wcxons u3 aToro, HacTosmas paboTa MOCBAIEHA [IOCTAHOBKE U UCCJIEI0BAHUIO aHAJIOTA 33/a4U
TpI/IKOMI/I C Pa3pbIBHbIMU YCJIOBUAMU CKJIEUBAHUA JJId HAIPY2KCHHOI'O YPAaBHEHUA TPETHEIO NOPAJAKA
mapabosIo-runepboSTMIecKOT0 TUTIA B TPEXMEPHOMN 00/1acTH.

Paccmorpum ypaBHEHNE

0 { Uy —Upz — U, — pU(2,0,2) 68y,

0:% Uyy —Upz — U, — pU(2,0,2) 6 Q. (1)
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[Iycts Q - 0618CTH TPEXMEPHOTO MPOCTPAHCTBA (T, Y, Z), OTPAHUICHHAS TOBEPXHOCTAMHE
Ip:2=0, 0<y<h, ze R=(—00,+x), I'':x=1, 0<y<h, z€R,

I'o:y=h, 0<x<1, zeR,5: z+y=0, y<0, 0<x<0,5, z€R,
Sp: x—y=1 y<0, 0,5<z<1, zeR Q= UQUQND).
p = const < 0. (2)

Breném obosnadenus: A(0,0,z) = T'gN Sy, C’(%,O,z) = 51NSsy, B(1,0,2) =T1 NSy, O =
QNn{(z,y,z): x>0,y >0,z€ R}, Qo =AABC, I = {(z,y,2) : 0 <z <1,y =0,z € R},
D=0 n{z=0}, D;=Q;n{z=0}, 0;=85n{z=0},(j=12),J=1I) {=0}.

Onpegnesnenne 1. L (—oo, +00) —muOkecTBO hynknuit H(x, y, 2), onpenenennbix B ) n abcomoTHO
WHTErPUPYEMBIX [0 [EPEMEHHOMY 2z B HHTepBaJe (—oo, +00).

Oupenesnienne 2. Oyukuusa U(x,y, z) Ha3bIBaeTCsa PEryIsSpHBIM perierneM ypasHenus: (1), ecan
OHA, yJIOBJIETBOPSET CJIEIYIOMNM yCAOBUSAM:

1) U(z,y,2) € C(Q1 UQ) N L(—00, +00);

2) Uy(z,y,2), Uy(z,y,2), Us(z,9,2) €C(Q1 UQ) N L(—00, +00),

3)Ux:vxa U:Ezz € C(Ql U Q2) N L(—OO, +OO), ny € O(Ql) N L(—OO, +OO),

Uzyy € C(Q2) N L(—00,400) u ynosrersopsieT ypasaernuio (1) B obaacrsax Q; (j = 1,2).

B obmactu Q maa ypasuenus (1) uccaeayeM CIenyroOIIyio 3a1ady.
Bagaua T),. Tpebyercsa naiiti B obmact  peryaspuoe pemtenne U(z,y,z) ypasuenns (1),
YJIOBJIETBOPSIIONIEE YCJIOBHAM

U|F0:(I)0(y7z)7 U‘Fl :¢1(y72)7 U:B’FO:(I)Q (y:z)7 OSySha ZGR,

1
U‘Sﬁ :\Ijl(xvz)v ?;7{1?5 :@2(x72)7 0§x§§7 z € R,
lim U(z, y,2) = Ai(z,2) lim U(x, y,2) + Bi(x,2), (2,0,2) €I, zé€R,
y——0 y——+0

lim Uy(z, y,2) = Aa(z,2) lim Uy(z, y,2) + Ba(z,2), (x,0,2) €I, z€R,
y——0 y—+0

lim U(z,y,2z) = lim Uy(z,y,2) = lim Uy(z,y,z) = lim U,(z,y,2) =0,

|z]—o0 |z]—o0 |z]—o0 |z]—o0
e n — BHyTpeHHsist HopManb, Pi(y,2) (K = 0,2), U;(z,2), Aj(z,2), Bi(y,2) (j = 1,2) —
3a/1aHHbBIE (DYHKIUU, TPUIEM

Wy (0,2) = B (0,2) = 0,Us(0, 2) = BH(0, 2) + (V2 — 1)D5(0, 2), (3)

P;(y,2), ©jy(y, z) € C([0; 7] x R) N L(—00,+00),(j = 0,1), (
®y(y,z) € C([0,h] x R)NC' ((0,h) x R) N L(—o00, +00), (

Uy (x,2) € C%([0;0,5] x R) N C3((0;0,5) x R) N L(—00, +00), (6
Wy(x,2) € C1([0;0,5] x R)NC3((0,[0;0,5) x R) N L(—00, +00), (
(
(

Ay(x,2), Bi(z,z) € C([0,1] x R)nC?*((0,1) x R) N L(—o00, +00), 8

As(x,2), Bo(x,z) € C([0,1] x R)NC?((0,1) x R) N L(—00, +00), 9
| llim ®,(y,z) =0,Vy € [0,h], (i =0,2), | llim V,(x,z) =0,Va € [0;0,5], (5 = 1,2), (10
Z|—00 Z|—00
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lim Aj(z,z) =0, Vze[0,1], lim Bj(z,z) =0, VYzel0,1],(j=1,2). (11)

|z]—o0 |z]—o0

Pemenne 3asaan 1), Oyjem UCKaTh B Kiacce QPyHKIU, TPeJCTaBUMBIX nHTerpajgoM Dypne:

+oo
1 .
U($7y72) = E / u(ac,y, A)eil)\sz' (12)

Ha ocuosanwmn (12), ypasrennust (1) cBeseM K CIeAYIOMEMY YDABHEHUIO

9 _ 2
O:{ Uy Uz + AU MU((L‘,O,A), (xvy)EDla A€ R, (13)

c%c Uyy—uxx+>‘2u_ﬂu(93707)\)a (357y) €D2

B cuny (12), samaua T}, 9KBUBATEHTHO CBOAUTCA K CIIELYIOIIEN 3a1ate.
3agaua TZ;\. Omnpenemmrs dyukumio u(x,y, \) Takyto, 910

1) u(z,y,\) € C(D1UD2)N NCH (D1 UDyUJUayUnyp), upuiem uy(z,y, A) Moxer obpa-
MATHCA B GECKOHEYHOCTD MOPSIIKA MEHBIIe eIMHUIBI B KOHIAX naTepsaia J; 2) u(z,y, \) asiasgercs
perynsprbeIM perrenneM ypasrenns (13) B obmacrax Dj, (7 = 1,2); 3) u(x,y,\) yaosiaerBopser
YCIIOBUSM

ul, =@y, A, uly =1y A), sl =2y, A), 0<y<h, AER,

U|o_1 :d}l(l‘a)\% un|o'1 :71}2(1'7)‘)7 0§$§0757 AER?
lim U(.’L‘, y7)‘) = CLI([IJ,A) yl_ig_lOU(.T, yvA) + b1<$,)\), (fL’,O) € J_a A€ Ru

y——0
lim wy,(z, y,\) = az(x,\) lIim uy(z, y,A) +ba(z,N), (2,0)€J, X R;
y——0 y—+0

e @o(y; ) @i (y, A)s (2, A), aj(x; A), bj(x, A) (5 = 1,2) — sapaunpie Gynxmn, npuien

1 oo Az . 1 oo Az
Sol(y’ )‘) = \/%/ (I)l(y’ 2)6 A dZ, (Z = 072)7 w](va) = m/ \Ijj(xvz)e A dZ>

1 oo iz oo (V1 :
a;(y,\) = Nor Aj(x,2)e™dz, bi(x,\) = \/ﬂ/ Bj(x,2)edz, (§=1,2),

900(0’ )‘) = ¢1(07 >‘)771Z)2(0a )‘) = ()06(0’ )‘) + (\/5 - 1)902(0’ )‘)v

wily,\) € C[0;h]NCY0,h), (i=0,2), (14)
Y1(z, \) € C? [0,;}003 <o,;>, o(x, \) ecl[ ]m02< ;) (15)
a1(E,N), B1(E,\) € CHT)NC3(J), az(E,N), bo(E,\) € C(J)NC%(J). (16)

Jloka3zaHbl CJEOYIOINE TEOPEMBI.

Teopema 3. Ecau svnoanenv yeaosus (2), (14), (15), (16), mo pewenue sadauu Tp)‘ OAA YPAGHEHUA
(12) 6 obaacmu D cyuecmeyem u eduncmeenho.

Teopema 4. Ecau svnoanenn, ycaosus (2), (14),(15), (16), mo pewenue 3adauu T[f‘ OAA YPASHEHUA
(13) 6 obaacmu D cywecmsyem, eduncmeenno u daemca Gopmysot

+o0 .
u(z,y; \) = \/% [ Ulz,v, 2)e?dz, npuvem npu Goavwur snavenuar |\ donycraem ouenky
—0o0

u(z,y,\) = O (1/|)\\6), d > 3, mo npu swnoanenuu ycaosua(2)-(11) e obracmu 0 pewenue

sadawu T), daa ypasnenus (1) cywecmeyem, eduncmeenno u Hazodumcs gopmyaots (12).
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Jloka3aTeabCTBO TeopeMbl 3-4 CAeAyIoT U3 MPUHINIA SKCTPeMyMa NI HArPYKEeHHBIX ypaBHe-
HUIT TPETHEro TOPSAIKA U METOa UHTEIPAJbHBIX YPABHEHUN!.

Kirrouesbie cjioBa: YpaBHEHUE TPETHETO MOPsIKA, HAIPYKEHHOE YpaBHEHUe, Ipeobpa3oBaHue
Dypbe, pPeryjsipHOE PEIIeHUE, IIPUHITAL YKCTPEMYMA, OIEHKA, PEIIeHus.

2010 Mathematics Subject Classification: 35M10, 35M12, 35K20, 35L20.
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OB OJHOW HEJIOKAJIbHOM 3AJAYE iU YPABHEHUS
CMEHNIAHHOT'O TUIMA YETBEPTOT'O IOPSIJIKA CO
CTEIIEHHBIM BBIPO>K/IEHUEM

B.2K. KAJIUPKYJOB!, 1.E. Y3BAKBAEBA?

L Vuupepcurer Annpparanye, Tamxent, Y36exucran
L2 Uucrnryr Maremaruxn mvenn B.U.Pomanosckoro AH PY3, Tamkent, Y36exkucran,

b kadirkulov@afu.uz, uzagbaevadilfuzal606@gmail.com

B mpsmoyrosbroit obmactu Q = {(z,t)|0 < z < 1, —a < t < } paccMOTpUM ypaBHEHUE CMe-
IMTAHHOI'O TUIIAQ LIeTBépTOl—‘O IOpdaKa CO CTEeIeHHBIM BBIDOXKICHUEM BUIA

" Uppgs + g =0, t > 0;

(_t)muxzmx + U = 07 t < 07
raen >0, m>0,a>0,8>0 - 3aganubie geiicreurenbabie yncaa. O6ozmaanm Q; = QN {t > 0},

Qs =N {t < 0}
Bagmaga S. Haittu B obmactu 2 pemenne u (z,t) ypasaenue (1) u3 xaacca

u(z, 1) € Cy () N CF(22) N C(Q U Q). (2)
Y/IOBJIETBODSIIOLIEE YCIOBUSIM
w(1,t) = 0,uz(0,t) + uzp(1,t) = 0, uz5(0,8) = 0, Upgs (0, 1) + Uz (1,8) =0, —a <t < 8. (3)

u(z,—a) =h-u(z,f) + ¢(x),0 <z <1 (4)

3ech () -3amannas GYHKIW, h-IefCTBUTEBHOE TUCIO.
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B nammoit pabore mist BRIPOKIAONIErOCd YPaBHEHNSA CMEIIAHHOTO THIA, YeTBEPTOTO MOPAIKA
B MIPSIMOYTOJTBHUKE U3YUAETCS KpaeBast 3a71a9a ¢ HEOKAJbHBIM TPAHUYHBIM YCJIOBUEM, CBSI3BIBAIO-
OIUM 3HAYCHUA MCKOMOTO DEMICHUA Ha HUZKHEM W BEPXHEM OCHOBAHUAX JAHHOTO IPAMOYTOJHLHUKA,
KOTOpPBIE TPUHAJIEKAT PA3HBIM THIIAM H3yYaeMoTo ypaBHeHHs. MeTogoM CIeKTpaIbHOTO aHAIN-
3a JIOKA3aHbI TEOPEMbBI O CYIIECTBOBAHUY W €IUHCTBEHHOCTH PEITeHus TOCTABJIEHHON 3a/adu, pu
9TOM PEIEHNe TTOCTPOEHO B BUE CYMMBI psifia TI0 COBCTBEHHBIM (DYHKITHSIM COOTBETCTBYIONIEH 0J1-
HOMEPHOH CIEeKTPAJLHON 3amadn. B pabore TakKe m3yvIeHbl CIEeKTPAJbHbIE CBONCTBA 33341 THIIA
Camapckoro-Noukuna jijig 06bIKHOBEHHOTO AubdepeHInaIbHOT0 YPABHEHUST Y€TBEPTOTO MOPSJIKA,
noJtyvueHHas ¢ npuMenenuneMm Merona Oypbe, HaliieHbl COOCTBEHHBIC YKC/IA, 8 TAKKe COOTBETCTBYIO-
e cobCTBeHHbIe (DYHKITUHN, TOKA3aHa, UX MOJTHOTA U DA3UCHOCTH, TAKKE MCCASTOBAHA, COTPSIKEHHAST
3aIada.

OTMernM, 9T0 AHAJOTUIHBIE 33/1a4H, B CIyIae BHIPOKIAOIIIXCS YPABHEHIM CMEITAHHOTO TUTIA
BTOPOTO MOPSIIKA M3yUueHbl B paborax [1], [2].

PdunancupoBaHue: /lannoe mcciaeqoBanne BBIOJIHEHO mpu (uHaHCOBOM mommep:xkke Kovmurera nHayku Munaucrep-
CTBa HAayKW W BBICTTEro obpasosanus Pecrmy6mmkm Kazaxcran (rpant Ne AP23488086).

KiroueBble ciioBa: BEIPOXK JAIONINICS YPABHEHN, Y pABHEHNE CMEIIaHHOT0 THIIA, 331349 trna Monkuna-Camapckoro,
CIIEKTPAJIBHBIM MeTOs, momHoTa, 6a3uc Pucca, cymecrBoBamue, e IMHCTBEHHOCTD.

2020 Mathematics Subject Classification: 34B10, 34L10, 35M12
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[1] K.B.Ca6uros, C.H.Cunopos. O6parHas 3a1a9a /it BBIPOXKTAIOIIEr0cs mapabosio-rumepbo-
JIMYECKOTO YPABHEHUSI ¢ HEJIOKAJBHBIM I'DAHUYHBIM yciaoBueM, Masecmus eysos. Mamemamusxa, 1
(2015), 46-59.

[2] C.H.Cugopos. Henokanbhble 3a/1a4u jiisl yPaBHEHUs! CMEIIAHHOIO 11apab0J10-runepbosiuaec-
KOTO THIIa CO CTENEeHHBIM BhIpOXKAeHueM, Hasecmusa 6ysos. Mamemamuxa, 12 (2015), 55-65.

OB OIHOUW HEJIOKAJIBHOM 3AJAYE TUIIA
BuiA 13e—CAMAPCKOT'O I SJIJIMIITUYECKOTO
VPABHEHUS C BBIPOXKJEHUEM

B.2K. KAINPKYJIOB!, O.T. SPTAIIIEB?

' Vunpepcurer Ansgpparanyc, Tankent, Y36exucran
L2 Uucrnryr Maremaruxn uvenn B.U.Pomanosckoro AH PY3, Tamxkent, Y36exucras,

b kadirkulov@afu.uz, 2okiljonergashev@gmail.com

Jlnst ypaBueHust
Lu = y"™ugy + uyy = 0, (1)

rae
m = const > 0,

B BepTuKaybHOI mosrynosoce 2 = {(z,y) : 0 < z < 1,y > 0} paccMOTpUM CJIEIYIONIYIO HETOKAJb-
HYIO 3a71a9y.

Sagaua 1. Haiitu dbysxnuo u(z,y) co cBolicTBaMu:

1) u(z,t) € C(Q)NC*(Q);

2) B obmacru ) ymosaerBopsier ypasHenuto (1);

3) yJ0OBIETBOPSET YCJIOBUSIM

lim w(z,y) = 0 paBrOMepHO 10 z € [0, 1], (2)
Yy——+00

uz (0,9) = ¢1(y), uw(ly) —ulxo,y) = ¥2(y), y >0, (3)

u(z;0) =7(z),0 <z <1, (4)
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rae ¢1(y), p2(y), 7(x) — 3ananble GyHKuy.

B namnOit paboTe g BBIPOXKIAIONIETOCs SJUITNTHYECKOTO YPABHEHWsI B BEPTHKAJBHON TI0-
JIyTIOJIOCe MCCJIe/I0BAaHA HeIOKaabHas 3aada tuna Bumnagze-CaMapcKoro, CBSI3MBAIOIIEE 3HAUCHUE
HCKOMO# (DYHKIIMM Ha MPaBOil I'DaHUIle CO 3HaYeHHeM (GYHKIMH BO BHYTDEHHOIl TOYKe OOJIACTH.
EJMHCTBEHHOCTE peIienns 3a/1a9u JoKa3aHa ¢ TOMOIBI0 MPUHITUIA IKCTPEMYMa, & CyIeCTBOBa-
HHE DEIIeHUs 33]]a9l yCTAHOBJIEHA METOIAMU DA3JIeJeHHs IEPEMEHHbBIX M WHTErDATbHBIX yDaBHE-
Huit. B pabore Tak:ke m3ydeHbl CHEKTPaibHBbIE CBOfCTBA 3amaan tuma Bumamse-Camapcekoro s
OOBIKHOBEHHOTO i depeHIMaIBbHOrO YPABHEHNUs BTOPOTO MOPSIIKA, TIOJYIEHHASA ¢ IPUMEHEHUEM
CIIEKTPATBHOTO METOJA, HafileHbl COOCTBEHHbIE YHC/IA, & TAKXkKe COOTBETCTBYIOIIME COOCTBEHHbBIE
dbyHKIMH, ToKa3aHa WX OJHOTA U 0a3MCHOCTD, a TaKKe UCCJIeIOBaHA CONPSIKEHHAS 3a/1aa.

AHasornvHbIe 331441, NCCIEYEMbIME CIIEKTPATBHBIM METOIOM, PACCMATPUBAJIMCH B My0/IMKa-
max |1],[2].

KiroueBble ciioBa: BBIPOXKTAIOMIVECS yPABHEHHs, TIOJIYyIIOI0ca, 3ada4a Tuna Bumamgse-Camapckoro, cobcTBeHHBIE
qKcJia, KOpHEBbIe (DYHKIWH, MOJTHOTA, Oa3uCHOCTD, 6a3uc Pucca.

2020 Mathematics Subject Classification: 34110, 35J25, 35J70
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O IIOJIHOTE IIOTEHIIMAJIA IIPOCTOI'O CJIOA B SIAPE
OIIEPATOPA JIAIIJIACA

T.III. KAJTIbMEHOB!, V.A. ICKAKOBA?, A. KAIUPBEK?

123 UnernTyT MaTeMaTHKHE I MaTeMaTHIeCKOro MogeupoBanus, Amvarol, Kazaxcran
kalmenov.t@gmail.ru

[Myers Q@ C R™ - orpannyennass obsacts ¢ rpamuneii 0{). Omnpenennm Ay Kak 3aMBIKaHEE
oneparopa Jlamnaca A B La(2) na mopmuoxkecrse dyukmuit u € C2(2) ycnosuem:

ou

= — = 0
ulan 7 7

o0

U HA30BEM €r0 MUHMMAJBHBIM omeparopoM A, rge 0/0n - BHeUIHss HOpMAajbHas ITPOU3BOIHASL.
Kpome Toro, kak oumcano esunbiv [1], mMbl obosnauaem Aj Kak coupszkenublii omeparop Ao,
KOTOPBIl HA3BIBAETCST MaKCHUMAaJIbLHBIM OMepaTopoM, 6e3 KaKux-a1ubo ycaosuii ua 0f).

IIycTs u,, moTeHIMAIOM IIPOCTOTO CJIOs omepaTopa Jlamaca ciemyomuM o6pasoM:

wie) = [ clw—yuwis, e, 1)
e
—1!.’13\ n=1
e(z) = fln |7ac] n= 27
27 ) ’ ’

e >3,
(n —2)wy
1/2
dbygamentanbioe pernenue oneparopa Jlamraca u g € Wy’ 7 (0Q) niaornocts moTeHnuaa mpo-
CTOTO CJIOS.
Tak kax Afu, = 0, To Bozuukaer soupoc: {u,}, C W5 (Q) mwiorna s cucrema B ker(Aj)? To
eCTh: MOYKeM JIH MBI OTcaTh Bee pemtenns u(z) € W2 (Q) ypasnenus
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Aju =0

Yepe3 MOTEHINAIOB IpocToro cyrost (1)7
Nneer mecTo

Teopema 1. [Tomenyuan npocmozo caos u, co6nadaem ¢ KOHCManmot mozda u MoAbko mozda,
xoeda (1 = 0. Taxum obpazom, adpo ker{A}} pasaazaemca 6 aunetnyro npamyro cymmy 6 Lo(§2)

ker(Af) = {u,},+H{c},

ede {uy}, - samvikarue aunetnoz vombunayut {u,} , 6 La(Q2). Kpome mozo, ecau

as, =0,
/BQ /Q|90 y|n—2

mozda adpo ker(Af) pasaazaemca na opmozonarvryro cymmy 6 Lo(€2)
ker(A3) = T, & {c.
B nBymepnoM cilydae IIOTEHIUA IPOCTOTO CJIOS Uy, OLUPEIEISeTCs KaK

1
up(z) = 5= | Injz—y|u(y)dSy.
2
T Joq
ITo cpaBHeHUO €O CydasiMu n > 3 jorapudMUIEcKoe siIpo He CTPEMUTCS K HYJTI0 Koraa |x| —
0o, o sToit npuunte 775t (1 HEOOXOIUMO AOMOTHUTETHHOE YCIOBHE.

Teopema 2. IIpednosooicum, wmo

/ w(y)dS, =0,
o0

mo2da NOMEHYUAA NPOCNO20 CAOA Uy, COGNAJAEM ¢ KOHCManmot moz20a U MoAvKko mozda, %0204
= 0. Taxum obpasom, adpo ker(A*) pasaazaemca 6 aunetinyio npamyro cymmy 6 Lo($2)

er(A3) = ), Hel.

/ u(y)/ In |z —y|dS, =0,
o0 Q

mozda adpo ker(Af) pasaazaemca na opmozonarvryro cymmy 6 Lo(§2)

Kpome mozo, ecau

ker(A") = {uy}, & {c}.

B CJIydae n = 1 HETTOCPEACTBEHHBIM BBIYUCJICHUEM TIOJIyYUM B TOM YTO
. *
{un}, = ker{A"}.

Punancuposanue: /lannoe uccienopanne puHancupyerca Komurerom vaykun Munucrepcrsa Ha-
yKu ¥ Bbicuiero obpasosanusi Pecuy6sinkn Kaszaxcran (rpanr Ne AP23488701).

KuroueBbie cjioBa: mOTEHIMA ITPOCTOTO CJI0S, MAKCHUMAJJIbHBIN OIepaTop, MUHUMAIbHBINA Orepa-
TOP.
2010 Mathematics Subject Classification: 47G40, 35A02, 35G15

JINTEPATYPA
[1] Dezin A. A. General questions of the theory of boundary value problems. "Nauka Moscow,
(1980).

Institute of Mathematics and Mathematical Modeling



114 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

PA3PEIIIMMOCTE KPAEBBIX 3AJJAY C OBIIIMMM YCJIOBUAMUI
AJIAd TPUTAPMOHMNYECKOI'O YPABHEHUNSA B IIIAPE

B.J. KOLIAHOB!, I I. CMATOBA?, H.M. HILIHBIBAEBA?

L3 Mucruryr maremarukn u mMaremMarmieckoro mMogeauposanus, Anvarsr, Kazaxcran
2Carnaes yuusepcurer, Anmarsl, Kazaxcram

koshanov@math.kz, 2smatoval977@mail.ru, *shynybayeva001@mail.ru

OpanM 13 3hdEeKTUBHBIX METOI0B HPEACTABICHUA PEIIeHril KPaeBbIX 3a4a4 jid 3JLIANTHYe-
CKHX ypaBHEHUIl SIBJISIETCS METOJ, OCHOBAHHBIN Ha mocrpoedun byHKIuu 'puna 3amaqau. MHOTO
pabor mocBgareHo mocTpoeHuto hyHKIUU [ pUHA B IBHOM BUIE JJid PA3IUIHBIX KJIACCUIECKUX KPa-
eBBIX 3aja4. dABublii Buj dyuknun 'puna 3amaqu Jupuxiie 1y MOJUrapMOHAIECKOTO YPaBHEHUSI
B €JIMHUYHOM IIape [OCTPOeH paszjindHbiMu criocobamu B paborax [1-5]. B [6,7] uccaenosansr pas-
PELIIMOCTb U TOCTPOeHbl (DYHKIUK ['prHa JIJIsT HECKOJIbKUX JIOKAJBHBIX U HEJOKAJbHBIX KPAeBbIX
3a/1a4 ¢ MHBOJIIONUEH 1 OMrapMOHUYECKOrO YPABHEHH. YCJIOBUA Pa3PENInMOCTH HEKOTOPBIX Ba-
PHAHTOB KPAaeBBIX 3a7a4 /sl OUrapMOHUYIECKOTO YPABHEHHUs B IIape moJiydeHsl Takxke B [8]. B [9)
HaiieHbl pentenns 3agad Iupuxse u HeliMana /st OHOPOAHOTO TOJUTapMOHIYECKOTO YPABHEHUST
6e3 ncnonpzosanus dyukunu ['puna. B [10] npusenenst dynkunn ['puna 3anad Haebe [11] u Pukbe-
Heiimana mist GUrapMOHHYECKOTO ypaBHeHUs B Imape, a B [12] mocrpoensr dyukimn ['punra Takmx
33129 IS [OJIMIaPMOHUYECKOro ypasHenusi. B [13,14] HaiijieHbl ycjoBuH PaspemmMocT HeKOTO-
PBIX KPaeBbIX 3a,1a4 JIJIs TTOJIMMapMOHIYECKOr0 ypaBHEHUs W IPUBEIEHBI IPUMEDDI Jjis OUrapMOHH-
YeCKOro u TPUrapMOHHYeCKoro ypaphernus. B [15,16] nccienoBanbl dpearoapMoBa pa3permmnmMmocThb
U BBIYUCJIEHBI (POPMYJIBI HHJEKCA 0600menHo 3agaun HeliMana i SJIIMITHYIECKUX yPABHEHM
BBICOKOT'O TIOPSIJIKA, COJIEpXKAIlEeN CTENeHN HOPMAaJIbHBIX TPOU3BOIHBIX B TPAHUYHBIX YCIOBUIX.

B nmanmmoit pabore nccmemyercs caeayonas KpaeBas 3a4a49a C ODIIUMY YCIOBUAME JITsT TPUTAP-
MOHUYECKOTO ypaBHenus B equaunanoMm mape S = {z € R" : |z| < 1}

Adu(z) =0, z€8, (1)

agol + ap1 %u + agaAu + aog%Au + auA%u = @1 (z), x € 35S,
all gu + appAu + algaiAu + ajaA?u + a15a@A2u = @o(x), x € IS, (2)
az15,u + aAu + azs 5, Au + agu A%u + a25%A2u = ¢3(x), x € 95,

rae % — BHeINHSAS HOpPMaJbHAg NPomM3BoAHAA K 05, a;; — HEKOTOPBIE TTOCTOSHHBIE (1 =0,j =

0,4,i=1,2,j=1,5).

Dta 3anada obobmaer 3agady ldupuxie (agy # 0, a11 # 0, aze # 0, a;; = 0 11 oCTAIBLHBIX
i, j), 3amaay Pukbe (agy # 0, a1z # 0, ass # 0, a;; = 0 j1a ocraabHBIX 4, j), HO He 06obmIIaeT
3asagay Heitmana.

Teopema 1. a) Pewenue sadanu (1)-(2) us waacca C3(S) npu npoussosvumz Gynruyuar
o1(z) € C%(09), pa(x) € CL(DS), p3(x) € CHIS) cywecmeyem u eduricmeeno mozda U MoOALKO

moada, K020a NOAUHOM

det P(\) =
ago + Aao1 2[(101 + 2(2)\ + n)(a02 + )\aog)] 8[&02 + ap3 + (2 + 22+ TL)(Q)\ + n)a04]
a1 2[@11 + 2(2)\ + n)(a12 + /\alg)] G’TQ , (3)
Aaa1 2[as1 + 2(2)\ + n)(a + Aass)] aks

aj =8 [aiz + a3 + (242X + n)(2X + n)(ai + Aais)], i = 1,2,

ne umeem yeaovucaernur kopret 6 No = NU {0}.
b) Ecau P(m) =0, mo odnopodnas sadaua (1)-(2) umeem pewenue

u(z) = [C1 — Cy + (Co — C3) |z|* + (C3 — C2) |2|*] Hn(), (4)
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ede Hy(x) — odnopodnoiii eapmoruveckud nosunom cmenerwu m [17, a xonemanmu Cq, Co, Cs
HATOOAMCA U3 CUCTEMBL YPABHENUT

P(m)C = 0.

®unancuposaHue: Pabora Boinonnena npu noepxke rpanros BR20281002 u AP19678182 Munucrepcrsa HayKu
u BbIciIero obpasosanus Pecrybimkn Kazaxcram.

KuroueBrle ciioBa: mOMrapMOHINYIECKUE YpaBHEHNS, TDUTAPMOHUYECKHE YpaBHeHNd, 3aa4a lupuxie, 3amada Heii-
MaHa, 3a7a4a Hasbe, 3amada Pukse-Heiimana, dyskmus 'puna.
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CIIEKTPAJIbHBIE CBOMCTBA JIMHEMHOT'O OIIEPATOPA THIIA
KOPTEBETA-JIE ®PU3A

M.B. MYPATBEKOB!, A.O. CYJIEMMBEKOBA?

L2 Tapasckuii yuusepcurer nvmenn M. X Iynaru, Tapas, Kazaxcran

!musahan m@mail.ru, 2suleimbekovaa@mail.ru

Kaxk mzBecTHO, ypaBHEHWE B YACTHBIX MPOU3BOIHBIX TPETHETO MOPSIIKA ABJISIIOTHCS OJHUM U3
OCHOBHBIX ypaBHEHHI Teopuii BoaH. HampuMep, B 9acTHOCTH, JUHEAPU30BAHHLIE YPABHEHUS THIIA
Kopresera-me @pusa ¢ nepemenubivu KO3 MUITHEHTAME MOJIETUPYET HOHHO-aKYCTUIECKUE BOJTHBI
B IJIA3MEHHDIE U aKyCTUIECKNE BOJHDI Ha KPUCTAJIMIECKON peIeTKe.

B nocnmeanee Bpemst mHTEpeC K AnPEPEHITNAIBHBIM YPABHEHUSIM B YaCTHBIX TTPOU3BOIHBIX
TPETHETO MOPALKA BO3POC OIaroaaps HOBLIME IPHIOKEHUIMN B (DU3HUKE, MEXAHUKE U OHOJIOTHH.

N3 o630pa JmTepaTypHBIX HCTOYHUKOB CIEIYET, 9TO paHee B OCHOBHOM M3YYEHBI BOIIPOCHI O
CYIIECTBOBAHUU M DJIQJIKOCTH peIieHuil jiyisd JudDepeHnuaibHbiX YPABHEHUN € YaCTHBIMU TPOU3-
BOJHBIMHU TPETHETO MOPSIKA B CAYyYae C MOCTOSTHHBIMU W OTPAHUIEHHBIMEU KO3(DDUIIMeHTaMu.

B ornwume o1 3THMX mHTEpECHBIX PAbOT, B HACTOAIIEH CTATHE PACCMATPUBAIOTCA TPODIEMBI CY-
[IIeCTBOBAHNE, KOMIIAKTHOCTD U OIEHKNA COOCTBEHHBIX U S-UMCEJNI, & TaK2Ke IOJHOTAa KOPHEBLIX BEKTO-
POB PE30JILBEHTHI OJIHOrO KJIACCa JUHEWHBIX CHHIY/ISPHBIX oneparopos tuia Kopresera-me @puza
B CJIydae HEOrPAHUIEHHON 00JIACTH C CHJIBHO PACTYIUMHU KOIPPUITHEHTAMI.

PunancupoBaHue: lammoe nucciremosanne ¢unamncupyercs Komurerom maykm MwumncrepcTBa HAyKW U BBICIIETO
obpaszosanust Pecriy6simku Kasaxcran (rpant Ne AP19676466).

KuroueBrble ciioBa: pe30IbBEHTA, PA3/Ie/IMMOCTD, OIPUOPHAsS OIEHKA, JUHEUHbINH omepaTrop, muddepeHmaabHbe
YPaBHEHNS B YaCTHBIX IIPOM3BOIHBIX, ypaBHeHne Kopresera-me @pusa.
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ITOCTPOEHUE PEINIEHUSA HAYAJIbHO-KPAEBOM SAJAYN JJIA
BOJIHOBOT'O YPABHEHUA C IIEPUOANYECKVMN KPAEBBIMU
YCJIOBUAMMN

A.H. OMAPBAEBA!, M.A. CAIBIBEKOB?

Hucruryr mareMaTuku U MaTeMaTHIeCKOTO MogeaupoBanns, Aavmarel, Kasaxcran
larai-79@mail.ru, 2sadybekov@math kz

B obsaactni
Q={(z,t):0<2x<1,0<t<T}

PacCMaTPpHUBACTCA HaYa/IbHO-KpPaeBad 3aJava OJId BOJTHOBOI'O YpPpaBHEHUA

ue(2,1) — a2y (z,t) = 0,
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C KJIaCCHYeCKUMU HaYa bHBIMU yCJIOBHAMA
u(z,0) = 7(x), w(z,0)=v(r), 0<zx<1,
" C IEPUOINICCKUMU KPACBBIMU YCJIOBUAMU 110 HpOCTpaHCTBeHHOf/’I HepeMeHHOfI
uw(0,t) = u(1,t), uy(0,t) =ux(1,t), 0 <t <T.

Baecs 7(z) u v(z) 3ananabie GyHKINAN.

XOpOIIO U3BECTHO, YTO KJACCHUECKOE PEIleHNe ITON HaYaJbHO-KPAEBOH 33Ja4u CYIIECTBYET,
eJIMHCTBEHHO U MOXKeT OBITH MMOCTPOEHO METOA0M pazjesenusa mnepemerabix Oypbe. DToT MeTos
MPEJICTABJISET PeIleHne 3a]auu B BUJIE Psijia 110 cOOCTBEHHBIM (DYHKIMSM CHEKTPAJIbHON 3aja4u,
BO3HMKAIONIEH B X0/ UCIOab30Banus Meroaa Pypre. [Iasg paBHOMEPHO# CXOIMMOCTH IOy I€HHBIX
PSJIOB U BTOPBIX TPOU3BOIHBIX OT HUX HEOOXO0MMO TpebOBaTh MOBLIIIEHHYO TVIAJKOCTb OT HAYa Ib-
HbIX JaHHBIX 3ada491.

B pa6ore B.M. Kopaiok |1| s mepBoii HauaaIbHO-KPAEBOH 33/[a9d /st BOJHOBOIO yPAaBHEHUS
OBLT TIPEIOKEH MEeTOJ, XapPaKTEePUCTUK, KOTOPBIM MTO3BOJISIET 3AlIMCATH PEIIeHre 3a[auid B SBHOM
aHAJIUTUIeCKOM BuUJE. [IpeacraBiieHne perreHnst MOJIydaeTcs B MPOW3BOJBHON TOUYKe 06JacTH 110
dbopmyste, anamornunoii dopmyiae Jamambepa. B [2] sToT pesyabrar 6BLT UM pPACIPOCTPAHEH HA
CJ1y4ail BTOPOI Ha4vaIbHO-KPAECBOM 3a/1a4U.

PaccMoTpenne HauabpHO-KPAEBBIX 337124 C HEJTOKAJIBHBIMU KPAEBBIMU YCJIOBUSIMU ABJISETCH I'0-
pasmo boJiee CAOKHBIM. B HacTOIEM JOKIIe PeAJTM30BaH aHAJIOD METO/a XapPaKTEPUCTUK U KJIAC-
CHYECKOE pellleHne HAYAJbHO-KPAEBOH 331241 JIJIS BOJIHOBOIO YPABHEHUS! C KJIACCUIECKUMU HAYUAb-
HBIMHU YCJOBUAMU U C MEPUOANYTCCKUMU KPACBBIMU YCJIOBUAMMU I10 HpOCTpaHCTBeHHOﬁ HepeMeHHOﬁ
ITIOCTPOEHO B sIBHOM BU/IE.

PunancupoBaHue: /[aHHOe MCCIEI0BAHNE BBIIIOJIHEHO B paMKaX IIPOEKTa I'PaHTOBOro ¢punancupoBanus Komurera
maykn MuHUCTEpCTBA HayKW U BBICTEro obpasosanusa Pecrybimku Kaszaxcran (rpamt Ne AP26194859).

KuroueBrie ciioBa: BOJIHOBOE ypaBHEHHE, HEJIOKAJIbHBIE KPAEBBbIE YCIOBUs, METOI XaPAKTEPUCTUK, KIACCHIECKOE
penrenue.

2020 Mathematics Subject Classification: 35120
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VCi10BUSI MAKCUMAJIbHOI PETYJISSPHOCTHU PEIIEHUS
OJJHOT'O JU®PEPEHIIMAJIBHOIO YPABHEHNS BTOPOTO
IIOPSIIKA

K.H. OCITAHOB!, P.JI. AXMETKAJIUEBA? A. ANLJTOC3

1.2.3 Eppasmiicknit narmonaasusiii yausepcurer uMm. JI.H. I'ymunesa, Acrana, Kazaxcram

kordan.ospanov@gmail.com, raya 84@mail.ru, aidosaibubi@gmail.com

Jox/ias nocBsIeH BOIPOCaM KOPPEKTHOCTH U MaKCUMAJILHON peryjisipHocTH 0600ITIEHHOrO pe-
IIIeHNS CJIeAYIONIET0 YPABHEHHTSI

—(p(@)y") +r(@)y +q(2)y = f(2), (1)

rhe p,T U ¢ DIaJKUe, HO BOOOIIe rosopst, Heorpanuyentsie dyukmuu p(z) > 0,7(x) > 1,a f € L, =
Ly(—00,+00),1 <p < 0.
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Pacemorpum oneparop loy = —(p(z)y') + r(2)y' + q(z)y ¢ D(lp) = C’(()Q)(—oo, +00).

Ilycts | — ero 3ambikanue B L,. @yuxnuio y € D(l) takyio, uro ly = f , Ha30BeM pereHueM
ypasHenust (1).

Ypasuenne (1), B ocHOBHOM, m3ydayiock B caydae r = 0wu g > 0 > 0 u p = 2 [1]. Korma r
pacrer Ha Geckoneunoctn u p = 1, ono paccmorpeno B [2]. K ypasuennto (1) npusoggar 3agadn u3s
CTOXaCTHIECKOTO aHAIN3a u 6uosorun [3].

dunancuposanue: /lannoe nccrenopanne gpunancupyercsa Komurerom vHaykn MuHHCTEpPCTBA Ha-
YKHU U BbICIero obpazosanus Pecrybnnkn Kasaxcran (rpant Ne AP23488049).

Kimrouesbie ciioBa: nudepeHiinajibHoe ypaBHEHHE, HEOIDAHUYEHHBIN KO3(hMOUIINEHT, KOPPEKT-
HOCTB, OLI€HKAQ 1_[1:)OI/I3BO,ZLHOIL/'I7 MaKCUMaJ/IbHas PETYJ/AAPHOCTL DEHICHUA.

2010 Mathematics Subject Classification: 34A30, 34B20, 34C11
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OILIEHKA PEIIIEHUI OJHOI'O KJIIACCA KOHEYHOMEPHBIX
HEJIMHEVHBIX YPABHEHUU

M. OTEJIBAEB!, B.JI. KOIIIAHOB?

L2 MucruryT MaTeMaTHKH U MaTeMaTHIECKOTO MojeaupoBanns, Aavarsl, Kazaxcran

lotelbaevm@mail.ru, 2koshanov@math.kz

B sroit crarbe MBI IOydaeM JiBe TeOpeMbl 00 alPUOPHBIX OIEHKaX PelleHuil HeJIMHEeHHBIX
yPaBHEHUH B KOHEYHOMEPHOM ITPOCTPAHCTBE. DTU TEOPEMbI JOKA3AHBI [IPU BBITOJHEHUH HEKOTOPBIX
YCJIOBUIl, KOTOPbIE 3aUMCTBOBAHbl U3 YCJIOBUIL KOTOPBIM Y/I0BJIETBOPAIOT KOHEYHOMEDPHBIE alllIPOK-
CHMAITMU OJHOTO KJIacca HeJUHENHBIX HaYaIbHO-KPAEBhIX 33 1a4.

1. BBegeHue u 0 NPOUCXOKIEHUN 3312491

Mmuorue 3a/a4un MaTeMaTndeckoit pusuku bJrarogaps 3aK0Hy COXPaHEHUS SHEPIUU [T03BOJISIOT
JIOKa3aTh CYIECTBOBAHNE PEIeHUs, KOTOPOE YAOBIETBOPSET SHEPTETUUECKON OTIeHKe. DHEpreTrde-
CKasl OIEHKA B CJydYae, KOTJa KOJUYECTBO MPOCTPAHCTBEHHBIX MEPEMEHHBIX 7 HE MEHBINe deM 3,
OOBITHO HE TTO3BOJISET UCIIOJIB30BATH TEOPUI0 BO3MYIIEHNUI.

Pertenmst, KoTopbie He MO3BOAIOT (TOYHEE, HE MOTYT MO3BOJIHTH ) UCIOJB30BATH TEOPUIO BO3MY-
nieHni, Ha3LIBAIOTCA (00BIIHO) ,caabbiMu’ permmerusivu. BO3MOXKHOCTE MCIOIB30BATH TEOPUEO BO3-
MYIIeHUIT OUYeHb BasKHA B 3ajladax MareMaTuyeckKoil dusuku. [losromy B Teopun nuddepeHiimaib-
HBIX YPAaBHEHUI CUJBHO WHTEPECYIOTCST BOIPOCAMH CYIIECTBOBAHUS PEIIEHUSI, TTO3BOJISIFOIIEr0 WC-
IIOJTb30BATH TEOPUIO BO3MYIIeHui. PellieHne ypaBHeHNs, KOTOPOE [IO3BOJISIET UCIO/Ib30BATh TEOPUIO
BO3MYIICHUH, MATEMATUIECKU HABBIBAKOT ,CUIBHBIM DeleHneM (He BCerja).

MHorwue 3a7aun MaTeMaTHIecKoii (bU3MKNH MOTYT OBITH 3ANKMCAHBI B ,,OrPAHUYIEHHOH 3amucu’ (B
BUJIE WHTETPATHHOTO YPABHEHUs) OOBITHO CJIETYIONIEro BUIA,

flu) =u+ L(u) = g, (1)

rae L(u) — HenmHelHag 9acTh. DTO ypaBHEHHE M3YUYAETCS 9aCTO B METPUKE HEKOTOPOro BaHaxosa
win ['masbeproBa npocrpancrea H.
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[Ipu nepexojie K ,,OrpaHUYEHHON 3amucu’ SHEPreTUYECKas OIEHKA, ODBIYHO BBITOJIHSIIONIAIACS
JUTST 337129 MATEMATHUIECKOH (DU3UKY, TTepeiiIeT B alpUOPHYIO OIEHKY CJIeAYIONEro BuIa

1G] < C-[lu+ L(uw)|| = Cllgl], (2)

e C' — TOCTOSHHOE 9nCI0, He 3aBucsiiee or v € H, a G — BHIOJHe HeNpepbIBHBIHM omepaTtop B H.
Amnpuopnast orierka (2) 0OBIYHO He TO3BOJISIET WCIOJIB30BATH TEOPUIO Bo3MyteHnit. [loaromy
BO3HMKAET HEOOXOIMMOCTD TOTYYUTh OIEHKY CJIEAYIOIIETO BUIA

[ull < @ ([ (w)]); (3)

r1e ¢(-) — menpepbiBHas Ha [0, 00) GyHKIHS.

Hamuune onenkun Buga (3), KAk NPABUIO, OTKPBIBAET BO3MOXKHOCTH MCIIOJB30BAHUSA TEOPUU
BO3MYIIeHUH (IpU MoAX0AIeM BeiGope npocrpancTsa H).

Becbma BazkHO# npobiemoii sisagercsa npobaeMa CymecTBOBaHUS HOCAE0BATETbHOCTH KOHEY-
HOMEPHBIX annpokcnmanmii 3agaan (1) (rounee, annpokcuMaiuii oneparyn v + L(u)):

fl(')? f2(')7 A fn()v (4)

paCCMaTPUBACMBIX B IIPOCTPAHCTBAX
H17 HQ, ey Hn, cee dim Hn =n, (5)

TAKMX, YTO BBIMOJHAIOTCS APUOPHBIE ONEHKN Bua (2) M BO3MOXKHO MOJIYIWTH aHAJOTHIHYIO (3)
OIIEHKY.

ITpu sToM mogpasymesaercs, uro Hy, (n = 1,2, ...) aeasercs nognpocrpanctsom H u mMerpuka
H,, — ecTb MeTpuKa, HHAYIIUPOBAHHAST U3 MeTpukn H.

Bajaua onucaHUs AMHAMUKN HECXKUMAEMOW YKUJIKOCTH, B CUJIY CBOEH TEOPeTHUIeCKOll u mpu-
KJIATHOU BaKHOCTH, [IPUBJIEKAET BHUMAHWE MHOTHX UCCJIeI0BaTE e,

Hannast pabora nocesinena K npobjiemMe 0 CyIIECTBOBAHUM M IVIAJKOCTH PEIIEHUN yPaBHEHUM
maremarnaeckoil dusukn [1]. B paborax [2-4] npuseseHb! 10CTATOYHO TOIHBIN aHAIN3 COBPEMEHHO-
T'0 COCTOsTHUST TTPOOJIEMBI U 0630 UMEIOTIEHCsT TUTEPATYPBI, TPEII0KEHBI METOIbI PEIIeHNsT 33, 1aUH.
Pa6orsr [5-13] mocesiiienbl K HCC/I€I0BAHUIO PA3PEIUMOCTH B [[EJIOM YPAaBHEHU MaTeMaTH9ecKo
dusMKM, HETpPEPBIBHAST 3aBUCHMOCTE pellleHusi 1apabondeckoro ypaBHEHUs, a TAKKe TJIaJIKOCTH
perteHms.

Dta paboTa BO3HUKJA B PE3Y/IbTATE MHOIOYMCJIEHHBIX IONBITOK ABTOPOB PEHIUTH Mpobiemy
CYIIECTBOBAHUS CUJIBHOTO PEIIeHNs yPABHEHUS MATeMATUICCKON (DU3UKH.

B sroit pabore MbI moydaeM JIBe TEOPEMBI 00 AMPUOPHBIX OIEHKAX PEITeHNi HeJTMHEeHHBIX
ypaBHEHU B KOHEYHOMEDHOM T'HJIBOEPTOBOM MpPOCTpaHCcTBe. PaboTa cOCTONT U3 YeThIpeX MYHKTOB.
[TepBrIit MyHKT TOCBAIIEH BBEIEHUIO U MPOUCXOKAEHIO 330241, BO BTOPOM TTyHKTE TTPUBOIATCS HC-
nojib3yeMble obo3HadeHUs U (DOPMYTMPOBKA OCHOBHBIX DE3YJIBTATOB. B TpeTbeM IyHKTE NMpUBEIEHO
JTOKA3aTeIHLCTBO TEOPEMBI 1, KOTOpOE B TIpesiesne faeT Caadyio pa3pernmnMoCcTh MHOTHX 3318 MaTeMa-
Tuyeckoil huzuku. B yeTBepTOM IyHKTE JOKa3BIBAETCS TEOPEMA 2, KOTOPBIA B Mpejiesie 03B0JseT
YCTAHOBUTH CHJIBHYIO Pa3pelrMOCTh HEKOTOPBIX 3aJad MAaTEeMATHUECKON (DU3WKH, JOMYCKAFOIINX
TEOPHUIO BO3BMYIIEHWH. YCIOBUS TEOPEM TAKOBA, UTO MOXKHO HCIIOJIB30BATH [IPU M3YUEHUU HEKOTO-
POTO KJIACCa HAYAJIBHO-KPAEBBIX 38044 JJIsI TOJYYEeHNs] CUJIBHBIX AIPUOPHBIX OIEHOK IPU HAJIUIUN
c71abBIX AlPUOPHBIX OIEHOK.

2. Ucnoab3yemblie ycaoBus n POPMYJIMPOBKA PE3yIbTaTOB

SafiMeMcsT BBIBOJIOM PABHOMEPHBIX OIEHOK JITsT HETWHEHHBIX 33739 B KOHEIHOMEPHOM TIPO-
CTpaHCTBe. PaCCManI/IBaeMbIe YPpaBHEHUA ABJTAIOTCA (KaK HpaBI/I.HO) AHAJIOTaM KOHEYHOMEPHBIX
npubIKeHnit ypaBHeHNT MaTeMaTuuecKoil (DU3UKHU, 3a0UCAHHBIX B ,0rPAHUIEHHON 3anucu’.

Bceioay B aTOM pazmesnie H — xoHedHOMEPHOE JEHCTBATEIBHOE THIHOEPTOBO MPOCTPAHCTBO CO
CKAJISIPHBIM TIPOM3BEICHNEM ( -, - ) 1 HOpMOii || - ||.
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Hac 6yaer unrepecoBars ypaBHEHHE CJIEIYIONIETO BU/A
u+L(w) =g € H, (6)

rae L(-) — menuneiinoe nenpepbiBHOE NpeobpasoBanue, ¢ — jeMenT npocrpanctsa H. Pemenue u
samaun (6) mmercs B H.

Mpb1 Halle/IeHbl Ha TaKue KOHeYHOMepHbIe ypaBHeHus Bujaa (6), KOTopble ecTh KOHeYHOMEPHbIe
ATIMTPOKCUMAIINY GECKOHETHOMEPHBIX 3a/1a4 BUA (6) B 66CKOHETHOMEPHOM THILOEPTOBOM TIPOCTPAH-
crie. [Ipr 9TOM OKasKeTCsl BeChMa BaKHBIM MOJIYUYEHUe HE 3a6UCAULUT 0T HOMEPI aNNPOKCUMAUUY
OUEHOK, MO36OAAOUUT Neperodumnb K npedeay, W HOAYYUTL B IpeAeae AlpPHOPHYI0 OUEHKY s
perenns GecKOHEUHOMEPHO# 3amaun. Beckoneanomepubie 3a1aun Buia (6), Ha KOTOPBIE MBI HATIE-
JICHBI B JAaJIbHEHIIeM, ABISI0TCI, KaK IPABIIO, 3aJa9aMi MaTEeMATHIeCKON (DU3UKH, 3aIIiCAHHBIMI
B orpanuuenuoit dpopme.

Baech u Berogy pasee f(u) Gyger o3HAYATH OLEPAIUI0 BHIA

f(u) :=u+ L(u). (7)

Eciu £ € [0, 400) — napamerp u BekTop u(&) ectb BekTop-dYHKIMS, HEIPEPBIBHO inuddeper-
nupyeMasi 1o napamerpy &, To Oy/ieM IIpenoIaraTh, YT0 TakzKe HEMPEPBIBHO JuddepeHupyeMa u
BekTop-pyukius L(u(§)), a Takke BosHukaromme B gasabHeiiniem u3 L(u) u f(u) BeIpaskeHust.

Beenem oboznagenus L,,:

(L(u(§)))e = Lueyug(§)- (8)
Ouesunno, uro L, (mpu xaxgaom u € H) Gyger TuHEHHBIM OMepaTopoM

Naeen
(f(w(€)))e = ue + Luug = (E + Lu)ue.
B manereiimem, ecnu ug,vg € H, T0 BekTOp Ly V9 — MOHEMaeM cienylomuM obpasoM: OepeMm
HerpepbiBHO aud epeHnnpyeMyo BeKTop-pyHKIH0 4(§) Takyo, 9To

ulg—o = uo, ue(§)|e=0 = vo

1 33 Ly,v9 OIpHHEMAaEM BEKTOD
Lyyvo = (L(“(f))g ‘gzo'

31echk w BCIOAY B jgajibHeleM F — equananoe npeobpaszosanne. O6o3HAUNM

D,=E+L, Di=E+L, (10)

Dy f(u) = (E+ L) f(u). (11)

Mya = ( Z(g)f(u(ﬁ)))5 wE) =u = utte], _, = Mua. (12)
ug(§) = a

[IpuBesem ucrnosp3yeMble YCIOBUS.
YcaoBuE V1: Jlas onepamopos L(-), Ly, LY, D, D evnoanensv ycrosus

1My = My||g— b + [ L(w) = L) + [[Lu = Lol r—m+
Ly = Lylla—m < (lul) ¢ ([ol]) [lu = o], (13)

[Myul| + | Djull + [ Dyull < ¢ ([[o]]) [lul],
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ede ||| =11, ©() — neybwmesarowas na [0,00), nososcumesbHas HENPEPLIGHAL HYHKUUA.

YCJIOBUE ¥ 2: Cywecmsyrom sunelnvie obpamumvie onepamoput T u Q) makue, 4mo
ITII < Cr, [IQI < Cr. IT7H <00, Q7| < o0, (14)
u dasa 106020 u € H 6binoanens. HEPABEHCNBA
(Tu,L(w)) >0, (Tu,u) > [|Qul*. (15)

B (14) Cr — nexomopoe dukcuposannoe nocmoamHoe Hucio.

B nampreitem wepe3 C' win ¢ (MPOMKUCHBIE WK CTPOYHBIE, ¢ WHIACKCAMY WIH 03 WHIEKCOB)
Oysem 0603HAYATH NOCTOSTHHBIE YHCIa (BOOOIIE TOBOPSA, PA3HBbIE B PA3HBIX MECTAX ), HE 3ABUCSIIUE
OT PSJIOM CTOSITIIAX MHOKHUTENEH.

Cupaseyinsa

Teopema 1. [lycmo svinoanenst yeaosue Y1 u ycaosue Y2. Toeda das arwbozo g € H 3adava

flu)=g (16)

umeem pewenue u € H, ydossemeoparwee oyenke

1Qull* < Cr |lglI?, (17)

2de Q — onepamop u3 yeaosus Y2, a Cr — woncmanma u3 ycrosus Y2.
Ob6o3unavyenusamu npeodbpazosanmii f(u), L(u), oneparopoB Ly, Dy, M, (oupeeseHHbIX Ipu
kaxxaoM u € H, (em. (6) - (11)) u ux conpskennsix L, DY u M,, 6ynem morb30BaThCst 6€3 OrOBOPOK.
Beenem Tak:ke 0603HaYEHMS:

J(u) = Jlull exp {~[If (w)l*} , (18)
N(u) = Dy f(u) = ~(u)u. (19)

Hacro 6e3 0roBopok ucosib3yeM obosnadenus (18) u (19), a Taxyke 0603HAYEHNsI, BOSHUKIIHE
B hopmyaupoBKax ycaosuii ¥1 u Y2, u 0bo3HAMEHNS, KOTOPBIE BOSHUKHYT B (DOPMYJIMPOBKAX HUKE
TIPUBEIeHHBIX YCAOBUH Y3 1 Y4.

YciaoBUE ¥ 3: Cywecmsyem obpamumviti onepamop G, maxot, 4mo

IGl—m < Co < o0, GTH| < o0 (20)
u Oas m0b020 u € H evinoanerno nepasercmeo
IG ull* < do [I£ ()%, (21)

2de dy > 0 — nocmoannoe “ucao.
YCIJIOBUE Y4: Ecau 0 # ug € H, y(u) > ||u[|72 u N(u) = 0, mo svwnoanenv. cmpozue
NEPaAGEHCTNE

i Mubua, Pua) — ;Y(U)HPWHQ <0< sup (M Pua, Pua) — ;V(U)HPuaHQ
{a} [ Pual {a} [ Pual

(22)

Teopema 2. Ecau swnoanenv, ycaosus Y1, Y8 u Y4, mo dasa awboeo u € H sewnosrena
AnpuoOPHAs OUEHKG:

lull* < C exp {|If (w)[|*} - (23)

Ouenka (23) BbrosHgETCs1, €cu cObMIOAar0TCH yeaoBus ¥ 1, Y3 n Huxe ciemyrorniee
VYCIIOBUE ¥V 5: Cywecmsytom noCimoasnHbie wucaa o, C1, M U CAMOCONPANCEHHOLT ONEPamop
T, maxue, wmo ecau ||ul| > 1, mo swnoansromes nepasencmea

[LC)[| = co [Tul™,  ull < e [ull™. (24)
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3AMEYAHUE 1. Ecjiu BBIIOJHAIOTCS YCJAOBUA TEOPEMBI 1, TO BBIOJHAETCA yCaoBue Y 3. D10
BBITEKAET M3 TeopeMbl 1.

3. Hdoka3areqabCcTBO Teopemsbl 1

[Ty noKa3aTEILCTBA TEOPEM, COMEPKAHUT KOTOPBIX MOZOOHBI Y TBEPKICHUIO TEOPEMBI 1, XOpo-
110 W3BECTHBI, U MBI MOTJIH ObI OTPAHUYUTHCS CCBLIKON Ha HuX. OJIHAKO Pajiy MOJHOTHI U3/IaraeMblx
Pe3ybTaTOB Mbl CHabKaeMm Teopemy 1 J0Ka3aTebCTBOM.

JIsist moKazaTenbCTBA UCHOIb3yeM OJWH 00men3BecTHbIi npueM (B yao0HOH ais mHac dopme).

[Iycts g € H. O6o3uaunm depe3 M (g) MHOKECTBO BEKTOPOB

M(g) ={u e H : (Tu,u) <16(Tg,9)}, (25)

rre 1" — omepaTop M3 yCJIOBUS V2.
[peanonoxum, aro ypasaerne u + L(u) = g ve umeer pemenns u € M(g). Onpenennm npe-

obpa3oBanue
u+L(u)—yg
F(u)=— 4/(T : 26
Y RS 7 0y e 7 B A 2

Tak kak ypaBrenne u + L(u) = g He mmeer pemienusi, T0 B cuiy ycaosus Y2 (cm. (15)),
npeobpasosanue F(-) mHempepbiBHO. Jlerko BueTh, 910 370 mpeobpasoBaHie MEPEBOIUT MHOKECTBO
M(g) B cebs. TlosTomy, B cuny Teopembl Bpayaepa 0 HEOABUAKHON TOUKe U KOHEUHOMEpHOCTH H |
npeobpasosanue F'(-) mMeer HEMONBUKHYIO TOUKY ug € M(g), TO ecTh

F(ug) = ug. (27)

[lopeiicrByem wHa (27) oneparopom T', a 3aTeM TOJYI€HHOE PABEHCTBO CKAISPHO YMHOXKUM Ha
uo + L(up) — g. Torga, ncnonssysa (26), noaygaem

—A = —4\/<Tg,g) \/<T(u0 + L(up) — g),uo + L(up) — g) =
= (Two, uo + L(uo) — go) = (Two, uo) — (Tuo, g) = (28)

= (Tuo, uo) — 5 ((Tuo, g) + (uo, T*g)) -

[Tpu BRIBOE (28) B TPEANIOCTEHEM TIEPEXOE NCTIONB30BaH0 (15) u3 ycaosusa Y2.

Tak xKak cormacHo ycaosmio Y2 mepasenctso (Tv,v) > [|Qul|? semomeno ans moboro v € H
u oneparop  obparum, To Bequauny (Tug, ug) MOKHO NPUHATH 3a KBAJAPAT HOPMbI BEKTOPA U, &
sermuanny 3 ((T'wo, g) + (ug, T*g)) — 3a (corviacosanHoe ¢ 3TOH HOPMO{l) CKa/IsipHOe NpOU3Be/eHue
BEKTOPOB Uy U ¢ B HEKOTOPOM JEHCTBUTEIBHOM Imiab0epTOBOM mpocTpancTse. [losTomMy MOxKHO
HCII0JIb30BaTh U3BECTHOE HepaBeHCTBO KON u mosryunM HepaBeHCTBO

—A > (Tug,up) — (¢~ (Tuo, uo) + £(Tg, 9)) = (Tuo, ug)(1 — ') — e(Tg,g). (29)

Uz (27) u (26) mmeem
(T'ug, up) = (T'F(up), F(ug)) =16 (T'g,g).

Orcrona u u3 (29) noayqaem
—A>[(1-e)16—¢] (Tg,9).

BriGpas 3zech € = 2, nonyaaem —A > 6 (T'g, g).
Tak Kak Jiepasi 4aCTh HEPABEHCTBA CTh OTPUIATEIbHAS BEJIMYUHA, TO OHO TPOTUBOPEYHUT HEPa-
BerCTBY (15) 13 yemoBus Y2, 910 mokasbiBaer, 9to ypasaerue u+Tu = g umeer pemenne u € M(g).
st permenns ypasaenns u + L(u) = g, yMHOXKag ero cKajgsapHo Ha 1'u, nMeem

(Tu, u) + (Tu, L(w)) = (Tu, 9) = 5 ((Tu, g) + (u, T"g)) .

1
2
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3/ech crpaBa CTOUT CKaJISPHOE MPOM3BEJIeHNE BEKTOPOB 1'u U g B HEKOTOPOM T'HJILOEPTOBOM IIPO-
crpaHcTie. [IpuMeHsist M3BeCTHOE HEpaBeHCTBO Kommm u yumThiBas mepBoe HepaBeHCTBO u3 (15)
ycaoBug Y2, mojaydaem:

(Tu,u) < ((Tu,u)) "> ((Tg, )"

Orcrona
(Tu,u) <(Tg,g) < |Tgllgll < Crlgl?,

rne Cr — KOHCTaHTa U3 ycaoBus Y2.
Teneps u3 Broporo Hepapencrsa (15) ycioBus Y2 momydaeMm Tpebyemoe:

IQu|l* < Crllgl*

3AMEYAHUE 2. Teopema 1 103BOJISET 10KA3aTh CYIIECTBOBAHNS ,,c1aboro“ peleHnsi HEKOTO-
PBIX 3a7ad mMareMaTwdeckoit dusnku. /g q0Ka3aTebCTBa CyIEeCTBOBAHUS ,CUJIBHOTO" PEITeHnd,
ITO3BOJILOIIETO UCIIOJIB30BATh TEOPUIO BO3MYINEHUH 11 HEKOTOPBIX 334 MaTeMaTU4YecKoil ¢u-
BUKW, HAM HYKHA €IM¢ OIHA KOHETHOMEPHAT TEOPEeMa, KOTopas OyIeT A0Ka3aHa MPU BLIMTOJHEHUN
yeaopuit Y1, ¥3 u V4.

TTonpobHoe mokazaTensCTBO TeOpPeMBI 2 TIpuBeAeHO B Harmel ctathbe B Kasaxckom Martemaru-
geckoM ZKyprase [14].

PunancupoBanue: lammoe uccienosanue dunancupyercs Komurerom mHaykm MuHncTepcTBa HAyKH U BBICIIETO
obpazosanust Peciy6imkn Kasaxcran (rpant Ne BR20281002).

KiroueBsre cioBa: Teopus aud depeHImaabHbIX yPABHeHMIH, 3a0a9u MaTemMaTndeckoi ¢husukn, ['uanbeproBa mpo-
CTPAHCTBA, c1aboe pelleHne, CHJIbHOE PEIIeHre, II0C/IeI0BATeIbHOCTh KOHETHOMEPHBIX AIIIPOKCUMAIINI 32 a5 H.
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K PEIIEHUIO 3AJJAYN TEIIJIOIIPOBOJHOCTH C
KYCOYHO-IIOCTOAHHBIM KO®PUIIMEHTOM "
TPAHUYHBIMU YCJIOBUAMU TUIIA CAMAPCKOTI'O-MIOHKNHA

1.H. TAHKPATOBA!, M.A. CAIBIBEKOB?, V.K. KOMJIBIIIIOB?

Hucruryr maremaTnkn u MaTeMaTHIeCKOro Mojeanposanust, Aamarsr, Kazaxcran

Ipankratova@math.kz, 2sadybekov@math.kz, 3koylyshov@math.kz

B obaacru Q = {(x,t) : 0 < z < 1,0 < t < T'} paccmaTpuBaeTcs HadaIbHO-KPaeBas 3a/1a4a JJist
yPaABHEHHUsl TEMJIONPOBOJHOCTH € KYCOYHO-TIOCTOSHHBIM KO3 DHUIUEHTOM TeIIonpoBoIHoCTH k(1)

up(x,t) — kiuge (z,t) = f(x,t), 0<x<1/2,0<t<T,

w(z,t) — kdugg(z,t) = f(2,1), 1/2<z<1,0<t<T,

C KJIaCCUIECKUM HAYAJIBbHBIM YCJIOBUEM
u(z,0) =p(z), 0 <z <1,
C eCTECTBEHHBIMHU YCJIOBUSIMHU COTIPSIZKEHIS
u(1/2—-0,t) =u(1/2+0,t), 0<t<T,

kiug(1/2 — 0,1) = koug(1/2+0,), 0<t<T

1 KPaeBbIMU yCJIOBI/IHMI/I THUIIA CaMapCKOFO—I/IOHKI/IHa
w(0,t) =0, kiuy(0,t) = kouy(1,t), 0<t<T.

3aecw ki, ko — koucrauTsl, @(x), f(z,t) — 3a7aHAbIe BelecTBEHHBIE QYHKITHN.

[Iyrem BBEIEHMS CIIEITUATBHO MOAOOPaHHON hyHKINY v (T, ) pelleHre HeTOKATBLHON HaYaIbHO-
KPaeBOil 3a1a4M CBOJMTCA K TMOCTEJI0BATENLHOMY DEIIEHUI0 JABYX HAYAILHO-KPAEBBIX 337449 C JIO-
KAJIbHBIMU U CAMOCOTIPSIZKEHHBIME KPAEBBIMU yCAOBUAME st byHKIWi c(x,t) u s(z,t). 3mech

2¢(x,t) = u(x,t) + v(z,t), 2s(z,t) =u(z,t) —v(z,t).

s 9uCJIEHHOTO PEIeHus 33439 MOCTPOEHA PA3HOCTHAS CXeMa, alllPOKCUMUPYIOITas aud-
depeHUaAIBLHYIO 334349y B 3aJaHHON obgactu. VccmemoBaHbl BOIPOCHl KOPPEKTHOCTH MOCTAHOBKI
mubdepeHImaabHOR 380349, KOPPEKTHOCTH W YCTORUMBOCTH aJalTHPOBAHHOTO /S PA3HOCTHBIX
CXeM aJITOPUTMa CBEIEHUST HEJOKAJBLHON PA3HOCTHOW CXEMBI K MOCIEI0BATEILHOMY PEITEeHUI0 JBYX
JIOKAJIBHBIX PA3HOCTHBIX CXEM, a TaK¥Ke BOIPOCHI YCTONIMBOCTH PA3HOCTHBIX CXEM.

B cayuae k1 = kg B [1] 6b1a mocTpoeHa pasHOCTHAs CxeMa, amipoKcuMupyomas auddepes-
IHAJBHYIO 331a9y 1 000CHOBAHA €€ YCTONINBOCTE.

®uuancupoBaHue: [lanHoe uccienoBanue QunaHcupyercs Komurerom Hayku MUHUCTEPCTBA HAyKU U BBICIIETO
ob6pasosanus Peciy6siuku Kaszaxcran (rpant N AP19679487).

KuroueBrble ciioBa: ypaBHEHHE TEILIONPOBOIHOCTH, PA3PHIBHBIN KO3(D(MUIMEHT TemIonpOBOJHOCTH, HEJI0KAJIHHBIE
KpaeBble yCJIOBUA, YUCIE€HHbIe MeTO/Ibl, PA3HOCTHBIE OIIepATOPHI.
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OB MHTETPAJIHBIX ITPEJCTABJIEHUAX PEIIIEHU
PEI'VJIAPHBIX KPAEBBIX 3AJIAY /1JI{d BBIPO2KJIAKIIETIOCHA
SJIJINTITUYECKOTO YPABHEHUA I'EJIJIEPCTEITA

A.B. POTOBOI1!, T.III. KATbLMEHOB?

L2 Uucrnryr MaTeMaTuky n MaTeMaTHIECKOrO MojgeanpoBannsa, Anvarer, Kazaxcran
L Vuusepcurer Mupac, HIsmuxent, Kazaxcran

lr0g2005@list.ru, 2kalmenov.t@mail.ru

B xoneunoit obnacrtu 0 C R2, orpanuuennoit npu y > 0 miaakoil Kpusoii o u orpeskom AB
ocr y = () paccMOTPUM BBIPOKIAIOINIEECs JLIHITHUECKOE YpaBHeHue l'esiepereara

Lu= ymuzz + Uyy = f(m, y)- (1)

DyHiaMeHTaIbHOE PELIeHIE 0/HOPOAHOIO ypastenus (1) umeer suj [1]:

5(%3/,5’77) =k- (r%)iﬁ (1 _0)1_26F(1 _/671 _ﬁ;2_25;1 _0)7 (2)
riue 5
1 4\ r'(B) 2
P = 2mray k_<m+2> TA-p) TR T
-2y Y
r?=(x—¢) +m(y n > )

4 m—+2 m+2 2
2 m+2 mi2
7“%:(95—5)4‘@(1/2 +772>>

F(a,b; c; z) — runepreomerpuueckast dyuknust; I'(z) — ramma-pyHKIHS.
Iycrs q (&1, m1,&,m) — peryasphHoe pemtenne ypasuenus [esnepcreara

m 02 9%\ -
<77 6’52—’_87]2> q&i,m,&n) =0

Q(ZL‘»%&,??) :/5(557%517771)5(51777175777)dfldnl-

o0

Torna omeparop

u(z,y) = Lg' f =/(€(ﬂf7y,§m) —q(z,y,&m)) f(§,m)dén (3)
Q

SABJISIETCS DEIeHNeM PeryaspHONl KpaeBoi 3ajadu JJjd ypaBHenus lessiepcrejra, onpejeaseMoit
MPOU3BOIBHOM dyHKIHEH (2, Y, &, 7).

Ucnonb3ys pesysnbrarsl pabors! [2| 1 mosb3ysck MeToaukoit paborsl 3], jokazana cieyromas
TEOpEMA.
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Teopema 1. Unmezparvnud onepamop (3) AGAAENCA OUHCTNEEHHBIM PEUWEHUEM DELYAAPHOT KPa-
e6oli 3adanu das ypasnenus (1) mozda u moavko moeda, k0204 GHINOAHAECTNCA YCAOBUE

—@ +8£ (aé“ n aq> u(y)dsS, — /(5 + ) 2L (dse =0, @€ o0 (4)

ony,  Ony Tny
o0

®uuancupoBaHue: [lanHoe uccienoBanue dunaHcupyercs Komurerom Hayku MUHUCTEPCTBA HAYKU U BBICIIETO
ob6pasosanus Pecy6siuku Kaszaxcran (rpant Ne AP23488701).

KuroueBsblie ciioBa: ypasaenue ['ejiepcrenra, mHTErpabHOE IIPEICTABICHIE PENIEHUS, PeryJisdpHas KpaeBas 3a1a4a,
JUINITAIECKOE yPaBHEHNE, TArepreoMerpudeckas GyHKIHs.
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CHEKTPAJIbHBIE CBOMCTBA ANOPEPEHIIMAJIBHOI'O
OIIEPATOPA BTOPOTI'O IIOPAJKA CO CIIEKTPAJIbBHBIM
ITAPAMETPOM B KPAEBOM YCJIOBUN

H.H. CAIPAM', M.A. CAJILIBEKOB?

1’2MHCTHTyT MarTeMaTHK{ U MaTeMaTH4YeCcKoro Modeauposanust, Ajamarsl, Kazaxcran

! Kazaxckmit nanmonampusli yausepcurer umM. aab-Papabu, Amvarsr, Kazaxcran

Inurgul.sairam02@mail.ru, ?sadybekov@math.kz

PaccmarprBaeTca crleKTpaabHasd 3a0a49a I OMepaTopa, 3aJaHHOTO onepanneil nuddpepennm-
POBaHUs BTOPOIO HOPSIKA
Ly =—y"(z) = \y(z), 0<z<1, (1)

C KpaeBbIMU YyCJIOBUAMMU C JINHEHHBIM BXOXKJICHUEM CIICKTPaJIBHOTO ITapaMeTpa

Uo(y) + AU1(y) = 0. (3)

Buecy Uj(y) — nuneitasie dopumbl Buga Uj(y) = aj1y’(0) + ajoy’ (1) + ajzy(0) + ajay(1).

CrekTpaJjbHbIe CBONCTBA KPAEBBIX 3a/1a4 Jisl ypaBHeHus (1) B ciiydae, KOTIa B KPAEBBIX YCJI0-
BUAX OTCYTCTBYET CHeKTpaﬂbeIﬁ mTapaMeTp, MOJIHOCTHIO UCCJACJOBAHLI U 3TU PE3YJIbTAaThl XOPOIITO
u3Bectabl. Hanbosee mosHo Bee caydan pa3obpassl B [1].

B nacrosiueii pabore ncciemoBatbl criekTpasbHble cBoiictsa 3agaun (1)-(3) ¢ muHERHBIM BXOXK-
JIEHUEM CIEeKTPaJILHOrO apaMeTpa B 0JHO KpaeBoe yeaosne. B repmunax K03hGUIMEHTOB KPAeBOTro
yCaoBus (3) BBIJEJEHBI PEryJISIPHBIE U HEPETYIADHBIE KPAEBbIE YCAOBUs. BBIJIEIEHBl 1 OMMCAHBI BCE
CJAydJau TOBe/IeHNsi COOCTBEHHBIX 3HAUEHUN U COOCTBEHHBIX (DYHKITHIA.

PunaHcupoBaHue: /[aHHOE HCCIEI0BAHNE BBIIIOJIHEHO B paMKaxX IIPOEKTa IPAHTOBOro ¢puHancupoBanus Komurera
mayku Munucrepcrsa HayKu u Bbicmero obpasosanus Pecny6imku Kazaxcran (rpanr Ne AP23485279).

KuroueBnle ciioBa: 0OOBIKHOBEHHBIH Muidh bepeHITnaIbHbIN 0I1epaTop, HeJIOKAIbHbBIE KPAaeBble YCIOBHS, CITIEKTPAIHHBIN
apamMerp B KPaeBOM yCJIOBUM, CIIEKTDAJIbHbIE CBOUCTBA.
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PABPEIIIIMOCTDH KPAEBBLIX 3AJTAY J1JId HEJIMHENHBIX
YPABHEHUUN C MHBOJIFOIIMEWN

A.A. CAPCEHBI', A.M. CAPCEHBI?

YFOKY um.M. Aysszosa, Ilsivkent, Kazaxcran
2FOKY uwm.M.Ayssoa,Ilsivkent, Kazaxcran

abzhahan@gmail.com

Paccmorpum HesmHeiiHoe ypaBHeHUe C WHBOJIIONEH

y' (@) + oy (—2) = F(z,y(2) y(-2)), v € (-1,1), (1)

KpaeBbIMH YCJIOBI/IHMI/I
y(—=1) =y, y(1) = yo, (2)

e F @ [0,1] x R? — R sajannas dbyuknus,a # +1. Kpaesas sagaua (1), (2) skpusasentha
HHTErPAJTLHOMY YPaBHEHUIO

1

y@) = et )+ 5 -t [ Gt F Ly ).(-0)d

-1
rie G (z,t) ectb dysakius ['puna coorsercrBytomero (1) 0JHOPOPOIHOTO YPABHEHHS C OJTHOPOTHBI-

My KpaeBbivu ycsoBuamu (2) y1 = yo = 0. OquH U3 MOMTy9IeHHBIX PE3YJILTATOB MOXKHO ChOpMyIn-
POBATb B BHIE CICAYIOIEH TEOPEMEL.

Teopema 1. ITycmov o # £1. ITycmo Pynryua F (x,6,§) nenpepuieha u ydosaemeopaem ycaosuto
Junwuua |F (x,6,§) — F <:U,§, 5)‘ < lls—=¢l+ 1o ‘f - f‘ das mobozo (x,s,§), <:U,§, 5) € u

9(l1+l2)
16[1—lal|

noaAodcumenvHvE YUCAA ll, l2 maxoesvl,41mo
eOUHCTNEENRNHOE peuwerue.

< 1. Toeda xpaesas sadaua (1), (2)umeem

®unancupoBaHue: [lanHoe uccienoBanue duHaHcupyercs Komurerom Hayku MUHHCTEPCTBA HAyKU U BBICIIETO
obpasosanus Pecy6iuku Kaszaxcran (rpant Ne AP19674587).

KuroueBsie cioBa: mud depeHumaibHoe ypaBHEHNE ¢ MHBOIONMEH, GpyHkims ['puHa, HeTMHEHHOE ypaBHEHNE, KPa-
eBas 3ajaqga, Teopema [llaynepa.
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METO/ IOTAIIIEHN A BJINSAHNA MAJIBIX ,Z[EJII/ITEHEfI B
HEJIMHEWMHBIX BOSMVYIIEHHBIX KBASUIIEPNO/INYECKUX
KOJIEBAHUAX C JUOPAHTOBBIMU HACTOTAMMU

2K.A. CAPTABAHOB

AkTrobunckuii pernonaabapiii yaupepcurer uMenn K.2Kybanosa, Axkrobe, Kazakcran

sartabanov42@mail.ru

[Ipeanaraemblit MeTOM OIUINIEM HA IPUMeEPE HeJUHENHOTO YpaBHEHNS BTOPOTO IOPSIIKA, KOTOPOe
YACTO BCTPEYAELTCS B TEOPUN HEJIMHEHHBIX Kosebammii|l]:

i+ x=px®+ f(r) (1)

C KBA3UIIEPUOAUIECKUM BO3MYITIEHUEM, TPEICTABIAEMbIM a0COJIOTHO CXOIAIIUM PIIOM

f(r) = Z fp627ri(mm+p21/2) = Z Z fPeQWi(Pll/lﬂDQVz) =

peZ? J=0 |p|=j
= {\, =2m(p1v1 +para), P} = {fP1p= (p1,p2) € Z x Z =27, (2)

u MajbiM mapamerpom [ > 0, rje Z — MHOXKECTBO TeIbIX dnces, (Vy,Ve) = Vv — 4YaCcTOTHBIN basuc
KoJIeOaHmit 0613 1aeT CBOHCTBOM CHIBHON HECOM3MepuMOCTH [2]:

Iprv1 + pava| > clpl?, |p| = [p1] + |p2| > 0,p € 22, (3)

Basuc wacror (v1,12), obnamatomuii ceoticrBom (3) HasbBaeTcs Aun0ohaHTOBBIM.

MauJtble fesIuTesn piyvy +pats , p € Z2, KOTOpbIE HOABIISIOTCS B IPEICTABICHIAX PeIIeHnil ypaB-
venuit pgaom Pypbe U CO3MAT HEIPEOHAOJUMYIO TPYIHOCTH IPHU TMOCTPOCHUN WX METOJIOM MAJIbIX
HapaMeTPOB B IOCIeJ0BATEIbHBIX IPUO/INKEHHIL.

B 1aHHOM HCCIETOBAHUE METOIOM PACIIAPEHHBLIX OmepaTopoM IudQepeHIMpoBaHusa ypaBHe-
Hre (1) mpuBoANTCS K ypaBHEHUIO

Etz= 2" +4(r), (4)
(1) = Z Z fPQQWi(1+\P|)3(p1V1+p2V2)T _
3=0 |p|=j

= {up = 2 (1 + |p|)3(p1v1 + para), fP}, Ip| = |p1| + Ip2| > 0, (5)

e 1, = 27(1+ [p|)3A,, p € Z2.

Teopema 1 jaHHOTO MCC/IEI0BAHMS TJIACKT O IPUBOJMMOCTH 3ajaHHOrO ypasHenust (1) ¢ BO3-
MyIieHneM (2) ¢ OIeHKO BIMSHUS Masblx jgenntesieii (3) K ypasHennio (4) ¢ Bo3mymenueMm (5) ¢
HOTAIIEHHBIM BJIMSHUEM MAJbIX Je/uTeseil Ha OCHOBE MEeTOJa PACIIMPEHHBIX olleparopos judde-
PEHITIPOBAHUS.

Jokazana reopema 2, KOTOpasl yTBEPKJIAET CYLIECTBOBAHUE €MHCTBEHHOIO KBA3ULIEPHUOUYe-
CKH€ pellleHne JUHEHHOro ypaBHeHus, oIy IeHHoro u3 ypasaenns (4) npu 5 = 0 ¢ TeM ke 4acToT-
HBIM GazucoMm (v1,v9) = v, uTo y ypaBuernnus (1).

Teopemoii 3 Ha OCHOBE METOJA MOCJIEI0BATEIbHBIX TIPUOJINKEHW yCTaHABIMBAETCS CYIIeCTBO-
BaHWe eINHCTBEHHOT'O KBAa3UIIEPHOIMIECKOTO pellieHns ypasHenus (4) ¢ Bo3mytenneM (5) mpu J10-
CTATOYHO MaJIbIX 3HadeHudx mnapamerpa 8 > 0.

B saksrounTenpHOit Teopeme 4 MPUBOAUTCS AATOPUTM IIPE/ICTABICHNST KBA3HUIIEPUOIHIECKOTO
perenns uCxoHOr0 ypasaenust (1) co cpoiicreamu (2) u (3) B Buge psiga Pypre.

UccnenoBanue 3aBepiiaeTcs IpUMeHEHHEM OIMCAHHOTO METO/IA /ISl YCTAHOBJIEHNST €/THHCTBEH-
HOT'O KBA3UIIEPUOANYIECKOTO pemtennd ypasuennd lyddunra ¢ momurapMoOHTIeCKUM BO3MYIIIEHUEM
U J0QaHTOBBIM JaCTOTHBIM OA3MCOM METO/IOM IIOC/IEJ0BATEIbHBIX TPAO/IIKEHNI.
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Punancuposanue: /lannoe uccieopanne punancupyerca Komurerom vaykun Munucrepcrsa Ha-
YKU 1 BbICIero obpazosanus Pecriybiuku Kasaxcran (rpant Ne AP19676629).

KoroueBbie cjoBa: MeTo 1 moralenus; BAUIHIE MAJIBIX JeIUTeNell; KBa3umepuoandeckue koaeba-
HUsT; THO(AHTOBBIE YACTOTHI; PACIIUPEHHBIN OMepaTop; Ko3MUuIneHThl; Hokazaresan; psaiasl Pypoe.
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IIPUMEHEHUE METOJA PACIIIMPEHUA OIIEPATOPOB
ANOPEPEHIINPOBAHNA K OBbIKHOBEHHBIM
ANOPEPEHIIMAJIbHBIM YPABHEHUAM C OTKJIOHAKOIIINMCH
API'YMEHTOM
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Paccymorpum HavaabHy1o 3a7a4y /i CKAJSIPHOIO yPABHEHUSA

dx(t)
dt

— Aa(t) + po(t a(t — €)) + f(t,2(0)é(r, 2(t - <)) (1)

z = 2°(t) € C}—¢,0]

C TIOCTOSTHHBIM OTKJIOHEeHueM € > (), MOCTOAHHbIMET Koaddurmenramu A, p 7% 0 u TIa kUM QyHKITH-
savn ¢(T,y) € Cgf) (RxR), %) £ 0mn f(r,z) € C22(Rx R), upmuem f(7, ) 06paTiy OTHOCHTEIHHO
x. CrenoBaTesibHO,

9p(t,y)

oy P UIER)Fu=0 = z=u(t) € C(R). (2)

Cyrb meroga usyuenusi 51oif 3agaun (1)-(2) 3ak/rouaercs B BBEJIGHUM HOBOH HE3aBUCHMOIL
[EPEMEHHOI T U CBEJIEHUH 3aJ1a49u JIJIsi OOBIKHOBEHHOTO (D depeHInaibHOT0 ypaBHEH!sI K 3a/1a49e
JIsl yDABHEHUsI B 9aCTHBIX MPOM3BOJAHBIX 110 £ 1 T.

Yro0bl BBECTH HOBYIO HE3ABHCUMYIO [IEPEMEHHYIO T Oy/eM I0Jb30BAThCs MPOCTBIM COOOpazke-
HUEM O TOM, YTO TOCTOSTHHOE OTKJIOHeHme € > (), Haxojdlieecs B apryMeHTax (yHKuumit, 6ymem
CYATATH YACTHBIM 3HAYCHUEM 3TOU IIEPEeMEHHOR T.

Torna ypasrenue (2) MOKHO TIPEJICTABUTEH B BUJIE

D) Xo0) + (0= ) + 00600t — 7). ()

Crpuras t Ha T UMeEM yPABHEHHUE

Ox(t+ 1)

T Ae(t+7) + po(t +7,2(t) + f(t + 1, 2(t + 7))ot + 7, 2(t)), (4)

KOTOPOE 9KBUBAJIEHTHO yPaBHEHUIO (3).
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Yro0bl MOJYYUTh PACHIMPEHHYI0 CHCTEMY YPABHEHWHM B YACTHBIX IIPOU3BOIHBIX JOCTATOYHO
muddepeHtmposars ypasuenus (3) u (4) mo mapamerpy T

[£(t, () + p) 22LEU=DD 220D —

2x T X T T,T T,T T T,T T
9 8?8—; ) _ )9 g:_r ) +u8¢(t5; ©) 4 [9f(+ ét(t+ ) 4 8f(t+@’x(t+ ))] ot + 7, 2(1))+ (5)
FF(t A+ 7, (4 7)) 22T E)
Torna B ety (2) cucrema (5) 9KBUBAJIEHTHA YDABHEHNO
0?x(t + 1) ox(t+ 1)

rae g(t, 7,x(t + 7)) onpeesseTcst COOTHOIIEHTEM

gt x(t+7)) = [filt + 1zt + 7)) + folt + 1, 2(t + 7)]O(t + 7,2 (t))+
+[ft+ ozt +7) + ploe(t +7,9(t)). (7)

O6oszuauus z(t + 7) = u(7,t) ypasaenue (6)-(7) npexcraBum B Buje

9%u ou
OTOt - )‘E - g(Ta ta U) (8)
C Ha9aIbHBIM yCIOBHEM
u(r,7) = xO(T),T € [—¢/2,0], (8%)
Oulr.T) , QULT) _ 0(r) € [e/2,0].

or ot

Hastee, B HEKOTOPBIX YaCTHBIX CjIydadx ypasaenue (1), a ciemoBarenbHO, ypaBHeHus (8) uc-
caeTyeTcest pazpemmMocTs 3agaqn (8)-(80).

TakKe nccseyercst ypaBHeHNs, U3BeCTHBIE 13 [1], K KOTOPBIM NMPUMEHUM BBINTEN3I0KEHHbIH
IIPHEM.

PdunancupoBaHue: lammoe ncciremosanune ¢unamncupyercs Komurerom maykm MwumncrepcTBa HAyKW U BBICIIETO
obpaszosanusi Pecriy6simkn Kazaxcran (Ipaat Ne AP19676629).

KiroueBble caoBa: MeTOIA pacurmpenus, orneparop aud depeniuposannus, auddepeHnnanabHoe ypaBHeHne, 0TKJIIO-
HEHWe, Pa3pPEeInuMOCTh.
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JINTEPATYPA
[1] Dmbcrombn J1.D. Beedenue 6 meoputo duddepenyuarvuos ypasuenut ¢ omrAOHAIOULUMCH
apeymenmom, Hayka, Mocksa (1964).

MHOTOIIEPMOJMYECKHUE PEIIEHUA TUIIEPBOJIMYECKMX
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Wccnenyeresa Bompoc CyIecTBOBAHUS MHOTONEPUOINTECKNX PEIEHNi CHCTeM BUIA

0 <~ 0
Dz = Bz + f(1,t,x), DZE—FZAJ'@T/ (1)
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[JIe HCKOMAast BEKTOP-(DYHKIUS IepeMeHHbIX T € (—00, +00) = R, t = (t1,...,t;m) € RX...x R = R™,
Aj — TIOCTOSTHHBIE 2 X 2-MATPHIBI THIEPOOINUECKOTO TUIA, TO €CTh COOCTBEHHBIE 3HAUCHUS \jj =
Nji(A;) Henyesble U efiCTBUTEILHEIE:

O#A]l:Ajl(Aj) GR, j:]-ama l:1727 (2)

B — nocrosianas 2 X 2-marpuna, f = f(f1, f2) — Bekrop-yukiys, (0, w)-nepuogndeckas u jocra-
TOYHO TIaJiKast 1o (7,t) u mo x mopsinka (1,1) = (€):

f(r+60,t+w,z)=f(rt,z) € CO“°(Rx R™ x R?), (3)

T,t,

0 = wp, w1, ..., Wy, — HECOM3MEPHUMBIE TIOJOKUTETBHbBIE TIOCTOSTHHBIE, W = (0Megay, ..., W, ).

Usyuarorcs asa Boupoca: 1) Merogom cyKenus Marpudsbiii oneparop auddepennuposanus D
CBOJMTCS K OnepaTopy o0bIKHOBeHHOTO jnddepennnpopanust d/dT, KOTOPHIil ciejlyer onpesesnThb u
2) 0600ITIeHIeM METOIOB JIJIsl Y3KOTUIEPOOJNIECKUX CUCTEM Pa3pabaThIBACTCSI METO] YCTAHOBIEHUST
MHOTONEPUOANIECKUX PeIennii tuepbomaeckoi cucremsb (1) mpu HEKOTOPBIX JAOTIOJTHATETHHBIX K
(2) u (3) ycaoBHAX, KOTOPBIE CJEIYET OMPEIETUTh.

Januble ucciegoBanns aBasioTcs obobmenuem pesyabraros 1] ma ofmmit runepGoamyeckuit
cAydail Ha TPUMEPE CUCTEM BTOPOTO TOPSIKA.

ITo pemernio mMEPBOTO BOMPOCA CHAYANA PACCMOTPUM CYZKEHHBIN omepaTop audhepeHtupo-
paausg Dix = % + Al% U TPUBOJMM €ro K omeparopy d/dr. [ns sroro JuHEHHONH 3aMeHOi
x = By npuBoauM 3TOT 0IEPaTOp K KAHOHUYECKOMY Buiay Dy = % + Jl%. Marpura J; moxer
OpITh auaronanpHol: Ji = diag(Ai1, A2). Torma, Dy(7,t) = dz(7)/dr tne 2(1) = y(7,h(7,€,n)) =
(y1(7, h11), y2(7, h12)), h1j = n; + A;(7,&, ;). CnegoBarenbro, nMeeM

Dly = dZ<T)/dT7 Z(T) - (yl(Tv h11(77£7n1)7y2(7—7 h12<7—7§7771))' (4)

Ecau Ji umeer Tpeyroianuniii sug J; = (E)\ ())\), To Torma Diy = (;_1 (1)) dz(t)/dr, e

2(1) = y(r, h(r,&,m) = (y1(7, h1,y2(7, h1)), h =1+ A7 — £). B 310M KpaTHOM CJlydae MOABJISIETCH
MaTpUIA IEePexXoIa
I, = (—il ?) =Jt
n numeem HopMyITy
Diy(r,t1) =Ihidz(7)/dr,  2(7) = (ya(7, ha(7, & m), y2(7, ha (7, & m)). (5)
Takum 06pa3oM, B CIydae MPOCTBHIX 3JTEMEHTAPHBIX JeInuTeNell maTpuna nepexoga 11 = E — equ-

HITIHas MaTpPHIIA, & TIPH KAPTHOM 3JIeMEeHTapHOM Jle/TaTesie MaTpuTia mepexoma 113 = J 1. C yuérom
9T0r0, JuHeHHO 3amenoit u(T) = I112(7), o6bexunus dopmyisl (4) u (5) nepexosa, 3anuriem

Dyy(t,t1) = du(r)/dr. (6)

Bamerum, uro 3ru nponeccor (4)-(6) obparumblie, T0 ecth pacmmpus oneparop d/dr noayunm Dy —
oneparop audHepeHIIpOBaHust B YaCTHBIX TPOM3BOIHBIX. Jlasee, eciiu paceMorpum 6oJiee MmpOK it
oneparop guddepentmpoBanng Da:

Ox Ox

P
Dow = 2 44, 9% 4, 9%
2= TG, Ty

TO Ha ocHOBe (6) 3armmIiem ero B BUE

aU(’T, t2) — 0u(7', t2)
Daw= =5 =+ By B =

M 10 TOIl Ke MeTOojMKe, OnucanHoii coorHomenusivu (4)-(6) npuBoguM ero K BuLy

= Dyu(r,t2)

Dyu(r,te) = dv(r)/dr. (7)
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[Ipu BeIBOjE (7) GyneM mob30BaThCs Xapakrepucrukamu marpunbl Ag, Tak kak Ao u mogobaas
MATPHIIA Bf1A2Bl uMeroT 00tHe XapakTepucTuku: (hoy = n21+A21(T—E£1), hao = noa+ a2 (7—&1)),
60 (hy = ma + Ao(7 — &), hag = naa + A2 (T — £)) — obuiasi xapaKTepucTUKa B KPaTHOM CJIydae
9JIeMEHTAPHBIX JejauTesneil MaTpunsl As. MaTpuma nepexona oIpege/iseTcss COOTHOMIEHUEM

E, B caydae OpOCTBIX 3JIeMEHTAPHBIX JeTATENeH,
HQ — ]. 0 -1 .
= J. B C/Iy4ae KPATHBIX JEMEHTAPHBIX AeIuTeeH.
Al 20
N2

Taxkum 06pazoM, IPOJOIKUB ITOT METOJ CYZKeHUd, OepaTop AudepeHmpoBaHNe TPUBOIUM
K BULY

Dz = dw/dr.

Haiee, B cucreMe 0OBIKHOBEHHBIX AU bepeHIInaIbHBIX YpaBHEHUN JpyTrux nperpaj ve oyner. Cu-
crema (1) npuoGperaer Bu

dw(t)/dr = (Bi,...Bm) ' B(B1,...Bp)w + (B, ..., Bp) L f(1,h, By, .. By, w), (8)

KOTOpask ABJIAETCHA KBAa3UIEPHOJAUIECKOl 10 T U &, w-Nepuoqudeckoii mo 1 = (11, ...,n). OTcioga Ha
OCHOBE IEPBBIX UHTETPAJIOB XaPaKTEPHCTHICCKUX CHCTEM 3AIIMIIeM €8 ¢ PACCMOTPEHHBIM OIIEPATO-
* _ 0 ko m 0
poMm D* = g+ 31 5o + 200 az;> L < k < 2m, cormacno merony B. Xapacaxana s puze
* * * * * *
D*w* = B*w* 4 f* (T, 71, ey Thy t1y ooy b, W), (9)

e B* = (By,...Bn) 'B(Bi,...Bn), f*(7,7,t,w* — dynknus, mocTpoennas mo Teopeme Bopa wa
o —1 o *
ocHOBe KBasunepuonndeckoii dbyukiwm (B, ...By,) " f(7, h, By, ..., By, w) ¢ 3amenoit w #va w*, vae
cpean hji m hja MOTyT OBITH PaBHBIE ;1 = hjo B 3aBECHMOCTH OT KpaTHOCTH. dncyio k onpeensercs
KOJUYIECTBOM COOCTBEHHBIX UHCEN, HEe COM3MEPHMBIX MEXKIy coboit. Ecam Bce A11, A12, ..., Ami1, Am2

— cousMepuMble, HO HecomsMmepumbie ¢ 0, To k = 1, a ecsu BCce He cousMmepumble, TO k = 2m.
OnpeneanB HECOU3MEPUMBIE YaCTOTRI 27TV , ..., 2Ty, COOCTBEHHBIX KOJIeOaHmil nMeeM Ieproanl #; =
Vl_l, vy O = I/k_l

U3yuus MHOTOTIEpHOMYECKYE pereHust ypaHaenus (9) nepuogos (61, ..., Ok, w1, ..., Wy, ), HCXOIs

U3 9TOTO yCTAHABIMBAEM MHOTOTIEPHOIecKre perrerns ypasaerns (1). OueBuaHo, 9TO y MATPUIIBI
B Bce coberBennble 3HavueHnsd nuMmetorT Rep # 0, o cucrema (1) uMeer eTHHCTBEHHOE MHOTOIEPHO-
JUIECKOE PEIeHne MPH JOCTATOYHO MaJIol KoHCcTaHTe Jlummuia dpyskuun [ 1o .

DTO eCTb Pe3y/IbTAT UCCJEIOBAHNS IO BTOPOMY BOITPOCY.

B 3akJstouenun ciefyer oTMeTuTh, YTO HJEsd METO/a 10 MPOBEJEHUI0 omneparopa D K Buiy
upunaiexkur upodeccopy Capradbanosy 2K.A. [1]. Buech coornomenusivu (4)-(6) ona Hauucana B
6ostee TPOCTOH AOCTYITHON hopme.

PunancupoBaHue: lannoe ucciemosanne ¢unancupyercs Komurerom maykm MumucrepcrBa HAyKd U BBICIIETO
obpaszosanust Peciy6sinku Kasaxcran (rpant Ne AP19676629).

KiroueBble cioBa: CCTeMa BTOPOTO MTOPSIIKA, MATPUIHBEIH ontepaTop avddepeHrapoBaHst, MHOTOIIEPUOIUTHOCTD,
rutepOOJIMIHOCTD, OIIEPATOP CYy KEHUs.
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OBPATHASI 3AJJAYA JIJIsI TICEJOITAPABOJIMYECKOTO
YPABHEHUS JTPOBHOT'O MOPSIIKA

B.H. CEIJIBEKOB', A.A. CAPCEHBI?

L FOsxno-Kazaxcranckuii yausepcurer um. M. Ayszosa, HIsivkent, Kazaxcran
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B nammoit pabore mayuaercs obpaTHasl 3a7ada JIsi HEJOKAJBHOTO TICEBIONAaPabOINIECKOTO
ypasuenus. Vccienyercs ypasaenue

D (u () + Ugaza (2,1)) + Usaea (x,1) = f(2), (t,x) € Q, (1)
C FpaHI/IIIHbIMI/I yCﬂOBI/IHMI/I
u(1,t) =0, ug (=1,8) = uz (L,1), uge (=1,1) = 0, Uggy (—1,1) = Ugae (—1,8), t€[0,T], (2)
1 HadaJIbHbIC YCJI0BHA

u(x70):90(x)7 U(%T)Zw(ﬂ«"% xE[—l,l], (3)

rae ¢(z) u ¢ (z) ussecrasle gocrarouno rmagakue Gykmuun u Q@ = {0 <t <T < oo, -1 <z <1} u
0 < a < 1. DY ansercs nponssoguoit KanyTo (em. [1]) e 0 < o < 1w D = 0, nipnm o = 1.
B sT0ii 3aMeTKe MBI B OCHOBHOM HCIOJIb3yeM pueMbl 13 pabors! [2].

Teopema 1. ycmo f € C?[—1,1] u fi'(=1,t) = fO(1,t) =0, i = 0,1, ¢, ¥ € C°[-1,1] u
ol) (—1) = ) (1) = e (-1) = 9 (1)=0, j =0,1,2,3,4. Tozda cywecmsyem edurcmeenmoe
pewenue u (x,t) € C;Z’;i (Q)n C’;l”tl (Q) u ee moorcHo 3anucams Kax

_ 1 Bon (5517 (047 — i)
u(z,t) = () + kzo (1 L (_1%MTQ>) (k)

= 1 - Bay (—12551°) (41— eld)

= (-2 (-agr)) my o
U
B o0 4O _ 0 5 4O _ 0
Fr=et o kZ:O (1 E (k_l 113{%@)) kakl o)+ ; (1 E (k_z 1135%)) kakQ @),

ona (x,t) € Q 20e
1 / wkx —mkx
Al = [ ¢ @sinteba)de, o = [ @ <Cos (wkx)+(—1)ke_e> i

eﬂk _ e*ﬂ'k
—1 -1

1 1

0= [ @sinmba) o oY = [0 @) (con k) + (DM Z T Y
-1 k8

q)I/IHaHCI/IPOBaHI/IeZ HET.

KuroueBrblie cioBa: mncefonapabommiaecKrie ypaBHEHNsT YeTBEPTOTO MOPsIKa; 00paTHas 3a/1a4a; COOCTBeHHAasT (PyHK-
nwust; 6a3uc Pucca; metox @ypre.
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Imurat.sultanov@ayu.edu.kz, 2v.e.misilov@urfu.ru, >sadybekov@math.kz

B pabote paccMaTpuBaeTcs ypaBHEHUe
D?U(xat) _umm(xat) = f(l’,t), (1)

C Ha4YaJIbHBIM YCJIOBUEM

u(z,0) =0, 0<ax<1, (2)

u CJIeAYIIMUMN HEJIOKAJIBHBIMU KPACBbIMU YCJIOBUAMNU

{ uz(0,t) — ug(1,t) — au(1,t) =0,

<t<T
(0, ) = 0, 0=t=T )

rae a > 0. JIpobrast mpom3BoIHas MOPSAIKA (v PACCMATPUBAETCA B cMbicae KarmyTo.

Jng ancnennoro perenns 3ajgaau (1)—(3) npumensiercs merox [1]. Tloaxosn sakmtouaercs B
CBEICHUN 33J1a49M C HEJOKAJLHBIMA KPACBLIMH YCJIOBHAMHU K PEIICHHIO IBYX 3aJad g QyHKIHi
C(z,t) u S(z,t) (rakux, aro u(z,t) = C(z,t) + S(z,t)) ¢ 1OKAIbHBIME KPAEBBIMU YCJIOBUSMU

DRCD) ~ Cute) = ey, { G000 =0 “
m@@ﬁ_&ﬂ%ozﬁmw,{ﬁﬁgi_giﬁ ®)

Bamaua (4) uMeer KpaeBble YCIOBHs TPETHETO Poja, a 3aaava (5) — ycaosua Jupuxie.

Hns pemenwst 3amad (4) m (5) MOCTpOEHBI HESBHBIE DA3HOCTHBIE CXEMBI Ha OCHOBE
Ll-anmpokcumarmu apobuoit mpomsBonHoit KamyTo w meHTPaIbHO-PA3HOCTHON CXEeMbl s ITPO-
CTPAHCTBEHHBIX MPOU3BOIHBIX. VccaesoBana yeTOWIUBOCTD U CXOAMMOCTh PA3HOCTHBIX cxeM. Jlist
PeIeHnst CUCTEeM JIMHEHHBIX airebpandecKux ypaBHEHUI NCIIOIb3yeTcs MeTo  Iporonku. [Iposee-
HbI YHCJIEHHbIE SKCIIEPUMEHTBI JIJIsi UCCIe0BAHNST OCTPOEHHOrO ajlrOpuTMa. Pe3yibrarsl sKCIepu-
MEHTOB MOJTBEPAIAI0T TeopernuecKuii nopaaok cxomumoctu O(727% 4 h?).

dunancupoBaHue: Pabora mommepxkana MunncrepcTBoM HayKu u BhICITero oopazosanus Pecnybnuku Kazaxcran

(zpoexr Ne AP19676663).

KiroueBsle cioBa: muddepennnaabHble ypaBHEHNs, TpOOHAs TPON3BOIHA, ypaBHeHue cyomnddy3nn, HeIoKaIh-
HBlEe 3a/la4y, He yCUJIeHHO peryiadpHble KpaeBble yC/IOBHUd, Hada/IbHO-KpaeBad 3aJada, UC/IeHHble aJIlOPUTMBI.

2010 Mathematics Subject Classification: 35K20, 35R11, 656M06
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O 3AJIAYE I'EJIBMIOJIbIIA C BBIPOXK/IAIOIIENCS
IN®PY3UEN B KJIIACCE JU®PEPEHIIMAJILHBIX YPABHEHUN
9KBUBAJIEHTHBIX B CPEJHEM KBAJIPATUYECKOM

M.U. TJEYBEPTEHOB!, I'K. BACUJIMHA?, I.'T. UBPAEBA?,
JI.T. A’KbIMBAEB*

L2 1 Uncruryr MaTeMaTHKH 0 MaTeMaTHIeCKOro MolesupoBamnsd, Amavarer, Kasaxcran
2AY3C nmenn T Tayxeesa, Amvars:, Kazaxcramn
3 Boerneprit nacruryt Cuir BO3AYIIHOH 060POHDI HMEHH
asazk bl eposi Coserckoro Coroza T.5. BerenbqunoBa, Axkrobe, Kazaxcran

4 AkTrobunckmit peruonapuplii yaupepcurer umenn K. 2Ky6anosa, Akrobe, Kazaxcran

!marat207@mail.ru, 2v_gulmira@mail.ru, 3gulmira_ ibraeva@mail.ru,

4darkhan70@gmail.com

PaccumarpuBaerca jimmeitHasg MOCTAHOBKA 3a1a9u | €IbMTOIBIA J/id OOIMHAX CUCTEM CTOXACTH-
YeCKUX YpaBHEHUH, a MMEHHO CUCTEM CTOXACTUUYECKWX YPaBHEHUIl ITepBOTO TOPSIKA C BBIPOXKIAI0-

mieticst mudpdy3meit

z'/i == Al](t)x] + Blk(t)yk + jjlr&‘% k= 1)”27 ni Z 07 n2 Z Oa ni + ng = n.

IToctanoska 3amaum. Ilo 3amamnoil muHeHON cUCTEeMe CTOXACTUYIECKUX YPaBHEHUN TMEpPBO-
0 TOPSIKA C BhIpOKgatomietica auddyzueit (1) TpebyeTcst MOCTPOUTH SKBUBAJIEHTHBIE 33 TaHHBIM
CTOXaCTUYECKUM YPaBHEHUAM YPaBHEHUS IaMUJIbTOHOBON CTPYKTYPHI B IIPOCTPAHCTBE MOMEHTHBIX
byHKIIE BTOPOTO MOPSIIKA (B @—HpOCTpaHCTBe).

Sameuanue 1. Yacmnom cayuaem cucmemo, cmoxracmuseckus ypasnenut (1) asasemea cucmema
ypasHeHutl 6uda

yi = E(xayvt) +Uij(m7y7t)£]a i = 17”7 ny=ng = n/2a

K KOmMopol c600UMCA CMOTACMUYECKoe JUPPHEPEHUUANLHOE YPABHEHUE 8MOPO20 NOPAJKA

xz:E(xvat)+o-lj(x’xvt)£Ja ’L:].,n/2, (3)

U CUCTNEMA CTNOTACMUNECKUT Juddepenyuaronms ypastenut (2) ecmov cucmema ypasHenul nepeo-

20 nopadka ¢ Juddysueti 6uposcIaOWetica POSHO NO NOAOBUHE HEZABUCUMBLT NEPEMEHHBLT Tj, | =
1,n/2.

[Ipensapurenbuo, BBEAs 0003HAUCHUST 0 = < v >, D = ( Av B >, n = < 0 >, G(t) =
y Az Bs 3

Tn2><’r‘
— (n1 X n2), B — (n2 X n2), uepenuiuem ypastenue (1) B Buge a = D(t) + G(t)n.

T
Y=a— Maua® ya0oBIeTBOPSIOT COOTBETCTBEHHO ypaB-

0
< mxr >, riae marpunsl Aj, Ay, By, Bs nmeror pasmeproctn: Ay — (ny X ny), As — (ng X ny), By

CrenoBarebHO, BEKTOP-(DYHKIUHT @
HEHUSIM
a® = D(t)a® + G(t)n m a®T = " DT (t) + T GT(t).
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Baesiem, saniee, MaTpuity Koppeaanuonnsix Momentos O(t) = M[a®(t)a’” (t)], koropoe, cieaya
[1], ymoBeTBOpsieT ypaBHEHUIO

©=D(t)©+06DT(t)+GHt)GT (1) (4)

Wi Oy = di01+ dijb;k + grjg;1- Tleperymepyem smemenTsl MATPUIBL © — (1 X 1) U BBEJEM BEKTOD
A= (A1,..., \w)T, rme N = n?, Torma ypasuenne (4) npuMer Buj

A =T\ + ¢, k=1, N, (5)

rae dynknuu 7k (t) 3aBucar or snementos marpun, Ay, Ao, By, By, a dynkuuu ¢p — or dbyHKuii
0i;(t). st permenust mocTaBIeHHO 3aa9l BBEJIEM, CJIeys MeToAy JImyBu/uis, HOmOTHUTEIbHbIE
TepeMeHHbIe K, © = 1,n1] U Vg, k = 1,12 a Takxke HYHKIUIO ['aMUIBTOHA PACIITUPEHHON CHCTEMbI

B BUJIE
H = 7(Xi(x7yat)’%i+Yk(x’yvt)yk)’ (6)
roe X; = Aij(t)l'j + Bik(t)yk, 1=1,n1, Y = Alj(t)acj + Blk(t)yk, k=1,n2, n1 +no =n.
Torna X; = — 85_ , Y = —gTHk, U COOTBETCTBYIOIINE YPABHEHNS PACITUPEHHON CHCTEMBI 3allu-
nIyTCA B BUAE
OH
ki=—, i=1,mn1,n1 >0 (7a)
ox;
oH )
Ti= —
(2 8[{ I

k= 1,n2, ng > 0 (70)

Yk = aiak‘i‘gkjéj, ni+ng =mn, (7d)

rie ypasuenud (7b) u (7d) coBmagaror ¢ ucxogHbMu ypaBHeHusMu (4), a ypasmenns (7a) u (7c)

CIYKaT s OIPeeJIeHNs] BCIIOMOIATE/IbHBIX IEPEMEHHBIX Ki, ¢ = 1,n1 u Vg, k= 1,ng.

Teopema 2. Heobrodumvimu u d0CTNamovHomy Yeaosuamu npedcmasaenua ypasnenus Hmo nep-
6020 nopadka (1) e eude ypasnenull xanonuyueckold cmpyxmypu (7) aeasemcs npedcmasaenue
Pynxyuu Tamusvmona 6 eude (6) ¢ NOMOWDBIO JONOAHUMEALHT NEPEMENNYT Ki, | = 1,n1 u
Vi, k= 1,n2, komopwie onpedesaromea uz ypasuenud (Ta) u (7c).

Takum 00pazoM, METOJIOM MOMEHTHBIX (DYHKIOWM B COYETAHUN C METOJOM JOMOJHUTEIBHBIX
epeMEHHBIX pelieHa 3a1a4qa leibMroibiia B Kiaacce guddepeHnuanbHbIX YpaBHEHUH SKBUBAJIECHT-
HBIX B CpemHeM KBajpaTudeckoM. llogydeHnbiil pe3yabrarT 0000IIaeT OnNWH U3 PaHee MOTYIEHHBIX
pe3ynbraros [2-5] Ha Gosiee oOUTHIT KIACC CTOXACTHIECKUX (D dEpeHITHAaTbHBIX yDaBHEHHI.

®uuancupoBaHue: [lanHoe uccienoBanue dunaHcupyercs Komurerom Hayku MUHHCTEPCTBA HAyKU U BBICIIETO
ob6pasosanus Peciy6siuku Kaszaxcran (rpant Ne BR20281002).

KuroueBnlie cioBa: ypasuenue lto, 3amaqga lenpmrosbia, dyakmus [amMuiprona, MeTOq MOMEHTHBIX (DYHKITHN.
2010 Mathematics Subject Classification: 34Cxx, 60G07, 60H10
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O 3AJTAYAX TUMA BUIIAJ3E-CAMAPCKOTO JJIsI
HEJIOKAJIbHOTO YPABHEHUSI ITYACCOHA

B.X. TYPMETOB!, 2K.H. TYPITAHBAEBA?

L2 Vunsepcurer Axmena Scasn, Typxecran, Kazaxcran
! Vuupepcurer Ansgpparanyca, Tamkent, Y36exucran

Ihatirkhan.turmetov@ayu.edu.kz, 2zhannur.turganbayeva@ayu.edu.kz

IIycts 51,59, ..., Sy cuMMeTpUYHBIE KOMMYTATUBHBIE MATPHUIIBI PA3MEPHOCTH N X N U SZ-2 =F,
E-epuananas marpuna. Ecin i HeKOTOpbI# uageKc u i = (iy...i211)2 €ro JBOUYHBIA 3aIMChH, TO MbI
MOZKEM PacCMOTpeTsh orobpazkenus Buga Sy'...552 S .

[Tycts Q n L) COOTBETCTBEHHO eIMHUIHBIH Map 1 eanandHas cdpepa B R”,n > 2, A - onepatop
Jlammmaca n a;,b;,1 = 0,1, ...,2™ — 1 HeKOTOPHIH HAOOP AEHCTBUTENIBHBIX YHCET. BBegeM omepaToph

2m—1
Guu(z) = Y bu(Si...S{x), Lau(z) = La [Au] ().
1=0

PacemorpuM B obstacta () ciieyronmye 3a/1a49u.
Bamaua 1. Haiitu dyskmmo u(z) € C2(Q)NC (Q) YOBJETBOPAIONTYIO YPABHEHHIIO

Lou(z) = f(z),z € Q (1)

¥ I'PAHUYHOMY YCJIOBHIO

ly[ul(z) = g(z), z € ON.

Bamaua 2. Haittu dbynkmmo u(z) € C?(Q) N Ct (Q) YZOBJETBOPSOILYIO ypaBHeHnuto (1) u

IPAHMYHOMY yCJIOBUIO
b [Oyu] (z) = g(x), x € 09,

rie dyu(z) = g—}f, vV — BEKTOP HOPMAJIN.

Ormernm,uro 3aga4n 1 u 2 B caygae b; = 1,2, ...,2™ — 1 usyqens! B pabore [1].

B nacrosmmeit pabore J0Ka3aHbl TEOPEMBI O CYNIECTBOBAHUN U €MHCTBEHHOCTH PEIICHUS 33144
1 m 2. N3ydennbl Takke cuekTpaJsbHbIE 33Ja4uu Jijis onepaTropa L,. cmonb3ys cBoiicrBa cobcTBEH-
HBIX (DYHKIHH U COOCTBEHHBIX 3HAYEHMi Kaaccuaecknx 3anad Jupuxie u Heitmana B aBHOM Buze

HalIeHBl CUCTEMBbI COOCTBEHHBIX (DYHKINN M COOCTBEHHBIE 3HAUEHWS OCHOBHBIX 3a/ad. JIoKazaHb
TEOPEMBI O TIOJTHOTE CUCTEeM COOCTBEHHBIX (DYHKITUH paccCMaTPUBAEMBIX 3a7ad.

®unancuposanue: [lanHoe uccienosanue dunancupyercs Komurerom Hayku MuUHHCTEPCTBA HAYKU U BBICIIETO
obpasosanus Peciy6suku Kaszaxcran (rpant Ne AP19677926).

KuroueBrble ciioBa: WHBOJIIONNs, HEJTOKAIbHBIN OmepaTop, ypaBuenne Ilyaccoma, HeOKaIbHAS 337a49a, CIEKTPAIb-
Hasg 3a7a4a.

2010 Mathematics Subject Classification: 34K06,34K10,35J05, 35J25
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CHUHTYJISIPHO BO3MVYIIEHHASI 3AJJAYA JIMPUXJIE C
BUIIOI'PAHUYHBIM CJIOEM

II.A. TYPCYHOB!, K.K. ITAKITPOB?

L2 Omckmit rocymapersennsiii yansepcnrer, Ounr, Keiprercran
ldtursunov@oshsu kg, 2kshakirov@oshsu.kg

Uccnenyem crnenyromyio 3aga4ay JAupuxie maaa KOIbIA
ue(p, )

dp
— ((p = a)*q(p, ) + er(p, ©))uc(p, ) = f(p,©), (p.0) €D, (1)

e'Auc(p, ) + (p — a)’p(p, ¢)

UE(CL7 QO) = 07 UE(b7 QD) = 07 2 € [07 277]7 (2)
e € — Mafablil mapamerp, A = ap2 +1 > 8 5 + p%a‘%; — omnepatop Jlamaaca B mOIApHON cucTeMe

KOODJIMHAT, a, b — 3aIaHHble, M3BECTHDLIC IOCTOSHHBIE Yucia, p, ¢, v, f € C(D),
(p,p) €D 0<plp,p),0<qlp,p), 0<r(p,), fla,p) #0, ¢ €0,2n],
D={(polla<p<b 0<p<2r}, D={(p,p)la<p<b 0<¢p< 2},
ue(p, ) — nckoMast byHKITHSI, 3aBUCAIIAS OT MAJOTO MapaMeTpa €.

Herpynmo 3amMeTnTh, 9TO IIpefenbHoe ypaBHenue, € = 0 :

(0= aPplo. )G — (o~ wPa(pr o)) = 1(6.9). (i) € D.

UMeeT 0COOYI0 JIMHUIO (OKPYKHOCTH p = @), COOTBETCTBEHHO OHO OY/IeT BJIUSTH HA BHEIIIHEE PElleHne
sagaun (1)-(2). Takoe stBnenne cpoiicrBenHo Gucnurynsipubivm 3agadam [1], [3]-[5].

Hamu j0Kka3biBaeTcst, 4T0 B OKPECTHOCTU IPAHUYHON OKPYZKHOCTH P = d, KPOME KJIACCUIECKO-
TO TIOTPAHUYHOTO CJIOA, TTOABJIACTCA €Iie OANH HpOMe?KyTOqulﬁ cJion, T.€. B OKPECTHOCTH p = Q
HOSIBIISIETCST OUTIOTPAHUIHBIN (JBOHOM) CIIOiL.

Teopema [Iyis pemennus 3agaqu Jupuxie (1), (2) B korbue D npu € — 0, cpaBe/yTABO ACHMII-
TOTUYIECKOE PA3TIOKEHUE:

s 1 (s+1) 2(s+1) qu END) s
usz(Zzs]vj—i-;Zuwj—l— Z )\7r]> b "L O(e).
=0 =0

®unaHcupoBaHnue: lannoe uccinenosanue dbunancupyercs Omckum rocysjapcrseHabiv yausepcurerom (rpant Ne(Ql-

25).

KurroueBblie cjioBa: CHHTYJISPHOE BO3MYyIIeHue, 3a1a4da lupuxie, OMCHHTY/IIpHAas 33a/1a49a, TPOMEKYTOUHBIH TOTpa-
HUYHBIA CJI0M, OUIIOrPAHUIHBINA CJTON, ACUMIITOTUYECKOE pPelleHue.

2010 Mathematics Subject Classification: 35C20, 35025

JINTEPATYPA

[1] IVin A.M. Matching of Asymptotic Expansions of Solutions of Boundary Value Problems,
Nauka, Moscow (1992).

[2] Tursunov D.A., Omaralieva G.A. An intermediate boundary layer in singularly perturbed
first-order equations, Trudy Inst. Mat. i Mekh. UrO RAN., 28:2 (2022), 193-200.

[3] Tursunov D.A., Kozhobekov K.G., Shakirov K.K. Asymptotics of the solution of a singularly
perturbed problem with a singular line, Lobachevskii J. Math., 46:1 (2025), 536-546.

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 139

O NNPUMEHEHUU METOJA ITAPAMETPU3AIIUN K
MCCJIEJOBAHUIO TU®®EPEHIIUAJIBHBIX YPABHEHUN
JPOBHOTO TIOPSIJTKA

K. YCMAHOB!, K.2K. HABAPOBA?2, M.A. MYPATBEKOBA3

L.2.3 Mesx mynaponplii kazaxcko-Typenkuii yuusepcuret, Typkecran, Kasaxcran

kairat.usmanov@ayu.edu.kz, 2kulzina.nazarova@ayu.edu.kz,
3moldir.muratbekova@ayu.edu.kz

JpobHoe uCUYUCTCHNE HABJSETCH PACIIUPEHUEM KJIACCHIecKoro audhepeHnnaaTbHor0 U WHTe-
TPAIBHOTO WCYUCTCHUS [jid TPOU3BOJIBHBIX TMOPSIKOB muddeperiupoBanusd. B mociaeamnne mecs-
TUJIETUS UHTEPEC B JAaHHOU 06JIacTi 3HAYUTEIBHO BO3POC M3-3a MIMPOKOTO CIEKTPA MPUIOKEHH,
BKJTIOYAsT MOJEJIUPOBAHNE MPOIECCOB C MaMATHIO, AHOMAMBHYIO MU DY3Ui0 U IUHAMUKY CI0KHBIX
CUCTEM.

Breperie umes apobHBIX TPOM3BOMHBIX ObLaa npespnaoxkena Jleibuumem B 1695 romy, a mare-
MaTHUYeCKHe OCHOBBI paspaboranbl JIuyemiiem n Pumanom B XIX Beke. CTporue mareMaTudeckue
0CHOBBI J1pobHOro juddepeniuposanus 6blin Biiepsblie pazpaboranbl Jlnysusiem B 1832 roay 1],
a 3areM pacmupenbl Pumanom B 1847 rozay [2|, 9To mpuBeso K mosiBieHUIO nHTErpasa Pumvana —
JInyBujiisd, CTaBIIEro KJAACCHYECKUM UHCTPYMEHTOM B JAPOOHOM HCUYUC/IEHUN.

Ha orpeske [0, T] paccmarpuaercs: JinHefiHas JIByXTOYEUHAsT KpaeBas 3ajada

D ()= A(W)atf(H), t€[0T], zeR 1)

Bz (0)+Cz(T)=d, deR", (2)

rae marpuna A (t), sexrop-dyuxiusa f (¢) nenpepwiBubl Ha [0, 7], A (t) =1 ax Yo laij ()| <a,a—
1= ,njzl

const.
Permennem zamaan (1), (2) wa orpeske [0, T ssasercs Bekrop-dbyHkius x (), Koropas Hernpe-
peiBHO auddepennupyemas ua [0, T'], onpesenena apobHast mpomsBoaHas KamyTo Ha paccMaTpuBae-

t
Mom orpeske ¢ D% (t) = ﬁ JE—-¢“ ZL’; (&) d€, ynmosnersopsier cucreme aubepenmantbHbIX
0

ypasHenuit (1), nmetomas B Touxax t = 0, ¢t = T 3naqenus x (0), x (1), 11 KOTOPBIX CIPABEIIIBO
pasencTro (2). B mannoit pabore mpemiaraercs OJuH W3 BAPUAHTOB MCCIEIOBAHUS PA3PEIMOCTH
KPaeBBIX 33/1a4 I AndbepeHnnajsbHOro ypaBHeHns JpobHOTO MopsijiKa, T.e. IPUMEeHeHNne MeTO/Ia
napamMerpusanuu npeioxenustii npodeccopom 1. Txxymabaesbim [3].

Ha ocroBe MeTo/1a rapaMeTpu3aIini ObLT IPEJJIOZKEH aJITOPUTM HAXOK/IEHUS DEIeHNs], a TaKKe
YCTQHOBJIEHA CXOAMMOCTD JIAHHOIO aJIIOPUTMA.

Teopema 1. Ilycms npu nexomopom pasbuenuu h > 0 : Nh = T mampuua Qp, : RN+
RN+ o6pamuma u evinosnaomcea nepasencmen:

o) [Qu] ™ <y (),

6) q(h) = Faiis Ba (al(a)h®) h2* < 1.

Tozda nocaedosamervrocmv nap ()\(k),u(k) [t]) npu k — oo cxodumea ()\(*),u(*) [t]).

®unancupoBaHue: [lanHoe uccienoBanue duHaHcupyercs KoMureroM Hayku MUHHCTEPCTBA HAYKM U BBICIIETO
obpasosanust Pecy6iuku Kasaxcran (rpant Ne AP23488086).

KuroueBrle cioBa: muddepennmanbable ypaBHEHUS POOHOTO MOPsIKa, METO/I TTapaMeTPU3alinn, KPaeBble 33,/1a49H,
Ppa3pemnmMocThb, ApobHas npoudsogHad KaryTo.

2010 Mathematics Subject Classification: 34B99, 34B05, 34560
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HAYAJIbHO-KPAEBBLIE 3AJIAYN 1JISI TUIIEPBOJIMYECKOTO
YPABHEHUNA C MHBOJIFOIIMEN
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[Iycts Qp mumunaapuyaeckas obsacts Qp = (0,7) x Q , rme Q exuangnbiil map B R™",n > 2,
0Q — exummanas cdepa, S — oproronassras marpuna: S - ST = Eu S?2 = E, rae E equnnanas
Marpuna. [IpuMepoM Takoi MaTpHUIEl SBASETCS MATpHIa oTobpaskennst St = —x. Paccmorpum B
obmactu QT CIeIYIONIYI0 HATATBHO-KPAEBYIO 3a,0ady:

2u(t, z
88(;,) — apAu(t,z) — a1 Au(t, Sz) = h(t,x), (t,x) € Qr, (1)
w(0,7) = 7(x),u(0,2) = p(z),r € Q, (2)
u(t,z) =0,[0,T] x 09, (3)

rJie ag, a1 — HEKOTOPbIe jeficTBuTenbHble uncaa, h(t,x),7(z) u p(x) 3amanubie GyHKINN.
Kunaccnaeckum permennem 3agadn (1) - (3) nazosem dbyuknmio u(t, z) u3 kiacca C’t27 5 (Qr) N

C’; ’g? (Qr) u yrosaersopsioutyto yeaopusay (1) - (3) B 0GbIMHOM CMBICIE.

Hapsazy ¢ sroit 3amadeii Mbl 6y1eM HCCIEI0BATH TAKKE HATAJIbHO-KPAEBYIO 3349y ¢ YCIOBUAME
(1),(2) u rpanuunsiv yenosuem Heiimana dyu(t, z) = 0,[0,7] x 082, vae 0, = % — NPOM3BOJHAA 110
HAITPaBJIEHUIO BEKTOpa, HOpMasH K cdepe 0f2.

B srom ciyuae perenue Oymem uCKaTh B Kiacce GyHKImA u(t, ) € C’E 12 (Qr)N C’t{ xl (Qr).

Ormernm, 9To 0OpaTHBIE 33adn 1id ypasHeHus (1) B caydae n = 1 u3yqueno B paborax [1,2].

PaccmaTpuBaeMble 3a1a91 PEMIAIOTCA CBEIEHUEM UX K SKBUBAJEHTHBIM 3a1a9aM I KIaCCHIe-
CKOT'O FI/IHep60ﬂI/IquKOI‘O YpaBHEHUSA. I/ICHO.HBSYH U3BECTHBIE YTBEPZKIACHUA JTJIA HATAJIbHO-KPACBbIX
3a7a4 I KJIaCCHIECKOTO THIIEPOOIMYIECKOr0 ypaBHEHNS JOKA3aHbl TEOPEMBI O CYNIECTBOBAHUY W
eIMHCTBEHHOCTH pereHnd. [[0Ka3aHo, 9T0 KOPPEKTHOCTh PACCMATPUBAEMBIX 3aJa4 CyIIECTBEHHO
3aBUCAT OT KO3 PUIIEHTOB yUaCTBYIONINX B OIPEIEIEHN HEJTOKAILHOTO onepaTopa Jlamnaca. Pe-
OICHUYA PAaCCMATPHUBAEMbBIX 3a/a4 ITOCTPOCHBI B BUAE PAIA.

PunancupoBaHue: lannoe ucciremgosanune dunancupyercs Komurerom maykm MunucrepcrBa HAyKyd U BBICIIETO
ob6pasosanust Pecy6sinku Kasaxcran (rpant Ne AP19677926).

KuroueBble ciioBa: MHBOJIIONNS, HEJIOKAIbHBIN OIIEPATOP, TUIEPOOJINIECKOe yPaBHEHNE, HA9aIbHO-KPAeBasd 3a1a4a,
ycnosue /lupuxite, ycmosue Heiimana.
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Multipoint boundary value problems in
differential-algebraic equations

Zh.N. ARTYKBAYEVA!, B.E. KANGUZHIN?
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2 Al-Farabi Kazakh National University, Almaty Kazakhstan
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We consider a differential-boundary equation with algebraic terms on a finite interval 0 < x < 1

k s
1) = 1 (L2 + 3 k00 + Y ha5(@)) + @0 B 4 eyt = 10, ()
i—1 j=1

A distinctive feature of these equations is that, alongside the function being sought, a certain
number of unknown values must also be determined. This leads to the critical question of unique
solvability: how many and what type of conditions need to be imposed on equation (1) to ensure
that the resulting problem has a unique solution in a given space?

This kind of equations are classified as differential operator equations in [1]. Such equations,
consisting of both differential and algebraic parts, are called differential-algebraic equations [2].

Keywords: differential-algebraic equation, hybrid operator, restriction, inhomogeneous operator
equation.
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Space-dependent source identification problem for the
subdiffusion equation
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An inverse problem of determining the right-hand side of the abstract subdiffusion equation
with a fractional Riemann-Liouville derivative is considered in a Hilbert space H. For the forward
problem, the non-local in-time condition u(0) = u(T") is taken instead of the Cauchy condition.

The right-hand side of the equation has the form g(t)f with a given function ¢(¢) and an unknown
T

element f € H. As an over-determination condition, we adopt the integral condition [ w(t)dt = .
0

Here ¢) € H is a given element. For a sign-preserving function g(¢), the existence and uniqueness
of a solution are proved. If the function g(t) changes sign, then necessary and sufficient conditions
for the existence of a solution are found. All the presented results are new for diffusion equations
as well.
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Multipoint problem for higher order hyperbolic equations
with impulse discrete memory

A.T. ASSANOVA
UInstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
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We consider on restangular domain Q = [0,7] x [0,w] multipoint problem for higher order
hyperbolic equations with impulse discrete memory

3mHZ—§f»u §jb D) | 1 2)s(t o) + F(ta)+
gemar = 2 ik 7) axz ozi-1gt AL TIALT » &

—i—Za()z (t,x) + Zb M + co(t, x)z(y(t), x), (1)

z 1at

t#60;, j=1,N—-1,

N m
S 0?2 £ 02252 i) =i, <k @
i=1 i=1

k=1
tjbm+0z(t ) — Hllalgfgoz(t, z) =¢j(z), z€[0w], j=1,N-1, (3)
OPz(t, x) B [ —
o mw®, p=0m—1, telT), )

where u(t,z) is unknown function, functions a;(t,z), b;(t, ), ao;(t,z), boi(t,z), i = 1,m, c(t, ),
co(t,x), and f(t,x) are continuous on €2,
v#)=¢,  teld;,bi41), j=0,N-1;  0;<( <0 forall j=0,1,..,N-1
0:90<‘91<-~-<9N—1<0N:T,
functions pr;(z), ski(7), qx(z), k=1,N, i=1,m, and po(x) are continuous on [0, wl;
O=ty<ti <..<tn1<itn=T, tk?égj, k,j=1,N —1;
functions ¢;(x) m are m times continuously differentiable on [0, w], functions ¢, (t), p = 0,m — 1
continuously differentiable on [0, 7.

)

Recently, a modification of Dzhumabaev’s parametrization method [1] was proposed which
proved to be a constructive method for solving nonlocal problems for hyperbolic equations with
integral condition [2], with impulsive actions [3], [4], with delayed argument [5] and with discrete
memory [6]. Note that multipoint problem for higher order partial differential equations was
considered in [7].

The method is based on the introduction of functional parameters that are set as the values of
the desired solution along the lines of the domain partition with respect to the time variable. With
the aid of the functional parameters and new unknown functions, the considered problem is reduced
to an equivalent problem for a system of hyperbolic equations with data on the interior partition
lines and functional relations with respect to the introduced parameters. We have developed a two-
stage procedure to approximately solve the latter problem: firstly, we solve an initial-value problem
for a system of differential equations in functional parameters; then, we solve a problem for a system
of hyperbolic equations in new unknown functions with data on the interior partition lines. We
have obtained some conditions for the convergence of approximate solutions to the exact solution
of the problem under study in terms of input data and proved that these conditions guarantee the
existence of a unique solution of the equivalent problem. Finally, we have established coefficient
conditions for the unique solvability of the multipoint problem (1)—(4).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 143

Keywords: higher order hyperbolic equations, impulse discrete memory, multipoint condition, solvability, algorithm.
2010 Mathematics Subject Classification: 35G16, 34K45, 35135, 35R12

References

[1] Dzhumabayev D.S. Criteria for the unique solvability of a linear boundary-value problem
for an ordinary differential equation, USSR Comput. Math. Math. Phys., 29:1 (1989), 34-46.

[2] Asanova A.T., Dzhumabaev D.S. Well-posedness of nonlocal boundary value problems with
integral condition for the system of hyperbolic equations, J. Math. Anal. Appl., 402:1 (2013), 167
178.

[3] Assanova A.T., Bakirova E.A., Kadirbayeva Z.M. On the unique solvability of a nonlo-
cal boundary-value problem for systems of loaded hyperbolic equations with impulsive actions,
Ukrainian Math J., 69:8 (2018), 1175-1195.

[4] Assanova A., Kadirbayeva Z. Periodic problem for an impulsive system of the loaded
hyperbolic equation, Electr. J. Differ. Equ., 2018:72 (2018), 1-8.

[5] Assanova A., Iskakova N., Orymbayeva N. On the well-posedness of periodic problems for
the system of hyperbolic equations with finite time delay, Math. Methods Appl. Sci., 43:2 (2020),
881-902.

[6] Imanchiyev A.E., Assanova A.T., Molybaikyzy A. Properties of a nonlocal problem for
hyperbolic equations with impulse discrete memory, Lobachevskii J. Math., 44:10 (2023), 4294
4303.

[7] Assanova A.T., Imanchiyev A.E. A nonlocal problem with multipoint conditions for partial
differential equations of higher order, Filomat, 38:1 (2024), 295-304.

Optimal control task in HJB PDEs for Transaction costs
D.M BAIMAKHANBET

1SDU University, Kaskelen, Kazakhstan
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This research investigates optimal control problems arising in financial models with transaction
costs, formulated through Hamilton-Jacobi-Bellman (HJB) partial differential equations. The pres-
ence of transaction costs introduces nonlinearities that complicate the solution structure, requiring
advanced mathematical and numerical techniques. We explore different approaches to solving these
HJB equations, including viscosity solutions and discrete approximations. The study also focuses
on control strategies that optimize trading decisions under various cost structures, balancing prof-
itability and risk. Computational methods are implemented to analyze the impact of transaction
costs on optimal strategies, providing insights into efficient numerical schemes for practical appli-
cations. The results contribute to the understanding of dynamic optimization in financial markets,
offering a rigorous framework for incorporating transaction costs into decision-making processes.

Funding: This research is supported by SDU University to advance the mathematical modeling and numerical
analysis of optimal control problems in financial markets with transaction costs.

Keywords: optimal control, homogeneous body, Hamilton-Jacobi-Bellman equations, transaction costs, stochastic
control.
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Well-posed solvability of a boundary value problem for
delay integro-differential equations
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In the present paper we consider a linear boundary value problem for delay integro-differential
equations

T
%zA()m—l—B x(t—7) —|—/IC (s)ds+ f(t), tel0,T], (1)
0
:L'(t) = diag[x(O)]gp(t), te [_T7 0]7 (2)
Cx(0)+Dx(T)=d, deR", (3)

where the matrices A(t), B(t), and vector-function f(t) are continuous on [0, 7], the matrix K(t, s)
is continuous on [0, T x [0,T], ¢ : [—=7,0] — R™ is a continuously differentiable vector-function such
that ¢;(0) = 1,4 = 1,n; 7 is a constant delay; the matrices C, D and the vector d are constant.

We divide the interval [0, 7] into parts with & > 0 : mh =T and approximate problem (1)-(3)
by the boundary value problem for delay loaded differential equations

Yo Aty + Byt — 7 +Z Yl(i — DR)ds + f(t), te[0,T),

y(t) = diagly(0)]e(t), t € [-7,0],
Cy(0)+Dy(T)=d, deR",

By using parametrization method [1] and an approximation of the delay integro-differential
equation by delay loaded differential equation, we establish coefficient tests for the well-posedness
of the considered problem (1)-(3) and suggest an algorithm for finding the solution.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant no. AP23486114). [2] Keywords: delay integro-differential equation, delay loaded

differential equation, boundary value problem, correct solvability, relationship.
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Parabolic systems with conormal boundary condition
B. BEKMAGANBETOV
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Let d > 1 and n > 1 be integers. Let RY = {x = (2/,24) : 2’ € R¥ 25 > 0} be the upper
half-space. For T' € (—o0, o0] we denote Q7 = (—o00,T) x RY. Let a € (—1,00) be fixed.
We study second order parabolic systems

2Sao(za)us — Di(xGAijDju) + AxGCou = —Dy(x5F;) + Vs f in Qrp (1)
with the conormal boundary condition
lim z3(AgDju—F;) =0 on (—oo,T) x R 1, (2)
wdﬁo

Here D; = a , the coefficients (A;;,Cy) = (Aij, Co)(t,x) € R™™ and ag = ag(zq) € R™*" are
matrix-valued functlons defined for (t,z) € R x RY, (u, F}, f) = (u, F;, f)(t,x) € R™ are vector-
valued functions on Qr, and A > 0 is a parameter.

We assume that the coefficients A;; are bounded, measurable, and strongly elliptic, ag = aOT

is symmetric, and that ag and Cy are bounded, measurable, and positive definite: there exists
K € (0,1] such that |4;;| < 71, |ag] < k71 [eol < k71, and for all € = (fa)iif;dn,n € R™ holds

n n
Kl¢? < Z Z A wnl* < > anang, sl < Y Cnang.

i,j=1a,=1 a,f=1 a,B=1

For zy = (to, o) e R x IR{T and 7 > 0, denote Q; (20) = Q\.(2{) x (max(0,zoq — 1), Toq + ),
where Q).(zf) = (to — 2, t9) X B’ ! (xh), BL(x}) is the ball in R?~! of radius r centered at xj,. Denote
du(z) = x§dadt, du(x) = x§dr. We impose the following partial BMO condition on A;; and Cp.

Assumption 1 (o, Ro). For any r € (0, Ry] and zo = (to, o) € R X ]Rd , we have

max][ |Aij(t, ) — [Aijlrzo (za)|dp(z) + ][ |Co(t, ) — [Colrz (Ta)|du(2) < o,
b3 J QY (20) Qi (20)

where [Aijlr,z (q) fQ’ Aij(t,x', xq)da’dt is the average of a;j with respect to (t, ") over Q).(z).

For p,q € (1,00) and Muckenhoupt weights wy = wo(t) € A4(R), w1 = wy(x) € A,(RL, 1), we
denote w = wy(t)w;(x) and

T
ssiarnsn = | [ [,

+

1/q

a/p
If(t,fﬁ)lpwl(fv)du(w)> wo(t)dt

We say that u € Wg}} (Qp, wdp) if u, Dyu € Ly ,(Qrp, wdp).

Theorem 2. Let o € (—1,00),p,q, K € (1,00), k € (0,1], Ry € (0,00), w = wo(t)w1(x), where
wy € Ag(R) and wy € Ap(RYL, ) with [wo a,r) < K and [wl]Ap(Ri,u) < K. Then, there exist
Y% = Y(d,n,a,p,q,k, K) € (0,1) and N9 = Xo(d,n,a,p,q,k,K) > 0 such that the following
assertions hold. Suppose that Assumption (o, Ro) is satisfied. If u € W(?,}Dl(QT,wdu) is a weak
solution to (1)-(2) for some X\ > MRy 2, f € Lyp(Qr,wdp), and F € Ly ,(Qr, wdp)?, then we have

HDu”Lq,p(QT,wd,u) + ﬁHu”Lq,p(QT,wdu) < N”FHLq,p(QT,wdu) + NHfHLq,p(QT,wd,u)?

where N = N(d,n,a,p,q,k, K) > 0. Moreover, for any A > )\OREQ, [ € Lgp(Qr,wdp), and
F € Lyp(Qr,wdp)?, there exists a unique weak solution u € W(g}}(QT,wdu) to (1)-(2).
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We also consider more general equations with singular lower-order terms of the form

xrgao(xq)uy — Di(xf Ai;Dju + nglBiu) + :L‘gfllg’iDii + $372CU + Az§Cou
= —D;(z§F;) + xg‘_lFo + \f)\:rfl‘f,

for which we obtain similar results under certain smallness assumptions on Bi,éi, and C, and
certain structural conditions on the weight wq(z). Our results extend those in [1], which were
established for scalar equations, to systems of equations with singular lower-order terms.

Joint work with Hongjie Dong.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP19677486).
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Asymptotic spectral analysis of the biharmonic Steklov
problem on a thin domain
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In this work, we analyze the asymptotic behavior of eigenvalues and eigenfunctions in the gen-
eralized biharmonic Steklov problem within a thin domain. We examine the problem separately in
both two-dimensional and higher-dimensional settings. Our findings demonstrate that as the do-
main becomes increasingly thin, the eigenvalues in both cases converge to zero. Notably, the results
obtained for the multidimensional case also encompass those for the two-dimensional scenario.

Inverse problems of the determining right-hand side for
mixed type equations with the Gerasimov—Caputo
fractional derivative

U.Kh. DUSANOVA

Institute of Mathematics, Uzbekistan Academy of Science, Tashkent
umidakhon8996@Qgmail.com

Let 0 < p < 1. In the rectangular domain D = {(z,t)] 0 < z < 1, —a <t < B} we consider

an equation of a mixed-type:
Lu = F(a,1), (1)

here

fa(z,t), —a<t<DO.

DPu— gy, 0<t<p, z,t), 0<t<p,
L — ot T B F(l‘,t) _ fl( ) B
Ut — Ugy, —0<T< 0,

We take the Dirichlet condition as the boundary condition
u(0,t) =u(l,t) =0, 0<z<l, —-a<t<p. (2)
Let the initial condition be of the following form

u(z, —a) =¢(x), 0<z<Ll (3)
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We take the gluing conditions in the form

u(z, +0) = u(x, —0), tl—i>I—I|-10 Dfu(z,t) = w(z,—0), 0<z<1, (4)

where p(z) and F'(z,t) are given sufficiently smooth functions, a > 0, 5 > 0 are given real numbers.
Problem (1)—(4) is also called the forward problem.
We introduce the following designations: D, = (0,1) x (0,3), D_ = (0,1) x (—«,0).

Definition 1. A function u(x,t) € C(D) and u(z,t) € AC(]0,1] x [0, 3]) with the properties
1. u(zx,t) € C%t(D_),
2. DYu(z,t) € C(Dy),
3. u(z,t) € C2(Dy),
4. u(x,t) € CH(D-),

and satisfying equation (1) and conditions (2)-(4) is called the (classical) solution of the forward
problem.

Let for all k e N

Aq(k) = cos v/ Apa 4+ v/ Apsin v/ Ara = /1 + A Sin<\/>\>ka+9k> # 0, (5)

where in k — oo , 0 = arcsin( 1-1k/\ ) — 0.
k

]

Lemma 2. If a is an arbitrary natural number, then there exists a constant Cy such that, for all
keN,
[Aa (k)] > Co = 1. (6)

Lemma 3. There exists an infinite set M of irrational algebraic numbers o > 0 of degree two:
M={a| a=Vd+p, peZ, Vd>-p, d=235,67,8},
for which holds the inequality
AL ()| = V1 + mk||sin(rka + 0;)| > Co, k€N, (7)
where Cy is a positive number depending on «.
Proof of Lemma 2 and Lemma 3 can be found in [1] and [2] respectively.

Theorem 4. Let

file,t) € C(D)NC(Dy), f1(0.8) = fi(l,t) =0, f(0.1) = fi(1,1) =0, (8)
for0 <t < B and

fala,t) € C(D_)NCIH (D), f20,t) = fa(1,£) =0, f5(0,) = f5(1,) =0, (9)

for —a <t <0 and let

" "

p(x) € CH0,1], ©(0) = (1) =¢; (0)=¢ (1)=0, (10)
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and conditions of Lemma 2 or Lemma 3 hold. Then there exists a unique solution to the forward
problem (1)—(4) and it can be represented as the series

f1(0)

™

u(z,t) = Z <Awlgk) (cos Tkt — wksinkt) +

sin 7rkt> sin mkx-+
k=1

t
[ 1
+; Wk/fgk(r)sinwk(t—ﬂ dr | sinmkz, t<0, (11)
= 0

~ ¢
u(z,t) = Z Yk g (—(mk)*t?) + /TplEpm (—7kt?) fir(t — 7)d7 | sinwkx, t>0.

P
k=1 Ra(k) 0
(12)
where o
i 1
A ULLL L i [ fn@sinrh(a 1) ar
Following K. Sabitov [1] let us formulate three inverse problems.
Inverse problem 1. Let
T t), 0<t<p,
Pl < {HE@H0 B 13)
fa(z,t), —a<t<0.

Find a pair of functions {u(z,t),$1(t)}, where u(x,t) is a solution of the forward problem and
¢1(t) € C[0, 5], satisfying equation (1), conditions (2)-(4) and the over-determination condition

u(zo,t) = hi(t), O<z<1, 0<t<p. (14)

Here the functions fi(z), fa(z,t), hi(t)— are given sufficiently smooth functions, xg is a given
point from the interval (0, 1).
Inverse problem 2. Let

F(m,t)_{fl(m’t)’ 0<t<§B,

f2(z)ga(1), —a<t<0. (15)

Find a pair of functions {u(x,t),$2(t)}, where u(x,t) is a solution of the forward problem and
@2(t) € C[—a, 0], satisfying equation (1), conditions (2)-(4) and the over-determination condition

u(zo,t) = ha(t), z€§, —a<t<O. (16)

Here the functions fi(x,t), fa(x), ha(t)— are given sufficiently smooth functions.
Inverse problem 3. Let

Plat) = {fl(x)qﬁl(t), 0<t<p,

fa(z)ga(2), —a<t<O. (17)

Find a pair of functions {u(z,t), ¢1(t), p2(t)}, where u(x,t) is a solution of the forward problem
and ¢1(t) € C[0,5], ¢2(t) € C[—a,0] satisfying equation (1), conditions (2)—(4) and the over-
determination conditions (14), (16).

Here the functions fi(x) fo(x) are given sufficiently smooth functions.

Based on the overdetermination conditions (14) and (16), natural conditions are imposed on
the functions f1 and fo:

fi(zo) #0,  fa(wo) #0.
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When solving inverse problems using the classical Fourier method, to determine unknown functions
gi(t) we obtain integral Volterra of the first kind. In order to reduce these equations to the Volterra
equation of the second kind we apply fractional differentiation.

In this connection, the following conditions on functions from the overdetermination conditions
arise:

D{,hi(t) € C[0,8], ha(t) € Cl—a,0].

In each of the three inverse problems, by solving the Volterra integral equations of the second
kind, the existence and uniqueness of solutions of all three inverse problems are proven.
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In this work, we investigate a system of inhomogeneous nonlinear Schrodinger equations that
arise in optical media. Specifically, we consider the system

i0u + L Au + 2| v = 0,
{ . (1)

10w + 5Av — yv + Lz|72u? = 0,

where the unknown functions u,v : R; x Rg — C represent wave amplitudes. The parameters
satisfy d > 1, @ > 0, kK > 0, and v € R. This system models the interaction of two waves in a
quadratic medium, specifically a degenerate (type-I) process involving the fundamental-frequency
(FF) and second-harmonic (SH) components, under the influence of a spatially singular modulation
of the x(®) nonlinearity. The real parameter v quantifies the phase mismatch between the FF and
SH components, and through an appropriate rescaling, it can be taken as 0,4+1. For a detailed
derivation of this model from the underlying physical principles, we refer to [2,3,4].

By applying the abstract argument (see [1]), we show that system (1) is locally well-posed in
H' .= H'(RY) x H'(R?). More precisely, we have the following local wellposedness result.

Theorem 1. Let 1 <d <5, k>0,7v€R, 0 < a<min{2,d}, and a < 6%6! if3<d<5. For any
(ug,vo) € H', there exists a unique mazimal solution

(u,v) € C((=T\, T*), H)) N CH((~T%, T*),H 1)
to (1) with initial data (u,v)|,_y = (ug,v0), where H™1 :== H71(R?) x H-1(R?) is the dual space

of H'. The mazimal time satisfies the blow-up alternative: if T* < oo (resp. T < 00), then

i [(0(0) o)l =00 (e tim,

t AT+ ) [ (u(t),v(t)) |l = OO) .
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In addition, there are conservation laws of mass and energy, i.e.,

M(u(t), v(t)) = [[u(®)[72 + 2[lv()II7> = M(uo, vo),

E(u(t), v(t)) = %HVU(W@ + gva(t)H%2 +ll®)l172 = R{z|™u?(#), v(t)) = E(uo, vo),
for allt € (=T, T).

We also find the conditions under which the local solution is global (see [2]). Once global
solutions exist, we study the long time behavior of these solutions. We have the following energy
scattering for global solutions in the mass-supercritical regime.

Theorem 2. Let 3 < d <5, 0 < a<min{2,%}, % <a< %% k>0, and vy € R. Let
(ug,v0) € H satisfy

H(uo, vo) (M(uo, v0))” < Eo(p, 1) (M(e, )7, (2)

R (ug,w0) (M(uo, 0))° < K(p, ) (M(p, )", 0= 5520 (3)

E(u,v) if v =0, 1 B __
E(u,v) + ‘;—'M(u,v) Zf N < 0. Eo(%?ﬁ) i QK(%W P(%?ﬂ)a K(u,v) T

Vull2, +&||Vo||2,, and P(u,v) := R{|z|"u?,v) 2. Then the corresponding solution to (1) scatters
L L
in H' in both directions in the sense that there exist (ux,v+) € H' such that

where H(u,v) := {

lim |(u(t), v(t)) = (S1(t)us, Sa(t)v+)l3r =0,

t—+o00

where (S1(t),Sa2(t)) = (eit%A, eit(%A77)> is the linear propagator.
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Idempotent mathematics is developed using a new set of basic associative operations: addition
@ and multiplication ®, such that all semifield or semiring axioms hold. Additionally, the new
addition is idempotent, meaning that for every element x of the corresponding semiring, the equality
x @ x = x holds (see, for example, [1, 2, 3, 7, 8, 10, 13]).

One of the most extensively studied examples is the semifield Rmax = R U —oo, known as
the Max-Plus algebra. This semifield consists of all real numbers along with an additional element
0 = —oo. The element 0 serves as the zero element in Rmax, and the basic operations are defined
as follows: x @ y = maxz,y and x © y = x + y. The identity element 1 corresponds to the usual
zero 0.

There are several studies on idempotent linear operators and their analogies with Markov chains
([1, 7, 8, 10, 13]). This theory of idempotent measures emerges as a new branch of mathematical
analysis aimed at studying deterministic control problems and first-order nonlinear partial differ-
ential equations (such as Hamilton-Jacobi equations) with discontinuous initial data and low-lying
eigenfunctions of the Schrodinger operator.

The n-dimensional simplex of idempotent measures is defined as follows: Define simplex Z,, of
idempotent measures on {1,2,...,n}, as

Ly ={(z1,...,xn) € RN : mAx z; = 0} ={(z1,....,zn) e R} 21 B ... By, = 1},
In [2, 3|, an idempotent analogue of the Markov chain was introduced, where the linearity of
the evolution operator is defined by the new operations @& and ®. In [11], all linear operators
that map the n-dimensional simplex of idempotent measures to itself are fully described. These
operators serve as “idempotent” analogues of Markov chains, where the state of the Markov chain
is represented as an idempotent measure, but the linearity of the evolution operator is defined by
conventional operations 4+ and -. Furthermore, in [11], dynamical systems generated by linear maps
on the set of idempotent measures are studied.

In this paper, we consider some quadratic operators that map Z, to itself and study the
dynamical systems generated by these operators.

Volterra Quadratic Operators
Consider a cubic matrix P = (pij,k)?j i1 With pijr € Rimax.

Definition 1. The quadratic map

Q:z=(x1,...2n) € R = 7' =Q(z) = (2}, ...,2],) € R}

max max

is defined as follows:

n
x;ﬁ = Z Dij kTiZs, k= ]., 2, ey N (1)
1,7=1

where p;; 1 € Rmax.

Let us denote the set

n
M, ={z = (z1,...,xn) € R}, 1 7 <0, Zxk =—1}.
k=1
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Proposition 2. Any quadratic map given by equation (1) with p;jr <0 and

n
> pijr =1 (2)
k=1

maps My, to itself.

Remark A quadratic stochastic operator (QSO) (see, e.g., [6], [9], [12]) is typically defined
using equation (1) with the conditions

n
Pijke = 0, Zpij,k =1
k=1
Such a QSO maps the simplex
n
Sn_l = {JJ = (xlw'-?xn) eR": x; 2 07 Z‘rk - 1}
k=1

to itself. to itself. Consequently, the results established for QSOs can be reformulated for the
quadratic maps described in Proposition 2 by appropriately substituting positive values (of both
parameters and variables) with negative ones. Additionally, we examine the dynamics of quadratic
maps on the complement set R\ M,.

Definition 3. A quadratic operator (1) associated with a cubic matrix P = (pij,k)?j pe1s With
pijk < 0 for all indices, is termed a quadratic Volterra operator if it satisfies the condition:

pijk =0, k¢&{ij}. 3)

According to this definition, it follows that a Volterra operator (denoted as V) has the form:
n

V:ox,=ay Z(pik,k + Prik)Ti, k=1,2,...,n. (4)
i=1

Theorem 4. [1/] A quadratic operator V given by cubic matrix P = (pij,k)?j w1 With pijr < 0
maps L, to itself, if and only if it satisfies one of following conditions:

i) Each k-th matriz of the cubic matriz P contains exactly one non-zero row and exactly one
non-zero column.

i1) Cubic matriz P has at least one zero matriz, i.e., Im < n such that all elements of m-th
matriz P, = (Pij,m)?jzl consists of only zeroes.

Condition (3) implies that the Volterra operator satisfies the first condition of Theorem 4.
Theorem 5. A quadratic Volterra operator maps the simplex I, to itself.

For any I C E = {1,...,n} define face I'; of Z,, as folloows
I'r={zx€Z,:2;,=0 forany i€ I}.

Proposition 6. If V is a Volterra QSO, then every face of Z,, is an invariant set with respect to
V.

Definition 7. A quadratic Volterra operator (4) that satisfies condition (2) is called a quadratic
absolute stochastic Volterra operator (QASVO).

It follows from condition (2) that, for a QASVO, we have p;;; = —1 forany i =1,...,n.
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Definition 8. A solution z to the equation V(z) = z is called a fixed point. The set of all fixed
points denoted by Fix(V).

Proposition 9. If v = (21,...,2,) is a fized point of a quadratic map (1) with pijr <0 and (2)
then

imi S {—1,0}.
i=1

Assume that,

Pikk +Drik=—1, Vi,k=1,...,n (5)
In this case from (4) we get
n
Vo : :cﬁcz—:rkai, k=1,2,...,n. (6)
i=1

Proposition 10. If (2), (8) and pij; + pjii = —1.
Then the set of all fixed points for the QASVO Vy : I,, — I, is

Fix(Vp) = {(0,0,...,0)} U Jn,

where

n
jn = {(x17x27 7xn) S In . Z[L‘l = —1}
=1

Let 20 € 7, be an initial point, define its trajectory (dynamical system) as gmth) —
Vo(z(™), m = 0,1,2,.... Our aim is to study limit points of the trajectory for any initial point
2(0),

Denote

D;{Ji}l = {$ €El,:—1<zi+ar+..+x, 1< 0}.
Theorem 11. For any initial point (°) € T,, the following equality holds*

20 if 20 € Fix(1p)

Tim V(a©) = (0.0....,0). i 2© e pi™}
(=00, oy —00,0), if 2© = (a:(lo),...,x;‘)_)l,@ €T, \ (Fix(VO) Ufoi}l)
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Integral problem for functional-partial differential
equations of hyperbolic type
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In this communication, we consider the integral problem for a system of functional partial
differential equations of hyperbolic type

02z 0z 0z
D A(t, x)% + B(t, x)a +C(t,z)z(t,x) + f(t,x)
+ Ao(t,m)az(oé(;)’x) + Bo(t,x)az(og?’x) + Co(t,z)z(a(t), x), (t,z) € Q, (1)
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PQ(gc)aZg; Y 4 p (x)az(gt,x)‘ _HP()2(0,2)
+ /T{KQ(T,x)azg;%) + Ky(T, :U)@zg;x) + Ko(7,x)z(T, :U)}dT
0
+5@ 0 @ P20 sy =), wel0.X], ()
z(t,0) = (), t € 10,7, (3)
where Q = [0,7] x [0, X], the vector function z(t,z) = (z1(t, x), 22(t, ), ..., zn(t,z))" is unknown,

n x n matrices A(t,z), B(t,z), C(t,z), Ao(t,z), Bo(t,z), Co(t,x), and n-vector function f(¢,x)
are continuous on ; n x n matrices P;(x), S;(z), i = 0,1,2, and n-vector function ¢(z) are
continuous on [0, w]; n x n matrices K;(t,z), i = 0, 1,2, are continuous on €2, n-vector function ()
is continuously differentiable on [0, T]. The generalized piecewise constant argument «(t) is defined
as follows: a(t) = (-1 if t € [t,—1,t,) r = 1,2,..., M, where ¢, are some points in the interval
0, T]: 0=ty <t; <..<tpy—1 <ty =T, and ¢, are some constants such that t,_1 < (1 < t,.

For solving the integral problem is applied method of introducing new functions [1] and Dzhum-
abaev’s parametrization method [2]. Conditions for the existence and uniqueness of the integral
problem for the system of functional - partial differential equations of hyperbolic type are es-
tablished in the term of special matrix. An algorithm for determining approximate solution the
integral problem is proposed and its convergence to an exact solution is showed. We are also applied
methods and results in [3].
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Properties of a nonlocal problem for hyperbolic equations
with impulse discrete memory
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On the domain = [0,7] x [0,w] we consider the nonlocal problem for an impulsive system
of hyperbolic equations with discrete memory in the following form

“u ult, T w(t, x ” -
8875396 = A(t.2)° ('(?7; )+B(t’x)agg)+C(tvw)U(t,w)+f(t,x)+Ao(t,w)W+ (1)
+Bo(t’x)W+Co(t,x)u(7(t),;p), o 1N
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P()u(0,2) + S(@)u(T, z) = p(z), € [0,u]. 2)
li — i = =1,... — 1.
t_}l@lglwu(t,a:) t_l)lg?_ou(t,m) op(x), z€0w, p=1,...,N (3)
u(t,0) = (1), te 0,7, ()
where u(t,z) = colon(uy(t,x),u2(t,x),...,un(t,x)) is an unknown vector function, the n x

n matrices A(t,x), B(t,x),C(t, ), Ao(t,z), Bo(t,x),Co(t,x) and the n vector function f(t,z) are
continuous on ).

Theorem 1. Assume that the nN x nN matriz Q1(An(w), x) is invertible for all x € [0,w], and
the following conditions are valid:

DR (An(w),2)] 7| < v (An(w), ),
2)¢"(An(w), ) = v (An(w), ) max ([ P(x)]| + [|S ()], 2) x
xa(x)f [e*@9 — 1+ fag(z)e®@? | <y <1,
where v*(An(w), x) is positive continuous on [0,w] function, x is positive constant.

Theorem 2. Assume that the nN x nN matriz Q1(An(w),x) is invertible for all x € [0,w] and
inequalities 1), 2) of Theorem 1 are satisfied. Then, nonlocal problem (1)-(4) has a unique solution.

Keywords and phrases: impulsive system of hyperbolic equations, discrete memory, nonlocal problem, algorithm,
solvability.
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About an algorithm for solving a two-point boundary value
problem with impulsive effect for linear systems of ODEs
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On the interval [0, T], we consider a linear two-point boundary value problem with impulsive
effects at fixed moments in time:

Z—i =Alt)x+ f(t), tel0,T]\{b1,602,...,0}, 0,€(0,T), i=1m, zeR" (1)
Bx(0) + Ca(T) = d, deR", )

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 157

where the matrix A(t), and the vector-function f(t) are piecewise continuous on [0, 7], with possible
first-order discontinuities at the points t = #;, ¢ = 1,m + 1. The matrices B, C, B;, and C;
(i = 1,m) are constant matrices.

Linear two-point boundary value problems with impulsive effects are an important area in the
theory of differential equations. They describe the dynamics of systems that experience sudden,
instantaneous changes at fixed moments in time. Such models have widespread applications in
physics, engineering, biology, economics, and other sciences, where processes may undergo abrupt
changes due to external factors. Two-point boundary value problems with impulsive effects have
been extensively studied by numerous researchers, as seen in works [1]-[5]. These studies have
provided valuable insights into the behavior of systems subjected to sudden changes at specific
moments, offering a deeper understanding of their dynamics and applications in various fields.

This work proposes a new two-parameter algorithm for the approximate solution of the two-
point boundary value problem with impulsive effects for linear systems of ordinary differential
equations. Sufficient conditions for the existence and convergence of the proposed algorithm to a
unique solution are established, along with an estimate of the difference between the exact and the
approximate solutions.
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Keywords: Ordinary differential equations, Linear systems, Two-point boundary value problems, Impulsive effect,
Approximate solution algorithms.
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We consider the following boundary value problem for impulsive differential equations with
loadings subject to integral boundary condition

dx o
—=A A; li T ey Oy 1
7 = AT+ A0 o0+, 1€ 0TI\ O b (1)
li - i = Pi, n, i n7 | = 17 ) 2
tﬁlarinioa:(t) tal(ﬂox(t) vi, TER vi €R i mo (2)
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Bz(0) + Cx(T)+ | D(r)x(r)dr =d, de€ R", (3)

where (n x n)-matrices Ag(t), D(t) (k = 0,m1) and n-vector-function f(t) are piecewise continuous
on [0,7] with possible discontinuities of the first kind at the points t = ¢; (j = I,m;). B and C
are constant (n x n)-matrices, and ¢;, (i = 1,mg) and d are constant n vectors, 6; # (;, i = 1,ma,
j = 1, mi.

A solution to problem (1) — (3) is a piecewise continuously differentiable vector function z(t) on
[0, T, which satisfies the differential equation system with loadings (1) on [0, 7] except the points
t = 60; (i = 1,ma), conditions of impulse effects at the fixed time points (2) and the boundary
condition (3).

Boundary-value problems involving loaded equations [1] and integral conditions frequently arise
in mathematical physics and mathematical biology. The analysis of loaded differential equations
that incorporate impulse effects, together with the methods to solve them, is addressed in [2]. Such
problems are encountered in modeling various natural science processes.

In the present paper, the Dzhumabaev parameterization method [3] is used to solve a linear
boundary value problem for impulsive differential equations with loadings subject to the integral
boundary condition (1)—(3). A numerical algorithm is offered to solve the problem (1)—(3).
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Consider the following integral operator

1
ua) = ("5 [ sl =P e (L.

where u(x) is a particular solution of the following equation

d2m
Lu = (—l)mdemu(x) = f(z), =xze(-1,1).

Now, for the eigenvalue problem

1

1
075 [ Gl o ey = 2w e (1) )

we have the following
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Theorem 1. Let m = 1,4. Then the eigenvalue problem (1) has only m negative eigenvalues.

Particularly, for m = 1, the eigenvalue problem (1) becomes

1 [t u(zx)
—5 [ o=ty =", e -1,
-1
In this case, there is only one negative eigenvalue, which is in the following form A\ = —%2, where

p is the root of the following equation tanh(u) = i
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In a non-cylindrical domain G:

G={(z,y;t)|Va2+y2 < t; t >0}

we consider a boundary value problem, two-dimensional in the spatial variable for the frac-
tionally loaded heat conduction equation:

up = a®Au+ Mer Dz, yit)} + f (@, y;t) (1)
with the following condition on the boundedness of a solution:
lim  w(z,y;t) =0; (2)
x2+y2—+o0

and with the condition on the lateral surface of the cone:

u(z,y;w\ = 3)
v ety =t

where X is a complex parameter, p Lthu(a:, y; t) is the Riemann-Liouville derivative of an order
5,0 < B < 1.

Definition 1. The Riemann-Liouville derivative of fractional order is defined by the following
formula:

L od [Tu(ryr)
Do) = iy J, G W
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Theorem 2. The solution of the boundary value problem (2) with conditions (3) and (4) can be
represented in the following form:

wlr,t) = 90) + A0 €15 s ) 44 [ fur)drs
0

A2 /0 (t — 1) P& _po s\t — ) P) fi(r)dr + f(r 1) (5)
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We consider a nonlocal problem for loaded parabolic equation in the domain (¢t,z) € =
(0,7) x (0,1) :

u 2u -
% = pl(t, x)% +qlt,z)ut, ) + Y kit z)u(l;, ) + f(tx), (1)

j=1
B(x)u(0,z) + C’(x)(%g)ﬁ + D(x)u(T,x) + E(x)aug;x) =(z), z€]0,l], (2)
u(ta 0) = SOO(t)a u(tv l) = Sol(t)a le [Oa T]a (3)

where p(t,z) <~ >0, q(t,x) <0, kj(t,z), j = 1,m, and f(¢,x) be functions that are continuous in
t and satisfy Holder continuity in 2; T and [ are positive numbers; 6; € (0,7, j = 1,m, are loading
points; B(z), C(x), D(z), E(z), are continuous functions on the interval (0,/). It is assumed that
the functions ¥ (x), ¢o(t) and ¢1(t) are fully smooth and fulfill the matching conditions:

B(0)¢0(0) + C(0)p0(0) + D(0)¢o(T) + E(0)po(T) = 9(0),

B()p1(0) + C(1)1(0) + D1 (T) + EQ)p1 (T) = (1), )

A solution to problem (1)-(3) is a function u(¢, z), continuous on © = [0,7] x [0,(] that has
a continuous first-order partial derivative with respect to ¢ and a continuous second-order partial
derivative with respect to x. It satisfies the loaded parabolic equation (1) as well as conditions (2)
and (3).

Loaded parabolic equations belong to a complex yet important class of differential equations
and are widely applied in various scientific and engineering problems, as well as in ecology, epidemic
propagation modeling, and biological systems [1].

In the present paper, the nonlocal problem for the loaded parabolic equation (1)—(3) is con-
sidered. Discretizing with respect to the spatial variable x reduces the problem to a two-point
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boundary value problem for a system of loaded ordinary differential equations [2]. To solve this
problem, the Dzhumabaev parametrization method is employed [3], [4]. A theorem on the conver-
gence of the discretized problem’s solution to the nonlocal problem (1)-(3) is proposed.

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (grant no. AP23485618).

Keywords: loaded parabolic equations, nonlocal problem, method of lines, convergence, parameterization method.
2010 Mathematics Subject Classification: 35K10, 35R10, 65M22

References

[1] Friedman A. Mathematical modeling of biological processes, Lecture notes on mathematical
modelling in the life sciences, Springer International Publishing, New York (1974).

[2] Budak B.M. The method of straight lines for certain boundary-value problems of the
parabolic type, Zh. Vychisl. Mat. Mat. Fiz., 6 (1961), 1105-1112.

[3] Assanova, A.T., Dzhumabaev D.S. On estimates of solutions and their derivatives of the
boundary value problem for the parabolic equation, News of NAS RK. Physical and mathematical
series., 5 (2000), 3-8.

[4] Assanova, A.T., Kadirbayeva Zh. On the numerical algorithms of parametrization method
for solving a two-point boundary-value problem for impulsive systems of loaded differential equa-
tions, Comput. Appl. Math., 37 (2018), 4966-4976.

Alpha unpredictable oscillations for symmetrical impulsive
Hopfield type neural networks

Z NUGAYEVA

K. Zhubanov Aktobe Regional University, Aktobe 030000, Kazakhstan
2Institute of Information and Computational Technologies, Almaty 050010, Kazakhstan

znugayeva@zhubanov.edu.kz

We investigate, the existence and stability of unpredictable solutions of symmetrical impulsive
Hopfield type neural networks of the form

Yi(t) = ai(t)yi(t) + > bij(6) £ (i (1) + ci(t), t # Ok,
j=1
Ayili=o, = cinti(Ok) + D Bijgi(; (0r)) + Vit (1)
j=1

where ¢, y;,4 = 1,...p, are from the real axis, y;(t) and y.(¢), ¢ = 1,...p, denote the membrane
potentials of neuron ¢, and their rates of change; and p is the total number of neurons in the network.

Moreover, a;,© = 1,...,p, are the rates of self-regulation or reset potentials for neuronsi=1,...,p,
when they are isolated; f;, j = 1,2,...,p, are the activation functions for neurons j, j =1,...,p,
which determine how the membrane potential influences other neurons; b;;, %,j = 1,2,...,p are
weights of the connection between neurons j, and i, i,7 = 1,2,...,p; ¢(t), i = 1,2,...,p, are
input functions representing external stimuli or inputs to neurons i, ¢ = 1,2,...,p. The sequence

O, k € Z of discontinuity moments is increasing such that || — oo as k — oc.

Similarly to the differential part of the model, the coefficients a;;,7 = 1,2,...,p, k € Z, in the
impulsive equation are constants of self-regulation for the units or reset of potentials, when the units
are isolating, the constants 3, ¢,7 = 1,2,...,p, k € Z, denote the weights for connection between
units j and 4, g;, j = 1,2,...,p, are activation vectors, the sequences v, 1 = 1,2,...,p,k € Z, are
external impulses for the network. One can see that the impulsive part of the model admits the
same structure as the differential part. This is why we call the model symmetrical one.
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Consider sequences of real numbers t,,0, indices n € N,k € Z. They are assumed to be
strictly increasing with regard to the indices. Sequence 0y, k& € Z is unbounded in both directions.
Moreover, it satisfies 8 < 61 — 0 < 6 with positive numbers 6, 6.

Definition 1. [1] A couple (¢,,0x) of sequences t,,0,, n € Nk € Z, is called a Poisson couple
if there exists a sequence l,, n € N, which diverges to infinity, such that

Ok+1,, —tn — 0k = 0 as n — oo, (2)
uniformly on each bounded interval of integers k.

Definition 2. [1] An element v(t) of D with discontinuity moments 6y, k € Z, is said to be
discontinuous Poisson stable function, if there exist a sequence t¢,, — oo of real numbers such that
(tn,0r), n € N,k € Z, is a Poisson couple and v(t+t,) — v(t) as n — oo on each bounded intervals
of real numbers in B-topology [2].

—

Denote by [, (], &, ¢ € R, the interval [, (], if £ < ¢ and interval [(,&], if ¢ <&.

Definition 3. [1] A discontinuous Poisson stable function v(¢) of D with discontinuity moments
0r, k € Z and convergence sequence t, is said to be discontinuous unpredictable, provided that
(tn,0r), n € N,k € Z, is a Poisson couple, and there exist positive numbers €, and sequences
sy, of real numbers and m,, of integers both of which diverge to infinity such that interval [s, —
d,8n + 6] C [Gmnm+ln — tp,)] does not contain discontinuity points of v(t) and v(t + ¢,), and
llv(t + tn) — v(t)]| > €o on the interval.

We present the symmetric discontinuous Hopfield type neural networks (1) in the following
vector form:

y' = A(t)y + B(t)F(y) + C(t), t # O,
Ay‘tzgk = Ary + BrG(y) + Iy, (3)

where y = colon(y1,...,yp) € RP, t € R, k € Z, A(t) = (a1(t),...,ap(t)), A = (ik, ..., p) are
diagonal matrices, B(t) = {bi;j(t)}pxp, t € R, By = {Bijk}pxp, k € Z are matrices. In addition,

F(y) = colon(fi(y1),---, fp(yp), C(t) = colon(ci(t),...,cp(t)), G(y) = colon(gi(y1),---,9p(Yp)),
and I'y, = colon(vig, ..., Ypk), t € R, k € Z, are vector functions and vector sequence, respectively.

The symbols introduced are:

mp = sup | B(t)||, mp= sup |[F(u)ll, me=supl|C(t)],

teR llul|<H teR
mp =sup | Bill, mg= sup [[G(u)l|, mr=sup|Tk.
keZ (lul|<H keZ

The following conditions are needed:

(C1) ||Y(t,s)|| < KeMt=%) with constants K > 1 and A < 0, where Y (t,5) is the transition matrix,
of the system associated with (3);

(C2) the coefficients of matrices A(t), B(t), and the input C(t), are continuous Poisson stable [1],
and the sequence of convergence t,, n € N, is common for all their coordinates;

(C3) the sequences {Ax}, {Bx}, {T'x}, k € Z are Poisson stable [1], with a common convergence
sequence l,,, n — 00;

(C4) there exist numbers [ > 0 and [ > 0 such that ||F(z)— F(y)|| <lr|lz—yl, |G(x)—-G(y)| <
lallz —y||, for all z,y € RP;
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(C5) K <_1)\ (mBmF+mc) + 1_16/\9(mBmG+mp>) < H;

lpmp lamp
(C6) K< Y +1_€)\9> <1

(C7) Klpmg + gln(1+ Klgmp) < =X

(C8) the function C(t) in (3) satisfies condition C'(2), and there exist numbers ¢y > 0,6 > 0 and
sequence Sp, S, — 00, such that ||C(t+1t,) —C(t)|| > € for each t € [s,, — I, s, + 6] and n € N.

Theorem 4. If conditions (C1)-(C8) are valid, then system (3) has a unique exponentially stable
unpredictable solution.
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Let ¢(x) be continuous on the R and ¢(z) > 0 function. In the non-cylindrical domain
Q= [0,w] x [0, p(w)] consider next third-order partial differential equation:

u 0%u ou ou
= Q 1
5202~ Wagar T Wgy T2y, Tasut flzt), (x,t) € (1)
u(0,t) =0 (2)
u(z,0) = u(z, p(w)), = €0,w], (3)

Ou(x,0)  Ou(z, p(w))

vl 5 , x€[0,w]. (4)

We assume that a; = a;(z,t) (i = 0,3), f(x,t) are continuous on £.
Theorem. Let the function a;(z, ) > o > 0 in equation (1). Then the problem (1)-(4) has a
unique solution u(z,t) for all (z,t) € Q and the following estimates hold:

ez, ) < /jm” L)

)
|75 = [ 00| et
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|52 <00 [0 ], + L
Where, || u(z,-) ||= te%ﬁz{w)] lu(z, )], ao= max((ﬁ?écﬂ lag(x,t) + a1 (x,t)],1)
B ag(x,t) as(z,t)
/B(x) B teg{gi’)}{ao ay (SC,t) ’ * al(x’t) ‘ }’

V(x) = exp [/Ozﬁ(n)dn} ; (07 <w)
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for a hyperbolic equation with a fractional derivative
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On Q = [0, X] x [0, T], a semi-periodic boundary value problem for a hyperbolic equation with
a fractional derivative is considered:

2w (@ w(x
W:A(x’t)aa(a;t)Jfﬂ[wa(m)} +flxt), 0<pB<L, (2,1) €9, (1)
w(0,t) = (t), w(z,0)=w(x,T), tel0,T], ze]l0,X]. 2)

Here, A(z,t), f(z,t) are continuous on €, ¢(t) is continuously differentiable on [0, 7] and satisfies

the compatibility condition ¢(0) = ¢(T), Dtﬁ u(z,t) is the Riemann-Liouville fractional derivative
of order .

Theorem 1. Assume the following conditions hold:
1. The function A(x,t) is continuous on 2 = [0, X] x [0,T] and bounded: |A(z,t)| < Cy, (z,t) € Q.
2. The function f(z,t) is continuous on Q and satisfies the condition: |f(z,t)] < Ca, (z,t) € Q.
3. The function ¢(t) is continuously differentiable on [0,T], and its derivative is bounded: |¢'(t)] <
Cs,t e [0, T].
4. The parameter 3 satisfies the condition 0 < 5 < 1.
5. The initial and boundary conditions are compatible: p(0) = o(T).

Then the solution w(zx,t) to problem (1), (2) exists, is unique in the class of continuous func-
tions, and has the form:

T

M%ﬂ=/u@ﬂ%+¢@,
0

xT

u(:c,t):)\(x)+/0 Gt —7) | Alw, m)A (@) + p Df/)\(g)df + 0 [DEp(r)] + f(a,7) | dr,
0
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T
MNz) = —M~L(@)F(z), F(z)= /0 G(T — 7)f(w, 7)dr,

T
M) = [ 6T =) (A oA+ [ DF [ Neag |+ [DEe(r)] | ar,
0
0
G(t — 1) is Green’s function: G(t — 1) = (t — 7)1 Eg 5 (u(t — 7)7) ,
Esg(z) is Mittag-Leffler function: Eq g(z) = Y pey N CTEE
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The quasilinear integro-differential equation is considered
740

Deu(r,t) = A(r, t)u(r, t) + / K& 1,t,B(& 1, t))u(&, B T,t)dE + f(r,t,u(T,t),€). (1)

Here D, = % + (e, %) is the differential operator; (&, 7,t) is the periodic characteristic of the
operator D.; A(T,t) € Ci?t’e)(R x R™) and K(§,7,t,0) € Cg(o;(i’eﬁ’a are the n X n-matrices; e and €
- unit m-vectors; f(7,t,u(r,t),e) € Ci?t’za(R X R™ x R™); € - is the positive parameter.

We assume that condition (N), holds if:
AT +6,t +w) = A(T,t);
K(E+0,7,t,8(6+0,7,1) = K(&,7,t,8(5,7,1));
K(ET+0,t+w,BET+0,t+w)) =Kt B(ET,1));
f(r+0,t+w,ue) = f(r,t,u,e).

Many problems from hydrodynamics, acoustics, transport theory, and other sections of con-
tinuum mechanics, as well as some phenomena of substance transport in biological systems, lead
to systems of type (1) [1-3].

Problem. Find sufficient conditions for the existence of a unique multiperiodic solution of the
quasilinear system (1) satisfying the initial condition

ulr—r, = U(t) € C7(R™). (2)
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Theorem 1. Let conditions (N) and M < 6. Then the quasilinear system of integro-
differential equations (1) has a unique (0,w)-periodic solution u*(7,t) from H(ge,w)’ bounded in

norm by the number 6 > 0.
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Multiperiodic solution of a nonlinear Van der Pol-type
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We consider the equation

1 1 . . . .
D21' Ltr=¢ |:DJZ' + § (D[I})S:| + 5 [a1627rw1‘r + a16727ru/11' 4 a2€27rw2‘r 4 a26727ru/27} ’
0,0
or ot

(1)
D

which describes multiperiodic fluctuations with periods w; = vy Land wy = Vo Vin 7 and ¢, re-
spectively. When the partial differential differentiation operator D is narrowed to the ordinary
derivative %, the equation takes a special form of the Van der Pol equation with a polyharmonic
perturbation of the frequency basis (v1,v2) = v with low viscosity €, as shown in

. 1.3 dt

T+x=c¢ l’+§$ + a1 cos T + ag cos vat, d—:l, (2)
T

where ¢ > 0 is a parameter, a; and ay are real constants, nonzero, 7 € (—o0,4+00) = R, the

frequency basis (v1, v2) is Diophantine. Therefore, it satisfies the condition of strong incommensu-

rability [1], as shown in (3), where Z is an integer set. Under condition

Iprv1 + para| > ¢lp| ™2, |pl = |pal + [p2| >0, p= (p1,p2) € Z x Z = Z2, (3)

the frequency basis, which estimates the effect of small dividers, is called Diophantine [2].

The small divisors §, = p1v1 + pare # 0,p € Z? for any multiplicities p = (p1,p2) are pairs
(v1,v2) with the modulus |p| = |p1]| + |p2] > 0 and they appear when integrating both equation (1)
and (2).

Classical methods of studying problems in differential equations involve transitioning from the
original problem to the equivalent problem for integral equations, which is then studied using the
method of operators’ compression. This approach is based on a modified Newton’s method, which
it cannot overcome the difficulties posed of small divisors.

This method has a linear convergence rate of approximations, and to overcome the unpleasant
effect of small divisors, quadratic convergence of approximations is necessary, which is characteristic
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of Newton’s tangent method. This method has a linear convergence rate for approximations, but
to overcome the undesirable effects of small divisors, quadratic convergence is necessary, which is
characteristic of Newton’s tangent method. The KAM theory is based on quadratic convergence [2],
where the influence of small divisors is suppressed by the method developed by A.N. Kolmogorov
[1]. In the case of linear convergence of approximations, the problem remained unresolved.

In this study, a new offset method is proposed to suppress the influence of small divisors, where
an integer increase in frequencies accelerates the convergence of approximations depending on the
multiplicity modules |p| = |p1| + |p2|. The idea of the method is suggested by condition (3) on
Diophantine frequencies.

As a rule, oscillation problems are investigated in terms of Fourier series. Consequently, the
convergence of approximations is determined by the coefficients, and the acceleration of conver-
gence is achieved by Fourier exponents, which modify the Fourier coefficients when integrating the
equations. Therefore, a integer change in the Fourier exponents by modules yields positive effects
that cancel out the influence of the corresponding small divisors.

This study was conducted according to the following scheme by the recommendation of Prof.
Sartabanov Zh., using this idea:

1. From the problem for equation (1) under condition (3) we pass to the problem for equation

1 ) ) . )
D2Z fr=c¢ |:DZ + g (DZ)3:| + [a1€4ml/17' + a16—47rzz/17— + a2€4ml/27' + a26—4muz7—] (4)

and the solution of this problem is sought in the form

z = Z Z 0 2mi(1+[p])* (p1v1+pava) -

3=0|p|=j

for sufficiently small values of the parameter € > 0.

The transition from the problem for equation (1) to the problem for equation (4) is realized
by the method of extended differentiation operator, which also belongs to the author of the idea of
the new method.

2. The problem of oscillatory solutions (5) for equation (4) is solved by the method of successive
approximations with linear convergence.

3. By replacing the exponents p, = (1 + \p])g Ap with the exponent A\, = 27 (p1v1 + parr) in
solution (5) without changing the Fourier coefficients, we obtain the solution

oo
T = § E P2 (P1vi+p2v2)

J=0 |p|=j

of the problem for equation (1) with the same Fourier exponents, but the Fourier coefficients of
solution (5).

In conclusion, we note that the results of this study can be generalized to the case of quasiperi-
odic perturbations with absolutely convergent Fourier series.
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In this work, the problem of solving an inverse problem for a nonlocal pseudo-parabolic equa-
tion is studied. The nonlocal pseudo-parabolic equation is introduced using transformations that
possess the property of involution. In the problem under consideration, along with the solution of
the equation, a function that appears on the right-hand side and depends on the spatial variable
is determined. The proposed problem is solved using the Fourier method.

Definition 1. The fractional derivatives DS, of order 0 < a < 1 on [a, b] defined as

eDgru(t) = Dgylu(t) — u(a)]

is called the left-sided Caputo fractional derivatives of order « [1], where

t
1 0 —a,
DS u(t) = 1—a8/t_s s)ds, 0<a<l.
Consider the heat equation
oDy [u(w,t) — Lo(u)] — La(u) + byu(z, to) + bou(—z,t9) = f(z), (x,t) € Q, (1)

where, ¢ D, is Caputo derivative and L, (u) = a1uze (2, t) + aguze(—2, 1), @, a;, b; (i = 1,2) are real
numbers such that, 0 < a < 1, a; £ag > 0 and 2 is a rectangular domain given by Q@ = {—p <z <
p, 0<t<T}, tyis any fixed number, and that ¢ty € (0,7) Our aim is to find a regular solution
to the following four inverse problems:

Problem IPp: Find a pair of functions u(z,t) and f(x) in the domain 2 satisfying equation
(1) and the conditions

u(@,0) = p(x), u(e,T)=1(x), = €[-p,p] (2)

and the Periodic boundary conditions

u(=p,t) = u(p,t), us(—pt) =ua(p,t), te[0,T], (3)
where p(z) and ¥ (x) are given, sufficiently smooth functions.

Definition 2. By a regular solution of problem IPp we mean a pair of functions u(z,?) and f(x)
of the class u € C(Q), ¢ D§u, cD§yuze € C(Q), f(z) € Cl—p, p).
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This study investigates boundary value problems for systems of ordinary differential equations
on a finite time interval and their corresponding formulations for families of dynamic equations
on time scales. The theory of dynamic equations on time scales began its intensive development
following the work of S. Hilger [1], where the concept of the derivative on a time scale (A-derivative)
was introduced. This allowed for a unified approach to discrete and continuous analysis. A com-
prehensive exposition of results in the field of dynamic equations can be found in the monographs
[2,3].

We begin by introducing some basic notations from the theory of time scales [2]. A time scale T
is a non-empty closed subset of R. For a given set A C R, we define Ay := ANT. The forward jump
operator o : T — T is given by o(t) := inf{s € T : s > t}. Similarly, the backward jump operator
p: T — T is defined as p(t) := sup{s € T : s < t}. Here we adopt the convention inf @ := sup T,
sup@ = inf T. A point t € T is called left-dense (LD), left-scattered (LS), right-dense (RD), or
right-scattered (RS) if p(t) =t, p(t) < t, o(t) =t or o(t) > t, respectively. If T has a left-scattered
maximum M, then we define T% = T \ {M}; otherwise, we set T® = T. The graininess function
p(t) := o(t) — t characterizes the density of the time scale. A function f : T — R? is called
A-differentiable at t € T* if the limit

£3(0) — i 100 = 7).

st o(t)—s

exists in R?, and the number f2(t) is called the A-derivative at the point.

In this direction, the theory of optimal control on time scales has been actively developing. In-
teresting results have been obtained for dynamic equations on time scales with complex topological
structures (e.g., Cantor sets). Many studies have examined the preservation of various properties
of solutions when transitioning between ordinary differential equations and dynamic equations,
and vice versa. Research has also explored the relationship between globally bounded solutions of
ordinary and dynamic equations, as well as the interdependence of oscillatory properties of solu-
tions. However, the behavior of solutions to boundary value problems during the transition from
differential equations to dynamic equations, and vice versa, has not been previously studied.

We consider the system of ordinary differential equations on [0, 7]:

= X(t2), O
F(z(0),z(T)) =0,
where 2 € D ¢ R%, X : [0,T] x D — R? and F : R x R — R?. For a family of time scales
T, parameterized by A, where 0 and T belong to all time scales, we consider the corresponding
dynamic system
af = X(t, ), @)
F(2x(0),2A(T)) = 0,
where 22 is the A-derivative on the time scale Ty. Let uy(t) : Ty — [0,00) be the graininess
function. Define p := sup py(t). If uy — 0 as A — 0, then the [0, 7], approaches [0,T], and the
teT
boundary value problem on the family of time scales (2) transitions to the boundary value problem
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(1). This raises the question of the relationship between the solutions of these problems. We prove
that, under certain conditions, the existence of solutions to problem (2) for sufficiently small A
implies the existence of a solution to problem (1), and vice versa. Furthermore, we establish that
as A — 0, the solution x(t) of problem (2) converges to the solution z(¢) of problem (1). This
result is particularly important for approximating solutions of boundary value problems (1) using
difference schemes with a variable step size.
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We consider the boundary value problem with impulsive action on [¢1, t2]

E = f(tv x)v (1)
z(0) — (0 — 0) = p, (2)
g(l’(tl),fﬂ(tg)) =0, (3)

where z € R” is unknown vector function, ¢ € [t1,t2] \ {0}, € is a fixed point, 0 € (t1,t2), f :
(t1,t2) \ {#} — R™ is piecewise continuous and bounded function, g : R™ x R™ — R" is continuous
function, p € R™ is a given constant vector.

Let PC([t1,t2] \ {0}, R™) be a space of piecewise continuous functions with the norm

||93H1=H13X{ sup |z(t)], sup ||$(t)!\}-

te(t1,0) te(0,t2]

A solution to the problem (1)-(3) is a piecewise continuously differentiable function z*(t) €
PC([t1,t2] \ {6}, R™) on the interval (t1,t2) \ {0}, which satisfies the differential equation (1), the
impulsive condition (2) at the point ¢ = 6, and the boundary condition (3). Note that at the points
t =t; and t = 5, the equation (1) holds for the one-sided derivatives &% (t1) and &* (t2).

Problem (1)-(3) is studied via a parametrization method with modified algorithms. Conditions
for the existence of an isolated solution to the considered boundary value problem with impulsive
action are established. This modifications of algorithms of Dzhumabaev’s parametrization method
will enable the investigation and solution of boundary value problems with impulses at non-fixed
time moments for nonlinear differential equations.
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This report is devoted to the existence and nonexistence of global weak solutions to the inho-
mogeneous semilinear heat equations with forcing terms on exterior domains

Ut+A2u:|u|p+f(:E)v in D¢ X (0700)3 1
u(z,0) = ug(z), in D¢, (1)

where p > 1 is a constant, A is the Laplace operator, and D = Bj is the closed unit ball, and D¢
is its complement in R¥.

We investigate the critical behavior of solutions to the semilinear biharmonic heat equation
with forcing term f(z), under six homogeneous boundary conditions. By employing a method of
test function, we derive the critical exponents pcyi+ in the sense of Fujita. Moreover, we show that
porie = o0 if N =2,3,4 and porie = % if N > 5. The impact of the forcing term on the critical
behavior of the problem is also of interest, and thus a second critical exponent in the sense of
Lee-Ni, depending on the forcing term is introduced. We also discuss the case f = 0, and present
the finite-time blow-up results for the subcritical and critical cases.

Keywords: Exterior problem, Fujita critical exponent, nonexistence, existence

2020 Mathematics Subject Classification: 35A01, 35B09, 35B44

On the solvability of a singular boundary value problem for
a Fredholm integro-differential equation

R. UTESHOVA
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

r.uteshova@math.kz

We consider the boundary value problem for a singular Fredholm integro-differential equation
of the second kind on the positive semi-axis:

% _ Atz + /Ooo K(t,8)2(s)ds + f(t), x€R", te/(0,00), (1)
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with the boundary conditions z(0) = «, lim¢ o0 2(t) = 5.

We investigate the unique solvability of this problem and construct its solution. Using the
parameterization method introduced by Dzhumabaev [1], we derive necessary and sufficient condi-
tions for the unique solvability of the given boundary value problem and construct approximating
regular boundary value problems.
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This work examines the solvability of the boundary value problem for linear differential-
algebraic equations with constant coefficients:

Bi(t) = Az(t) + f(t), te (0,T), (1)

Bz(0) + Cx(T) = d. (2)

Here E,A € R™*" B.C e R*" deR!, T > 0.

By a solution of the boundary value problem (1), (2) we mean a function z € C1([0, T],R")
that satisfies equation (1) and the boundary condition (2).

Differential-algebraic equations (DAEs) have become an essential tool for modeling and simu-
lating dynamical systems with constraints across various fields. Boundary value problems for DAEs
arise in numerous engineering applications, including electrical circuits and multi-body dynamics.
The development of this theory has been closely linked to adapting classical numerical methods,
such as modified shooting and collocation techniques, originally designed for ordinary differential
equations. For a comprehensive overview of this evolution, we refer to [1,2].

In [3], we investigated the boundary value problem (1), (2) under the assumption that the
matrix pair (F, A) is regular, meaning that m = n and det(AE — A) is not identically zero. By
employing the parameterization method [4], we introduced a parameter representing the solution’s
value at the left endpoint of the interval. Utilizing the Weierstrass canonical form for the matrix
pair, we established a solvability criterion ensuring the uniqueness of the solution.

In this study, we extend our analysis to the general case, where the matrix pair (E, A) in (1) is
not necessarily regular. Our approach relies on the Kronecker canonical form of (E, A) combined
with the parameterization method to derive a solvability criterion for the problem. Applying this
method transforms the boundary value problem into a system of algebraic equations for the intro-
duced parameters. Since the resulting system’s matrix is generally neither square nor invertible, we
utilize the concept of a generalized inverse, which provides a systematic framework for representing
and analyzing solutions to such systems.
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In the space R™, we choose a simply connected closed region G (R):
G(R)={(t,z):t e INw(tz)| <p<oo}. (1)
In this region, we consider the problem of constructing the following system of differential equations

z=f(tx), (2)

and the automatic control systems for a given smooth program manifold Q(t) = w(t,z) = 0, in the
following form [1]:

l’(t) = f(t,l’) - Bl(t)gv §= So(tv U)a 0= PT(t)wv tel= [Oa OO), (3)

where x € R" is the vector of the object’s state, f € R™ is the vector function satisfying the
conditions for the existence of a solution z(¢) = 0, and By(t) € Z"*", P(t) € E™*" are matrices,
w € R*(s < n) is a vector, £ € R" is a odifferentiable vector function satisfying the local quadratic
relation

0(t,0) =0A0<olp(t,o) <ol K(t)o, Vo #0,
Do(t
K1) < 2289 < o), (K (1) = KT0) > 0.Ki(r) = KF(1) > 0} e =7
Here = - is the class of continuously-differentiable on time ¢ and bounded in the norm matrices.
Vector function (¢, o) is essentially a program deviation control function, since on the program
manifold Q(¢) the function & = (¢, o) vanishes and equation (3) takes the form (2). Hence, ()
is an integral manifold also for (3).
Due to the fact that the program manifold §(¢) is integral for the system (2), (3) takes place

_ Ow
oot
where F'(t,2,0) = 0 is a vector function of Yerugin [1-3].

Choosing the function F'(t, x, w)linear with respect to w, we reduce our problem to investigation
of quality properties of the following system with respect to vector-function w [2, 3]:

(4)

w +Hf(t,x) = F(t,z,w), (5)

O=—A(tw - B(t)§, tel=[0, c0), (6)
¢=¢(0), o=Pl(tw,
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Here nonlinearity satisfies also to generalized conditions (4), and F(t,z,w) = —A(t)w, A(t) €

=55 H(t) = 8—(:, B(t) = H(t)B1(t).

Statement of the Problem. Obtain conditions of absolute stability of nonautonomous
control systems (6) in the vicinity of a program manifold €(t), if the conditions (4) are met..
For system (1), we construct the Lyapunov function in the following form

V(w) = wl'Lw+ 3 / S(r)dr, (7)
0

. where L(t) = LT(t) >> 0 J(t) = diag(B1(t), ..., Br) >> 0 and

S(t) = oT (K (t)o(t) — (0, 1)) > 0.

Using the function (7) are obtained.sufficient conditions for the absolute stability of nonau-
tonomous control systems (6) in the vicinity of a program manifold Q(¢).

In the works (see [3]-[12]) are given different problems dedicated to the construction various
of autonomous and non-autonomous basic and inedirectautomatic control systems on the given
program manifold possessing of quality properties and to solving of different inverse problems of
dynamics.
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with various feedback on an infinite time interval

S.S. ZHUMATOV

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakstan
sailau.math@mail.ru

Consider the problem of construction of the control systems with various feedback, i.e. the
presence of both rigid and tachometric feedbacks, by given (n — s)-dimensional program manifold
Q(t) =w(t,z) =0, in the following form [1]:

1:': f(t,x) _Blf_DISO(O')7 tel= [07 OO)’ (1)
52@(0)’ U:PTW_Gé_N@(U)v

where z € R" is a state vector of the object, f € R" is a vector-function, satisfying to conditions of
existence of a solution z(t) =0, and By € R"*", D; € R™*", P € R**" are constant matrices,G €
R**" N € R™" are constant matrices of rigid and tachometric feedback, N is diagonal matrix, £
is function differentiable with respect to o, satisfies the following conditions

0(0)=0A0< ¢l (0)o <oTKo Vo #0,

d
—K; < e < K.
do

(2)

Here K, Ky, Ko — (r X r)-positive definite matrices. For the manifold Q(¢) to be integral and for the
system (1) - (2) on the manifold w = 0 it is necessary a condition £ = 0. This condition is satisfied
for G # 0.

This problem reduce to investigation of stability properties of the following system with respect
to vector-function w [2, 3]:

&= —Aw— BE — Dy(o), tel=]0, ), 3
£=0(0), o=Plu—GE—Np(o), ®)

Here nonlinearity satisfies also to generalized conditions (2), and F(¢,z,w) = —Aw, A € R**5, H =

9% B _ 4B, D=HD.
ox

Statement of the Problem. To get the condition of absolute stability of a program manifold
Q(t) of the indirect control systems with rigid and tachometric feedbacks in relation to the given
vector-function w.

Using a non-singular transformation, the system (3) is reduced to the canonical form.

For this system is constructed the Lyapunov function of the following type:

o

V=wTLw+€7Q¢ + [ ¢T(0)r(0)do (4)
0
lilj S . .. . . ..
where L = ‘ THl -definitely positive matrix, I;,[; is are positive numbers and @ > 0, k(o) are
pi + pj
defined in terms of the coefficients of the system under study.
T dyp
Q=G+ P'D; H(U):E+Na—.
o

Thus sufficient conditions for the absolute stability of the program manifold of indirect control
systems with rigid and tachometric feedbacks, relatively to the vector function w are obtained.

The reviews of the works devoted to the construction various of autonomous and non-autonomous
basic and indirect automatic control systems on the given program manifold possessing of quality
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properties and to solving of different inverse problems of dynamics were shown (see [3]-[12]).The
works contain articles published 2024 years.

Funding: This results are supported by grant of the Ministry of Science and Higher Education of Republic Kazakhstan
No. AP 19677693 for 2023-2025 years.

Keywords: absolute stability, program manifold, indirect control systems, Lyapunov function, rigid and tachometric
feedbacks.
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HABBE-CTOKCTBIH ChI3bIKTAH/IBIPBIJIFAH ECEBI
A.A. JKYMATIT!, 3.6. ©TKIPKBI3HI2

L20n-®apabu arergarsr Kasax yrrrelk yaueepcureri, Anvarsl, Kazaxcran

lzhumash ayazhan@live.kaznu.kz

Erep u(x,y), v(x,y) xone p(X,y) GyHKIHATAPHI ColiKeC OPHBIKKAH ChIFBLIMANTBIH CYHBIK KA3BIK,
Mapasyiesb KO3FAIbICBIHBIH JKBLIIAM/IbIK BEKTOPJIAPHI KoOHE KBICBIMbI 60J1ca, oHa oaapabsiH Hasbe-
CTOKC CBIBBIKTBIK, 1epOeC TYBIHIbLIbI

Ugg + Uyy = KDy, Vaz + Vyy = kDy, k — const, u, + vy = 0. (1)

TereyIep Kyiecin KanararTaHgbIpaThIHb! Gearii [1]. Adiransik, G = {|z| < 1} - cyiibIK arbIHbI
opHasacKaH aitMax, an I' = {|z| = 1} - ompg mexapace! 6oscwrw, u,v € C3(G), p € C%(G) meren
yitrapeimaa (1) xkyiie kemeci xyfiere SKBUBaIEHTTI:

9?2 0% ou Ov

(@4—87;/2)(87/_%):0 (2)

KoHe (2) TeHgeyiH Keseci Typie

0?2 0z 1

() —vy) =0, 2 7(£_i2 o 1,0 .0
020z Y 77 9z 20x Oy

), ﬁ—i(%‘ﬂafy)v z=x+y

Ka3y aPKbIIbI

uy — vp = —2i(20(2))" + 2i(20(2))’,

eKkeHiH TabaMbl3, MyHIA ¢(2) - KE3-KeJTreH aHAJUTUKAJIBIK, (OYHKIU.
Conga (1) Terneynep xyiieci

Up +vy =0, uy— vy = —2i(2p(2)) + 2i(z¢(2))’ (3)

Typine kemeni. Byran w = u + v gen Gearineyin enrizin, (3)-1i

Ow
5, = (=) + (=)
TYPiHE KA3BIT, OJIAH B
w(z) = (|2 = )P +2(7 — ¢) + ¥, (4)

armaMbl3 [2|. Myrgare! ¢(2) - Ke3-KeJreH aHaTUTHKAJIBIK QOYHKIHA.
Kemeci Typzeri mekapasblk ecenTi KapacTbipaMmbi3: I mmekapachraia,

MIapTTAapblH KaHAFATTAHIBIPATEIH G aifiMarbiaga (1) TeHgeymrep KyieciHiH perysapJblK IIeimMin

Taby Kepek, MYHIarbl 1 - | mekapackiHa HOPMaJb, aia f,g - Gepijired >KeTKIIKTI KAThIK (HyHK-

musnap. (4) eprek kemerimen (5)-mii ecen ¢ Koue ¢ dyHKIUATApbIH adbikTaiiTeia [Bapir ecebine

Kelei:

1— ¢
t

Re( p+)=[f(t), tel,

2

Re(—i[—(1+ 2)¢' — -+

" o+ t)']) =g(t), tel.

bynan
1— 22

z

o+ =ia+ Sf,
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1 2
T o+ (142 — 2 = B—iSg,

myHgarbl S — Lleapir omeparopst [3]. ¢ , 1 GyHKIIUATAPBHIH AHBIKTAH OTHIPBIN XKoHE (4)-Ke KOWbIII,
ecern TentiMia Tabamb3:

LA@:(M2—UFS)+ﬁm<1F@0-wa+Sf+ 21[;F@ym

z z
MYHIarbL

F(z)=—B+iSg+ 2(Sf).

Kinrri cesmep: Hasbe Crokc Tenzeyi, CyibIK Ka3blK MapaJsiie/lb KO3FaIblChl, AaHAJIATUKAJIBIK (DYHKIUS, IEKAPAJIBIK,
ecerr.
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C.A. MAMBETOB

K.A . fdcayn arsmnarer XKTY, Typkicran, Kazakcran
Maremaruka >koHe MaTeMaTHKAJIBIK MOJEIbAEY UHCTUTYTH, Anvarer, Kazakcran

samat.mambetov@ayu.edu.kz, samatmambetov09@gmail.com

Adiraneik © 06sbicer Q = {(z,t) : 0 < x < 1, 0 <t < T} Goacbn, Keneci Typaeri Tenaeyi

Dy (e, t) — TS, [Cou] (x,t) = 0, (1)

OacTankbl YKOHE IMeTTIK MapTTAPhIMEH bepiaren

u(z,0) = ¢(x) on z € |0,1], (2)

w(0,t) =u(1,t) =0, 0 <t <T, (3)

(1)-(3) ecebin xkapacrbipambiz. Mynparel 0 < a < § < 1 xkoHe @(x) y3iuiccis dynkims.
Mynnare 2, Puman-JInyBu/in MarblHaChIHJaFb! Oeimek o > 0 peTTi nHTerpajiay onepaTopbl

t

cru(x,t) = /t—s u(x,s)ds, te(0,T],
0

2KoHe Dg . oneparopsl Kamyto marsmacsigars: 3 € (0,1) perTi TyBIHIBICH

t
Dngu(J:,t) = Ié;ﬁ [;ﬁu<x7t)] / (t—s)""=—u(zx,s)ds.
0
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Kenecimeit mHBOMIONUAIIBI OIIEPATOP/IBI €HTI3eMI3

2 2

0 0
ﬁxu(l’,t) = @U(m,t) =+ 8@’&(1 — l’,t),

MyHmare € > 0.

Teopema 1. Atmaawx o(x) € C[0,1], ¢'(x) € La(0,1) 6oactin, onda (1) — (3) ecebinin u(x,t) €
C(Q) orcanevis wewimi xeaecioet anvikmanadvl

KopbITbIHABI 2. Bya ocymvicma wezidai nomuoicesepze 6oswer onepamopaspmers 0atiiaHbicmb
Oenzing KACUEMMEDPT HCIHE KAACCUKAADLE, WeUIMIH KYDPY Maoceaeci kipedi. Hezizei myoicoipoimoap
WEUWTMHIH, HOKMbL POPMACHIH BEPEMIH MEOPEMARIH, KoMezimeH dcunarkmanadovs. Illewim exi napa-
mempai Mummae-Jledppaep Qynryuace, Kammumorr Kamap mypinde oprexmeneos.

Kapxxbrnauaesipy: Byr 3eprreyai Kazakcran Pecry6immkacer FPeiibiv xkome xorapsl 6iiM MuHauCTpIIirisiy Foiasiv
kommreti (rpaat Ne AP23483960) kapKbLaaHabIPaIb.
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KUCBIK ChI3BIKThl KOOPJAMHATAJIAPJIAFBI HABBLE-CTOKC
TEHJAEYJIEPIMEH KATAJIMTUKAJIBIK HEUTPAJIM3ATOPIbI
MATEMATUKAJIBIK »KOHE KOMITbIOTEPJIIK MOJAEJIbLAEY

H.M. TEMUPBEKOB!, A. KEPIMAKBbIH?

LO1-®apabu arpimgarsr Kazax yarreix yamsepcureri, Anvars! K., Kazaxcran

2

Intemirbekov314@gmail.com, ?ainur-china@mail.ru

MareMaTHKaJJIbIK, MOJIETH

Karamntukaablk HEATPAIN3aTOPIBIH IIEKAPACHl TEric, KUCHIK ChI3BIKTHI O0JIBICTAPIA CTAIld-
OHAPJIBI €MeC arblHAbl CHUIIATTAY VIIH IMMJIHHIAPIIK KoopanHaraiaapaarbl Hasbe-CTokc TeHaeyiep
Kyiiecin Keseci Typge kasyra 6omansi[1].

Temmeynep xkyiteci TOK QYHKIUACH, KBLIIAMIBIK WipiMi afiHBIMAJBLIAPBIHIA OOJIFaHIBIKTAH,
YBLIICCI3IIK TeHIeYl aBTOMATTHI TYP/ie OPBIHIAIA b

0w + 0w + Ua—w ! (Aw + 2 (w)) —div (kf gradzb) Gr 00 (1)

ot "oz "or " Re or \r ~ Re29z’
. 1
div ( grad 1/)) = w, (2)
T
Opi | Olupi)  O(vpi) _ . (Di .
o " or | or = div r grade; |, )

ot " "oxr " Vor T PepPr\0z2 " 92 " or \r Pe Pr ’
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or 1 190 orT 0 orT NuF
9t T PePrios (kTax> T <kTa> = pepr L9 (5)
MYHIAFBI
R T VT o
ror’ r oz’ or Ox’
0, erep (z,r) € Q1 UQs3,
kp = (7)

ko(z,7), erep (z,r) € Q.

I RN

i 0l
L -

Puc. 1: 3eprrey 06bI1CH

Kinrri cesgep: Hasre-CToOKC TeHmeyepi, KaTAIUTUKAIBIK, HEHTPAIN3aTOP, KUCHIK CHI3BIKTHI KOODAMHATAIAD, CAH-
OBIK MOJeJIbIey.
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HOPMAJIM30BAHHBIM MOTOK PMY4YM HA TIPOCTPAHCTBAX
HITnoEa4a

H.A. ABUEB

Hucrnryr maremarukn HAH KP, Bumikex, KoIprerscrad

abievn@mail.ru

ITycrs G/H — npocrpancreo Htudens SO(n)/ SO(n — 2) ¢ coorBercTByomumu agrebpamu
Jlu g, b u pazsioxenuem g = h G p, vae p = p1 P p2 B P3 — OPTOrOHAIBHOE JIONOTHEHHUE K ) B ¢
OTHOCHUTE/IbHO CKAJISIPHOIO npoussejenus (-, ) = —B(-, ), onpesegeHHoro Ha g ¢ moMonibio hopMbl
Kwannara B. B pabore [3] mokaszano, 9ro Besikasi nHBapnanTHast Merpuka Ha G/H Moxer GbITh
ONpEJIEICHA B BAJE CyMMBI

('7 ) = $1<', '>‘p1 + l‘2<-, '>|p2 + .733<‘, '>|p3 ) (1)

rae 1,2, 23 > 0. Tenzop Puwan u ckaxsgpHas KPUBH3HA TaKOi MeTpuku mMmeior Buf Ricg(:,:) =
xiry (- ~>\p1 + xora(, -)|p2 + zar3(, ~>|’33 u Sg = diry + dory + dars, rie r; — IryIaBHBIC 3HAYCHUA
kpuBu3Hbl Puaun, d; = dimp; = n — 2 = dimpy = do u d3 = dimps = 1 ¢ d = 2n — 3 (geranm
B [2, 4]). llycte Z4 MHOXKecTBO MeTpuK (1), HMEINMX TOJOKATENBHY0 KpuBu3Hy Puauam. B [1]
JIOKA3aHa CIEIYIOMAst TEOPEMA:

Teopema. B npocrpancreax Htudens SO(n)/SO(n — 2), n > 3, HOpMATH30BAHHBIN TTOTOK
Puuun g(t) = —2 Ricg +2d'g(t)Sg coxpansier Merpukn us %4 B %+ ; 60Jee TOTO, JHOOYIO0 METPHU-
Ky (1), He mpuHAIEKAIIYIO H4, IEPEHOCUT B 4 33 KOHEUHOE BPEMS.

KuaroueBsbie ciioBa: nmpocrpanctsa IlItuderns, pumanoBa MeTpuKa, HOPMaJIU30BAHHBIA TOTOK Puyun, kpuBusua Pud-
qu.
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TEH30P I'PUHA BUBPOTPAHCIIOPTHBIX YPABHEHUI
MAKCBEJIJIA 1 ETO CBOUCTBA TIPU JOCBETOBBLIX
CKOPOCTHAX

JI.A. AIJEKCEEBA!, I.A. KAHBIMI'ABEBA?

1’2I/IHCTI/ITyT MaTeMaTHKH U MaTeMaTHdecKoro Mojgeanposanns, Aamvarsl, Kazaxcran
2 Eppasmiickuii Hanmonapubli yausepcurer uM. JI.H.I'ymunesa, Acrana, Kazaxcran

lalexeevad7@mail.ru, 2kanymgazyl@gmail.com

VpaBuenns MakcBenna WUrpaioT BayKHYIO POJL B SJEKTPOIUHAMUKE W OTUCAHUHU ITTPOIIECCOB
PaCIpPOCTPpaHCHUA IJICKTPOMATHUTHBIX BOJIH B PA3JIMYHBIX CpedaX, TTOPOXKAACMBIX JJIEKTPUYICCKU-
MU ToKaMu U 3apsigamMu. Cpeau ncTouHUKOB DM BOSIH BeCchbMa pacpOCTPAHEHHBIMU SIBJISIOTCS 110~
JBU2KHBIC, II03TOMY NOCTPOCHUE PelleHUd 3TUX ypaBHEHUN Hpu AefCTBUU IIOABUXKHBIX MCTOYHUKOB
W3JIYIeHus ABIAeTCA aKTya bHON HayIHO-TeXHNIeCcKoH 3amadeit. [Ipu anannse pernennii 3Tux ypas-
HEHUN YYUTBHIBAETCH BJIMSHUE 4acTOT KoJiebaHuit (;LJH/IH oM BO.HH) U CKOPOCTHU ABUXKEHHA HUCTOY-
HUKOB U3JIy4eHUd Ha CTPYKTYDPY JIEKTPOMAIHUTHBIX II0JICH U U3MEHEHUsd, KOTOPbIe IIPOUCXOLAT B
3aBUCUMOCTHU OT OTHOMICHUA CKOPOCTHU ABHXKEHUA K CKOPOCTHU CBETA.

ABTOpaMu OCTPOEHBI TPAHCIIOPTHLIE peIeHns ypaBHennit MakcBesiia Bo BCEM THana3oHe CKO-
pOCTeil 0T JTOCBETOBBIX JI0 CBEPXCBETOBLIX [1,2]. 3mech paccMaTpuBaeTcst cucTeMa BUOPOTPAHCIIOPT-
HBIX ypasHeHuitt MakcBesia npu JeficTBAN JBUKYIIUXCI B HAIPABICHUN OCU X3 C TTOCTOSTHHOMN CKO-
pocTeio V' 3apdaioB U TOKOB BUIA:

(GE(x, 1), 5 (2, 1)) = (5 (21, 0, 23 — Vi), 17 (21, 0, 23 — V)™t 2 I (21, 22, 23 — V)™,
pP(z,t) = edivE(z,t), p"(z,t) = pdivH(z,t) (1)

¢ yacToTol uzsyueHus w. CoOTBETCTBEHHO, pellleHnd ypaBHeHul MakcBejia cTposaTcsd B 110 100HOM
BU/IE:

(E(z,t), H(x,t)) = (E(z1, 22,23 — V), H(z1, 29,23 — V1))e™" = u(z1, 22,25 — VE)e™,

rme E(x,t), H(z,t) - BeKTOPBI 9/I€KTpUHUeckoil u MaranTHON mampsxénnoctn DM noms, j7(x,t),
48 (x,t) - BEKTOPBI IIOTHOCTH 3JEKTPUYECKHX M 'MACHHTHBIX' TOKOB, ¢ = 1/,/Efi- CKOPOCTbH pac-
npocrpanenus M B cpene. B moaBmikHOR cucTeme KOOpAMHAT T1,X2,2 = T3 — Vi ypaBHEHHS

Makxkcsesna JJIA KOMILJIEKCHBIX aMIIJIUTY/ TOKOB IIPDUMYT BH/I:

oy 0: (E —iw)uH, = j;",
o0F, OF, Vo
9. on oy iy =y
0E, 0B, VO s
o oy (87 —iw)uH, =37 (2)
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gr oy (E —iw)el, =j; (3)

Dra cucreMa ypaBHEHHi JocTaTouHA I onpegenerns M momns npn 3aganHbx Tokax. Coor-
BECTBYIOIINE 3apdA/IbI ONPeensioTcs ypasaeansavu Makcsena frst 3apsaaos (1). Mcmonssysa npeo6-
pasosanne Oypre nocrpoen tersop ['puna U(z, x2, z) ypasrenuit (2),(3) — marpurna dyH1aMmen-
tanbHBIX permennii (2), (3) mupu J(21, 22, 2) = 0(21)0(22)0(2)(0i5)6x6, YAOBIETBOPSIOMAS yCIOBASM
uzydenns Ha 6eckonednoctn. OHa yIOBIETBOPAET MATPUIHOMY yPABHEHMIO:

My, (01,02,0;) x U(z1,22,2) = d(x1)6(x2)d(2)(0ij)6x6 (4)

Baecs My, (01,02, 0,) - muddepennmanbubiit oneparop ypasuenuii (2), (3) d(x1)d(x2)d(z) - cun-
ryisipHast geqabra-pyHKIms, (0i;)6x6 - cuMBOI Kponekepa. Ee KOMIOHEHTHI IO CTOJIOIAM HMEIOT
CACAYIOIUNA BUJL:

0 i i 0. f(x,2) i
P o)
02f(z, 2 =01 f(x, 2
Und) = | oy om0 i@ 6t |9 = aLoapiw it |0 O
01, 02 f1(x, z)(ie) D(81,02,02) f1(x, z)(ie)
01,0, f1(z, 2)(ie) ™1 ] 02,0, f1(z, 2)(ie) ™1
i _62]0(:1:’ Z) ] __D(61a827az)fl(xvz)(iﬂ)_l-
d1f(z,2) —al,agfl(x,z)@u)j
(Upns) = 81,6zf1(3(c), 2)(ie)-! , (Upa) = —01, azfl(ox, z) (i) ’
02,0, f1(x, 2)(ie) ™1 —0,f(x,2)
D(01,02,0,) f1(x, 2)(ie)~! | Oa2f(x, z) ]
[ —01,02f1(z, 2)(ip) "t ] [ —01,0:f1(z, 2)(ip) !
—D(01,02,0;) f1 3672)(1 ) —52,3zf1(3?72)(iﬂ)7_1 »
(Um5) _ 82,8 fl ((2772))(“1’) ’ (Umﬁ) — _D(3178552?{;7(§5 Z)(’L,U,)
0 01f(z,2)
L _62f(xa Z) J L 0 1

31ech BBeIEHBI 0003HATEHHS:

8J = iv D(81782762> :(1_M)822QUJM262+’LU2, w = %

8$j ’
exp(—iwm*QMz z 5 55
flx,2) = 47T\/W —2\/2 +m?r?,  fi(x,z) = 0.5sgn(z) fxz— dc.

[Ipy mOCTPOECHNHE peleHii HCIOIb30BAINCE BUOPOTPAHCIOPTHEIE PEIICHAS BOJIHOBOIO YPABHEHUS,
nocrpoenssie B [3].

Wcnonb3ysa ¢BoiicTBO TeH30pa ['pHHA HOCTPOEHB! BUOPOTPAHCIOPTHLIE PEIICHUS yPABHEHMIT
Maxkcpemra, yA0BIETBOPSIONIAE yCIOBAIM N3 Tydenud Ha Oeckorneanoctr. OHI MMEIOT BUJT TEH30PHO-
PYHKIMOHAILHBIX CBEPTOK BUIA:

u(xl,xQ,Z) :U(.’El,xQ,Z)*J(xl,fEQ,Z) (6)
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Hna perynsipupix J(z1, 22, 2) 91y HOPMYyIy MOXKHO MPEJCTABUTH B UHTEIPATBHOM BUJIE:

u(xy,22,2) = /3 U(z1 — y1, 22 — y2, 2 — y3) X J(y1, Y2, y3)dy1dyadys.
R

Jlist cuaTyaapHbIX DYHKITNN, OMUCHIBAIOIINX COCPEIOTOYECHHBIE HA, TOBEPXHOCTAX U JIMHUAX 3a-
PsSJbl U TOKHU Cjlejlyer OpaTh CBEPTKHU COIVIACHO TIPABUJIAM CBEPTOK, B IIPOCTPAHCTBE OOOOIIEHHBIX
dbyuxuuit [4]. TlocrpoeHtble peleHnst MOXKHO MCII0JIb30BaTh 11pu pacdérax DM noseit snekrpomar-
HUTHBIX M3JIydaTe/leil B Juara3oHe JI0CBETOBBIX ckopocTeii: V < c.

PdunancupoBaHue: lanmoe ncciremosanune ¢unamncupyercs Komurerom maykm MwummcrepcTBa HAyKW W BBICIIETO
obpaszosanust Peciy6simku Kasaxcran (rpant Ne AP19674789).

KuroueBnlie cioBa: ypasuenne Makcsesna, Ter3op ['pura, BUOpOTPAHCHOPTHOE ypaBHEHNE, JOCBETOBAA CKOPOCTb.
2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20
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I’'EOMETPUS IIOJIYEBKJIMJAOBBIX ITIPOCTPAHCTB
A. APTUKBAEB

! Tamxenrcxuit Tocynapcersennsiii Tpancnopraerii Yausepcurer, Tamkent, Y36exucram

aartykbaev@mail.com

B crenyromem roay ucnomaauTcs 200-7eT MOSABIEHUIO HEEBKJIUI0BON TeOMETPHH.

Briepsbie mostBUBINIASICA HEEBKJINIOBA TEOMETPHUsT Ha3bIBaeTcst reoMerpueit JlobadgeBckoro, B
decTb nMmenu ero co3narensa H.U. Jlobadesckoro. 9ta reomerpusd Jjiajia OypHOe Pa3BUTUE PABTUIHBIM
HECBKJIMJOBBIM T'€OMCTPUAM. Pa3H006pa31/I${ HCEBKJINJOBbBIX T'€OMETPpHUN HU3JIOZKEHA B MOHOFpa(bI/H/I
“Heesksnosa npocrpancrea’ Bapuca A6pamosmaa Pozendensaa [1]. Onmum u3 ogensb pa3puToit u
MHOTO TTPUMEHIEeMON TeoMeTpHeil SBJIsIeTCS TeoMeTpus mpocTpaHcTBa JlopeHiia, To ecTh reoMeTpus
npocrpancrea Munkosckoro [2].

OCHOBBI TeOpUN HEEBKIUJOBBIX TPOcTpaHcTB B.A. Posendenbiom cTponcst Ha TmceBIopuMa-
HOBOM TTPOCTPAHCTERE.

Konre XX Beka nosiBujcs moHATHE “TiIceBIOMHOr0bpasns’- paccMarpuBaeMas Kak 00beKkT 1ceB-
JOEBK/IH0BA IIPOCTPAHCTBA [3].

Hanomaum onpejiesieHne mceBI0EBKINI0BA TPOCTPAHCTBA

[Iycrs A, — addunnoe n-meproe npocrpanctso ¢ addunnoit cucremoii koopauuar O{ey, ea,
€3, ... €n}.

Hana sexropbl X {x1,72,...,Zn}, Y {¥1,%2,...,Yn} ¢ abDuHHBIMUM KOODIHHATAMHE.

Omnpegenenne 1. Addunnoe mpocTpancTBo A, T/e CKATIpHOE TPOU3BEIEHNe BEKTOPOB OTpeIe-
JieHa 110 dpopmyiie:

(X,)Y) = —ziy1 —@oy2 — ... — ;i + Ty Yis1 + -+ Tnln (1)

Ha3bIBaCTCA IICEBAOCBKJINIOBLIM IIPOCTPAaHCTBOM an.

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA
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Hopwma BexTOpa ompefesngerca KakK KOPeHb OT CKaJIIPHOTO KBaJpaTa BEKTOPA U PACCTOSHUSI
MEXKJTy TOUKAMU MTPOCTPAHCTBA OMPEIESISIETCS KaK HOPMa BEKTOpPa COeNMHAMNINE 3TU TOUKU. Oue-
BUJIHO PACCTOSTHUE He sIBJISIETCS MOJI0KUTEIbHO OlpejieseHHbIM [1].

B 1iceB10eBKIMI0BOM NPOCTPAHCTBE CYIIECTBYIOT TOAIPOCTPAHCTBA, I (POPMYJIa PACCTOSHUS
BBIPOXKIAETCSI, TO €CTh TIPW OTNPEJIeJIEHNN PACCTOSHUS He yJacTBYeT BCE KOOPAMHATHI TOUYEK ITPO-
CTPAHCTBA. DTO OUYEBHU/IHO CBA3AHO C BBIPOKICHUEM CKAJISIPHOTO mpoussenenun (1).

JleficTBUTEIBHO B TIOIPOCTPAHCTBE:

l
M (z1,21...,2;, ®1+ T2+ ...+ 2,41 + - .. + T13k) € "Rojpk.

Cxassproe mpousseienue BekTopos X u Y € ZR2l+k UMeeT BBIPOXKJIEHHbBIN BU/I:

(X,Y) = zp1yi1 + - + Doprlousk (2)

D10 CcKasNSIPHOE IPou3BejieHne k-MepHOro eBkynzoBa npocrpancrea Ri[l]. Paccrosiue, onpe-
nesisieMoe opmystoit (2) — TakyKe BBIPOXKICHHOE.

[Tpugem Korga 9TO PACCTOSHUE PABHO HYJIFO, TOUYKH MOTYT OBITH PA3JIUIUMbBIMU.

[Ipraem paccTosiHEE MEXK/Iy HUMHU 3aBUCAT OT KOODJWHAT {1, T2, ..., T}

Takum 06pa3om, MOAB/ISIETCH HA TOAIPOCTPAHCTBO M — reomMeTpus HA3BAHHON IOJIYEBKIHIO0-
BBIM [POCTPAHCTBOM " Ry yp,.

C mauama XXI Beka pasBUBAIOTCS TEOMETPUN PASTHIHBIX TTOJYEBKIMIOBBIX TTPOCTPAHCTB.

Wzyioxkenne 0CHOB MOJIYEBKJMIOBOH TE€OMETPUM ¥ TIOJYYEHHBIX HOBBIX PE3YJIBLTATOR MO 3TOI
TEOPUHN MPUBEJIEHO B MOHOTpadusx [4].

Permmenne omnoit 3amaun reomerpun "B 1e70M"B MOTYEBKJINIOBBIX TPOCTPAHCTE W3JI0XKEHA B
pabote [5].
KiroueBble CJ10Ba:11CeBA0EBKIIMIOBO IPOCTPAHCTBO, OJLYEBKJIMIOBBIX IIPOCTPAHCTB, MaJIU/IeeB0 IPOCTPAHCTBO, U30-
TPOMHOE IPOCTPAHCTBO.
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YNCJIEHHOE PEIIIEHUE OBPATHOMN SAJAYN MOJIEJIN
KOHKYPEHIIUM /ZIBYX ®UPM METOJOM I'PA/IMEHTHOI'O
CIIYCKA

3.A. APIIIMJIMHOBA

Kazaxckunit HanmonaabHbIH yHUBEpCHTET nMeHn ajab-Papabu, Aamarol, Kasaxcran

zilyamkhan(02@gmail.com

Jns permernsg 06paTHON 331291 TPUMEHIETCS METO ] TPAUeHTHOTO ciiycka. OCHOBHAS MIesT Me-
TOJ[a COCTOUT B MOCJIEI0BATEbHOM YMEHbIIEHUN 3HaUeHUsT (DYHKIIMOHAJIA HEBA3KU, KOTOPHIH OIpe-

JIeJIgeTcs KaK:
n

J(0) = B} Z(yz — f(ai, 0)>27

i=1
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rie f(zi,0) — pemenne mpaMoii 3a4a4u 1JId TEKYINETo 3HaAYeHUs napamerpa 0, a y; — "u3MepeHHble
nmanuble".

Jnst Berancaenus rpajgnenta dyHkipmonasna J(f) ucoab3yercst 9ncaeHHbIii MeTojL, MOCKOIbKY
AHAJNTHIECKOE BBIPAKEHUE ITPOU3BOIHON MOJIYIATh 3aTPYIHUTE/ILHO. UMCAEHHBINH IPpAINeHT Ipu-
HAMKEHHO PACCUNTHIBAETCS CJIEIYIONTUM 00pa30M:

a5 _J(0+e)—J(6)
00~ € ’

rJe € — MaJIblii 11ar, 00ecnednBaoNInii TOUHOCTD TTpubKenusi. tepanmonslil mporece obHOBIIE-
HUs TTapaMeTpa ) OmUChIBaeTCst (DOPMYJIOiL:

0, — 0 oJ
k+1 =V — @ 20’
e v — Iar MeToj1a, ONPEJIesIoNui CKOpocTh cxoaumocTu. IIporiecc mpojiosKaeTcs /10 TexX 1nop,
MoKa abCOTIOTHOE 3HAYEHUE TPaIUeHTa He CTaHET MEHBINE 3aJaHHOH TOYHOCTH §, ITO CBHUIETE -
CTBYeT 0 JocTHKeHnH MuHuMyMa dyHkinonasa J(6).

B pezysibrare unciaennoro anaausa OoLia perera obpaTHas 3a71a4a JJisi ONPe/IeIeHIsT HEU3BeCT-
HOTO TTapaMeTpa MEeTOJOM IPATUCHTHOTO CIIYCKA C TOYHOCTHIO §. UMC/IeHHBIE PACIETHI BBHITTOJTHEHDI
¢ ucrosib3oBannem cpeabl MATLAB. Anroput™ mpoeMOHCTPUPOBA BBICOKYIO 3 )EKTHBHOCTD U
TOYHOCTE. CXOANMOCTE ObLITa JOCTUTHYTA Ha 12-# WTeparmu, 9T0 CBUAETENbCTBYET O OBICTPOTE U
s dexTusnocTr MeTona. Haiinennoe 3uavenne napamerpa 6 cOBIaJO C UCTUHHBIM 3HAYEHUEM, UTO
TTOATBEPK AT KOPPEKTHOCTEL paboOThI ATOPUTMA.

[TocTpoennsiit aaropuT™ MOKA3aI CBOIO 3(PMEKTUBHOCTD U MOXKET OBITH NCITOIb30BAH I Perre-
Husi Hosiee CI0KHBIX 3a0a4. Ha cremytomem srame paccMOTPUM UCC/IEIOBAHNE METOOB JIJ1si MOe ieit
C HECKOJILKUMU ITapaMeTPaMi, a TaKKe M3yUdeHne 33/1a49 C HAJUYHUeM II1yMa B JAHHBIX JJIs TPOBEPKU
YCTOMYUBOCTU METO/IA.

KinroueBblie cJiioBa: MOe/b KOHKYPEHIHY, 00paTHAas 3334, MeTO ] I'PAJUeHTHOr0 CIIyCKa, (DYHKI[HMOHAJ HEBA3KH,
MUHAMH3ANUA QyHKIHOHAIIA.
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KOHEYHO-PA3BHOCTHBIN METO/ PEIIIEHNA TPEXMEPHOMN
OBPATHOU 3AJAYN AKYCTHUKHNU

I'B. BAKAHOB!', 1. OPA30B?, B.T. CAPCEHOB?

1.2.3 Mesx nynapogmbiii kazaxcko-Typenkuii yunsepcurer uM. X.A.Scasu, Typrecran, Kazaxcram

lgalitdin.bakanov@ayu.edu.kz, %isabek.orazov@ayu.edu.kz,
3bakytbek.sarsenov@ayu.edu.kz

B pabote paccmarpuBaerca TpexmepHasd 00paTHASA 330398 aKYCTUKY, KOT/a HEM3BECTHBIE Mapa-
METPBI CPE/IbI 3ABUCST HE TOJIBLKO OT MIPOCTPAHCTBEHHBIX MEPEMEHHBIX, HO 1 oT BpeMeHu. Ilop3ysich
MEeTO/IMKOI, IIpeiozkeHHbIX B [1], [2], pazpaboran KOHEYHO-PA3HOCTHBINA METOJ| YUCIEHHOTO PeIeHns
obpaTHoit 331898 aKYCTAKH.

dunancupoBaHue: lanmoe nccremosanue ¢unamncupyercs Komurerom mHaykm MwumHmcrepcTBa HAyKW W BBICIIETO
ob6pasosanus Peciy6siuku Kazaxcran (rpanr N AP19678469).
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KiroueBble ciroBa: obparHasd 3a/1a4a aKyCTHKH, 1IaPDAMeTPbl CPe/Ibl, IIPOCTPAHCTBEHHbIE U BPEMEHHbIE 1I€PEMEHHBbIE,
KOHEYHO-PA3HOCTHBIA METOJ,.
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I/ITEPAL[I/IOHHbeI METO/ 4IKOBU PEIIEHUSI TPEXMEPHOM
OBPATHOU 3AJAYN AKYCTUKU

[.B. BAKAHOB', M.A. CVJITAHOB?, P.2K. TYPEBEKOB?

1,2.3 Mesx nymapogubiii kazaxcko-Typenkuii yausepcurer um. X. A Scasu, Typxecran, Kazaxcram

lgalitdin.bakanov@ayu.edu.kz, 2murat.sultanov@ayu.edu.kz,
3rauan.turebekov@ayu.edu.kz

B pabore paccmarpuBaercs TpexmepHas 00paTHAA 333498 aKYCTUKY, KOT/[a HEM3BECTHBIE Mapa-
METPHI CPEIbI 3aBUCAT HE TOJILKO OT IPOCTPAHCTBEHHLIX IEPEMEHHBIX, HO U OT BpeMeHu. I1onb3ysach
MeTOAMKOM, npemioxkenubix B [1], [2], paspaboran aaropurm nreparuonHoro meroja fkobu s
YUCJIEHHOTO PemeHns 00paTHO 3aJa49r aKyCTUKH.

®unancuposanue: [lanHoe uccienoBanue Qunaucupyercs Komurerom Hayku MUHHCTEPCTBA HAyKU U BBICIIETO
obpasosanus Peciy6suku Kaszaxcran (rpant Ne AP19678469).

KuroueBsblie ciioBa: obpaTHas 3a/1a9a aKyCTUKHU, TAPAMETPHI CPE/Ibl, TPOCTPAHCTBEHHBIE ¥ BPEMEHHbBIE TIepEeMEHHBIE,
UTEepANUOHHBLIN MeTon Axkobu.

2010 Mathematics Subject Classification: 35R30, 656N06
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[1] Kabanuxuu C.U. [Ipoexyuonno-pasnocmuvie mMemodv, onpedesenui Koapduyuenmos aunep-
boavueckux ypasnernut, Hayka. Cubupckoe ornenenne, Hoocubupck (1988).

[2] Kabanikhin S.I., Shishlenin M.A. Theory and numerical methods for solving inverse and
ill-posed problems, Journal of Inverse and Ill-Posed Problems, 27:3 (2019), 453-456.

OB O/IHOU KPAEBOW 3AJIAYE JIJISI YPABHEHNSI YETBEPTOI'O
ITOPSAIKA COCTABHOI'O TUIIA

K.C.TABUEB

@eprarckuii rocygapcrsenubliii yauBepcuret, Peprana, Yszbekucran

goziyevqobiljon@gmail.com

B oasocBa3n0it obmactu D C R?, orpanmdenHoil IIaIKIM KOPJAHOBBIM KOHTYpoM I paceMoT-
pUM ypaBHEHUE

2
(aaax + B;y) (u;m: + uyy) + C(l’, y)u(x’ y) =0, (1)

rie «, B = const, npuuem a? + 52 #£ 0.

Cauraem, uro ' 0bagaer CIeIyOMIMA CBOHCTBAMIU:

a) xapakrepuctuku Sr — ay = [, tne —oo < I3 < | < ly < 400 nepecekator KouTyp I
B IBYX TOYKAX, IPHUUYEM STH XapaKTEPUCTHKH He Kacaiorcd 1'; XapakKTepucTukd fx — ay = li u
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Bz —ay = lp umerot ¢ kKouTypoM [ enuaCcTBeHHbIE 06MIe ToUKY (Kacamus) - Ni(x1,y1) u Na(z2,y2)
COOTBETCTBEHHO, a xapakTepuctuku Bx — ay =1 opu | < I u [ > Iy obmux Touek ¢ I’ He uMeroT.

6) byuknum x = x(s), y = y(s) ompeesronye mapaMeTpuIecKoe ypasaenue Kpusoii I', Herpe-
PbIBHBI BMECTE CO CBOMMU ITPOUBBOJAHBIMU 0 BTOPOrO IOPSJIKA BKJJIIOYUTEIBHO, TTPUYEM 2’ (s) +
Y (5) £ 0.

Yepes '] oboznaunm Ty uacts [ koTopas nomyuaercs mpu ABukennn 0T TOU9kn N1 K Toure No
B TIOJIOKUTEIHHOM HANPABJICHUH (T.€. TIPOTUB 9acOBOH CTpeKm), a depe3 'y = ['\I'y

Bamaga N. Haiitn pemerne u(z,y) € C*(D)(C? (D) ypapnenms (1) ynosirereopsiroriee
KPaeBBbIM YCJIOBUSIM

0%u (z,y)

On2 = f2(z,y), (z,y) el (2)

u(:v,y) = h ('T’y)v
snech fi(z,y), fa(z,y), c(z,y) - 3amannuble HYHKINHN, N-BHEIIHSAsT HOpMaJb K L.
OTmernm, 9TO pa3audHBIE Kpaesble 3agaun s ypasaenus (1) mpu S = 0 Obun n3yden B
pabore [1| u mpu 8 # 0, ¢(x,y) = 0 paccmoTpeno B pabore [2].
Jlokazano Teopema e IMHCTBEHHOCTH METO/IOM HHTEIPAIOB SHEPIUH, & CYIIeCTBOBAHUS PEIIIeHNUS
JIOKA3BIBAETCST ¢ UCTIOJB30BAHUEM METOJI0B MHTErPAIbHBIX YPABHEHUH.

KimroueBble cjioBa: MeTO NHTEIPAJIOB SHEPIHH, METO NHTErDAJbHBIX YDPABHEHMUI.
2010 Mathematics Subject Classification: 35J40
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DOPEKTUBHASA ITPOBOJUMOCTE AUCIIEPCHBIX
BOJIOKHUCTBIX KOMIIO3UTOB

KX, 2KYHYCOBA!, B.B. MUTIOILIEB?

' Kazaxckuii nanuonaipabli yausepcurer uvenn aab-Papabu, Anvarer, Kazaxcran
L2 Pncrnryr MaremaTnkn n Maremarmiaeckoro mogeanposanns MHBO, PK
2 Kpakosckuii nommrexamdeckuii yausepcurer, Kpaxos, Iosbia

lzhunusova@math kz, 2wladimir.mitiuszew@pk.edu.pl

OpHo#t M3 OCHOBHBIX MpOOJIEM B TPOU3BOACTBE KOMITO3UTHBIX MATEPHUAJOB SBJISIETCS OTIPeje-
JIEHUE TeOMETPUUECKUX MapaMeTPOB KOMIIO3UTHBIX CTPYKTYP M3-33 WX CYIIECTBEHHOTO BJIUSIHUS Ha
acddekTuBHBIE CBOficTBa MaTepuasa [1,2]. KauecrBeHHbIe ONMuMCaHWsT CTPYKTYD, KOTOpPBIE Yalle BCe-
IO WCIOJIB3YIOTCSA JIJIsi TOH 11eJid, HEJO0CTATOYHBI, 0OCODEHHO B KOHTEKCTE ONTHMMU3AIMU IIPOIECcCa
uzroropaenud. OJHAKO HET BO3MOXKHOCTH IMPOBECTU WX CPABHEHWE B MAapaMeTPU30BAHHOM BUJIE.
DTO JIUITE TPOIEyPa KOJUIECTBEHHOTO AHAJIN3d, KOMIIO3UTHBIX CTPYKTYP Ha OCHOBE aHAJIUTHYIE-
ckoit reopun RVE [3], KoTopasi mo3BoIsieT onpenesinTh mapaMeTphl, XapaKTepu3yoline n3MeHeHUsT
B CTPYKTYPE KOMIIO3UTHOT'O MaTEPHaJIa, IIPOU30IIIE/IIINE B PE3YJIbTaTe TEXHOIOINYECKOI'O [IPOIEeCCca.
Pazpaborannast MeTOIMKA TO3BOJISET NTPOBOJIUTE KOJMYECTBEHHBII AaHAIN3 CTPYKTYPbI KOMIIO3HU-
Ta ¢ OlEeHKOl 3 deKkToB B pe3ysibrare HPUMEHEHHOI'O TEXHOJIOIMYECKOIO IIPOIEcca KaK B IIEPBOM
npubIMKEHNN HA YPOBHE KOHIEHTPAIIUK apMUpYoIeil ¢a3pl, Tak 1 B Hojiee BBICOKUX MOPSIKAX
TpubIIKEeHNsT, HATPUMep, I Onpeaenenns Ko3dpuimenTa aHn30TPOTNH, BKAIOUAsT 3 (eKTh B
MUKPO- U MaKpomacirabax.

B nmacrosmeit pabore mbl pacmmpsiem anaantudeckuit Mero RVE u Borauc/isem 4ieHbr BBICO-
KOTO TOpsiaKa 3(MPEKTUBHON IPOBOINMOCTH.
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Punancuposanue: lannoe uccienosanue dunancupyercs Komurerom naykm Munucrepcrsa HAyKyd U BBICIIErO
obpasosanust Peciy6uku Kasaxcran (rpant Ne AP23486576).

KiroueBble cioBa: s3¢pdekTuBHas IPOBOIUMOCTD, BOJOKHUCTBIE MaTepuasbl, GyHKImMs Di3eHmITeiHA, KOMIO3UTHI,
cilydaifiHble Cpejibl, CTAlMOHAPHAS TEILIONPOBOIHOCTD, [AUJIEKTPUIECKA IIPOBOAUMOCTD.

2010 Mathematics Subject Classification: 93A30, 00A72

JINTEPATYPA

[1] Andrianov I.V., Awrejcewicz J., Starushenko G.A. Approzimate models of mechanics of
composites: an asymptotic approach, CRC Press, London (2023).

[2] Andrianov LV., Awrejcewicz J. Asymptotic methods for engineers, CRC Press, London
(2024).

[3] Gluzman S., Mityushev V., Nawalaniec W. Computational analysis of structured media,
Academic Press, London (2017).

METO/AbI 1 AJITOPUTMbI CTABUJIN3AIIAN JIBUXKEHU:
3AJJAYM, [10AXO0/Ibl U PEIIEHUS

JLX. 2KYHYCOBA!, T.T. XA®I3?

2 Kazaxckmii HAIHOHAIBHBIN UCCAeA0BaTEIbCKIE Texauueckuti yaupepcurer uM. K. CarnaeBa
Asmarer, Kazaxcran
1’21/IHCTI/ITyT MareMaTHKH U MaTeMaTHdecKkoro Mogeaupopanust, Aamarer, Kazaxcran
! Kasaxckuii HaMOHAJIbLHLIA HeJarorudeckuii yHupepcurer uM.Abas, Aamarer, Kazaxcran

Ltrrkhfz@gmail.com, 2zhunusova@abaiuniversity.edu.kz

PaccymoTpuM MUHENHYIO HECTATTMOHAPHYIO CHCTEMY

B Aty + Bty 2(10) = 20,1 € [10,7) (1)

Tae A(t), B(t) — MAaTPUIBI PA3MEPHOCTA N X N U N X T, COOTBETCTBEHHO, JJEMEHTAMMN KOTOPOWN
SIBJISTIOTCA KYCOYHO-HETPEPBIBHBIE JTeficTBUTe bHBIE (hYHKITNN Bpemenn. B wactHocTn, A n B MoryT
6biTh IOCTOSTHHBIMK MaTpuiamu i A(t)z ne umeer ocobyto Touxy (t,x) = (T, z(T) = 0)S3 Tuna.
Muoxkecrso U € E™, T.e. orpaHuveHns Ha ypasjeHus orcyrcrsyer. llyers ®(t) dynaamentaabaast
MaTpHUITA PENTeHnl CUCTEeMBI:

dr
i A(t)z. (2)

Torga marpuna ®(t) MoXKHO OnpeseMTh U3 MATPUIHOTO AU HEPEHTUATHEHOTO YPABHEHUS
O(t) = A(t)2(t), D(to) = En. (3)

Cocrapasiem marpuiy ®(t,7) = ®(t)®~1(7), onpenensemyio us mMarpuanoro auddepeHuaIbHOro
yPaBHEHHS BUIA:

%@(m) — A(t)®(t, ), B(t,7) = B, (4)

CupaBeuiiBa CJIeIyONAas TeOPeEMa.

Teopema 1. Vnpasaenue suda:

uO(t,z) = —B*K(t)x,t € [to, T), (5)
K(t) = W(t,2), ¢ € [to,T), (6)

T
W(t,T) = / B(t,7)B(r) B (1)®* (1, 7)dr, 7)

O(t,7) asasemes pewenuem cucmemvs (4), W(to,T) - noaoostcumenvro-onpedesennas mampuua,
ocywecmesnem cmabususayuto dsudcernus cucmemnvt (1) Ha KOHEUHOM OMPE3KE EPEMENU.
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Bamerum, uro marpuiy W (¢, T) MOXKHO OIpeJenTh KaK pelienne MarpuaHoro auddepeniu-

AJILHOTO YPABHEHUST BUTA

dW (t,T

cElt’) =AW, T)+ W(t,T)A*(t) — B(t)B*(t),W(t,T) = 0. (8)
Wurerpuposanue sroro auddepeHmaisHoro ypaBHenus 1mo3soser Haiirn marpuiy W (t, T) Ges
PEIBAPUTEIBHOTO Ope/esenns GyHIaMenTanbHoit marpunsl ®(f) perrenuit ogropogHOro Anud-
dbepennunanproro ypasuenus (2). Yupasnenue (5) ¢ Apyroii CTOPOHBI COBIAJIAET C IMPOrPAMMHBIM
VITpaBJIEHIEM:

T
u(t) = Q" ()R~ (to, T)xo, Q(t) = @~ () B(t)R(1,T) :/t Q()Q(1)dr, R(to, T) >0 (9)

[pu srom z(t) = ®(t)R(t, T)R ' (tg, T)xo, z(T) = 0. Beibupasg T 1 T MOMKHO HOJOKHTH OI'Pa-
uraenne Ha yupassenue (5) Torma ympassenne Tuma (5) TakxKe pemmaer 3a7ady O CTaOUIH3AIUN
JBUZKEHUS CUCTeMbl (1) IpH OTpaHUYeHHOM yIIpaBjeHun. PaccMoTpeHre TaKuX CHCTeM BO3HUKIIO U3
HEOOXOMMOCTH DEIEHUsT 33,1849 MATEMATHIECKOTO MOIETMPOBAHNS 13 00J1ACTH GUOJIOTHN, TeHETHKH,
XVMUK ¥ MEIUTIIHBL.

®dunancupoBaHue: lanmoe ncciremosanune ¢unancupyercs Komurerom mHaykm MwuHncTepcTBa HAyKW W BBICIIETO
ob6pasosanus Peciy6siuku Kazaxcran (rpanr N AP23486576).

KuroueBnie cioBa: mud depennuaipible ypaBHEHN, YIIPABIeHNe, CTA0OMIN3aIms qBUKEHN, HECTAIIMOHAPDHbIE CU-
CTEeMBI, PelleHune.
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®YHKINS 'PUHA YPABHEHUS KJIEMHA — 'OPJIOHA IIPU
JTOCBETOBHKIX CKOPOCTAX ABUXKEHUSA MCTOYHUKA
N3JIYYEHUSA

I'K. BAKMPbIHOBA!, A.C. BAETU30BA?

' Uncruryr mexanukn n MammroBegenns um. Y.A. JIxonnac6exosa, Anmvarer, Kazaxcran
1’2MHCTHTyT MarTeMaTHK{ U MaTeMaTH4YeCKoro Modeauposanust, Aamarsl, Kazaxcran
2 Epasmiickmii Harmonanpupiii yausepcurer um. JI.H. I'ymunesa, Acrana, Kazaxcran

lgulmzak@mail.ru, ?seisenbekovna60@gmail.com

N3yyenune BOJHOBBIX IIPOIECCOB B (DUBMYECKUX IIOJIAX M CPEJAaX IPUBOJIUT K PeIIeHuro ud-
depeHInaATBHBIX YPABHEHUN B YaCTHBIX MPOM3BOMHBIX M KPaeBbIX 3ajad mis aux. Cpean maeitcTBy-
IOIMUX UCTOYHWKOB BO3MYINEHUN 0COH0OE MECTO 3aHWUMAIOT TPAHCIOPTHBIE, MBUKYIHAECT B CPEIe C
OTIpEeIeSIEHHO CKOPOCTHIO, (hopMa KOTOPBIX HE MEHsIeTCs ¢ TedeHueM BpeMenu. IIpu 3ToM ckopocThb
ABUZKEHUS UCTOYHUKA UIJYUCHUSA CYIIIECTBEHHO BJIUACT Ha TUIL ,Z[I/ICbeepeHLU/IaﬂbeIX ypaBHeHHfI,
apaMeTprUIecKy 3aBUCSIINX OT OTHOIIEHUS CKOPOCTH JIBUXKEHUS K 3BYKOBOI CKODOCTH.

31echk TPEeACTABIEHO TIOCTPOEHNE U UCCaeaoBanne (byHKImN [ puHa — PYHIAMEHTATBHBIX Pe-
mennti ypasaenus Kaeftna-I'opgona B mpocTpancTBax pasMepnoctn N = 1,2, 3 npu neficTBum mc-
TOYHUKA U3JIyHYEHUA, IBUKYIIECTOCA C ,ZLOCBeTOBOﬁ CKOPOCTBIO. HpI/IBe,ZLeHbI PE3YyIbTATHI YUCJIECHHBIX
pacyueToB IMOJIYYEeHHbBIX PEIIeHU.
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Ypasuenne Kineitna — lopnona [1-3] — ypaBHeHne KBaHTOBOI MeXaHWKH, ABJSIONEecd 006001e-
HUeM BOJTHOBOTO VPaBHEHUs, UMeeT BUT

1 O*u(x,t)
2 o2

PaccmarpuBaercs kJrace pemrenuit B IpeioI0yKEHN, ITO U3/1y YaTE/Ib BOJIH JIBUYKETCS C TOCTOAHHOM
CKOPOCTBLIO ¥ BIIOJIb OCH I3 B IIPOTUBOIOI0KHOM HAIIPABICHAN B €ro (bOPMa, HE 3aBUCAT OT BPEMEHH:
G(z,t) = G(x1, 2, T3+ vt). B moasmKHOI cucreMe KOOPIAUHAT, CBSI3AHHON ¢ HCTOUHUKOM, C YIETOM
obosnavennit z = x3 + vt, M = v/c, ypasrenne (1) 3annchiBaercsi CieyommM 06pa3om:

Au(z,t) — + p*u(z,t) = G(z,t), ze RN, teR! (1)

0u(x, 2)
022

0*u(x, 2) n 0u(x, 2)

a2
827 oz AT MY)

+p*u(z,z) = G(x,2), ze RV zeRY (2
Tun ypaBruenus (2) 3/UTHNITHYECKAN TTPH JOCBETOBBIX CKOPOCTSIX JIBUKEHUSI HCTOYHUKA W3JTY ICHUST
(M < 1), runepbonuveckuii — npu csepxcerosbix (M > 1). Tlpu cBeroBbix ckopoctsax M = 1,
ypaBHeHue cranopurcs napabonmdeckum. llocsieinee Binsier Ha MOCTAHOBKY MOJIEIbHBIX KPA€BBIX
33184 ¥ MeTOJIbl X perenust. Jljis BOJIHOBOrO ypaBHeHUs 9T0 10Ka3aHo B [4].

B pabore ncnosb3oBanmem 0000meHHOT0 npeobpasoBannsg Pypbe mocTpoersl pyuknmu 1 pu-
Ha — dyHIaAMeHTaIbHBIE pellierus ypaBHenus Kieitna-l'opmora B mpocTpaHCTBaxX pa3MepHOCTH
N =1,2,3 u uccyieoBaHbl WX CBONHCTBA MPHU JEHCTBUN UCTOUHWKA U3JIyUeHWUs, IBUKYIIETOCST C J10-
cBeTOBO# ckopocThio. [IpuBeieHsl pe3yIbTaThl YUCJIEHHBIX PACIeTOB MMOIYUYeHHBIX pemenuit. [lpes-
craByienbl rpacdukn pyoxruu ['pura B npocrpancrBax paszmepuoctu N = 1,2,3 npu gefictBun
MCTOYHUKA U3JIYIEeHUs], JBUXKYINETOCS C PA3IUIHON JOCBETOBOM CKOPOCTHIO.

®unancupoBaHue: [lanHoe uccienoBanue duHaHcupyercs Komurerom Hayku MUHHCTEPCTBA HAYKU U BBICIIETO
obpasosanus Pecy6suku Kaszaxcran (rpant Ne AP19674789).

KuroueBsbie cioBa: ypasaenune Kieitna-I'opmona, BoiHOBOe ypaBHenwue, GhyHIaMEHTAIbHOE PEIleHue, Mpeobpa3oBa-
st Pypobe.
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O BJIN30CTU HATPYXKEHHBIX CI'VIITAIOIIINXCA «TKAHBIX »
N PE3SMHOIIOJOBHBIX MEMBPAH

P.H. 3SUIMIH

L IMuMM KH MHBO PK, Amvarer, PK
LUBMuMI" CO PAH, HoBocubupck, P®

reshat®85@mail.ru

Kpaesble 331291 Ha MPOCTPAHCTBEHHBIX CETAX (reoMeTpraecknx rpadax) BOSHUKAIOT TIPU U3y-
YEeHUU TPOIECCOB U sIBJIEHUI B CaMbIX Pa3/JUUYHBIX pazjesax ecrecrBo3Hanus. Hambosee narsis-
HOI peasm3arueil Takux 33739 ABIA0TCA yupyrue medOpManuy CeTKH, CBA3ZAHHON M3 HATIHYTHIX
crpyH. llpumepom Taxoit cetu MOTyT Cay)kuTh MemMOpaHHble marepuajbl Gore-Tex, cBsazanHbIE C
TEXHOJIOTHEN PACTKEHUS HOTATETPAMDTOPITUICHA, WU TE(PJIOHA, KOTOPHIE UCIOIL3YIOTCA B OIEXK-
nie u obyeu. Harperyto 3aroroBky u3 tedioHa PACTATUBAIOT JI0 COCTOSAHUS TLIEHKU Tosmuuaoi 0,01
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MM. K€ crpykTypa HammoMuHaeT prIO0JIOBHYIO CETh, 00Pa30BaAHHY IO MUJIJTMOHAMU Y3€JIKOB IOJIUMEDa,
COEIMHEHHBIX U TIEPEIIeTEHHBIX MEXK Ty cODO0 TOHYAUITUMY BOJOKHAMHU.

[TycTe nMeeTcst HarpyKeHHAsT PE3NHOTION00HAsT MeMOpaHa, 3aT0JHAONAsA 001aCTh (), KOTopast
ommmchIBaeTcd 3aqadeit npuxie maa ypasuenus Ilyaccoma

ocAu = —f(z,y), (1)

uloq = 0, (2)
rane A — aBymepHsbiii oneparop Jlammaca, o > 0 — mocrogrHoe Hanpsikenue, a f(x,y) — BHeMHSSA
CHJIA.

[Tycrs mpocrpanctso R? 3arsmyTo KOOPAHHATHON ceTKOl Ry, 06PA30BAHHOMN IPSIMBIMH, HAPAJI-
JeJLHBIMU OCAM KOODAMHAT, € y3naMmu vijj = (ih,jh), rme h — mar cerku, a 4,j — meJjble 4uCJa.
Ob6o3nauum uepes 'y, nepeceuenue cerku Rp ¢ mexoanoit obaacreio 2. Muoxecrso I'y, siBiasercs
reoMeTpuaeckuM rpadom. Y3iel [y, monasimme BHYTpD (2, 6y/1eM HA3BIBATL BHYTPEHHUMHU BEPIII-
Hamu rpada u ob6o3uaunm ux depes I (I'y). 'panuanbiMu BeprnHamMu 5Toro rpada ABJIsSTIOTCA TOIKH
epecedennst JIMHUN KOOPAUHATHON ceTku ¢ J§) m 310 HeobsizaTebHO TOUKN w3 Rj. BHyTpenHme
y3JIBI Oy/ieM KJIacCugUIMPOBATh KaK PEryJspHbIE U HEpPerysipHble, Kak 310 omucano B [1]. Tak xe
OyaeM mpemoaaraThb, 9To cetka 'y, aBageTcd CBA3HON, T.e. J00ble IBA BHYTPEHHUX y3/1a MOXKHO
COCIMHUTD JIOMAHHON, 3B€HbA KOTOPO# HapaJsie/bHbl KOOPIUHATHBIM OCIM, & BEPIIUHBI SBJSIOTCH
BHYTPEHHUMU BepimwHaMu rpada.

Ha cerke u3 crpyu I'y, C 2, 3akpennénnoii na rpanume, 3ajgaqda Jluprxie mMeer caeayIonini
BUI;

Thu"(z) = —fn(x), @ €n, (3)

Y Twuh(vi) = —fulvi), vij € I(Tn) (4)
YER(vij)

ulor, =0, (5)

Bmech nuddepennupoBanne MTPOU3BOIATCS 110 HATYPATHHOMY TapaMeTpy Ha KazkaoMm pebpe. B
ypastennn (4) mon u),(v;;) TOHEMaeTCs TPOM3BO/IHAS TI0 HATIDABJICHHIO «OT BePIIHHBI> v;;. lepes
M (v;;) obo3HATAETCS MHOKECTBO HOMEPOB pebep, IPUMbIKANMX K Bepumue v;j. Koabdurment T},
~ HaTS?KEHNE CTPYHDI, OH IIPEJINO/IATaeTC OCTOAHHBIM M Ha BCEX CTPYHAX OJUHAKOBLIM. OyHKIMS
fh(x) — 3TO BHEIIHAS CWIa, AEHCTBYIOIMAA HA CTPYHBI, U COCPEJOTOYEHHAS CUIad BO BHYTPEHHUX
BEPIIMHAX B 3aBUCUMOCTH OT PACIOJIOKEeHWs TOUKHM r. PaccMmarpusaemble dpyukmum u : [, — R
HEIIPEepPBLIBHLI BO BCEX BHYTPEHHUX y3/IaX.

Jist Ty, ipu HEKOTOPBIX (PUBUIECKUX XAPAKTEPUCTUKAX DTUX CTPYH U HATPY3KW HA, 3TU CTPYHBI,
U JOCTATOYHO MAJOM h MOXKHO CTaBUTL BOIIPOC O CXOACTBE JAHHBIX YOPYTHX CHCTEM, T.€. MOMKHO
CUUTATH, ITO JUOO YIpyTas CeTKa allpPOKCUMUPYET HEMpPEPBIBHO 3aAMOJHAONIYI0 Bee ) HATPYKeH-
HyI0 MeMOpaHy, 100 MeMOpaHa gBISeTCAd HeKUM yCpeIHeHueM ynpyroit cerkm ', HaTaHyTOl Ha
rpamuiy Of).

Panee ¢ nmpumenenneMm mogo6HON MIEOJIOTHME PACCMATPUBAJICH BOIPOC O CXOJICTBE YaCTOTHBIX
CIIEKTPOB JIBYX MEXAQHUIECKUX CUCTEM, OJHA M3 KOTOPBIX MPEACTAB/ILIa W3 cedsd MpPOCTPAHCTBEH-
HYIO CETh, 3AKPEIIEHHYI0 Ha IPAHUIE, a BTOPasd — PE3UHONOJ00HOr0 KOHTHHYMA. BBLIM MOy 9eHb!
PeE3yabTaThl KaK JJjid CETOK U3 CTPYH, r'Z1i€ U CbI/IprI/IpyeT Ha3BaHue JaHHbIX cerell «TKaHbIMUY» MeM-
opanamu (cm 2] — [3]).

3 dusnaecknx cooOparkeHuil TpeIIIoJaraeTcsa, 9To CHIa, COCPEIOTOYeHHAsd Ha KPeCTe de-
MEHTApHOI sueifki (9T0 Crla Ha CTPyHAX M TOYEYHAs CHIa Ha MEPEKPeCThe, T.e. B BEPITHHE Vjj)
JOJKHA OBITH paBHa (WM TOYTH PABHA) CHJIEe Ha KBaJPATHOM yUaCTKE MeMOPaHbI wfj
Hepecevdenus ANaroHaseil v;; i COMePKaIAM PacCMaTpuBaeMbie Bbime Kpect. CunTasi, 9To pazMep
CTOPOHBI wihj paBeH h, IIOIy9aeM paBeHCTBO

C TOYKOII

f 1 (vij) / fh dl—/f:rydxdy (6)

Fhﬂw
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Hamee weTnipe cuibl 1}, HATAXKEHUSA CTPYH, IPUIOKEHHBIE K KOHI]AM KpecTa, PABHOMEDPHO pac-
IpeeuM 1o mepudepun yIacTka MeMOpaHb wfj B pesyabrare moyuuM cienyromniee paBeHCTBO

Ty, = oh. (7)
Torga cupaBeinBa CJIepyIonas TeopemMa.

Teopema 1. Jlas sadauu (1) — (2) moocro nocmpoums nocaedosameavHOCTG «MKEAGHBIT > MEMOPAn,
¢ pusuueckumu napamempamu, yoosaemsoparousumy ycaosuam (6) — (7), pewenud sadawu (3) -
(5), Komopwie 6ydym crodumvca k pewenuro 3adawu (1) — (2) npu h — 0.

KuroueBble ciioBa: reoMmerpudeckuii rpad, ypasaenue Ilyaccona, 3amada Jupuxie.
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PEIIEHUE KPAEBOI 3AJJAYU JJis1 YPABHEHUS JPOBHOM
AU®OY3UN C ITIPABOCTOPOHHUM OIIEPATOPOM JIMYBUJLISI
B TPEYT'OJIbHOI1 OBJIACTH

M.T. OMAPOB!, A.B. [ICXVY?, M.l1. PAMA3BAHOB?

L3 Kaparamauuckuii yausepcurer uM. E.A. Bykerosa, Kaparanna, Kasaxcran
2UIIMA Kabapanuo-Baakapckoro nayuasoro nearpa PAH, r. Haapuunk, Poccus

3

madiomarovt@gmail.com, ?pskhu@list.ru, 3ramamur@mail.ru

B o6macru:

Q= {(z,t),0<z<t, t>0},
paccMaTpuBaeTCd KpaeBasd 3amada aid 1pobao-1udPy3uoHHOTO YPABHEHN ST

P e, e,

uw(x,t)|,—o = ulz,t)],_y =0,

DSpu(z,t)

e

o 0 1 * u(x,T)
D¢ u(z,t) = —— / dr
otrl—a) J, (r—1t)°
SIBJISIETCsL LIPABOCTOPOHHEN IPOU3BOHOMN APOGHOIO 110psiiKa JIMyBUILISL ¢ HAYAJIOM B TOYKE 0O.
ITpuHIUTT TPUYUHHOCTH [IPEJITIOJAraeT, YTO COCTOSTHUE TIPOIecca B TeKyIUil MOMEHT Bpeme-
HU t, HAYABIIETOCsI B MOMEHT 7T = @, ONpPeJIessieTcsl BCeM HaBopOM MpPEebIIYINNX 3HadeHuit f(7)
npu a < 7 < t. B cuy orcyTerBus OCHOBaHM JII MCHOIb30BaHNS OyyIIUX 3HAUEHUTT TIpoIecca
OOBIYHO PACCMATPHBAIOTCS TOJIBKO JIEBOCTOPOHHUE TPOGHBIE TPOM3BOIHBIE. TeM He MeHee, HEJb3sl
UCKJII0YaTh, 9T0 B Oy/IyIeM [IpaBOCTOPOHHME [IPOU3BO/HbIE HAlyT (DU3MUECKYIO HHTEPIIPETAIINIO
[PU aHATH3€e TUHAMAYECKIX [POIECCOB.

Punancuposanue: lannoe uccienosanue dunancupyercs Komurerom naykm MunucrepcrBa HAyKyd U BBICIIErO
obpazoBanus Pecy6smku Kasaxcran (rpant Ne AP23488729, 2024-2026).

KuroueBrblie cioBa: gpobuas auddy3us, mpaBOCTOPOHHSS TPOU3BOAHAs JIMyBUIAsd, KpaeBasd 33a7a4a, TPEYTrOabHAs
00J1aCTh, YPABHEHUs B YaCTHBIX LIPOU3BO/IHbIX.
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HEOBXOJOMMBIE YCJIOBUS OIITUMAJIBHOCTU
OIITUMAJIBHOT'O VIIPABJIEHUA NJIA CUCTEMBI IBYX
IIIATOBBIX PABHOCTHBIX YPABHEHUI HA OCHOBE
IIOCTPOEHNA MHBAPNAHTHOI'O MHOI'OOBPA3U

0.2K. CAUMJIOB!, M.Y. AXIITUBOEB?

1’QCaMapKaH,ZICKI/H71 uiman TanikeHTckoro yaupepcurera HH(QOPMAIIHOHHBIX TEXHOJIOIHH
nmenn Myxamvaga aaps-Xopasvu, . Camapkasi, Y30exkucran

Loltiboysaidov@gmail.com, ?m.yakhshiboev@gmail.com

B nannoii pabore paccMarpuBalOTCd yIIPaBJIAEMbIE CUCTEMbI JBYXIIATOBBIX PA3HOCTHBIX YPaB-
HEeHu# ¢ 3ala3JbIBAONUM apPTYMEHTOM W Ha OCHOBE MHUHUMU3AIUN KBaJIPATUYHOTO beHK]_[I/IOHa—
JIa CUHTE3UPYIOTCS ONTUMAJIbHBIE YIIPABJICHUs, Jalolye TpedyeMble cBoiicTBa cucteMbl. B Teopnun
ONITUMAJBHOI'O YIIPABJIEHUA O/IHOIZ 13 OCHOBHBLIX 3aJa4 ABJIACTCA 3aJa4da CUHTE3a OIITHUMAJILHOTO
YIIPABJIEHUSI.

[TpuHINT WHBAPUAHTHBIX WJIM WHTETPAJbLHBIX MHOr00Opa3uil 71 HAXOXKJIEHUs PeIeHuil pas-
HOCTHBIX uin mudepeHInaIbHO-PA3HOCTHRIX YPABHEHWH PACCMATPUBAJICA W PA3BUBAJICI B paboTax
[1], [2] u ap. OnTuMa bHBIE YIPABIEHUS JIJIs CUCTEMbI PA3HOCTHBIX YDABHEHUIT C 3ama3 bIBAIOIINM
ApryMEHTOM M3y9YajuCh MaJjo, B OOIIEM C/Iydae TAKHE CHCTEMbI PACCMATPUBAINCH W PA3BUBAINCEH B
paborax [3], [4] u ap.

B cBa3m ¢ 3THM paccMOTPHM YIPABASEMYK CHCTEMY PA3HOCTHBIX YPAaBHEHHH BHIA

Xn+1 = Ao X, + A1 X1 + BoU, + ,U’F(XTL’ anl)aF(O;O) =0, (1)

rae X; = (Tn,1,Tn2, .-, Tnm) € R™ —Bexrop-crosber cocrosmmit, U = (Un,1,Un 2, .., Unm) €
R™ — BexTop-crosber ynpasienuit, Ag, A1, Bp — KBajparTHas MaTpuria pasMepos mxm, det A #
0,u = constu F*( X, Xp—1) = (fi(Xn, Xn—1), f2o(Xn, Xn-1), -+ oy fr(Xn, Xn—1)) — BeKTOp-
dbyurmm, * — omeparnusa TPAHCTTOHUPOBAHUS.

Jlist ymobeTBa MANBHERIIINX PACCYKICHUH, BBEAEM CASAYIONne 0003HaAUeHNS:

F, = F(Xk, kal),Wk = W(Xk,Uk), (k =n,n—+ 1,)

Umem ontumanbhoe yrupasiaeane Uy, = Uyp(Xy,, Xp—1) Takoe, 970 MUHUMUSHPYIONTHI KBaJI-
paTuIHBIN QYyHKITMOHAT

1 o0 . . 1 o0
J = ka (X;D1 X} + Ui DyUy) = Q;W(Xk,Uk),W(O;O) =0, (2)

rie g Marpun Dy, Do Beimmonastorces yenosusg DY = Dy > 0, D5 = Dy > 0, (det D2 # 0).
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Bynem perats 3aady cuHTe3a OMITUMAIBHOTO YIPABICHHUA s cucTeMbl (1) ¢ dpyHKImonamom
(2).

[peanonaraem, aro sBektop-pyukiws F (X, X,_1) mocrarounoe unciao pa3 anddepernupy-
emMa 1o obomM aprymentam, a Bekrop-byukius W (Xg, Ug), (k = n,n + 1,...) — 3HAKOIOJIOKH-
TeIbHAsd, TAKXKE JOCTATOYHOE Yncjao pa3 maudepeHnupyemasi mo BceMm aprymentam, Xjp — BEK-
Top cocrostHuil, U, — BeKTOp ympasjeHuii, u ¢ HadajabHbiMu yciosuamu X, = XP (K = —1;0),
Uy =Up (k=-1;0).

st Haxoxk ieHust HeOHXOMUMOro yCJI0BUS ONTUMAJIBHOCTH TTOCTPOUM (DYHKITMOHAJ Jlarpanxa:

1 e e}
H =5 (Wi 42V (Ao Xy + A1 Xp—1 + BoUs + pFi = X)) (3)
k=n

Teopema (Heobxoaumblie ycioBus onrumMasbHocTu). s MurnMyma dyHkimonana (3)
Jlarpamxka H, Heobxoaumo BeioHeHHe yeyoBust 0 H = 0, T.e.

U, = —D;'BiYy, (4)
Xpt1 = Ao Xy + A1 Xn—1 — BoDy ' BiYy, + pnF (X, Xn1), (5)
OF* (Xny1, Xn) !
Yo = | AT + ! X
n+1 ( 1T H 0x,, Xn+1 — Qn
. OF* (X, X
<_D1Xn - AOYn + Yn—l — K (a;( = I)Yn) ) (6)
n
TIe
0f1(Xn+1,Xn)  0f1(Xn+1,Xn) 0f1(Xn+1,Xn)
(93877”1 81',,7”2 e awn,m
OF (Xpp1, Xo) _ | Q25100 0BG - 0BG
0Xo ’
8fm(Xn+17Xn) 8fm(Xn+17X'n) 8fm(Xn+17Xn)
B.Z’n,l 83777.,2 U aznﬂn
8f1(X7L7Xn71) 8f1(X7L7Xn71) 8f1(X’VL7X’n71)
8$n’1 8$n,2 e 83771,777,
OF (X, Xn_1) _ 8f2(§;;iin—1) 3f2()§;;)’§n—1) o W
0Xn ’
8fm(Xn7Xn—1) 8fm(Xn7Xn—l) afm(Xnan—l)
O0Tn 1 8£En72 e amn,m

Qn = Xp11 = Ao Xy, + A1 X1 — BoDy ' BiYy, + uF (X, X,_1), D™ — obparnas martpuma.
Coornomtenus (4)-(6) o3HaIar0T HEOOXOIMMbIE YCIOBUS ONTHMATLHOCTH.
Teopema JOKa3bIBACTCH P IOMOIH UCIOIB30BaHKs pe3ynbraros pabor (1] u [4].

KiroueBsie cioBa: OnrumalibHOE yrIpaB/ieHue, HHBapuaHTHOe MHOroobpasue, dyHkuuonas Jlarpanxka, pacuierie-

HHUE penieHnud CUCTEMBbI Ha IIOJIOZKUTE/IbHO U OTPUIATE/IbHO OIIPEAC/IEHHbIE TUIIbI, CUHTE3.
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O ,ZLBYMEPHOﬁ CUCTEME MOMEHTHBIX YPABHEHU U
MAKPOCKOIIMYECKNX I'PAHNYHBIX yCJIOBI/Ifl, SABUCAIIINX
OT CKOPOCTU JABUXKEHUNA NN TEMIIEPATYPBI IIOBEPXHOCTHU

TEJIA B 2KNJIKOCTHA

A. CAKABEKOB!, E. AYKAHI?, C. MAJIAJIUEBA3, P. EPTABHHA?,
K. CEUTKYJIOBAS

1,2.345 Gatbayev University, Amvarsl, Kazaxcran

lauzhani@gmail.com , 2madalieva_s@mail.ru, 3ergazina.ryskul@gmail.com,
dergazina.ryskul@gmail.com, 5zh.seitkulova@satbayev.university

OpnHo#t M3 BaKHEHITMX 3a/1aYu MUJIPOJIUHAMUKU SBJISETCS WCCJEI0BAHNUE JIBUYKEHUS TBEP/IbIX
TeJI B 2KUAKOCTHU, B 9aCTHOCTU M3Yy4YeHNE TeX CUuJji, C KOTOPbIMU Cpe€da ,ﬂeﬁCTByeT Ha ABUZKYyHIeecd
Tesio. drta npobsema mpuobdbpesia 0cobeHHO OOJIbIIOE 3HAYEHUE B CBA3M C YBEJUYEHUEM CKOPOCTH
JIBU2KEHUsT MOPCKUX CYJIOB M IIOJIBOJHBIX JIOJ0K. OlpejesieHne CKOPOCTU JIBUKEHUS U TEMIIEPATYDPY
TTOBEPXHOCTU TeEJIa, ABUXKYIIETOCA B TTIOTOKE KNAKOCTHU, a TaK¥Ke MTapaMeTPOB KUJTKOCTHU, TaKNE KaK
IJIOTHOCTD, CKOPOCTH TEUEHUST YKUIKOCTH U JABJICHNA, TPEJCTABISICT BAXKHYIO U aKTYATbHYIO 337129y
TUAPOJAUHAMUKH.

OCHOBHBIM MHCTPYMEHTOM OIHUCAHUS JBUKEHUS Ta30B W KUIKOCTU SIBJISETCS OJHOYACTUIHAS
byHKIMs pacupeienenns, KOTopasi yaoBaersopser ypasHerno Boabimana [1]. IIpuvenenne ypae-
Henns DBoJsbiiMaHa K pacdeTy TedeHWi pa3psiKEHHOTO ra3a OKOJO JIeTATeJbHBIX allapaToB WJIH
TedeHn XKUJTKOCTH OKOJIO TBEP/IOTO Tesa, JIBUKYIINETO B MMOTOKE XKUIKOCTH, ITPEIIOIaraeT pereHne
9TOI0 YpaBHEHUS ITPU COOTBETCTBYIOIIUX I'DAHUYHBIX ycjoBusx. OmpeesieHre rpaHuIHbIX YCIOBUI
Ha IMTOBEPXHOCTAX, ODTEKAEMBIX Pa3PIAKEHHBIM Ta30M, ABJIAETCH OJHUM W3 BAXKHEHIITHUX BOIPOCOB
KHHETUIECKON TEOPHUH Ta30B. ASpPOTepMOIUHAMUYIECKIE XaPAKTEPUCTHKY TeJl B TOTOKE Ta3a Ompe-
JEeJIAI0TCS [Iepejiadeil MMITYJIbCa U S9HEPI'UU K IIOBEPXHOCTHU TeJla, TO €CTh CBA3BI0 MEXK/1y CKOPOCTSIMU
W SHEPTUAMU MOJIEKYJI, MAJAIONTNX HA TTOBEPXHOCTH, W MOJIEKYJ, OTPAXKEHHBIX OT Hee, ITO SBJISETCS
CYITHOCTBIO KHHETUYECKUX TPAHUYHBIX YCJIOBUM HA MOBEPXHOCTH.

B ciygae Tedenns raza miam sKUAKOCTH OKOJIO JBUZKYINETO TBEPAOTO TEIa IPAHIYIHBIEC YCJIOBHU
3aJJAI0TCA B BHJIE COOTHOIICHMS] MEZKTy MaJalONMMI Ha MPAHMILY U OTPAKCHHBIMU OT MPAHMILI Ya-
crum. ['panmgnoe ycaosme MakcBesia Iid perennst KOHKPETHBIX 3719 60Jiee TOYHO OTHMCHIBACT
B3aMMOMEHCTBAE MOJIEKYJI Ta3a C IMOBEPXHOCTLIO. BEIBEIEHaA HOBasg IBYXMEpHAS HECTALMOHADHAS
HeJIMHeHasd CUCTeMa MOMEHTHBIX YPaBHEHHI, 3aBUCAIAA OT CKOPOCTH MEPEMENICHs U TeMIepa-
TYPhI MOBEPXHOCTU ABUKYIIErOCHd B XKIIKOCTH Tesa. MaKpOCKONINYIECKHE TPAHUIHLIE YCJIOBUS /IS
MOMEHTHO? CUCTEMbI YPABHEHUI 3aBUCAT OT TEMIIEPATYPbI ITOBEPXHOCTH Tesa. CucreMa MOMEHTHBIX
YPABHEHUI IIPH MAKPOCKOIMIECKUX IPAHUYHBIX YCAOBUAX IO3BOJILET ONPEACIUTE CKOPOCTH JBUKE-
HUS U TEeMIEPATypy IMOBEPXHOCTH TeJa, ABHKYIIETOCd B IIOTOKE KUAKOCTH, a TAaKXKe IIapaMeTpOB
Kugkocrn [2].

JloKa3aHo CyIIEeCTBOBAHUE M €IMHCTBEHHOCTD PEIICHNS HAYAJBHO-KPACBOM 3aa4M JJIs CHCTe-
MBI MOMEHTHBIX YPABHEHWH B TIEPBOM MPHUOIMKEHNU B MPOCTPAHCTBE (DYyHKIIN, HEMPEPHIBHBIX 110
BPEMEHHU U CYMMHPYEMBIX B KBaJIPATE IPOCTPAHCTBECHHBIM [I€PEMEHHDIM.

KuroueBblie cjioBa: TUAPOINHAMUKA, ypaBHEHNE BosbriMana.
2010 Mathematics Subject Classification: 76P05, 35Q20.
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CBOMCTBA PEIIEHNN BBIPOXKJIEHHBIX
TUIMEPTEOMETPUYECKUX CUCTEM TUIIA BECCEJIA
IIOJIYYEHHBIE N3 CUCTEM JIAYPUYEJLIA

2K.H. TACMAMBETOB

3anaano-Kazaxcranckuii yuusepcurer um. M. Yremucosa. Ypasibck, Kazaxcran

tasmam@rambler.ru

W3yuens cBoiicTBa penieHnit BEIPOXKIEHHBIX TUIIEPTEOMETPUIECKUX CUCTeM THMa Beccess, mo-
aydennsie u3 cucreM Jlaypuaemna (Fa) u (Fp) [1].

B psine pabor Tacmamberosa 2K.H. [2] 6b11n q0Ka3aHBI, UTO TIPU YCTAHOBJIEHUN U MCCJIETOBAHUT
BaXKHYIO POJIb UI'paeT cucrema LopHa

lemm + (’yl — l‘l)Zml — :BQZQCQ — A7 =0,
mQZ.’EQ$2 + (’72 - xQ)Z{EQ - xlle - )\Z = 07 (1)

MOy 9eHHAasT TIyTeM TIPeJIEbHOTO mepexoia u3 cucreMsl Jlaypuaemna (F4).
Csoiicra 1. Osanm w3 yacTHbIX pemenuii cucrembl Lopraa (1) aeasierca dyuxius ['ymbepra

o

oA y1572i 213 32) = D

m1,m2=0

()‘)m1+m2$71nl xgw
(V1) m1 (V2) myma!ma!

(2)

CsoiicTtBa 2. lmeer mecTo COOTHOIIEHUE

(e o]

Ali_]inOo Uo(A;v15925 215 02) = Z

m1,ma=0

1.1:7”1 ma2

1 Lo B
(YD) my (72)mamilma! J(71, 1), (3)

rae, J (’yl, :Ul) nJ (’)’2, xg) BBIPOK/ICHUE TUIIEpreoMeTpudeckue MyHKIUN TPUBOASINECT K DYHKIAN
Beccenst. Imeer MecTo TakzKe COOTHOIIEHUE.
CsoiicTBa 3. [IBoitHOI psi/i ONpEIETIEHHBIH ¢ TTOMOIIBIO TPEIETBHOTO MTEPEX0Ia

111 > Ml
Hm Fo(=, =, =;yi;72: €701, €%00) = L2 =
e—r00 (z—: gle Y ’ ) Z (Y1) m1 (72)mamalmea!

m1,m2=0

= J(fylvxl)J(727x2)7 (4)

ABJIAETCA YaCTHBIM peH_[eHI/IeM CucTreMbl
CL‘1Zx1x2 + ’ylel — 7 = 0,

ngxle + ’}/QZxQ —Z =0, (5)

nostydenHoi u3 cucrembl (F) ¢ MOMOIIBIO TIPeieasHoro nepexosa [1].

Ucnonweays cBoficTBa 2 n 3 a TakxkKe (POPMYJIBI CBA3M MEYKIY BBIPOKICHHBIMU MUIIEPTEOMETPH-
deckumu PyHKIUAMY U PpyHKImein beccesist moaydnM CrpaBeimBOCTD YTBEPKICHUE.

Teopema 4. @yurmua Beccens IByX TepeMeHHBIX MPEICTABISIETCS B BUJE

J%ﬁz (331,1’2) = J’Y1 (xl)Jvz <x2) =

o0

(_1)m1+m2 (x1/2)2m1+’71 ($2/2)2m2+'yz
B Z my!mo!T(y1 +my + )0 (2 +mae + 1)

(6)

m1,m2=0

Onupasich Ha 3TU PE3YABTATHI MOXKHO BBIBOJIUTH MHOI'O Pa3JIMYHbBIX cBOCTB dyHKIui beccemns

IBYX TE€PEeMeHHbIX. B ganHoit pabore pacKpwIThl CBOMicTBa QyHKIMN Beccess nByX mepeMeHHbIX C
LeJISIMUA UHJIEKCAMU C [IOJIOBUHOMN, KOTOPhIE BBHIPAXKAIOTCA Yepe3 3jieMeHTapHble (DYHKIIHIA.
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Csoiicrsa 5. CupaBe/yIuBO COOTHOIIIEHUE

KuroueBnble ciioBa: BIPOXK/IeHHA, THIIEPTEOMETPUYIECKAs CUCTEMA, cCucTeMa Jlaypudesuia, cucrema l'opua, byukims
Beccena.
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OCOBEHHOCTU ITOCTPOEHNA PEIIIEHUN CUCTEM
COCTOAIINX N3 TPEX YPABHEHUUA

2K .H. TACMAMBETOB!, 2K.K. YBAEBA?

' Banagno-Kazaxcranckuii yausepcurer um. M. Yremucosa. Ypasubck, Kazaxcran
2 AkTrobuncknii permonapHeni yausepcurer uM. K. 2Ky6anopa, Axrobe, Kasaxcran

ltasmam@rambler.ru, 2zhanar-ubaeva@mail.ru

PaccmarpuBaercs BBIPOXK/IEHHAA TUIIEPreOMETPUIECKAs] CUCTEMa, COCTOsAIasd u3 Tpéx audde-
PEHIMAJIbHBIX YPaBHEHUM B YaCTHBIX IIPOU3BOJIHBIX BTOPOI'O IIOPS/IKaA

*w 0*W 0*W ow
Z1(1 — 21)321321 + 2’2822821 + 23823821 + [’}/ — (Oq + 61+ 1)21]8721 — a1/ W =0, (1.1)
OW o I DWW o)V =0 (12)
A1 821822 2 82262’2 =3 62382’2 " =2 82’2 a2 - '
2 2 2
O*W FwW.o WO (13)

z + z Z +
! 8Z1823 2 82282’3 3 823823 i 823
Ypasruenue (11) gBisgeTcss 9acTHBIM caydaeM cucteMbl Jlaypuaenaa (Fg) [1]:

n

O*wW O*wW

ow )
922 + Zj 0207 +[y— (i + Bi + Dzi] =— —a; /W =0, =1,n (2)
7 j=1 T

zi(1—z;) R
MOJIy9eHHoe Tpu n = 3,0 = 1 u j = 2, 3.

OcymecTBags npegenpHbii nepexon o (1, noayuum ypasaernue (lg), a mocae mpeaesbHOTO
mepexonia 1Mo ag, noayduM ypasaenue (13). Tpebyercs m3ydnTb 0COGEHHOCTH MOCTPOEHMST PEIeHui
nosygennoii cucremsr (14), (£ = 1,2,3). CupaBeyuso yTBepKIeHHE.

Teopema 1. ITycrb 3a1aH0 BBIPOXK/IEHHAS] TUIIEPIEOMETPUYECKAS CUCTEMa COCTOLAIIAS U3 TPEX
ypasmennit (1;), (t = 1,2,3). Torma ona mveer 2% — 1 IuHefHO-HE3ABACHMBIX 9ACTHBIX DPeITeHMIH,
OJIHUM U3 KOTOPBIX sBisiercs dyukuus B, Xyjoxkuukosa [2]

(LD ((an L (B1), (@2) |<23>) i (1), (B0, (2),, 20 2002 2000 5

B3 - I gl ms!’
v m1,mz,mz=0 (’Y)mﬁ-mz—&—mg mi: g My
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/e UCIOJIB30BaHbl 00603HaueHus (23) = (212223), (a)m = a(a+ 1)...(a + m — 1).
Pemenust nocrpounm B6sim3wm perynsaproii ocobenrnoctu (0,0, 0), meromom @pobenunyca-JlaTbimesoi
[3] B BUZE OGOGIIEHHOTO CTEEHHOTO PS/Ia OT TPEX MEePEMEHHBIX

_ P11 P2 _pP3 E my,m3,m3
W(Zl,ZQ,Zg) = zl ZQ 23 Aml,mg,mgzl 22 Z3 7A0,0,0 7& 0 (4)
mi,mz,mz=0

rie HemzsectHble nocTosuuble pi(l = 1,2,3), Am, mo,ms(mi,me,m3 = 0,1,2,...) onpefendiorcs u3
CHUCTEMBl PEKYPPEHTHBIX 110Cse0BareabHocTell [3].

CsoiicrBa 2. Ypasuenne tuna Kymmepa (1) numeer peryiaspayto ocobenrocts (0,0,0) u up-
perynsipayto 0co6eHHOCTH (00, 00, 00).

DTo0 ompenensieT obIee CBOMCTBO 33 IaHHON CHCTEMBI.

CsoiicrBa 3. Cucrema (1;),l = 1,2,3 mapany ¢ upperynsapuoii ocobernoctsio (0,0,0) mmeer
TAKKE UPPETYIAPHYI0 0CODEHHOCTH (00, 00, 00).

Teopema 4. Beipoxkaennas rumepreoMmerpuieckas cucrema (1;),1 = 1,2, 3 B6m3u uppery.isp-
HOIT ocoberHoCcTH (00,00, 00) UMEET HOPMAJILHO-DETY/IPHOE DPEIEHne, jIid KOTOPOH CIIPaBe/InBO
COOTHOIIIEHUE

622(1)(5:;) <(041) ) (il) ) (042) (23)> — U(Zl, 29, 23)7
rae 0GOOIIEHHBIN CTeneHHoi psifi OT Tpéx mepemeHHbIX U(21,292,23) TaKkKe BBIPAKAIOTCS dYepes3

dyuknmnio Xyn0KHIKOBA.

KurroueBble ciioBa: BEIPOXKIEHHAS, TUIIEPTEOMETPUYIECKast CUCTEMa, 0COOEHOCTD, (DYHKITs Xy/I0KHUKOBA, HOPMAJIh-
HO-perynagpHoe, yTBePXKIeHue.

2010 Mathematics Subject Classification: 33C65, 33C10, 35G50
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HEJTOKAJILHAS YCJIOBHAS 3ATAYA CTE®AHA J1JId
KBA3BNJ/IMHENMHOI'O YPABHEHUA ITAPABOJIMYECKOI'O TUIIA

P.H. TYPAEB!, ®.C. MUP3AEB?

L2 Tepmesckumit rocygapersenssrii yuausepcurer, . Tepmes, Y3bexucran

Hfayzullamirzayev95@mail.com

Knaccuaeckas Teopust quddy3nn MaTeMATHIECKH BBIPAKAETCS C TOMOIIBIO YPABHEHUS TEll-
JIOIIPOBOJHOCTHU U, B Oojiee obIiieM cMbicie, mapabonIecKuMy ypPaBHEHUSIME, OOBITHO JIMHEHHOTO
Tuna. Takoil moaXom uMeaT OIPOMHBIN YCIeX W Teneph dABjsdercd (pyHIAMEHTOM B HAayKe W TEXHU-
Ke. BO BTOpOf/I ITOJIOBUHE MMPOIIJIOTO CTOJIeTUA Ha6ﬂf0;[a.7[acb MHTEHCUBHAA aKTUBHOCTH U IIPOTPECC
B Teopudax HeJuHeiHol nuddy3un, npuMepaM KOTOPBIX sBjisercs npobiembr Credana jid Hesu-
HEWHOTO mapadomdeckoro ypasaenud. B 6osee obiem 1miane, nCCIeg0BaHud HEJIOKATBHBIX 3aa9
UMET TPAJUIIIIO, 33]la4u cO CBODOIHOM rpaHuliell, U B IOCAe HEe JIECATUIIETUE CTAJIN CBUJIETEJIs-
MM 6bICTpOFO paCminpeHnsd, KOrga OHU IIPUBJICKJ/IM BHUMAHNE IKCIIEPTOB JIMHENHBIX 1 HEeJIMHENHBIX
mapaboInIecKuX ypaBHEHUN, KOTOPBIE IIPUHECN HOBbIE TPOOJEMBI U METOJBI B 3Ty 00J1acTb. IDTa
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006/1aCTh CTABUT HOBBIE 331441, KAK JJIsl TEOPETUKOB, TaK U /I IPUKJIQTHBIX MATEMATHKOB. B Ha-
CTOAIIEe BpeMsa OHAa HAXOAUTCA YPABHEHUI B YaCTHBIX TPOM3BOJHBIX, 00CCIIEUNBAs TIPU 3TOM HOBYIO
MapaurMy B HAyYHOM MOJEIUPOBAHUN. DTO B3AUMOIENCTBUE MEXKJYy MATEMATHKON W MPUIOKe-
HUAMY TMOPOXKJAET HOBBIE KOHIENIMU M METOIBI M, KaK OXKHUIACTCH, NPUBEJET K IOSBJICHAID HO-
BBIX CJIOKHBIX MAaTEMaTHIECKUX MPODIeM Ha MHOTHE TOALI Buepes. B macrogrmieit pabore uzyvaerca
HesloKasIbHad 3agada Credana o0 pacIpoCTpaHEeHHs TEIIa B CPeJe, arperaTHoe COCTOSHUE, KOTOPO-
TO MOXKET MEHAETCA IIPU ONPEACJTECHHBIX 3HAYCHUAX TEMIIPATYPhI €€ BhIACJICHUEM MJIN IMOTJIOIIIEHNEM
remta. [lpuMepaMu MOTYT CIyKHUTH 3a/a496 O MPOMEp3aHuu U miasieHun. [1,2]

[Mocranoeka 3anaun. Tpebyerca nafitu napy dyukuwii (u(t,z), s(t)) rakux uaro s(t) omnpe-
nesilera u HempepbiBHO auddepennupyema Ha otpesre 0 < ¢ < T,s(0) = sp > 0, 0 < $(¢t) <
N, s(t)—ynosnersopsier yciaosuto Lenbuepa, a dyuxius u(t, r) B obractu

D={(t,x):0<t<T, 0<z<s(t)}
YJIOBJIETBODSIET YPABHEHHIO
u (t, ) = a (u) ugy (t,2) + bug, (t,x) € D, (1)

u ceayromuM Ha9aJIbHBIM 1M I'PAaHUYIHBIM YCJIOBHAM

u(z,0)=p(x), 0<z<s (2)
u(t,0) =au(t,zg), 0<t<T (3)
’ w(t,s(t) =0, 0<t<T (4)
’ 5(t) = —Bua (s (D), 0<t<T (5)

. OTHOCHTE/IBHO JAHHBIX 3324 B PaboTe NPEIIoIaraeM, 4To jjis 3a/JaHHbIX (PYHKIMA BBITOJHEHbI
CJIEJIYIONIHE YCIOBUSI:
1. @yukuus a (u) ompe/esieHbl U HeIPEPBIBHEL JJTs1 JTI0O0T0 3HAUYeHWs apryMenTa u a (u) > ag >
0.
2. ITonoxuTebHBIE TIOCTOSTHHBIE YIOBIETBOPsTIOT HepapeHcTBaM s (0) = sp > 0, 0 < o < 1,
8>0,0<xzy< sg, b= const.
3. ¢’ () — menpepeiBuo muddepentupyemast dyuxiws, ¢’ (x) ymaosaerBopsior ycaosuio ejb-
Aepa;
4. BoInoJIHEHBI YCIOBUSI COTVIACOBAHUS B YIJIOBBIX TOYKAX (B T.9.pACCMATPUBAEMBIX BCIIOMOTA~
TesIbHBIX 33/1a4ax). B wacrHoctH, ¢ (0) = ap (xg), ¢ (so) = 0.
CHavasta yCTaHABIMBAIOTCH AlPHOPHBIE OIEHKH [T pemmenuii (s (t),u (t,z)) u ux npousBoi-
HbBIX.
Jemma 1. Ilycte Boinosnens yeiosus 1.- 4. Tornas D i pemenns u (¢, ) , s (t) sagaun (1)-(5)
CIIPABEITTUBBI OIEHKI
0< u(t7x> <M = ogggo ‘QO(CC)’,
0<s(t)<My=pN,0<t<T,
0<z<N(s(t)—z), 0<z<s(t), 0<t<T.

Haneeycranossiennt arrpuopubie onenku [layneposckoro tuna nopm 'esibaepa. Ha ocraose ycra-
HOBJIEHHBIX AIIPHOPHBIX OIEHOK JOKA3AHATEOPEMa eTUHCTBEHHOCTH, & CYIIECTBOBAHNE PEIeHHs 10~
Ka3aHa MMPHU TIOMOIIM MeToIoM HerosmkHO Toukn [Taynepa [2].

®uuancupoBaHue: [lanHoe uccienoBanue dunaHcupyercs Komurerom Hayku MUHUCTEPCTBA HAyKU U BBICIIETO
ob6pasosanus Peciy6siuku Kazaxcran (rpant Ne BR20281002).

KimroueBble cji0Ba: KBa3UJIMHEHHOTO MapaboIndeckoro ypasaenuns, 3aaa4qa Credan, HauaIbHOE COCTOSTHUE, JIOKATIb-
Hagd HEOJHOPOHOCTD, IIPO3PAYHbIE I'DAHUYHbIE YCJIOBUS.
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O KPAEBBIX YCJIOBUSIX, COJIEPKAIINX MPON3BOJJHBIE
BBICOKOT'O MOPSIIKA

E.M. XAUPYJLJINH!, A.C. AYJKUBEKOBA?

L2Satbayev University, Ammarsr, Kazaxcran
Ikhairullin_ 42 42@mail.ru, 2aliya_azhibek@mail.ru

PaCCManI/IBaeTCH KpaeBad 3aJa4a JJid YPaBHCHUA TETJIOITPOBOJHOCTU B TTOJIYIIPOCTPAHCTBE:

n 2
o = a0, A=Y 5 M
B obJtacTn
Qr = {(2.0) = (¢, 2n,1) : ' € R, wp € Ry, t >0},

YZIOBJIETBOPAIOIICE HAYAIBHOMY YCIOBUIO
U(z,0) =0, (2)

U 'PaHUIHOMY YCJIOBHIO
Lm(U)Lz:n:O = f(x/7t)7 (3)

rie
Lo(U)= Y axDiU(x,t), k= (ki ko ... kn),

|k|<=m

0

k| =k +ko+ -+ Ky, x=(21,22,...,2,), DE=DMDF _ Dk Dxi:a?i,

: 1"'7
A = Ay ky,... ko - 38JQHHBIE IOCTOAHHBIE, 400, .m 7 0, m € N.

Pemenne 3amaqau (1)-(3) umercs B Buge TENIOBOTO IIOTEHIIHANA C HEU3BECTHOMN ILTOTHOCTHIO
[1]. TIpusoaurcs Jlemma o Haxox/eHun upepesios npoussojanbix dyuxkuun U(x,t) B okpecTHO-
ctu runepriockoctn x, = 0. Ucmonssysa rpanmanoe yeaosue (3) u Jlemmy, mosydeHo mHTETPO-
muddepenrmanbaoe ypasaenue (/1Y) ¢ omeparopoM TEmIONpOBOIHOCTH, KOTA MOPSITOK MPOM3-
BOJIHO IO/, 3HAKOM WHTETPAJIa BBLIIE, U€M TMOPII0K MTPOM3BOMHON BHE WHTETPAJIa. XaAPAKTEPUCTH-
veckast yacTb /LY perniena meTonoM nHTErpaabHBIX peobpazosannit Pypre-Jlammaca npu BbIIOJI-
HEHUH YCJIOBUS PA3PENTUMOCTH.

Teopema 1. Ecau f(a',t) € Ci,’ot (Qr) u wopnu q(c') wapaxmepucmuneckozo ypasrernus
S o ba (DA™Y ydosaemeoparom nepasencmey Relgi(o')] > —1, mo cywecmeyem dynxyusa

Uz, t) € O 2 Q).
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KuroueBrble ciioBa: TEILIOBBIE IOTEHIUAJIBL, TPAHUYHbBIE YCIOBUS, IIPOU3BOIHBIE BHICOKOI'O HIOPS/IKA, YCIOBHUS Pa3pe-
IIHUMOCTH, Peryadpu3aliusd.

2010 Mathematics Subject Classification: 35K45, 58J35
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K PACYETY TEIIJIOBOT'O HATPEBA DJIEKTPOJIA
BBIKJIFOYATEJIA C HEJIMHEVMHOCTBIO TEIIJIO®PU3NYECKUNX
ITAPAMETPOB

10.P. TIITATIN

Hucruryr mateMaTuku U MaTeMaTHIeCKOTO MogeaupoBannus, Aavmarel, Kasaxcran

yu-shpadi@yandex.ru

PaccmarpuBaeTcda 3a71atda TporpeBa 971eKTPoa KOMMYTAIIMOHHOTO allapaTa Mo BO3AeiicTBIEM
9JIEKTPUYIECKON AYyIM M BHYTPEHHET0 MCTOYHWKA Teria. Maremarwdeckas mozaenb basupyercs Ha
KBa3UCTAIIMOHAPHOM YPaBHEHUHU TEIJIONPOBOIHOCTU CO CHEPUUECKON CUMMeTPHeil

190
r2 Or

0%@¢ﬁiﬁ>+“ﬂ”:o,e:emo, (1)

3a/laHHOM B obsacTn co cBobomuoil rpanuneit 2 = {(r,1)|0 <b<r < a(t) < oo, 0 <t <t,}, npm
KPa€BbIX YCJIOBUAX:

a(0) = b, (2)
—AmuﬁgTﬂ:P@, (3)
0((t),t) = (1), (4)
—Amum%gﬁrmszmaﬁ»%ff (5)

B nauasnbubiii MomenT t = 0 obsacts {2 BBUy yeaosust (2) BeipoxieHa (obpaiaercst B TOUKY ).
g pacdera 3akoHa JABMZKEHHUs CBOOOIHON rpanurbl at) u TemmeparypHoro mosis 0(r,t) BHyTpH
obnactu €2 3amaua (1) — (5) peayuupyercs K 9KBUBAJIEHTHON CUCTEME JBYX HEJIMHEHHBIX HHTETDA/ -
HBIX YPABHEHUII C EPEMEHHBIMHU MIPEIeTaMi NHTErPUPOBAHUS.

JIloka3aHo, UTO MpHU YCJOBUU HENMPEPBIBHOCTH U TOM0XKuTenbHOCTH (bynkuuit A(r,t;0) , P(t),
q(r,t) , L(t;04(t) a Takxke HenmpepbiBHOCTH DyHKINHU O, (t) ¥ qummunesoctn dyuxmun A(r, t;0) mo
nepeMeHHol f, cucreMa HHTerpaJbHBIX yPABHEHUH OJHO3HATHO PA3PEIINMA U €€ PEIIeHUE SIBIsIeTCs
perrerneM kpaesoif 3agaqn (1) — (5).

PaspafoTan YuC/IeHHBINH aJIrOPUTM MTEPATUBHOTO PEIIeHUsl CUCTEMBl MHTETDATHHBIX YDABHE-
nuit. [IpoBeseH BLIYMCIUTETLHBIN SKCIEPUMEHT Ha TeCTOBOHM KpaeBOil 3ajiavde ¢ TOYHBIM aHAJUTH-
YECKMM DENIEHNeM U MPEJCTABJIEHbI PE3YIbTATHI CXOAMMOCTH UTEPAIUHA B METPUKE HEIPEPHIBHBIX
hyHKIM TOTHBIX TPOCTPAHCTB.

dunauncupoBaHue: lanmoe ncciremosanune ¢unancupyercs Komurerom mHaykm MwuHncrepcTBa HAyKW W BBICIIETO
ob6pasosanus Peciy6suku Kazaxcran (rpanr N BR20281002).

KuroueBrble cjioBa: He/MHEHHOE ypaBHEHUE TEILTOMPOBOIHOCTH, C(heprdecKas CUMMETPHs, KPAaeBble YCIOBUS, IPO-
6iema Credana, nHTErpaIbHbIE YDABHEHU, JIEKTPUICCKUE KOHTAKTHL.

2010 Mathematics Subject Classification: 35G30, 34B08, 45G10, 80A22
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OBTEKAHUE MJIOCKOTO KJIMHA TTOTOKOM BSI3KOYIIPYTOM
KMJIKOCTH

['H. TIVKYPOB

Hosocubupckuit rocynapcrsennniii yausepcurer, Hopocubupck, Poccusa

g.shukurov@g.nsu.ru

PaccvmarpuBaerca 3amaga 00 00TEKaHWHM KIWHA CTATMOHAPHBIM IMOTOKOM HECKHMAEMOM TT0-
JIUMEPHOH KUAKOCTH. TedeHne BI3KOYIPYroil IMOMMMEPHON KHAKOCTH OIMUCHIBAETCS IIPH ITOMOIIIN
peosiorngeckoii MoudunnpoanHoii Mojenn Bunorpagosa—Ilokposckoro [1]. Ofrekarue 1m10cKoro
KJIMHA CTAIIMOHAPHBIM [IOTOKOM SIBJASETCA KJAACCHYIECKON 3ajadeil ruapoanHaMuKku. V3BecTHEBI cTa-
OMOHAPHBIE DEIICHUNA TaKOM 3aJa491, COAePZKaAIIe IMOBEPXHOCTU CUJIBHOI'O Pa3pbiBa, CUMMETPUYIHO
PAaCIIOIOKEeHHbIE 110 000uM CTOpOHAM KJnHA. s Toro, 9Tobbl NCCIeI0BATh AHAJTOTHIHbIE PEITEHU
V 3373491 O TEUYEHNN BA3KOYIPYTOH *KUIKOCTH W COCANHUTHL HAOEralomui Ha KAWH CTAIMOHAPHDIMH
TTOTOK C YCJIOBUAMU TIPUJIUTTAHWA Ha TTOBEPXHOCTU KJINHA, UCIIOJIHB3YIOTCA COOTHOMIEHUA Ha CUJIBHOM
paspbiBe it Mosiesn Bunorpagosa—IloKpoOBCKOTO, TpEIIOKEHHBIE B [2].
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OBPATHAS 3ATAYA BOCCTAHOBJIEHUA HEJIMHEMHOTO
KOSPPUIINMEHTA B KPAEBOM YCJIOBUN TPETBEI'O POOA OJIA
YPABHEHNA ITAPABOJIMYECKOI'O TUIIA

AJO. IETJIOB!, I'yanpwksn JIFO?, Yknusue JIKO?
1,23 Vuupepcurer MIY-IIIIU, IIsupaxsns, Kurai

LMI'Y umern M.B. Jlomonocosa, Mocksa, Poccust
lshcheg@cs.msu.ru, 2ccchair233@gmail.com, 21120210025@smbu.edu.cn

B kauecTBe mpamMoii pacCcMaTPUBAETCS CIEIVIONIA CMEITIAHHAS KPAeBas 330294 JI/Id YPABHEHU T
B YaCTHBIX MPOMU3BOHBIX BTOPOIO MOPSJIKA MMapaboJHIecKOro THIIA C KBa3WJIMHEHHBIM K03hduiu-
€HTOM B KPaeBOM YCJIOBUM TPETHETO POJIa:

w(z,t) = a*ugy(z,t) — yu(z, t), (z,t)€Qr = {(z,t):z€(0,1], t€[0,T]},
uz(0,1)=0, k(u(l ) + ug(l t) = pu(t), telo,T], (1)
u(z,0)=¢p(z), ze€|0,1],
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e sagamsl 7y > 0, p(x) € C?[0,1], u(t) € CH0,T), k(s) € CH(R), u Iky, ke, ks = const > 0, s
KOTOPBIX BBIMOJIHAIOTCS YCJIOBHST

ki< k()] < ko, [K(s) < ks VSR, G(0)=0, k(p(D) +¢/(1) = u(0).

Bamaga (1) ucmosb3yercss Mpu MOJIETUPOBAHUE TEIMIOMUINIECKUX TPOIECCOB € 3HAUUTETHHBIM
TIEPEenaaoM TEeMIEePpaTypP U B TUAPOTCOJIOTUYIECCKUX NCCJIeTOBAHNAX.

Hagano uccieoBaHnsIM MaTeMaTHIeCKUX MOJIesIeill TEerIonepeHoca OblIo 3a10KeH0 paboToi
[1]. VesmoBus omHo3HauHOW paspenmumocTn 3a1auun (1) ycranasaupatorcs st 6osiee o6iero ciy-
9as MOCTAHOBKE CMEIIAHHOW HadaIbHO-KPaeBoil 3a1aun B pabore [2| u ¢ mpeacTaBieHreM METO/I0B
HOCTpOeHUs pernenus B paborax [3| u [4].

st narboit mocranoBku 3a7a4u (1) BBIZEIEHBI CBOWICTBA PEIIeHNUsT, BKIIOUAONINE OrPAHTICH-
HOCTh U MOHOTOHHOCTb byHKIMU U (T, ) HA 061aCTH €€ OIPEIeIeHUs TIPU JIOTIOTHUTE/IbHBIX OrDAHN-
YeHnsIX Ha UCXOJHbIE JaHHbIe, TTPON3BEIEHO YTOYHEHWE YCIOBUH OHO3HATHOM Pa3pemmMOCTH 3a,/1a-
qu (1), a TakKe mpencTaBiIeHa peayKims 3agaun (1) K cenyronmeMy HeJTMHeRHOMY HHTerpaJbHOMY
ypasuenuio Boabreppa

00 l
u(x,t) :Z (iﬁe_(a%z—ww/o (¢(s) = @(l) = ¢ (1) cos(y/Ass) ds —

n=1

_ ie—(a%\:ﬂ)t(@(l) i go'(l))—(aQ _ 7)/t6—(a2/\2+7)(t—f) (k;(u(l 7)) = ul, ) -
A An/ Jo ’ ’

— ulr T COS(\/EZ) cos T T Q
e )>d > fé (cos( A;‘LS))st (Vha). (@8 €Qr. ()

I7e A — TOJIOXKUTETbHbIE KOPDHU yPaBHEHNUS ctg(ﬁ l) =V, n €N, ynopsoueHHble 110 BO3PAC-
TAHUIO:
D<A <A< <A< ..., n € N.

Ypasaenne (2) M03BOJIET OCYMIECTBUTH MPUOIIZKEHHOE TOJIyUeHne pelienus 3aga4dn (1) npu
MIOMOIIE METO/IA TIPOCTOM UTEPAIMN C UCTIONB30BAHIEM PEKYPPEHTHOH hopMyJIbl Ha 6a3e ypaBHEHWsT
(2) mst NOCTPOEHWST NTEPAITMOHHOTO MPOTIECCA TTPUOIMIKEHWST PETIIEHUSI.

B mocranoske o6paTHOii 3amaun, GopMUpyeMoii Ha OCHOBe paccMaTpupaeMoit momenn (1), u3-
BEeCTHBIME ToJTaraforcs 3uadenne y > 0, bynaxnmn ¢(z), u(t), k(s) = k(s), Taxue aro

p(z) € C*0,1] ¢'(z) 20 Voel0d, ¢(0)=0, (3)
p(t) € CH0,T], p'(t)>0 Vte[o,T], (4)
k(s) € Clp(0), ()], Kk(s) >0 Vs € [p(0),0()], k(p() +¢'(1) = u(0). (5)

B obpatHoii 3a/1a9e Mo JTOMOJHUTETHHO W3BeCTHON dbyHKIMn h(t), Takoil uTo
h(t) = u(l,t), te 0,77, (6)
rie u(x,t) — perenne mpsiMoii 3agadu (1), ¥ BBIIOJHSIIOTCS YCIOBHS
h(t)eC[0,T], h(0)=¢(l), O<h(T)<h(t)<u(t) V1,te[0,T]: 7 <t, (7)
TpebyeTcss BOCCTAHOBUTL KO (DUITHEHT
k(s) € C[h(0), M(T)], (8)
JUUTsl KOTOPOI'O C HEKOTOPBIMU 3HaueHusIMU ky, ks 1 kg BBITIOJIHSIIOTCS YCJIOBUS

0<ks<h(s)<hs, [k(s) =k <hke, s,&€[R(0),MT)],  klp())=k(p), (9
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u Haiitu pemenne u(x,t) 3amaqm (1).

Hekoropeie cxoxue obpaTHbIE 3a0a9U I YPABHEHUS TEILJIOIPOBOIHOCTH ¢ KBA3UINHEHHBIMI
KyCOYHO-aHAJIUTHIecKuMU Koadduimentamu n3ydannuch B paborax [5], [6].

O6parHag 3agada BoccTaHoBIeHHs dyHkmun k(s) ¢ yaérom zamenst & = h(t), t = h™1(§)
Vt € [0,T], pesyuupyercs K MHTErPAJLHOMY YPABHEHUIO

R e nie [
k(&) =p (h_l(f)) _|_Z<e—(a X)) h (5)/ ((,0(8) — (1) — go'(l)) COS( A;kzs) ds —

A% 0
1 2y -1 v R 2y -1
— e @M (o) + ¢/(l))_(a2 _ )/ e (@NA) (L) -T) (k(h(T)) _
0
((305(\/)\7;';l)>2

fol (cos(y/A%s)) *ds

Ypasuenue (10) npn BeimosHeHun yeaosuit (3) — (9) Ha McxomHBIE TaHHBIE 0OPATHOI 3a1a4H,
NO3BOJIAET CHOPMYIMPOBATH TEOPEMY O €IMHCTBEHHOCTH BOCCTAHOBeHus dbyHkmuii k(s), u(z,t),

¢ € [h(0),n(T)]. (10)

- i)~ (r)) r

a TaksKe MPEJJIOKUTH UTEPAIMOHHBIA MeTO/ OCTPOEHUsI TPUOJINKEHHOrO pellennst 06paTHON 3a-
naan (1), (6), ocHoBaHHBIN Ha ucOJb30BaHun ypasHenus (10) B Bujge peKyppeHTHON (HOPMYJIbI
Jutst ocTpoernst npubskennst koadduimenta k(s). Tlocae Boccranosienusi koaddurmenta k(s)
nostyvyenne mpubzkenus u(xr,t) — pemenus npsMoii 3agaun (1), OCyIIeCTBISETCs, HATPUMED, C
MOMOIIHI0 NTEPAIMOHHOrO AJTOPUTMA HA OCHOBe ypaBHeHus (2).

®dunancupoBaHue: Pabora Boinosrena npu yactuanoii moepxkke National Natural Science Foundation of China
(No. 12171036) u Beijing Natural Science Foundation (Key Project No. Z210001).

KuroueBrble ciioBa: ypasHeHne mapaboIMdecKoOro Tuiia, oOpaTHas 33/a9a, KBA3WIMHEHHBIN Ko3(bdurmeHT, Tperhe
KPaeBOe yCJIOBUE, HEKOPPEKTHO IIOCTABJICHHAs 3a/1a4a.
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On the solution of two-phase Dirichlet problem for the heat
equation
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L2 Al-Farabi Kazakh National University, Almaty, Kazakhstan
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Problem statement:
We consider an initial boundary value problem for the heat equation with a piecewise constant
coefficient
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up — kg, =0, O ={(z,t):lp<x<l, 0<t<T},
ur — kg, =0, Qo ={(z,t):h<x<ly, 0<t<T}

in the domain © = UQ; (j = 1,2), with the initial condition
u(@,0) = (), (o < <o), (2)
and with the Dirichlet boundary conditions
u(lo,t) =0, wu(le,t) =0, (3)

and with the conjugation conditions

{kluz(ll -0, t) = k2ux(l1 +0, t) (4)

klux(ll -0, t) = h(@u(ll + 0, t) — u(h -0, t)),
where point [y is strictly internal point of the interval 0 < zy <land k; > 0, (i = 1,2),60 > 0,h > 0.

Theorem 1. If p(x) is a twice continuously differentiable function satisfying the conditions
©(lo) =0, (l2) =0, k1¢'(l1 — 0) = ko' (I + 0), k1¢ (I3 — 0) = h(0p(ly 4+ 0) — (11 — 0)),
then the function

u(z,t) = Z On X (x)e At
n=1

is the unique classical solution of the problem (1)-(4), where the coefficient ¢, is given by the
formula

l2
on = /Z (@)Y ()

0

Where X,,(xz) are the eigenfunctions of the corresponding spectral problem to the given problem,
and Yy (x) are the eigenfunctions of the adjoint spectral problem.
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Artificial Neural Networks and Hopfield Type Modeling
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This talk covers the general neural networks dynamical systems with various form of the Hop-
field type modeling. The results obtained in this paper extend and generalize the corresponding
results existing in previous literature. One of the most widely used techniques in the study of
models involving ordinary differential equations. It has been shown by several authors that the
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dynamics of numerical discretizations of differential equations can differ significantly from those of
the original differential equations. In the modeling and analysis of dynamical phenomena various
types of systems ranging downward in complexity from partial differential equations, functional dif-
ferential equations, integro-differential equations, stochastic differential equations with hereditary
term, difference equations and algebraic equations have been used. It is common to approximate
models of higher levels of complexity by models of lower levels of complexity.
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Quadratic integrals for geodesic flows of two dimensional
metrics near singular points

D. AKPAN
LFSU Jena, Germany
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dinmukhammed.akpan@uni-jena.de

Let (M2, g) be a 2-dimensional (pseudo-)Riemannian manifold. The geodesic flow of the metric
g is said to be integrable if:

e There exists a function F : T*M? — R on the cotangent bundle that is functionally indepen-
dent of the Hamiltonian H := %g_l(p, p), where p = (pg, py) are coordinates on the cotangent
space;

e The functions F' and H are in involution, i.e., they Poisson commute: {F, H} = 0.

In this case, F' is called a first integral. A key case of interest arises when F' is a homogeneous
polynomial in the variables p, and p,, expressed as F' = ZZ]-:O a;j(z, y)pép{,

The question of the integrability of geodesic flows is a classical problem in differential geometry
and integrable systems. We consider the case of quadratically integrable metrics, where the first
integral F' in local coordinates has the form:

F = a(z,y)p; + b(x,y)papy + c(z,y)py-
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For metrics ¢ with quadratically integrable geodesic flows, there locally exists a non-trivial
metric g such that g and g share the same unparametrized geodesics. Such metrics are called
geodesically equivalent. This is a very old topic, in particular the problem of describing geodesically
equivalent metrics was explicitly stated by E. Beltrami 1865. From the context it is clear that he
ment dimension two and wanted a local description. Many prominent mathematicians contributed
to the solution of special cases of this problem.

In 1869, Dini provided a local classification of all Riemannian metrics admitting quadratic
integrability. Later, Levi-Civita generalized this result to arbitrary dimensions. The Dini and
Levi-Civita cases represent the non-singular situation, i.e., in the neighborhood of an algebraically
stable point. In his dissertation, Kolokoltsov and subsequently in a series of works by Bolsinov,
Matveev, and Fomenko, the singular cases for 2-dimensional Riemannian metrics were analyzed.

The pseudo-Riemannian case proves to be significantly richer and more intriguing. The non-
singular case (near a regular point) was addressed in a 2009 work by Bolsinov, Matveev, and
Pucacco.

This talk will focus on singularities of quadratic integrals in the pseudo-Riemannian case. We
provide a complete description of pairs (two-dimensional metric, quadratic integral) and normal
formas for them. In view of relation to geodesically equivalent metrics to quadratic integrals, this
solves the last unsolved part of the Beltrami problem 1865.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23483476) and by the DFG 529233771.

Keywords: integrable systems, geodesic flow, geodesically equivalent metrics, Beltrami problem.
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Robin’s problems for the heat equation on linear multilink
thermal graphs and their solutions
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Graph theory has wide applications in subjects such as economics, logistics, sociology, opti-
mal control and navigation. The properties of graphs are also actively used to solve boundary
value problems (BVPs) on network-like structures, e.g., oil pipelines, gas pipelines, and electri-
cal networks. With the development of mechanical engineering, complex multi-link rod structures
operating under various thermal conditions began to be actively used. They are widely used in
structural mechanics, mechanical engineering, robotics, and many other fields.

An urgent scientific and technical task is to study the thermally stressed state of network
systems for various purposes under dynamic and thermal influences, taking into account their
thermoelastic properties under dynamic and thermal influences, including impact types. Here,
boundary value problems are considered on a line thermal graph, which can be used to study
various mesh structures under conditions of volume and thermal heating (cooling).

The novelty of the present work lies in the fact that a generalized function method is used to
solve boundary value problems, leading to a differential equation solution with a singular right-hand
side. The solution is constructed as the convolution of the Green’s function of the equation with
the appropriate right-hand side. To determine the unknown boundary values of the solution and its
derivatives on each segment, resolving boundary equations are constructed at the ends, employing
the asymptotic properties of Green’s function and its derivative at zero. To construct a closed
system of equations, the obtained algebraic equations for each edge of the graph are supplemented
with transmission conditions at the nodes and linear boundary conditions at its ends. These
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conditions can be either locally or not locally connected. Thus, the proposed method applies to a
wide range of BVPs, including those on mesh structures.

We consider an thermal linear graph which contains N edges (Ao, Aj) of the length L; (j =
1,2,...,N) with a common node Ay. On each edge S; = {x ER' :0<2z< Lj} there is own
coordinate system (x;,t) with the origin at point Ag : = = 0. A temperature 0;(z,t) satisfy the
heat conduction equation at S;:

00; 5%,

E—/{]W:F’j(l”t%j:l,...,]\]. (1)

Here r; is the thermal diffusivity coefficient on the j-th segment, Fj(x,t) describes the action of
heat source, 6 (t), 63(t) are the temperature in the ends of the j-th edge.
The initial conditions at t = 0 for the temperature of a graph are known:
(Cauchy conditions)
0;(,0) =0y’ (z), 0<z<Lj t=0, @)
0;(0) = 0o, Vi, 6o’(z) € C*(Ry)

Here we consider the two boundary value problems (BVP), Rl = {t € [0,00)}
Roben’s conditions (BVP1). Temperature values are known at the ends of the graph:

o101 (t) + Silli(t) = Aq(t), t >0, A1(t) € L(RL), 3)
an0 (t) + BNIIY = AN (), t >0, Aq(t) € L(RL).

Here and further 67 (t) = 0;(0,¢), 03(t) = 0;(L;,t) ¢)(t) = 22|, q(t) = 22|

=0 z=L;
IT(t) = wig (1)
The following continuity conditions and transmission conditions are specified in the nodes A; of
the graph, j =2,.... N — 1.
Transmission conditions:

o(t) =61 (t), j=1,.,N—1, t>0, @
01(0) = 6(0,0), 63(0) = On(Ln,0)
() = W @)+ Q(t), j=1,..,N—1, t > 0. (5)

We find the solutions of these BVP by use Generalized Function Method [1, 2]. The next theorem
has been proved.

Theorem 1. The Fourier transform of boundary value problem solution (1) - (5) on the thermal
graph has the form.:

0j(xj,w)H(L — xj)H(zs) =
= H(w;) [U (25 = y,0) Fy(y,w)dy + n;H (@ D0 (s — yw)Bl(y)dy+

{rﬁjdé(w)H(m)Uj(Lj —2,w) — k@ (W) H (Lj — 2)Tj(xj,w)—
— k09 (w) H (2)Uj 0 (Lj — 25, 0) — 150 (W) H (Lj — 2)Uj ) (5, 0).

o
—

=2
~—

Here Fourier transform over time of Green’s function of heat equation is equal to

_ _ sin(k;|z|) 0, () sgnx
s Ujgz\T,

. = J ] = d
Uj(z,w) 2, w 2/{) cos(kjlz|), kj = (1 +1), | 2"

The boundary temperatures and the derivative on each edges of graphs

(01(@), @1 (@), 03(w), (@), ooy O (W), @ (), 05 (w), @3 (w)) = B(w),
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are the solution of resolving an algebraic system of equations:
A(w) X B(w) = C(w),

where C(w) defined by acting heat sources Fj(x,t) (1) and boundary and transmission condition

(3), (4).

The matrix A (w) of the boundary value problem has been constructed by analogy [3]. Then,
by using the formula of inverse Fourier transformations, we calculate the original solution — the
temperature at every point of the graph. So BVPs have been solved.

This algorithm can be used to study various network-like structures under conditions of thermal
heating (cooling). A unified technique has been developed for solving various boundary value
problems typical for practical applications.

Funding: This research is funded by the Science Committee the Ministry of Science and Higher Education and of
the Republic of Kazakhstan (Grant AP23488145 2024-2026).

Keywords: thermoelasticity, rod, boundary conditions, transmission condition, fundamental and generalized solu-
tions, Fourier transform, resolving boundary equations.
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Comparison principle for nonlinear parabolic equations
with nonlocal source and gradient absorption and
applications
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In this talk, we consider the following initial-boundary value problem:

ou
_d; p—2 _
T div(|VulP~*Vu)

a|uk_1u/ lu|®dx — 5\u|l_1u|Vu\q + yu™ + p|Vul”
Q
—vfu|"tu,  zeQ, t>0,
u =0, x eI t>0,
Lu(z,0) =up(z), =€,

where Q is a bounded domain of RV, N > 1 with a smooth boundary 09, «, I, 0 > 0, B,v > 0,
kms>1,r>p—1>58 v peR.

In this talk, we present the comparison principle for problem (1). Moreover, we discuss its
application to the study of global well-posedness and blow-up properties of weak solutions to
problem (1). Our research is inspired by the works [1], [2], [3], and [4].
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This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and Institute of Mathematics
and Mathematical Modeling, Kazakhstan).

Keywords: nonlinear parabolic equation, comparison principle, sub- (super-) solution, global well-posedness, blow-
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Solution of multilayer problems for the heat equation by
the Fourier method
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In the works [1-2] Sturm type boundary value problems for the heat equation with discontin-
uous coefficients were considered in the case of one discontinuity point. This work is devoted to
the substantiation of the Fourier method for solving multilayer diffusion problems. Mathematical
models of diffusion in layered materials arise in the many industrial, environmental, biological,
medical applications and in the theory of thermal conductivity of composite materials.

Let us consider an initial-boundary value problem for the heat conduction equation with a
discontinuous coefficient

ou 5 0%u
ot oz’ M)
in the domain Q@ = @ = {(z,t) : Lim1 <2 <;,0<t<T}, (i=12,..,m) with the initial
conditions
u(z,0) = p(x), lo<x<lny, (2)

and the boundary conditions of the following type

8u1(lo,t) —

B VAN ETE ) ®)

y—p—— + Botum, (I, t) =0

and the conjugation conditions
ui(li — 0,t) = uit1(l; +0,t), 0<az<T, (4)
8ui(li -0, t) 8ui+1(li + 0, t) .

oyt ) ey AT g << T, (i=1,2,.,m— 1 5
= 2 P<T, 1) )

Coefficients k; > 0, ¢y, 55, (1 = 1,2,...,m;j = 1,2) are real numbers. Moreover |aq| + |51] >
0, |aa| 4 |B2| > 0. The following theorem holds.
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Theorem 1. Let p(x) be a twice continuously differentiable function satisfying the conditions
a1¢'(lo) + Bre(lo) = a2 (Im) + Bop(lm) =0,

(li =0) = o(li +0), kig'(li =0) = kip1¢'(li +0), (i=1,2,....,m—1).

o0
Then the function u(x,t) = ZQOan(ZE)e_A"t, where the coefficients ¢, are determind by the
n=1

Im
formula @, = / o(x) X (z)dz, is the only classical solution to problem (1)-(5), where
lo
O(A\p, ), o<z <h,
@()\n,sl-l-xk;zll), lh <x<lo,
BN, 50+ 52), b <z <l

—lm—
(I)(Ana Sm—2 + %)7 lm—o <x <lp-1,

—ly—
(I)()\nasm—lkal)> lm—l <z < lma

\

= 3G 8000) = vV~ 1

where \,— are the roots of the following characteristic equation:

A(N\,) = apagAysin <sm \/E> —(alﬁgkg—agﬁlkl)mcos <8m\/E> + B1Bok1kmsin (sm \/E> =0.

sin(\/Anz), Cp= ( " X,%(:U)alx)é

lo
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Diffusion Equation and Dunkl-Laplacian Operator
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A diffusion equation describes how things like heat or particles spread over time. The Dunkl
operator is a mathematical tool that helps analyze equations with symmetry and reflection prop-
erties. This thesis studies how to solve diffusion equations using Dunkl operators in a domain with
a missing point.

The Dunkl operator modifies traditional differentiation by adding reflection effects:

Aah(z) = %h(m) n 204;— 1 h(z) —2h(—:c).
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This operator is useful in problems with symmetrical properties.
A fractional derivative extends the idea of differentiation to non-integer values, which helps
model processes with memory effects:

1 t _0u
Dg_i_’tu(t,x,y) = M/()‘ (t — 7') WadT.

This is helpful for studying diffusion in complex systems.
We consider the equation:

Dg+,tu(ta Z, y) - Aiu(tv xz, y) + AHu(ta €z, y) = f(x7 y)

Using Fourier and Dunkl transforms, we prove that a unique solution exists and find explicit
formulas to describe it.

Sometimes, we know the result but not the cause. The inverse problem aims to determine
the unknown function f(x,y) based on given final observations. This is solved using eigenfunction
expansions and stability techniques.

By using Dunkl operators and fractional derivatives, we solve diffusion equations in a domain
with missing points. This method improves our understanding of diffusion processes and has
applications in mathematical physics.
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Optimal Exercise Boundaries for American Options and
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The study of optimal exercise boundaries for American options and their associated Greek
alphabets for hedging has its roots in the foundational work of Black and Scholes [1] and Merton
[2], who laid the groundwork for modern option pricing theory. The early exercise feature of
American options, which distinguishes them from their European counterparts, was first rigorously
analyzed by Kim [3], who provided an analytical framework for determining the optimal exercise
boundary. In recent years, significant advancements have been made by Broadie and Detemple [4],
who developed efficient numerical methods for pricing American options under various stochastic
models. These contributions have paved the way for a deeper understanding of the interplay
between optimal exercise strategies and the Greek alphabets, which are crucial for effective hedging
in financial markets.

In this talk, we present a detailed analysis of optimal exercise boundaries for American options
under stochastic models, along with their associated Greek alphabets for hedging. Our goal is to
derive explicit formulas, develop efficient numerical methods, and provide practical insights into
the behavior of these boundaries and Greeks under various market conditions. Building on the
work of Longstaff and Schwartz [5], we propose a novel numerical algorithm for computing these
boundaries and Greeks efficiently, even in high-dimensional settings.

This thesis is the result of collaborative research conducted with Rakhymzhan Kazbek (Nazarbayev
University and SDU University).

Keywords: American options, optimal exercise boundaries, Greek alphabets, hedging, stochastic models.
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Investigation of the solvability of the non-regular
multidimensional boundary value problem for the parabolic
equations

G.I. BIZHANOVA
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
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Here we study a nonlinear two-phase multidimensional problem for the parabolic equation with
two small parameters € > 0, x > 0 on the free boundary.

The one-phase linear parabolic problem with one small parameter was investigated in [1].

After the transformation of the unknown domains into given ones with the help of the Hanzawa
mapping [2], constructing auxiliary functions by the initial data of the problem and substitution of
the unknown functions, the problem can be written conventionally in the form AJw] = F + N|w],
where w = (u1, ua, ¥) are new unknown functions, v is a function of a free boundary, A[w], N[w]
are linear and nonlinear operators, F' is a given vector-function.

On the basis of the solution to the linear problem Aw] = F, there is the corresponding model
two-phase problem.

Let Dy := (z : 2’ € R*! 2, € (=00,0)), Dy := (z : 2’ € R, z, € (0,)), R :=
(x: 2 € RV 2, =0), Dj7 == Dj x (0,T), j =12, Rr := Rx (0,7), z = (2, z),
= (x1,...2p-1), n > 2.

It is required to find the solution wy(z,t), ug(z,t), (2’ t) of the following problem:

8tuj — ajAuj — bj(at’lb — ajAlw) = fj(ﬂ},t) n DjT7 j = 1, 2, (1)

w‘t:() = 07 u] ’t:(): 0 in D]7 j = 1727 (2)

U1z, =0 = nl(ml’t)v U2|z,=0 = 772(x/’t)7 te(0,7), (3)

(0¢p + KbV Uy — VT uy) |smo= p1(2, t) + e a(a’, t) + K w3(a’, t) on Ry. (4)

Here a; > 0, bj, j = 1,2 are constant coefficients; all given functions satisfy zero initial data,
that is the compatibility conditions of all admissible orders are fulfilled on the boundary Rr;

b= (b1,...,b,), c = (c1,...,c,) are constant vectors; V = (0z,,...,0s,), VI is vector —column;
A =02 ... 402 |, oF=0" otk of =o%/oxk k=1,2,....i=1,...n..
° k+a7k+7a

This problem is studied in the Hélder space C' 2t (Q7) of the functions v(z,t) satisfying
zero initial conditions with the norm |v|g€T+a), ae (0,1), k=0,1,... [3].

In the problem (1)-(4) we make the substitution u; = v; + v, j = 1,2, where vy, vy are the
new unknown functions, exclude the given functions in (1), (3) with the help of suitable change of
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the unknown functions, then we obtain equivalent problem with zero in the right — hand sides in
(1)—(3) and nonhomogeneous condition (4).

Applying Laplace with respect to ¢ and Fourier on 2’ integral transforms we find the solution
of the obtained equivalent problem in the explicit form expressing via heat potentials. We estimate
their norms in the Holder space and establish theorems of the existence, uniqueness and coercive
estimates. Returning to the problem (1)—(4) we obtain theorems for the original problem with
unknown functions uy, ug, .

Let the given functions of the problem (1)—(4) are subjected to the following conditions:

o k+a, IH—Q _
fj(x,t) €cC , t (DjT)7 J=1L2% (5)
o 2+kta, 1+ 5L , o lkta, bt
Ui ($ t) eC x’ t (RT); @p(ﬂf 7t) eC x’ t (RT)? (6)
p=1,2,3 k=0,1,..., a€(0,1).
We formulate the main results.
Theorem 1 (Bizhanova-1). Let b, >0, ¢, >0, ¢ € (0, 9] k€ (0, ko], k=0,1,..., a€(0,1),

and the conditions (5), (6) be fulfilled.
o 2+kta,l+EEe
Then the problem (1)—(4) has a unique solution uj(x,t) €C ¢ (Djr), j = 1,2,
o 2+k+a,1+ 5L o I+k+a, Lthte
Yel . (Rr), eoppeC t (Rr), and it satisfies the estimate

(2+k (2+k 14k
Z‘ uy | HW ) e 3t¢\( ) < O My,

3T

k+ 2+-k+ 1+k+ 1+k+
Mysa :=Z(|f]| 4 i Y o |G e efoa G ] g | (LR FlRr)
7j=1

where the constant C1 does not depend on € and k.

Theorem 2 (Bizhanova-2). Let b, >0, ¢, >0, € € (0,e9] k€ (0,k0], k=0,1,..., a€(0,1)
and the conditions (5), (6) be fulfilled.
Then the time derivative € O¢1) in the conjunction condition (4) of the problem (1)—(4) satisfies
the estimate s
lgatw‘cl+k+6*W( < Chye 2 Myt a, XS (0,06/2),

2/ t RT)

where the constant Cy does not depend on € and k.

Theorems 1 and 2 are in the base of the proof of the existence, uniqueness, and coercive
estimates of linearized Ajw] = F, and nonlinear A[w] = F' + N|w] problems in the Holder space,
as well as of the proof of the convergence of the solution of a fully or partially perturbed nonlinear
problems with respect to the small parameters €, « to the solutions of the corresponding partially
or completely unperturbed problems as ¢ — 0, k — 0 without loss of smoothness of limit solutions.
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Behavior of solutions to semilinear evolution inequalities in
an annulus: the critical cases
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In this paper, we analyze parabolic and hyperbolic inequalities with singular potentials and
critical nonlinearities in an annular domain. The study includes Neumann and Dirichlet boundary
conditions, as well as systems of such problems. We establish the global nonexistence of solutions
in critical cases, extending the results of Jleli and Samet [1,2]. The proofs utilize a test function
method with logarithmic terms, applied for the first time in bounded domains.
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Gradient Gibbs measures of SOS model associated with
H j~-boundary laws on Cayley trees
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It is known that the problem of expressing periodic Gibbs measures corresponding to various
Hamiltonians typically reduces to solving systems of algebraic equations. Due to the lack of general
formulas for solving such systems, many difficulties arise. Initially, we analyze the solutions of the

following system of equations:
r=|——"———
cyt+a+b—c

- ar +b k
y= cx+a+b—c

which is a generalization of systems of equations encountered in many papers [2,3,5,11]. As an
example for the case b # ¢, one can apply the result of the following proposition to the system of
equations (4.3) analyzed in [11]. Applications of our proposition for the case b = ¢ will be explored
later in Theorems 1 and 2.

(1)
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Proposition 1. Let a,b,c > 0 be real numbers satisfying the condition a + b — ¢ > 0. The number
of positive solutions (x,y) to the system (1) is determined by the value of k € N and the relationship
between a and c:

1. If a = c or k =1, then the system has exactly one solution which is (x,y) = (1,1).

b
2. If a > cand k > i, then the system has exactly three distinct solutions which satisfy

T =1y.

3. Ifa<candk>a+b

c—a
satisfies x = y and the other two satisfy the condition x # y.

, then the system also has exactly three distinct solutions one solution

Definition 2. A family of vectors {lgcy}< where I, € (0,00)%, is called a boundary law for

xy)EL’
the transfer operators {Qp}per, if for each (x,y) € L, there exists a constant ¢,y > 0 such that the
consistency equation

lxy(waz) = Cgy H Z sz(wx - wz)lzx(wz) (2)

z€0z\{y} Y- €Z

holds for every w, € Z. A boundary law is called g-periodic if lpy(ws + q) = lpy(ws) for every
oriented edge (z,y) € L and each w, € Z.

Gradient measures and gradient Gibbs measures are constructed using g-periodic boundary
laws on the space of gradient configurations (see Chapters 3 and 4 in [12]). Theorem 3.1 establishes

that for a vertex A € N and class label s € Z;, any g-periodic boundary law {l,,} (@)l for

{Qp}per, defines a consistent family of probability measures (pinned gradient measures) on QV.
Chapter 4 discusses a spatially homogeneous boundary law, with the gradient Gibbs measure given
by equation (4.3).

Let G, be the free product of £+ 1 cyclic groups of order two, with generators ay, aso, ..., ars1.
It is known that there is a one-to-one correspondence between the set of vertices V' of the Cayley
tree I'* and the group G}, (see Proposition 1.1 in [13]).

Any element x € Gy, has the following form

T = @, Qjy...0;,, where 1<i, <k+1 m=1,..,n.

The number n is called the length of the word and the number of letters a;,7 = 1, ..., k+1, that enter
the non contractible representation of the word z is denoted by wy(a;). Let Ny, = {1,...,k+ 1},
and define the set

Hy= {a: € Gy | wa(ai) is even} )
i€EA
By Proposition 1.2 in [13], for any () # A C Ng, the set H4 C Gy is a normal subgroup of
index two.
Now, we define a spatially inhomogeneous boundary law associated with H4 (a H4-boundary
law), i.e., {lfﬁy}(az,y)eﬁ = {IM, 1@} assuming A = Ny, as follows

l l(l), ifre Hyand y € Gy \ Hy )
e 12, inyHAandxeGk\HA.

It is essential to observe that when {(V) = ), the boundary conditions are spatially homoge-
neous [5,7,12]. Conversely, when I =£ 12 the boundary conditions become spatially inhomoge-
neous, a phenomenon that is further investigated.

Definition 3. A configuration w is called a G-admissible configuration on the Cayley tree if {w,,w, }
is the edge of the graph G for any pair of nearest neighbors x,y in V.
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Let Qg denote the set of G-admissible configurations, Qg indicate the set of G-admissible
gradient configuration space and L(G) be the set of edges of a graph G. We let A = A% = (aj)
denote the adjacency matrix of the graph G, i.e.,

G:{ 1 if {i,j} € L(G)
0 if {i,j}¢ L(G)

Applying the matrix A to the system of boundary law equations (2) for the SOS model,
restricted to the set of G-admissible configurations, results in

. (“w‘” + ¥ ez, aijel—ﬂ'tj>
-

aoo + X ez, ag; 0171t ;

©,JEZL

; (4)

(%09“ + ez, a;601" 1z > ’

7 — B
0,0 + X jez, 00072

where i € Zo :=Z\ {0}.

It should be noted that for any graph with the vertex set Z, the system of equations (4)
simplifies to the form (1). It is easily demonstrable that by altering the graph, one can derive
parameter values b and ¢ such that b # c¢. Specifically, the scenario where b = ¢ is examined for
two selected graphs throughout the paper. Let G be the complete graph with vertex set Z, where
each vertex has a loop, i.e., a;; = 1 for all 7, j € Z.

Vi —

Theorem 4. Let 0. =

1
. with k > 2. Then 2-height periodic boundary law of the type (3)

determines 2-height periodic spatially homogeneous boundary law. Consequently, for the SOS model
on Cayley tree of order k with the parameter 6 € (0,0.,) there exist precisely three 2-height periodic
GGMs on le.

Keywords: SOS model, gradient configuration, G-admissible configuration, spin values, Cayley tree, gradient mea-
sure, gradient Gibbs measure, two periodic boundary law.

2010 Mathematics Subject Classification: 60K35 (primary); 82B05, 82B20 (secondary)

References

[1] Friedli S., Velenik Y. Statistical mechanics of lattice systems. A concrete mathematical
introduction, Cambridge University Press, Cambridge, (2018).

[2] Ganikhodjaev N.N., Khatamov N.M., Rozikov U.A. Gradient Gibbs measures of an SOS
model with alternating magnetism on Cayley trees, Reports on Mathematical Physics, 92:3 (2023)
309-322.

[3] Haydarov F.H., Ilyasova R.A. Gradient Gibbs measures with periodic boundary laws of a
generalised SOS model on a Cayley tree, J. Stat. Mech. Theory Exp., vol. 123101 (2023), 12 pp.

[4] Henning F. Gibbs measures and gradient Gibbs measures on regular trees. PhD Thesis,
Ruhr University, (2021), 109 pp.

[5] Haydarov F.H., Rozikov U.A. Gradient Gibbs measures of an SOS model on Cayley trees:
4-periodic boundary laws, Reports on Mathematical Physics, 90:1 (2022) 81-101.

[6] Henning F., Kiilske C. Height-offset variables and pinning at infinity for gradient Gibbs
measures on trees, DOI:10.48550/arXiv.2411.13465, (2024)

[7] Henning F., Kiilske C, Le Ny A, Rozikov U.A. Gradient Gibbs measures for the SOS model
with countable values on a Cayley tree, Electron. J. Probab, 24:104 (2019) 23 pp.

[8] Henning F., Kiilske C. Existence of gradient Gibbs measures on regular trees which are not
translation invariant., Ann. Appl. Probab, 33:4 (2023) 3010-3038.

[9] Henning F., Kiilske C. Coexistence of localized Gibbs measures and delocalized gradient
Gibbe measures on trees, Ann. Appl. Probab, 31:5 (2021) 2284-2310.

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 219

[10] Ilyasova R.A. Height-periodic gradient Gibbs measures for generalised SOS model on
Cayley tree, Uzbek Mathematical Journal, 68:2 (2024) 92-99.

[11] Khakimov R. M., Haydarov F. H. Translation-invariant and periodic Gibbs measures for
the Potts model on the Cayley tree, Theoretical and mathematical physics, 289:3 (2016) 286-295.

[12] Kiilske C., Schriever P. Gradient Gibbs measures and fuzzy transformations on trees,
Markov Process. Relat. Fields, 23:4 (2017) 553-590.

[13] Rozikov U.A. Gibbs measures on Cayley trees, World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, pp. xviii+385, 2013.

[14] Rozikov U.A. Mirror Symmetry of Height-Periodic Gradient Gibbs Measures of an SOS
Model on Cayley Trees, J. Stat. Phys., 188 (2022) 26 pp.
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In classical curve geometry, a curve is termed a generalized helix if the ratio of its curvature to
torsion remains constant. This concept naturally raises the question of whether such an idea can be
applied to higher-dimensional geometric objects. Specifically, one might wonder if it’s possible to
study surfaces that show a similar relationship between mean curvature H and Gaussian curvature
K. It could be worthwhile to explore both the ratios % and %, and to investigate potential
connections with curve theory. The origins of this idea can be traced back to the work of Weingarten
[5,6]. Looking at the ratio % in surface geometry could lead to interesting insights. Suppose we
examine a surface patch where the mean curvature H(p) equals 0 for all points p. In such a case,
the ratio % would define a function depending on the specific point on the surface, wherever it is
applicable. If we denote the principal curvatures as k1 and ko, then this expression could also be
interpreted as the harmonic ratio between the two real numbers x; and k9. The goal is to define a
geometric quantity that encapsulates the same information as this ratio. This led to the following

definition in [4]:

Definition 1. Let ¢ : U C R? — R3 beasurface given by the smooth map ¢. Then, the amalga-
matic curvature at a point p on the surface is defined as [3]

2|k [|k2|
A(p) = oll2l
(p) k1| + | ol

The amalgamatic curvature can be calculated as follows: A = K/H, where K is the Gaussian
curvature and H is the mean curvature.

If the mean curvature at every point of the surface is H(p) = 0, the amalgamatic curvature
encodes the surface’s varying geometric properties and provides a balanced representation of the
surface’s curvature. These formulas and definitions can be used to explore analogies in surface
geometry.

Let there be given a three-dimensional affine space As, set by an affine coordinate system. Let
X {z1,y1,21} and Y {x9,y2, 22} be vectors of the space As in the coordinate system Oxyz.

We say the scalar product of vectors X {z1,y1,21} and Y {z2,y2, 220} the number defined by
the following rule:

(X,Y), =1z +y1ye if (X,Y), #0

(X,Y), = 2129 if (X,Y),=0 (1)

(XvY) = {

Definition 2. The affine space As, in which the scalar product of vectors is calculated by formula
(1), is called the isotropic space R3. [1]
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Let a regular surface F, given by the equation z = f(x,y), be contained inside the sphere, and
its boundary be the intersection of the sphere with a plane a.

We assume that the point M (xo,yo,20) € F, and let 7 be the tangent plane to the surface at
this point. Further we denote by M™* a point that is the dual image of the plane 7 with respect
to 22 = 2% + y? sphere. When the point M € F changes on the surface F, then its image M*
generally forms a surface F*.

Definition 3. We say the surface F* the dual surface to the surface F' with respect to isotropic
sphere 2z = 22 + y2. [2]

When F is regular and belongs to the class C2, the dual surface has the equations:

Where (u,v) € D C Rs.

Theorem 4. The amalgamatic curvature of the surface F in an isotropic space is equal to the
iverse value of the mean curvature of the dual surface F*, which is calculated with respect to an
isotropic sphere.

Keywords: Isotropic space, amalgamatic curvature, total curvature, mean curvature, dual surfaces.
2010 Mathematics Subject Classification: 39A14, 39A70, 53A25, 53A35, 53A40;

References

[1] Ismoilov, Sh. Sh. Geometry of the monge-ampere equation in an isotropic space. Uzbek
Mathematical Journal, (2022), 65(2), 66 77.

[2] Artykbaev, A., Ismoilov, S. S. Special mean and total curvature of a dual surface in isotropic
spaces. International Electronic Journal of Geometry, (2022), 15(1), 110.

[3] Brubaker, N.D.; Camero, J.; Rocha, O.R.; Suceava, B.D. A ladder of curvatures in the
geometry of surfaces. Int. Electron. J. Geom. (2018), 11, 28-33 pp.

[4] Conley, C. T. R.; Etnyre, R.; Gardener, B.; Odom L.H.; and Suceava, B.D., New Curvature
Inequalities for Hypersurfaces in the Euclidean Ambient Space, Taiwanese Journal of Mathematics,
17 (2013), 885-895.

[5] Weingarten, J., Uber eine Klasse auf einander abwickelbarer Flichen, Journal fir die Reine
und Angewandte Mathematik, 59 (1861), 382-393.

[6] Weingarten, J., Uber die Flichen, derer Normalen eine gegebene Fliche berithren, Journal
fir die Reine und Angewandte Mathematik, 62, (1863), 61-63.

Synchronization of Fuzzy Reaction-Diffusion Neural
Networks via Semi-intermittent Hybrid Control
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This paper addresses the problem of synchronizing fuzzy reaction-diffusion neural networks
(FRDNNs) with time-varying transmission delays using aperiodic semi-intermittent hybrid con-
trols and explores its application within the realm of image encryption. The main challenge in
analyzing the dynamics of FRDNNs included diffusion terms with uncertainty, and the inclusion
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of fuzzy logic operations further increases the system’s complexity. We propose a new concept
called the average control width (ACW) for aperiodic semi-intermittent control (ASIC) systems;
it is used in conjunction with the idea of average dwell time (ADT) for switched systems. A suf-
ficient flexible condition for master-slave synchronization of neural networks using average-width
semi-intermittent hybrid control assures ADT and ACW conditions. By utilizing these concepts,
the proposed synchronization method can overcome the challenges posed by the diffusion terms
and fuzzy logic operations in FRDNNs with time-varying transmission delays. Finally, the paper
presents a theoretical framework for synchronizing FRDNNs with time-varying transmission delays
using semi-intermittent hybrid control via LMI and suitable Lyapunov functional, validated through
simulations. The proposed synchronization method is also applied to develop a novel chaos-based
elliptic curve cryptography algorithm for medical image encryption.

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. BR21882172) and in part by the Nazarbayev University, Kazakhstan under
Collaborative Research Program Grant No. 11022021CRP1509.

Keywords: Fuzzy reaction-diffusion neural networks, Synchronization, Semi-intermittent control, Linear matrix
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On the asymptotic of solution the electric-contact problem
of Stefan’s type in the spherical domain
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In this work, an asymptotic representation of the solution of the problem with the free boundary
(Stefan’s type) is studied. Problem occurs during mathematical modeling of temperature in contact
when its surface is heated by the electrical arcs, [1]. The mathematical model of process consists of
the heat equations in spherical domains separated by the moving boundary «(t) between the liquid
Dy :(ro <r <a(t),t>0) and solid Dy : (a(t) < r < oo, t > 0) phases of the contact material:

%5 (). o
Initial and boundary conditions are:
Ty(r,0) = f(r), (2)
AT o, 1)), ®)
,
Ty (a(t),t) = Ta(a(t),t) =0, (4)

Stefan’s boundary condition:

0T (a(t),t)
2

X oTy(a(t),t) da(t)
or

A SR A T (5)

where T;(r,t) - the temperature, a?, \;,y— he parameters of the contact material, f(r), P (T1,t) —
known functions.

The most difficult part of the solving is to determine the boundary «(t) from the Stefan’s
condition. Suppose that for small values of ¢, an asymptotic formula takes place:

alt) ~ o+ 10+ o6 +c30®, 0= Vi, (6)
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After replacement T;(r,t) = Vi(r,t)/r, the heat equations take form:

oV LV
8‘[/‘ —aim, 1—1,2. (7)

From the initial and boundary conditions changes only the form of Stefan’s condition:

MWa(aft),t) )\18V1(a(t),t) _ 7y 9a’(t)

A0, o 2 8t (8)

from which we get the asymptotic formula for a(t):

18042(15) 1o,
2 Ot 20°

1 3
1+ <c1 + r002> + 2 (rocs + c1c2) 6 + O [02] . 9)

For recurrent determination of the coefficients ¢;, depending on the material parameters of contacts,
taking into account the initial and boundary conditions, was used method described in [1], [2].

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AR19675480).
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Least-Square Monte Carlo methods for American options
against Finite Difference Method
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American options, exercisable at any time before expiration, present a significant valuation
challenge due to the embedded optimal stopping problem. Traditional methods like the Finite
Difference Method (FDM) face limitations in high-dimensional or path- dependent settings. This
work rigorously compares the Least-Squares Monte Carlo (LSM) method, proposed by Longstaff
and Schwartz (2001), with FDM, emphasizing mathematical foundations and computational effi-
ciency.

The value of an American option is the supremum of expected discounted payoffs over all
stopping times 7 < T

Vo =sup EY [e779(S;)]
T<T
where ®(S;) is the payoff function, and Q is the risk-neutral measure.
The Black-Scholes PDE for a put option with strike K and volatility o is:

8V

L o 5 02V oV -
ar 737 Y g T Sas rv=0

with boundary conditions:

V(S,T) =max(K — 5,0),  Jim V($,) =0, V(0,1) = Kem(T=0),
—00
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Discretizing on a grid (.5;,t;) yields a system of linear equations solved implicitly.
At each exercise time tj, the continuation value C(ty, Sy, ) is approximated using regression on
basis functions {¢,,(S5)}:

N
C(tk‘a Stk) ~ Z 5711;[}71(3%)7

n=0
where coefficients 3, minimize:
M N 2
%il]% (eTAtV(tkH, St(:z) — Z ,Bnl/Jn(S,f}:n))> :
"Tm=1 n=0

The exercise decision is:
T =1inf {t;, : ®(S;,) > C(t, St,.)} -

The LSM method provides a flexible alternative to FDM for high-dimensional problems, al-
beit with higher computational cost. Its mathematical foundation in regression and Monte Carlo
makes it particularly suited for path-dependent derivatives, while FDM remains superior for low-
dimensional smooth problems.

Keywords: American Options, Least-Squares Monte Carlo (LSM), finite difference method (FDM), optimal stopping

problem, Monte Carlo simulation, regression analysis, option Pricing
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Mathematical models of heat and mass transfer in liquid
electrical contact bridges
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The dynamics of a molten bridge appearing between electrical contacts at their opening can
be described by two models. The first model describes bridging as the extension of a liquid metal
zone appearing in the constriction region between opening contacts that is correct for easily melted
materials such as Ag, Cu, and their alloys. The second one is based on the representation of a bridge
formation as a result of the melting of a filament between contact surfaces. It is typical mainly
for contacts at closure and for such refractory materials like W, Mo, C etc. Dynamics of heating,
melting and evaporation of a micro-asperity which transforms to a liquid bridge can be estimated
using this model. Both axisymmetric models of the evolution of a bridge with moving boundaries
take into account rising temperature, electromagnetic and surface tension forces, thermoelectric
effects and heat transfer exchange with the adjacent contact zone. All consecutive stages of bridge
evolution including heating and melting of the constriction region (or the surface filaments), bridge
extension and deformation, and its final rupture are considered in dynamics. It is shown that the
main mechanism of bridging rupture is its explosion in a point where the temperature reaches the
boiling value. In the range of low current this point may be shifted from the centre of the bridge due
to Kohler and Thomson effects and its position defines the bridge material transfer. In the range of
high current, the mechanism of the bridge rupture may be caused by compressed electromagnetic
forces. The special form of a bridge, which appears for refractory contact materials at high current,
is considered and modeled also. In this case, the melting of the contact spot begins from the edge
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of the contact spot and leads to a hollow cylindrical form of a bridge. For the quasi-stationary
bridges the rupture may occur due to the forces of the surface tension. The form of such a bridge is
defined using the variation principle of the minimum free energy required for the bridge formation.

The dependence of bridge dynamics on such parameters of contact materials as heat conductiv-
ity, electric resistivity, surface tension coefficient, specific heat of fusion and evaporation, inductance
etc. are discussed. Results of calculation are compared with the experimental data.

Funding: These results are supported by the grant of the Ministry of Science and Higher Education of the Republic
of Kazakhstan No. AP BR20281002 for the years 2023-2025.
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Kawahara equation in domains with moving boundaries
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The Kawahara equation was first derived by Kawahara in 1972 in [1] to describe long nonlinear
waves in weakly dispersive media. It arises in study of the water waves with surface tension, in which
the Bond number takes on the critical value, where the Bond number represents a dimensionless
magnitude of surface tension in the shallow water regime (see [2, 3]).

For real 7 > 0, and D, is a time-moving interval: D, = {{ € R | a(r) < { < B(7)} and Q-
denote a bounded domain with moving boundaries: Q, = {(¢,7) € R? | £ € D,,7 € (0,T),T > 0}.
In @, we consider the classical Kawahara equation

Ur — Degeee + Veee + 99 =0 (1)
subject to initial and boundary conditions:

9(&,0) = Jo(£), € € Do. (2)
Hel(7),7) = ¢1(7), H(B(7),T) = ¢2(7),
Ve(a(),7) = ¢3(7), Ve (B(T), 7) = ¢a(7), (3)
Vee(B(7),7) = ¢5(7)
with (¢1, ¢2, 93, ¢4, 95, @, B)(7) € C*([0,00)) and
0<ap<pB(1)—alr) <Py <0
for all = > 0.
The obtain regular solutions, we impose the following compatibility conditions:
$1(0) = Yo(a(0)), $2(0) = Vo(B(0)), @3(0) = Fy((0)),
94(0) = d(5(0)), ¢5(0) = I (5(0)).

We adopt the usual notation || - [|(7) to denote the norm in L?(D).
The main results of the paper are the following theorems.

Theorem 1. Let ¥y € H°(Dy) and compatibility conditions (4) hold. Then for all finite T > 0
there exists a unique strong solution to problem (1)-(3) such that

¥ € L>(0,T; H(D,)),
0y € L0, T; L*(Dy)) N L*(0,T; H' (D-)).
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Theorem 2. Suppose

(61, B2, b3, da, 05,0, B)(7) € L0, 00) N L=(0, 00),

and for all T > 0 and any k > 0 one can find real numbers v € (0,k) and ®g > 0 such that

T

/e’“snw + |2] + |s] + [da] + |@5] + || + [8]](s) ds < Do
0

Then there exist real numbers § > 0, > 0 and Vo > 0 such that is

o0

(1190 +/H¢1I T 1] + sl + 64l + 15| + o] + N1 dr) < 4,

0
191 (r) < Voe™ 7.

The paper considered an initial-boundary value problem in a bounded domain with moving
boundaries and inhomogeneous boundary conditions for the Kawahara equation. The existence
and uniqueness of strong global solutions are proved, as well as the exponential decrease of small
solutions in asymptotically cylindrical domains.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP22686595).
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Threshold analysis of the Laplacian with non-local
potential in four-dimensional lattice

O.I. KURBONOV
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Introduction. Eigenvalue behaviour of a family of discrete Schrodinger operators H,, depend-
ing on parameter a € R is studied on the three-dimensional lattice Z*. The non-local potential
is described by the Kronecker delta function and the shift operator. The characteristics of the
Fredholm determinant at values of z below the essential spectrum and their dependence on the
parameters are studied. We also show that the essential spectrum absorbs the threshold eigenvalue
and threshold resonance. In this paper, we set a goal to explore the spectrum of the discrete
Schrédinger operator with a non-local potential given at the points zg, —z¢ € Z*. We demonstrate
the feature of the Fredholm determinant outside the essential spectrum depending on the param-
eter o, and the sum of coordinates of the point 2o € Z*. We show clearly by Theorem 1 that the
existence conditions for the point z = 0 to be an eigenvalue or resonance for a given operator and
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their parameter o depend on them.

1. The discrete Schrodinger operator

For brevity, we use the following notations throughout the paper: Z* is the 4-dimensional
lattice and T* = (R/27Z)* = (—m,7]* is the 4-dimensional torus (the first Brillouin zone, i.e., the
dual group of Z*) equipped with the Haar measure.

Let T(y),y € Z* be the shift operator

(T (x) = flx+y), feb(Z)zel

the discrete Laplacian A on the lattice Z* is described by the self-adjoint (bounded) multidimen-
sional Toeplitz-type operator on the Hilbert space f3(Z*) as

A- % S (T(s) = T(0)).

sez4
[s|=1

Let Vp be a multiplication operator in ¢3(Z*) by the Kronecker delta function §[-, 0]:

Vof(x) = o[z, 01f (z).

Then, for a given point x¢ € Z*, we define the non-local potential as

Vo = 5 (VT (o) + T (@0)V0) + 5 (BT (~a0) + T"(~0) Vo).

The discrete Schrodinger operator j-\Ia acting in fo(Z*), in the position representation, is defined as
a bounded self-adjoint perturbation of —A and is of the form

Hy=-A-V,,. (1)
In the momentum representation, the one-particle Hamiltonian H, can be expressed as
Hy = Hy — Va, (2)
where Hp and V,,, are respectively defined as
Hy=F (-AN)F and Vi, = F* (Vi) F,

with F being the standard Fourier transform F : Ly(T4) — f2(Z*) and F* : £5(Z*) — Lo(T*) being
its inverse. Explicitly, the non-perturbed operator Hy acts on Lo(T?) as a multiplication operator
by the function e(-):

(Hof)(p) =e(p)f(p), [ € Lo(T?),

where ¢(p) = Z?Zl(l —cosp;),p € T4 The function ¢(-), being a real valued-function on T4, is re-
ferred as the dispersion relation of the Laplace operator in the physical literature. The perturbation

Vi acts on f € Ly(T*) as the two-dimensional integral operator:

1

(Vmof)(p) = W

/a(cos(xo,p) + cos(z0, 8)) f(s)ds, f € La(TH).
T4

2. The essential spectrum of H, The perturbation V,, of Hy is a two dimensional operator,
therefore in accordance with the Weyl theorem on the stability of the essential spectrum, the
equality oess(Ho) = 0(Hp) = 0ess(Hp) holds. As Hy is the multiplication operator by the continuous
function e(-),
Uess(Ha) = [emina emaz] = [078]

3. The Fredholm determinant associated with H,
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First, for a complex number z € C )\ [0, 8], let us introduce the following integrals

1 1 ' 1 cos(xo,t) , 1 cos?(zo, t)
i | w2 P = G [ Sy O = e [ T

T4 T4 T4

Az) =

Then, for any a € R, the Fredholm determinant associated to the operator H, is defined as a
regular function in 2z € C\ [¢min, ¢maz):

a2, D(z) = B2(z) — A(2)C(2). (3)

Lemma 1. The number z € C\ [0,8] is an eigenvalue of Hy, if and only if A(a;z) = 0.

Properties of A(q;z) For a fixed 2 € Z* we consider the function

R L[y, 4

(LL’,Z)— (271')4/6(75)—2 y ZG(—OO,emin), ( )
T4

then the functions A(z), B(z) and C(z) can be expressed as A(z) = R(0,z), B(z) = R(xo, 2)

and C(z) = 5 (R(0, 2) + R(zo, 2)) respectively.

Lemma 2. (a) For any z € (—00, emin), the numbers

1 1
ao(z) = and «aq1(z) = 5
2(2) B(z) + VAR)C(2) 1) B(z) — /A(z)C(2) (5)

are a-intercepts.

(b) For any &,z € (—00, emin) with & < z, the inequalities

a1(8) < a1(2) <0 < az(z) < az(§) (6)

and
|a1(z)| > aa(z) (7)

hold.

Moreover, we have
. 1 .
af = Z_}ign_al(z) = Bo VAT <0, lim ai(z) = —oo (8)
and )

WA O pvaGy Ameet) = ©)

4. Threshold eigenvalues and threshold resonances of H,
So far, we have studied the equation H, f = zf for z € (—00, emin). Now, we consider it at the
left edge z = epnin of the essential spectrum.

Definition 3. In the equation H,f = eminf, emin is called
(1) a lower threshold eigenvalue if f € Lo(T4),
(2) a lower threshold resonance if f € L1(T*)\ La(T%),
(3) a lower super-threshold resonance if f € L (T4)\ L1(T?) for any 0 < e < 1.

If Hyf = eminf has no solutions in Li(T*), then ey, is a regular point of H,.

Lemma 4. (a) Institute of Mathematics and Mathematical Modeling
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For a continuous function
o(p) = Cscos(zg,p) + Cy

(where C3,Cy € C are fixed numbers) define

g(p) = @(p)/e(p).

The function 1/¢(p) has a unique singular point at the origin p = 0, and approximated as ¢(p) ~ |p|?
at this point. The lemma below is a straightforward consequence of the definition of g and the
properties of e(-)

if p(0) =0, then g € Lo(T?).
(b) if 9(0) #0, then g € Li(T*)\ La(T*).

In the theorem below, we describe the conditions for ey, = 0 to be a regular point, an
eigenvalue or a threshold resonance.

Theorem 5. (a) Let A(a,0) # 0. The number 0 is a regular point of Hy.
(b) Let A(c,0) = 0.
(b1) The number 0 is an embedded eigenvalue of Hy, if « = m;

(b2) The number 0 is a threshold resonance of Hy, if o # m.

Keywords: Discrete Schrodinger operators, essential spectrum, threshold resonance, eigenvalues, lattice.
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Bernhard Riemann 1861 revisited: existence of flat
coordinates for an arbitrary bilinear form
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I generalize the celebrated foundational results of Bernhard Riemann and Gaston Darboux: we
give necessary and sufficient conditions for a bilinear form to be flat. More precisely, I give explicit
necessary and sufficient conditions for a tensor field of type (0, 2) which is not necessarily symmetric
or skew-symmetric, and is possibly degenerate, to have constant entries in a local coordinate system.
This portion of results results is based on [1] and [2].

Special attention will be devoted to the question how smooth are the “flat” coordinate system.
In particular I overview known results on the smoothness of isometries of Riemannian metrics, and
generalize them to the Finslerian metrics. This portion of results if based on [3].

Funding: This research is partially funded by the DFG (projects 455806247 and 529233771), and by the ARC
(Discovery Programme DP210100951).

Keywords: Flat coordinates , Degenerate metrics , Symplectic structure , Poisson structure , Hamiltonian vector
fields , Curvature , Pfaffian systems , Darboux theorem , Pullback equation - Hartman Theorem
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One phase Stefan type source coefficient and heat flux
problem
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This work explores the Inverse Stefan problem, with a particular emphasis on identifying the
time-dependent source coefficient in the parabolic heat equation that describes heat transfer and
phase change in a semi-infinite rod. Given an arbitrary fixed time T' > 0, we consider the following
formulation:

875“’ = a2617$u + R(t)f([]?,t), (.f(},t) € (07 S(t)) X (OvT) (1)
with initial condition
u(z,0) = p(x), s(0)=sp, =z €]0,s, (2)
and boundary conditions
U(O,t) =0, te [OaTL (3)
u(s(t),t) =u*, tel0,T], (4)
and subject to the Stefan condition
—kOyu(s(t),t) = Lps'(t), te[0,T], (5)

Here, () is a given function, k represents the thermal conductivity of the material, L denotes
the latent heat of fusion, u* is the phase change temperature, s(t) defines the given phase change
interface, a® corresponds to the thermal diffusivity, and p denotes the density of the material.

The objective of this study is to identify the source term coefficient R(t) along with the function
u(zx, t) for different. Additionally, the study aims to determine the heat flux function by modifying
condition (3) with the following condition:

—kO,u(0,t) = q(t), te0,T], (6)

where ¢(t) is an unknown function that needs to be determined.
We prove the existence and uniqueness of a weak solution obtained by using spectral methods
and establish estimates for its continuous dependence.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).
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Modeling and analysis of mixing and combustion of fuel components is necessary to understand
the processes occurring in the combustion chamber in various power plants. In particular, such
studies are necessary for the development of ramjet and liquid rocket engines (RAMJET, LRE).
Mathematical modeling at the engine design stage saves money and time on physical experiments.
Often, due to the transience of some processes in the combustion chamber, the implementation and
detailed analysis of experiments is extremely difficult or even impossible.

Despite the existence of a number of similar works, the problem remains relevant, since not
all physical mechanisms of mixing of gas and liquid phases have been comprehensively studied.
Moreover, most studies consider air as the gas phase, and solid particles instead of liquid droplets
[1, 2, 3, 4, 5], while in this study the behavior of pure oxygen and liquid kerosene is modeled.

In this work, numerical modeling of mixing liquid fuel (kerosene) with an oxidizer (oxygen)
is performed using the Euler-Lagrangian approach. For the gas phase, the space-averaged Navier-
Stokes equations are used, and for the dispersed phase, a system of ordinary differential equations
is used. At this stage, the model does not consider interphase exchange. The initial equations for
the carrier phase are solved using the third order essentially non-oscillatory (ENO) scheme. The
trajectory, velocity, mass change and temperature of the fuel droplets are determined by the second
order explicit Euler method.

The numerical experiment is carried out in a wide range of gas-dynamic parameters such as the
temperature of the carrier phase, the convective Mach number and the angle of relative atomization
of the fuel components. The work studies both the dynamics of the formation of a non-stationary
vortex system and its effect on the distribution of liquid droplets in the mixing layer.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
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Keywords: numerical simulation, two-phase flow, kerosene, oxygen, Eulerian-Lagrangian approach, Essentially
Non-Oscillatory (ENO) scheme.

2010 Mathematics Subject Classification: 35Q30, 76F65 , 76T10

References

[1] Wang, B., Ren, Z. Effects of Fuel Concentration Gradient on Stabilization of Oblique
Detonation Waves in Kerosene—Air Mixtures., Flow Turbulence Combust 111, 1059-1077 (2023).
DOI:10.1007/510494-023-00425-2

[2] Ren, Z., Zheng, L. Numerical study on rotating detonation stability in two-phase kerosene-
air mixture., Combustion and Flame 231 (2021) 111484. DOI:10.1016/j.combustflame.2021.11148/

[3] LastNamel N1.S1., LastName2 N2.S2., LastName3 N3.S3. Numerical study on stabilization
of wedge-induced oblique detonation waves in premixing kerosene-air mixtures, Aerospace Science
and Technology 107(2) :106245 (2020).

[4] Beketayeva A., Naimanova A., Ashirova G. Numerical analysis of vortex formation and
particle dispersion in a supersonic compressible particle-ladenmixing layer, Comp. Part. Mech.
10, 1411-1429 (2023). https://doi.org/10.1007/s40571-023-00563-4.

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 231

[5] Feng, Y., Ma, L., Xia, Z., Huang, L., Yang, D. Ignition and combustion characteristics of
single gas-atomized AleMg alloy particles in oxidizing gas flow, Energy, 196, (2020), 117056, ISSN
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Pricing European Options on Non-Uniform Stretched Grids
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In this talk, we discuss the application of non-uniform stretched grids for pricing European
options using the finite difference method (FDM). Standard uniform grids may fail to capture rapid
changes in option values near the strike price efficiently. By employing a stretching transforma-
tion, we aim to improve the accuracy while maintaining computational efficiency. We present the
mathematical formulation, grid construction, and implementation details of this approach.

The valuation of a European option follows the Black-Scholes partial differential equation
(PDE) [1]:

2
%+%02S2%+7’Sg—‘5/—7’v:0, (1)
where V' (S,t) is the option price, S is the underlying asset price, o is the volatility, and r is the
risk-free interest rate.

Using the finite difference method, we discretize the PDE on a spatial grid. Instead of a

uniform grid, we apply a stretching transformation [2]:

zi=f(i), i=0,1,...,N (2)

where f(7) is a function that clusters points near regions of high curvature, typically near the strike
price. Choices for f(i) include exponential, tanh, or power-law transformations [3].
The advantages of non-uniform grids include improved resolution in critical regions and reduced
numerical errors [4]. We compare different grid strategies and their impact on pricing accuracy.
This research contributes to the numerical analysis of financial derivatives, with potential ex-
tensions to American options and multi-asset models.

Keywords: FEuropean options, finite difference method, non-uniform grids, Black-Scholes
equation.
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Translation-invariant ground states for the Kittel model on
the Cayley tree
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Let I'* = (V, L) be a Cayley tree of order k > 1 with the root 2°, where V is the set of vertices
and L is the set of edges (see [1]). Consider spin values from ¢ = {O, 1,---,q}, where ¢ > 1. A
configuration is any mapping o : x € V — o(x) € ®.

The Hamiltonian of the Kittel model has the form [2]

H(U) =€ Z (1 - 50,0’(96)) =+ Z (6 + J(SO,J(xi))(l - 5O,J(x))7 (1)

zeW1 zeV\V1

where €, J € R are parameters,  is the Kronecker delta.
Let M be the set of unit balls with vertices in V. We denote the restriction of a configuration
o to the ball b € M by o,. We let ¢, denote the center of the unit ball b.

Lemma 1. For the energy of any configuration o, we have
Tj-Q 2(1_50,013 ) Zf Cp :xov
k;+2 Z( 500 )—’_% Z 50,0(3:0( 500 ) Zf Cb#x

z€b T,r€b

Ul(op) =

where

(Ui = TR+ 2}if =2,
{U;,j =1,k +3}if ¢ #aY,

UV = e, i=Tk+2 Uj={5e + 5310, j =Tk + 1; Uy = ke + 1J, Ups = c.

U(oyp) € {

(2

Definition 2. A configuration ¢ € € is called a ground state for the Hamiltonian (1), if
Ulo) = { min{Ui(l),i :@} if ¢, =aY,
min{Uj,j = 1,k + 3} if ¢, # aY,
for any b € M.
We denote A1 = {(e,J) € R%2:e >0, J >

k+2

Theorem 3. The following statements hold for the Kittel model on a Cayley tree of order k > 2:
i) if (e, J) € Ay, then there is a unique translation-invariant ground state p(x) =0Vx € V;
i) if (e, J) € R2\ Ay, then there is no translation-invariant ground state.

Funding: This research is funded by the Ministry of Higher Education, Science, and Innovation of the Republic of
Uzbekistan (Grant No. F-FA-2021-425).
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state.
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A diffusive logistic model with free boundary in ecology
M.S. RASULOV
V.I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan
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The spreading of an invasive or new species is a crucial topic in mathematical ecology. Nu-
merous mathematicians have worked on developing various invasion models and have studied them
from the perspective of mathematical ecology. In 2010, Y. Du and Zh.Lin have proposed a new
reaction-diffusion model with free boundary to better understand the spreading of an invasive or
new species. They have established the existence and uniqueness of global solutions and, further-
more, derived various interesting results about the asymptotic behavior of solutions. One of very
remarkable results is a spreading-vanishing dichotomy of the species. Since then there has been
extensive works for the reaction-diffusion model with free boundary [1, 2].

In this work, we investigate a free boundary problem for a diffusive logistic model:

k(u)up — dugy — muu, = u(a —bu), (t,x) € D (1)
u(0,2) =ug(z), 0<x<s5(0)=sp, (2)
u(t,0) =0, 0<t<T, (3)

u(t,s(t)) =0, 0<t<T, (4)
s'(t) = —pug(t,s(t) —p, 0<t<T, (5)

where D = {(t,z) : 0 <t < T,0 < = < s(t)}; z = s(t) is the free boundary, which is defined
together with the function w (t,x). d, m, a, b, sg, pu are positive constants, k (u) > ko > 0 for any
u > 0. The initial function ug(z) satisfies ug € C? ([0, s0]), uo = &, uo(s0) = 0, ug > 0 in [0, sp) and
wl@) — .

Problem (1)-(5) arises in the modeling of the propagation of a new or invasive species, with the
free boundary representing the propagation front. (¢, x) is the density of the species, the moving
interval [0, s(¢)] is the region occupied by the invasive species. Moreover, the environment at the
boundary also affects the spreading of the species, if the environment is against spreading, this
will result in spreading resistant force at the boundary, we use p > 0 to denote the decay rate at
such boundary. We now explain p > 0 in the boundary condition from the view of propagation
of species. When the species spreads to a new place, there usually exists some resistance to the
diffusion boundary caused by hunter or bad environment, this results in a decay rate. Even so, they
must move to the new place since the density in the existence interval [0, s(¢)] is so large (caused
by u(t,0) = o). Obviously, it is more easier to spread when ¢ = 0 than o > 0.

Theorem 1. Let s(t), u(t,x) be a solution to problem (1)-(5). Then there exist positive constants
My, Ms independent T such that

0 <u(t,2) < My =max {o Juo(@)l, 5 |, (t.2) €D, (6)
|—p<s(t)<My=uN—p, 0<t<T, (7)
whereNZmax{%,max S:ﬂm ,%}.
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H 4-periodic ground states for the Chui-Weeks model on
the Cayley tree of order three
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The Cayley tree I'* (see [1,2]) of order k& > 1 is an infinite tree. It is known (see [2]) that
there exists a one-to-one correspondence between the set V' of vertices of the Cayley tree of order
k > 1 and the group Gy of the free products of k + 1 cyclic groups {e,a;}, i = 1,...,k + 1 of the
second order (i.e. a? = e, a;l = a;) with generators ay,ag, ..., ax11.

We consider model where the spin takes values in the set ® = {0,1,2}. For A C V a spin
configuration o4 on A is defined as a function z € A — o4(z) € ®; the set of all configurations
coincides with Q4 = ®4. Denote Q = Qy and 0 = oy

The Chui-Weeks model (see [3]) is defined by the following Hamiltonian

Ho)=J Y |o(@) =0 [+a)_ o0
(z,y)€L eV
where J,a € R, « is an external field and o € Q2.
We study all H 4-periodic ground states for the Chui-Weeks model on the Cayley tree of order
three, where
Hy={zreGjs: wa(ai) is an even number},
€A
where ) # A C N3 = {1,2,3,4}, and w,(a;) is the number of letters a; in a word z € G3. Any
normal subgroup of index two in Gz is of the form Hy4 (see [1,2]). If A = {1,2,3,4}, then the
normal subgroup H4 coincides with the group G:(f .
The following theorem describes all H 4-periodic ground states for the three-state Chui-Weeks
model.

Theorem 1. Let k = 3. Then for the Chui- Weeks model the following assertions hold
i) if (J,a) € {(J,a) € R?: J =0, > 0}, then the following siz H s-periodic configurations

1, if x € Hy, 2,if v € Hy,
olx) —
2,if x € Gs\ Ha, 1, if v € G3 \ Hga,

are H g-periodic ground states;
i) all H g-periodic ground states except the ground states found in i) are either translation-invariant

o(x) = |A|=1,2,3

or G:(,)Q) -periodic.

Keywords: Cayley tree, Chui-Weeks model, ground state, translation-invariant ground state, periodic ground state.
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Parallel surfaces in Galilean space
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This thesis is dedicated to studying the differential properties and geometric characteristics of
parallel surfaces in three-dimensional Galilean space. In the article, parallel surfaces are studied in
relation to the main surface, and the first introduces to concept of a parallel surface.

Surface theory, as a fundamental concept in geometry, is widely applied in various fields such
as differential geometry, physics, engineering, and mathematical modeling. The study of surface
properties and their interrelationships is particularly significant in special geometric spaces like
Galilean space.

A. Artikbaev and N. Ye. Pankina were among the first to address problems of total geometry
in Galilean space [1,2]. Also, the theory of three-dimensional Galilean space is described in O.
Rochelle’s monograph [3]. Over time, many papers have been published on the surface theory in
Galilean space, contributing to the study of its differential geometry [4;5;6]. This thesis focuses on
the differential properties of parallel surfaces in three-dimensional Galilean space.

Let A3 be a three-dimensional affine space, Oxyz be an affine coordinate system with the
origin at the point O (0,0,0), and {7, j, k} be the basis vectors of this space. The scalar product of
given vectors X {z1,y1,21} and ?{xl, Y1, 21} is defined by the following formula:

e r1x2, 1f X122 # O,
XV) = . .
( ) { Yy2 + 2122, if x1we = 0. (1)

Definition 1. An affine space where the scalar product of vectors X{xl, Y1, 21} and 17{:151, Y1, 21}
is defined by formula (1) is called a Galilean space and is denoted as R} or G3 [7].

The scalar product in (1) is referred to as a degenerate scalar product.
A surface in a three-dimensional space is defined as a set of points satisfying the equation:

F(z,y,z) =0.
Locally, around a regular point, this equation can be rewritten in the form: z = f(x,y).

In Galilean space, this equation takes the form:

T =7 (u, v) = ui + y(u, 0)7 + z(u, 1})%> (2)

Let us consider a given surface in three-dimensional Galilean space, defined by equation (2)

[1].

Let M and M* be two surfaces in Galilean space Gs.
Definition 2. The function

frr(u,v) = 1 (u,v),
p = f(p) = [p1; p2 + Aaz(p); p2 + Aas(p)]
is called the parallelization function between the surfaces M and M*, where p = (p1,p2, p3) and

n = (0, az,a3) is the unit normal vector on M, and M? is the parallel surface to M in G3, and A
is a given positive real number.
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It is known that surfaces that share a common normal are called parallel surfaces. Based on
this, we can give following definition.

Let M and M* be two surfaces in Galilean space Gs.

Definition 3. The function

r (u,v) =r (u,v) + An

is called the equation of the surface M?*, which is parallel to base surface M at a distance \.

It is clear from the above definitions that the parallel surface M?* is studied in direct relation
to the base surface M. Let M and M?* be two parallel surfaces in Galilean space.

Theorem 4. The first quadratic form for a parallel surface is given by:
ds® = I = du?,
If I} =0, then

o 2
ds® = I = <(GGAN) + (%) /\2) dv? = G do?.

Theorem 5. The total curvature for a parallel surface is given by:

o (G—NXN?K + (G- N ((FgQ)2 L+T2T3,N — 2r§1r32M) )\+
N (G — N + (T%,)° G2
(GK = N)NA+ ((1%,)° 1%, — (13,1%)°) X2

(G = NMN? + (T2)* G

_|_

Keywords: Galilean space, parallel surface, quadratic form, normal curvature, total curvature, mean curvature.
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Besicovitch—type inequality for closed geodesics on
2-dimensional spheres
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In this talk, we explore a question posed Y. Liokumovich in [1], which asks whether there
exists a constant C' > 0 such that for any 2-dimensional Riemannian sphere (52, g), there exist two
distinct closed geodesics with lengths L1 and Lo satisfying

LlLQ S CArea(SQ, g)

We establish that this conjecture holds for any C3-smooth bumpy metric.

The study of bounds on the lengths of closed geodesics has a rich history. In [2], M. Gromov
established the systolic inequality, which bounds the length of the shortest non-contractible loop
on a essential Riemannian manifold relative to its volume. Optimal constants for the systolic
inequality have been determined for specific surfaces: the 2-dimensional torus by L.C. Lowner, the
real projective plane by P.M. Pu (see [3]), and the Klein bottle by C.B. Croke and M. Katz (see
[4]). However, the sphere is not an essential manifold. The first bound on the length of the shortest
closed geodesic on a Riemannian 2-sphere in terms of area was established by C.B. Croke [5]. This
result was later improved, with the most recent enhancement made by R. Rotman, who provided
the best currently known constant in [6]. Furthermore, in [7], Y. Liokumovich, A. Nabutovsky,
and R. Rotman proved the existence of three distinct simple closed geodesics on a 2-dimensional
Riemannian sphere, with their lengths bounded by the diameter of the sphere. Notably, it is known
that the length of the second shortest closed geodesic cannot be bounded purely in terms of the
square root of the area, as demonstrated by the example of long ellipsoids. Our result can be
seen as a spherical analog of the Besicovitch inequality, which provides a bound on the product of
distances between opposite sides of a Riemannian square in terms of its area.

Funding: This research is partly funded by the German Research Foundation (DFG).
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Forecasting Asthma Incidence in Kazakhstan using
ARIMA and SARIMA Models
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Introduction. Millions of people worldwide suffer from bronchial asthma (BA), a chronic
inflammatory disease of the airways that causes substantial morbidity and medical expenses. Over
the past ten years, the incidence of BA has increased in Kazakhstan, making accurate forecasting
methods necessary to support healthcare planning and resource allocation. Time series techniques
like ARIMA (AutoRegressive Integrated Moving Average) and SARIMA (Seasonal ARIMA) are
more suited for predictive analytics since traditional epidemiological models are unable to capture
the intricate temporal relationships of asthma incidence rates.

This work builds asthma incidence prediction models using historical data from the Kazakhstan
Ministry of Health. Preprocessing time series data, doing stationarity tests, and choosing the best
parameters for ARIMA and SARIMA models using the Akaike Information Criterion (AIC) are all
part of the methodology.

Mathematical Framework. The general form of the ARIMA model is given by

p q
Y; :C+Z¢2‘Y27i+29j€t7j+€t> (1)
i=1 j=1
where Y; is the observed time series, ¢; are autoregressive coefficients, §; are moving average
coefficients, and ¢; is white noise. The differencing order d ensures stationarity.
The SARIMA model extends ARIMA to account for seasonality:

(1= 6:B)(1 - BYPY: = c+ (1+ 30,8, (2)
i=1 j=1

where B is the backshift operator, s is the seasonal period, and D represents seasonal differencing.

Theorem 1. The optimal parameters (p,d,q, P, D,Q,s) for SARIMA minimize the Akaike Infor-
mation Criterion (AIC), given by AIC = —2log L + 2k, where L is the likelihood function and k
18 the number of estimated parameters.

Corollary 2. For a stationary time series with a known seasonal component, SARIMA (p,d,q)
(P, D,Q)s provides an asymptotically unbiased estimate of future values, given a sufficient historical
dataset.

Lemma 3. If a time series has a strong seasonal pattern, then the inclusion of seasonal differencing
D > 0 significantly reduces residual autocorrelation, improving model accuracy.
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The thesis is devoted to developing and investigating models describing the interaction dynam-
ics of agents, such as pedestrians, incorporating anisotropic interaction mechanisms. The research
spans from microscopic interaction models to kinetic and hydrodynamic descriptions.

We consider a microscopic model describing the motion of N agents in a two-dimensional
space. The dynamics of each agent are governed by second-order ordinary differential equations:

d d 1
% = Vi v = T(wi —vg) — NZM(U“W)K(%%)’ (1)
JF#i
with the initial conditions z;(0) = 22, v;(0) = v?, where z;,v; € R? represent positions and velocities
respectively, w; the desired velocity, and 7 > 0 a relaxation parameter. The collision avoidance
mechanism is modeled using the rotation matrix:

G v A arccos (&> v; 0,05 #0
M (vi,vj) = <Cosa” Slna”)? Qi —{ Toillo;T) > ™ 70,05 70,

SinQj;  COS (O 0, otherwise,

where A indicates the collision avoidance direction. By integrating the rotation matrix, we transform
an isotropic model into an anisotropic. K : R? x R? — R? is a pairwise interaction force between
the agents i and j. Well-posedness of this system (1) is shown in [1].

To formally derive the candidate of the mean-field equation from the microscopic model, we
define the empirical distribution of the system (1) as f¥(z,v) = Zf\il d(x — xi(t),v — v;(t)) on
R? x R?, where 6 is the Dirac delta at (z;, v;).

Let us consider a test function ¢ = ¢(x,v) € C}(R? x R?). We assume that there exists
fN € C(R? x R?) such that

d ,.x d 1 1 d d
dt (M 0)0) = o7 D olws i) = N > (Vzw(wz,w) - %+ Vop(@i, vi) - dtvl>

N
1 1
=N E v; - Vaep(xi,v;) + Vep(x,v;) - (T(wi — ;) — N E M (v, vj) K (x5, x5)
i=1 i

Assuming more regularity and integrating by parts, we arrive at the equation
S + v Vaf = Vo [(—T (w—v) + / M (v,0) K (v, 3) df" <x,v>> 1 <x,v>] (2)
with initial condition f¥(z,v)|=0 = f& (2, v).

With the increasing number of agents, employing concise modeling techniques becomes more
feasible compared to individually tracking each agent’s trajectory. We introduced the kinetic model
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operating at the mesoscopic level, which fundamentally bridges microscopic particle-based models
with continuum mechanics systems representing the macroscopic level.

We define hydrodynamic variables, the macroscopic density and the momentum respectively
as

p(z,t) ::/ft(x,v)dv, pu(x,t) :/Uft(:n,v)dv. (3)

Then, integrating (2) with respect to dv we obtain the evolution equation for the macroscopic
density

Op+ V- (pu) =0.

Note that the mass of pedestrians is conserved and the equation depends on the momentum.
The first step towards the momentum equation is obtained by integrating (2) with respect to
vdv as follows

/v@tftdv + /v - oV frdv
=— /Vv S (w =) fi] vdv —l—/Vv . [/M (v,0) K (z,Z) dfi(Z,0) fr(z,v) | vdv. (4)

Note that the interaction term can not be rewritten in terms of pu and p. We, therefore,
discuss the monokinetic closure.
To close the momentum equation we employ the well-known monokinetic ansatz [2]:

ft(xvv) :p(x,t)é(v—u(az,t))7 (5)

where 0 stands for the Dirac delta distribution.
Using the macroscopic quantities (3) and formally integrating by parts we rewrite (4) as

at(pu)—i-Vw-(pu®u)+Vx~/(v—u)®(v—u)ftdv

= r(w—u)p— /M (u(z, £), u(@, 1)) K (2, 7) p(3, 1) - p.

Then, using monokinetic closure (5) the mean-field equation reduces to the following set of
hydrodynamic equations:

{8tp + Ve (pu) =0,

6
ou+ (u-Vy)u=r1(w—u)— [ M (u(z,t),u(z,t) K (z,z) p(z,t)dz. (6)

The system (6) is complemented by initial conditions p(z,0) = p(z) and u(z,0) = u(z), for z € Q.

Lemma 1. Given p(x,t) and u(z,t) as smooth as needed. Then, the ansatz (4) is a distributional
solution of the kinetic equation (2) if and only if (p,u) is a solution of the system (5).

We derive a hydrodynamic description of interaction dynamics using a moment approximation
of the kinetic equation (2). The hydrodynamic description enables us to analyze the stationary
states of the mean-field (kinetic) equation. Additionally, solving hydrodynamic equations numeri-
cally is less time-consuming than solving the kinetic equation, as it reduces dimensionality.

Keywords: anisotropic interaction model, kinetic equation, hydrodynamic description.
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Traveling Wave Speed and Profile of Rabies Model:
Insights from the ”Go or Grow” Hypothesis
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Rabies is a viral infection that affects the central nervous system, primarily transmitted through
direct contact with infected animals. The disease exhibits a characteristic traveling wave pattern of
spread, which can be effectively captured through mathematical modeling. In this work, we propose
a two-population reaction—diffusion model for the red fox based on the ”Go or Grow” hypothesis,
which incorporates the movement and interaction between susceptible and infectious populations.
Using approximation methods, we analyze various traveling wave solutions and provide new insights
into the progression of the infection, offering a more accurate representation of rabies spread.

Chaoticity in Cohen-Grossberg neural networks
A. ZHAMANSHIN

K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan
akylbek78@mail.ru

Cohen—Grossberg neural networks (CGNNSs) were first proposed by Cohen M. and Grossberg S.
in 1983 [1]. The class of networks has intensive applications within various engineering and scientific
fields such as neuro-biology, population biology, and computing technology. Such applications
strongly depend on the dynamic behavior of networks, so the analysis of the dynamics of the model
is necessary.

As is known, CGNNs include many well-known neural networks, such as the Lotka-Volterra
system, cellular neural networks, Hopfield neural networks, and are described as follows:

zi(t) = —a;(zi(t)) [bi(xi(t)) - Z cij(t) f5(z;(t) + vi(t) ], (1)
=1

where i = 1,2,--- ,n, is the number of neurons; z;(t) is the state of ith neuron at time ¢; a;(z;(t))
is an amplification function; b;(x;(t)) is the rate with which the unit self-regulates or resets its
potential, when isolated from other units and inputs; ¢;;(¢) is the strengths of connectivity between
cell 7 and j at time ¢; the function v;(¢) is an external input source introduced from outside the
network to cell ¢ at time t.

Let us commence with the definitions of Poisson stable and alpha unpredictable functions.

Definition 1. [2] A bounded function g(t) : R — R™ is called Poisson stable if there exists a

sequence tp, t, — 0o as p — 00, such that ||g(t +t,) — g(t)|| — 0 uniformly on compact subsets of
R.

Definition 2. [3] A bounded function g : R — R" is said to be alpha unpredictable if there exist
positive numbers €y, § and sequences t, — 00, s, — 00 as p — 00, such that ||g(t +t,) — g(t)]| = 0
uniformly on compact subsets of R and || g(t+1t,) —g(t)|| > €o for each t € [s, — 9, s, + ] and p € N.

The sequence t,,p = 1,2,..., in Definitions 1,2 is called the convergence sequence, and cor-
respondingly we shall say about the convergence property, while the existence of positive numbers
€0, 0 and sequence s, is said to be the separation property.
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In our research, the alpha unpredictable (chaotic) dynamics of Cohen-Grossberg neural network
(1) is investigated. To approve Poisson stability and alpha unpredictability in neural network, the
method of included intervals and contraction mapping principle are used. The existence, unique-
ness, and exponential stability of alpha unpredictable and Poisson stable outputs are discussed.
Examples with numerical simulations that support the theoretical results are provided. The de-
pendence of the neural network dynamics on the numerical characteristic, the degree of periodicity,
is shown.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23487275).

Keywords: Cohen-Grossberg neural networks, alpha unpredictable inputs and outputs, Poisson stability, chaotic
dynamics.
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Discrete HJB PDEs for European Options by Finite
Difference Method

A. ZHUMABAYEVA
SDU University, Kaskelen, Kazakhstan

aigulzhumabayeva2l@gmail.com

In this research, we study the numerical solution of the Hamilton-Jacobi-Bellman (HJB) equa-
tion for European options using the finite difference method (FDM). The HJB equation is an es-
sential tool in optimal control theory, especially for option pricing. A special case of this equation
leads to the well-known Black-Scholes model [1]:

2
6;;—%;025225‘2—#7“52?—7“1/:0, (1)
where V (S, t) represents the option price, S is the underlying asset price, o is volatility, and r is
the risk-free interest rate. This equation is derived as a particular form of the HJB equation under
an optimal investment strategy [2].

We apply the finite difference method to solve the HJB equation numerically. The method
involves discretizing time and asset price space, transforming the partial differential equation (PDE)
into a system of algebraic equations.

Moreover, we analyze the transition from the classical Black-Scholes equation to more ad-
vanced models incorporating transaction costs and stochastic volatility, which lead to nonlinear
HJB equations [3]. These generalizations require special numerical methods because of their in-
creased complexity.

The numerical solution of the HJB equation using the finite difference method provides a solid
basis for option pricing under more complex market conditions.

Keywords: HJB equation, Black-Scholes model, finite difference method, option pricing, numerical analysis.
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Computational Study on Thermal Conductivity of
Carbon-Carbon Composites Based on Time-Dependent
Heat Transfer
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Carbon-Carbon (C/C) composites exhibit exceptional thermal properties, making them ideal
for aerospace, nuclear, and high-temperature applications. Accurate determination of their thermal
conductivity is crucial for optimizing performance under extreme conditions. This study numer-
ically investigates thermal conductivity of C/C composites through time-dependent heat transfer
simulations performed with COMSOL Multiphysics. A multilayer composite structure was mod-
eled, and transient temperature distributions were analyzed using controlled boundary conditions.

Thermal conductivity was calculated by analyzing temperature profiles correlated with heat
flux and material properties, using numerical differentiation and interpolation methods. The com-
puted thermal conductivity profile demonstrates clear anisotropic behavior with significant dif-
ferences in in-plane and through-the-thickness directions. Simulation results were compared with
literature data, confirming accuracy and reliability of the computational approach.

The presented method provides a robust, non-destructive alternative to traditional experi-
mental techniques, enabling efficient evaluation of thermal characteristics for composite material
optimization.

Funding: This work was supported by the Science Committee of the Ministry of Science and
Higher Education of the Republic of Kazakhstan (grant no. AP23486576).

Keywords: Carbon-Carbon Composites, Thermal Conductivity, COMSOL Multiphysics, Time-
Dependent Heat Transfer, Thermal Protection Systems, Computational Modeling, Anisotropy.
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CEMAHTUMKAJIBIK JIEPJIIK KOCAPJIAPJIbIH KACHETI
AP. EIIIKEEB!, T.E. }JKYMABEKOBA2, A.K. KOIIIEKOBA3

1.2.3 Akanemux E.A. Bexeros aroimgarer Kaparamapl yausepcureri, Kaparamgpr, Kazakcram

laibat. kz@gmail.com, 2zhumabekovag1990@mail.ru, *koshekoval998@mail.ru

Bipiarmmi perti L caHaabIMIBI TIAIHAETT HOHCOHABIK TEOPHUSIAP/IBI 3€PTTEHMI3.

Anbikrama 1. T Teopusickl HOHCOH/IBIK, J€I aTaaaJibl, erep Kejaeci mapTrrapibl KAHAFaTTaHIbIPCa.;
1) T Teopusce e Kypbrranga 6ip mekcis Mojgenbre e 60ca;
2) T reopusicbl HHAYKTHBTI, sitan T Teopusichl VI-coiiiemMep KUbIHbBIHA SKBUBAIEHTTI O0JICA,;
3) T reopusicel yitnecimai enrizy kacuerine ue 6osca (JEP);
4) T reopusicel amanbrama Kacuerine ue 6osca (AP).

Aupikrama 2 (Emkees A.P.). X C Cp opbpanareiagail X imki »KUBIHBIH HOHCOHJBIK, JEPJTIK
KUBIH A€l aTafiMbI3, erep Kejeci MapTTap OpbIHAAICA:

1) X nmerenimis J-aHBIKTAMFAH KUBIH GOJIATHI;

2) c(X)=M e Mod(T),

3) Thy3(M) nerenimisz HoHCOHBIK Teopus Gonamabl, myagarbt, Thys(M) — L riniageri M wo-
IeJIiHge aKuKaT 00aThIH 0apJbIK oMOe0aI-9K3NCTEHITNAIALI COMIEMIeD KUBIHDI.

AnpikTama 3. Erep M wmomeni N MomemiHiH 3K3UCTEHIINAIIR TYHHIK 1K1 MofAesi bosca, OHga
(N, M) Kocapbl 3K3UCTEHITMAJIBI TYHBIK KOCAD JIE aTaaaIbl.

Awnbikrama 4. (Cp, M) sK3ucTeHIMaI bl TYABIK KOCAPhl CEMAaHTHKAJIBIK JepJiK Kocap Jer arasa-
ILI, erep KeJleci mapTTapibl KaHATaTTAHIBIPCA:

1) M wmoneni \TE—KaHbIKKaH 60713051, MYHIAFEI, \TE—KaHbIKKaH 9K3UCTEHIUAJIILI THIITEPTe
el MIeKTeareH Aerera Giimipei;

2) ke3 kearen a € Cp koprexi yuin T marbiHacbiaga M U {a} HOHCOHABIK gepJiiK >KUbIH
agchIHAarel opbip F-tuni C'r Moaeminge Ky3ere acagbl.

X ioHcoHabIK KublHbIHbIH parmenTi Fr(X) = Thy3(M) vypisgeri HOHCOH/IBIK TeOPUs eKeHIH
Histemiz. OcbiraH 6ailIaHBICTBI KeJIECl YEBIMIIBI eHTI3eiK.

Anpbikrama 5 (Emkees A.P.). Kes xenren itonconpik gepnik X C Cr xupmbt ymin Cpyx) €
Mod(T) xone CFT'( X) Mozeai Cp ceMaHTHKAJIBIK MOJCMIHIH 9K3UCTEHITNAIIb TYHBIK IIIKI MOIeI
DosTaThIHIAM TMTAPT OPRIHIATIATHIH HoJica, oHaa, 1 HOHCOHIBIK TEOPHSICHI HOPMAJIBIK JIET aTaJIa k.

Awunpikrama 6 (Emkees A.P.). Ajiranbik, T Teopusicbl HOHCOHIBIK, T€OPHsi DOJICHIH.
L-crpykrypacweiabia, K kaacer T Teopusiceinbin Kaiizep Kiackl gem aTagaibl, erep

Kp={M | M € Mod(T) »xoue Thy3(M) — #i0HCOHIBIK TeOpUs }.

Teopema 7. Atmaavk, T foncondur meopusacovs I-moavkk, J-cmabusvdi oscone Hopmarduk meo-
pua, aa (Cp, My) ocone (Cp, Ms) cemanmurarws depaik xocapaap 6oacon, My, My € K. 2Kone
de, T* meopusaco. T tioncondor meopuscoimory, yewmpi Goacown. (Cp, My) owcone (Cr, M) ceman-
MUKAABE, 0EPAIK KOCGDAGDYL IAEMERTNAPABL IKGUBAACHMMIE Goaadol, ezep oaapdor, I-munmepi T
MeOPUACHIHBIY, PYHMAMEHMAAON Pemi BOTLHUWG FKEUBAAEHMIME DOACE.

2KyMbICTarbl aHbIKTAMAaChl OepiiMereH YFBIMIAp, COHBIMEH KAaTap KeJTIpLIreH yFbIMIApD Typa-
JIBI TOMILIFBIPAK MojtiMerti [1] xkone 2] xxymbicTapbinan Taba axacsr3aap.

Kapxkbrnauapipy: By 3eprreyai Kazakcran Pecrybimkacst Peiabiv xxome xorapst 6imiv Munuctpairiaia Ierasiv
xommreTi (rpant Ne AP22686827) Kap:KbLIaHIbIPAIbI.

KiaTTi ce3zep: HOHCOHABIK TEOPHs, HOHCOHIBIK AEP/IK KHBIH, HOPMAJIABIK TEOPHS, CEMAHTHKAJIBIK AEPIIK KOcap-
aap.
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N CCIIEJOBAHUE ABYJOJIbHBIX T'PA®OB YEPE3 AHAJIN3
®OPMAJIBHBIX ITOHATUN

A.O. BAIIEEBA', E.K. HYP/JIMBAEB?, A.T. 2JKYCYIIOBA3

1.2.3 Bppasuiicknii anunonansasiii yansepcurer uvenn JI.H. I'yumresa, Acrana, Kazaxcran
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Dra pabora uccaemyer Teopuio rpad uepes anaaus dopmanbabix moaruit (A®IL), ¢ akmeH-
TOM Ha TIOHUMaHUE CTPYKTYPhI U IPEJICTABICHUs PEIIETOK KOHIENTOB, Oy YeHHBIX U3 JBYI0IbHBIX
rpadoB. MBI ycTaHABINBAEM CBA3H MEXKIY MOJHBIMEA (POPMAJIbHBIMU KOHTEKCTAMH M COOTBETCTBY-
FOIUMU UM JIBYJIOJIbHBIME padhaMu, Mpe/jiaras OCHOBY JIJis M3YUEeHUsT MOJIYJISPHBIX permérok. [lo-
JIYIEeHHBIE PEe3Yy/bTAThl MTOKA3BIBAIOT, ITO PEIIETKA KOHIENTOB IIOJHOrO (POPMAJBLHOIO KOHTEKCTA
n30MOPdHA MOIYISIPHON PEIIETKEe BHICOTHI 2 TOTAA W TOJLKO TOrIa, KOILA COOTBETCTBYIOMIMEA eif
IBYIOMbHBIN Tpad mpeacrtasaser coboit mecBasuoe obbeanuenne Oukank. [IpuwBoggaTca HEKOTOPBIE
IPUMEPHI.

®unancupoBaHue: lanmoe nccnenoBanne ¢uuancupyercs Kovmurerom naykm MwuHnHCTEpCTBa HAYKW W BBICIIETO
obpasosanust Pecy6inku Kasaxcran (rpant Ne AP23485395).

KuarogeBble ciioBa: GopMaIbHBII KOHTEKCT, PEHIETKA KOHIIEIITOB, ABYA0/IbHBIN rpad, MOAy/IdpHas PenéTKa.
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AJITEBPBI BUHAPHBIX M30JIMPYIOIIINX ®OPMYVYJI JIJId
TEOPUN MOAVJIAPHBIX ITPOU3BEJIEHVN I'PA®OB

J.XO0. EMEJIbAHOB

Y Hosocubupckuii rocynapcrsernnsiit rexamaeckuii yrusepcnrer, Hopocubupcx, Poccrst
2Uucruryr maremaruxn um. C.J1. Cobosesa CO PAH, Hosocubupck, Poccus
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[Iponoikaercs: uccjieioBanne ajredp OUHAPHBIX U3OJUPYOMUX (DOPMYJ, 0O03HAYEHHBIX B UC-
TounHuKe |2|, s npousseenuit rpados. [IpejcraBienbl Pe3yabTaThl /I MOAY/ISPHBIX [IPON3BEIe-
uuii. Pabora Br/touaeT B cebs m3ydeHWe CTPYKTYPhI U CBOWCTB TakKux ajredp, UTO IO3BOJISET He
TOJIBKO JIy4Ille IMOHATH UX BHYTPECHHUE MEXAaHU3Mbl, HO W BbIZIBUTH IMOTCHIUAJIBHBIC 3aBUCUMOCTU 1
KOPPEJISIIINY MKy Pa3iudHbIiMU rpadamMu u ux ajarebpamu.
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Onpenenenne 1. MHOKeCTBO BepiunH MOayabHOrO npoussejnenus G u H aBisercs AeKapTOBbIM
npoussenerueM V(G) x V(H). Jlobsie ape Bepmunbl (u,v) u (u',v") sSIBASIOTCS CMEKHBIME B MO-
nayasprom npoussefennn G w H TOraa m TONBLKO TOT/A, KOTAA U OTINIAETC OT U/, U OTIMYaeTcs
or v/, m 6O U CMeKHO ¢ u', a v CMeXKHO ¢ v, WM u He CMEKHO ¢ U/, a v He CMexKHO ¢ v

Anrebpy mag MomynsgpHOTo mpomsBeneHust rpadgos G X H obosnaunm uepes M,, ¢ MeTKamu
{1,2,3,...,n}, rme n — HeYETHOE YUCJIO, PABHOE JUAMETDPY MOJY9IeHHOrO NpU yMHOXKeHun rpada.
Arebpa 3amaercs caeayroreit Tabureii:

1 2 3 1 n
{1} {2} {3} {4} {n}

0,2 {1,37 {027 {1,3,5} {0,2,4,...,n}
1,3 {0,2,4 {1,357} 10,2,4,6F . | {1,3,6,...,0-17F
0,2 {1,3,5 {0,2,4,6F {1,35, ...,0-17F | ... {0,2,4,..., 0}
11,35} {0,2,4,6F {1,3,5, ...017 {0,2,4,...,n} . | {1,3,5,..., 017

=] of %
e S el R K

n {n} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,...n}

Anrebpy mnaa Mopynsgproro npoussenenns: rpador H X G obozuaunm depes M., ¢ MeTKamun
{1,2,3,...,n}, re n — 4YeTHOe YWCJIO, PABHOE JAMAMETPY I[OJYYEHHOIO NPHU YMHOMKeHuH rpada.
[Monyunm maBe ogrHaKOBBIE AATEOPHI, 33JATOIINEC CIEIYIONeH Tabaureit:

1 2 3 1
{1} {2} {3} {4} {n}
0,2 {1,37 10,2} {1,3,57 . | {1,35,..., 01}
1,3 {0,2,4 {1,3,5} {0,2,4,6F 10,24, ..., n}
0,2 {1,3,5 10,2,4,6} 1,35, ...,0-1F | ... | {1,3,5, ..., n-1}
11,35} {0,2,4,6F {1,3,5, ..., n-1} {0,2,4,..., n} 10,2,4,. .., n}

=] of %
s )| N =) Of ©

n {n} {1,3,5, ..., n-1} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,..., n} {0,2,4,..., n}

Teopema 2. Fcau T — meopus modyaaprozo npousdsedenus zpagos, M — anzebpa OUHAPHBLIL
usoaupyrowus dopmya meopuu T, mo azebpa M uzomoppra anzebpe M, uauw MNM..

®dunancupoBaHue: Pabora BoimosHena mpu ¢GuHAHCOBOHN mommepkke Poccuiickoro mayumoro ¢omma, mpoekt Ne.

24-21-00096. (https:/ /rscf.ru/project/24-21-00096/).

KuaroueBsbie citoBa: Tpadbl, aaredbpa OMHAPHBIX W30JUPYIOMIUX (GHOPMYJI, TEOpUs Mojeneil, mpousseaeHne rpadosn,
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OB AJITEBPAX BUHAPHBLIX N30JIMPYIOIIINX ®OPMYJI IJIs
TEOPUU MMPOU3BEAEHUN KPOHEKEPA [JId TPA®OB

J.HO0. EMEJIbAHOB

" Uncruryr maremarnxu mv. C.JI. Coborera CO PAH, Hosocubupck, Poccust
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Ocy1tecTB/agercs: aHa 3 aJredpandecKux CTPYKTYD OHHAPHBIX W30 UPYIOMuX GopMyit [2] s
Teopuit npousBenenuii rpados. [Iposeneno nccaemoBanme aarebp, MOTYIEHHBIX TYTEM TPUMEHEHUS
npousseienus Kpouekepa njs rpados n-yroabaukos. [losnyuens rpadwer, Tabauis Kasiu s ad-
rebp. 3aMedeno, yTo Ipu yMHOXKeHUHN Ipada pebpa Ha N-yrOJABHUK ¢ Y€THBIM KOJTUIECTBOM BEPIITHH
MOJIYYIAIOTCS JIBA OJIMHAKOBBLIX rpada U, COOTBECTBEHHO, JIBE ajreOphl.
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Oupegnesienne 1. Ilycrs nannr apa rpada G1 = (Vi, Ey) u Ga = (Va, E»). IIpoussedenue Kpo-
nexepa [1] rpados G u G, obosnauaemoe Kak G1 ® (o, ompenensercs kak rpad G = (V, E),
rie:

o MmuoxkecTBO BepimuH V' gBJIAeTCA TeKapTOBLIM MPOM3BeJIeHNEeM MHOMXKECTB BepruH Vi u Vo:

V=VixVy,= {(U,U) | u € Vl,’U S VQ}.

o MmuoxkectBo pébep F ompemensgerca caeayommnM 00pa3oM:
E = {((u1,v1), (u2,v2)) | (u1,u2) € By m (v1,v2) € Ea}.

Takum obpazom, B rpacde (G1 ® G2 BeplIUHBI COEIMHEHBI PEOPOM TOTJIA U TOJBKO TOT/A, KOIJa
cooTBercTByROIINE Bepimibl B G1 1 Go coeuHeHbl PEOpaMU B CBOUX MCXOJHBIX Ipadax.

Anrebpy st mpoussesernsa Kpomekepa nByx rpados G ® H obo3nadnm depes Rt, ¢ METKAMA
{1,2,3,...,n}, TIe n — HEYETHOE YUCJIO, PABHOE JUAMETDY MOJYIEeHHOrO MU yMHOKEHUU rpada.
Anrebpa 3amaercs ciaeayroleil Tabanmeit:

* 0 1 2 3 4 n

T 10y i e); 6 a7 o

1 1 0,2 {1,3} {0,2} {1,3,5} {0,2,4,...,n }
2 2 1,3 10,2,4 {1,3,5} 10,2,4,6F {1,3,5, ..., 01}
3 3 0,2 {1,3,5 {0,2,4,6} {1,3,5, ..., n-1} {0,2,4,..., n }
4 4 {1,3,5} {0,2,4,6} {1,3,5, ...n-1 } {0,2,4,...,n} {1,3,5, ..., n-1}
n {n} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,...n}

Anrebpy st mponsBeiennst Kpornekepa neyx rpados H @ G obozHaunM depe3 Rt, ¢ METKaAMU
{1,2,3,...,n}, rye n — [YerHOe YWCJIO, PABHOE JMAMETPY TOJYYEHHOIO NMPU YMHOMKeHuH rpada.
[Mosyunm anredpy, KOTOpad 3aMaeTcda Caeayomel Tabaured:

* 0 1 2 3 4 n
R 7 7 (€3] ar

1 T 0,2 11,37 10,23 113,57

2 2 1,3 10,2,4 {1,3,5} 10,2,4,6}

3 3 0,2 11,35 70,2,4,6) 1135, ..., 017

1 1 113,57 70,2,4,6} 1135, ..., 017 10,2,4,..., n}

n {n} {1,3,5, ..., n-1} {0,2,4,..., n} {1,3,5, ..., n-1} {0,2,4,..., n}

Teopema 2. Ecaul' — meopus daa npoussedenuti Kponerepa oas epagos, M — arzebpa OuHGPHLL
usonupyrowus dopmya meopuu T, mo azebpa M usomoppra anzebpe KR, uau K.

3ameuanme 3. Fcau 6 pesysvmame npoussedenus Kpowexepa na epoagar nosyuaemca xoms vl
odun cumnaexc, mo aazebpa 0asa pesysvmama 6ydem usomoppna aszebpe cumnaercos [3].

®dunancupoBaHue: Pabora BblIOIHEHA B paMKaX IOCyJapCTBeHHOrO 3ajanus Vucruryra maremaruku um. C.JI.

Cobosena, ipoekt Ne FWNF-2022-0012.

KuroueBrbie ciioBa: rpadbl, anredbpa OMHAPHBIX M30IUPYOMUX (HOPMYTI, TeOpUs Mojerel, mpon3Beaenne rpados,
Kponekepa npoussejenue.
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O HEKOTOPHKIX OBOBIIEHUSAX O-MUHUMAJIbBHOCTU
K.2K. KYIAIBEPTEHOB
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kanatkud@gmail.com

HamomunM ompe/iesieHne KJIaCCHIECKOT0 MOHATHS o-MuHHMasabHOCTH [1]. Mogens (M, <,...),
rje (M, <) — jsuHe#RHbI 10Psi/IOK, HA3BIBAETCS O-MUHUMAJIBHOMN, €CJIM JII000€E OIIPE/IeJIMMOE TI0MHO-
JKECTBO 9TOI MOJIe/IN SBJIAETCH O0beINHeHNeM KOHETHOTO INC/Ia NHTEPBAJIOB.

Mgl paccmorpum 06001I€HES O-MHUHUMAIBHOCTH, B KOTOPBIX KOHEYHOCTH UWC/Ia, MWHTEPBAJIOB
oc/1abIAeTCs 10 CyNIeCTBOBAHUS B KazKOM OIIPeeIMOM MHOXKECTBe (MM B HEKOTODBIX OIIpejie-
JMMBIX MHOXKECTBAaX) MaKCHMAJbHOTO MHTepBajsa (Wim wero-to mogobuoro). Ilpmeesem ommn n3
TIOJIYIE€HHBIX PE3YJIbTATOB.

Mogens (M, <,...) Ha30BeM MJIOTHO-A-O-MHHIMAJIBHOH, ecan (M, <) — IUIOTHBI JMHEHHBIH
HOPSJIOK ¥ J11060e GECKOHETHOE OTIPEIeINMOE [OJMHOYKECTBO ITOM MO/ COAEPIKUT MAKCHMAILHbIT
HHTEPBAJI MOIIHOCTH He MeHee \.

Jlokazana caeayionas

Teopema. JIwobas 110THO-2-0-MUHUMAaJIbHAS MOJAEJD SIBJISETCS O-MUHUMAJIBHOH.

3aMeTuM, 4TO s LIOTHO-1-0-MUHUMAJILHBIX MOJIEIEH 3T0 He TaK.

dunancupoBaHue: lanmoe nccremosanune dunamncupyercs Komurerom mHaykm MwuHmcTepcTBa HAyKW W BBICIIETO
ob6pasosanus Peciybsinku Kasaxcran (rpanr NeBR20281002).

KuroueBsblie cjioBa: 00001IeHre 0-MUHAMATEHOCTH.
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Paccmarpupaercs BoIpoc 0 BO3MOXKHOCTH IPOJOJIZKEHNS YACTHIHLIX aBTOMOP(MU3IMOB 10 aBTO-
MOPGU3MOB B KOHEIHBIX TypHUPAX (Tpadax CrenuasbHOro BUA: TYPHUD — 3TO OPUEHTUPOBAHHBII
rpad, IOJIyIeHHLI 13 HEOPHEHTHPOBAHHOr0 OJHOI0 rpada IyTéM HasHATEHU HAIIPABJICHH KazK-
oMy pebpy; TakuM 00pazoM, TypHHUP — 3TO oprpad, B KOTOPOM KaXKJad [1apa BEPIIUH COCIUHEHA
OJIHOM HAIPABJIEHHON JTyTOii).

Jlokazano, 9To s Jif000ro KOHETHOr0 TypHHUpPA V u J000r0 €ero 9acTuIHOr0 aBTroMopdu3mMa
f cymecrByer Koneunslit Typuup V* O V Takoit, 9ro f mpomonKaeTcs 10 aBTOMOP(MU3MA TYPHHUPA
V*. lloaydena onerka pasmepa TypHupa V*.

®unaHcupoBanue: Aprop ObL1 noaaep:xkan rpaarom BR20281002 MHBO PK.

KuroueBble cjioBa: IPOJI0IKEHNE JaCTUIHBIX aBTOMOP(U3MOB, KOHEUIHBIN TYPHUP.
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TUnbl IPEATEOMETPUN CEMENCTBA HPEIMKATHBIX
CTPYKTYP

C.B. MAJIBIIIIEB
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sergei2-mall@yandex.ru

B pabore paccMaTpuBaioTCs peryssipHBIE 000TalleHns W 00eHeHNS TPEIUKATHBIX CTPYKTYD,
obpasytorue ecrectenHyto OyieBy anrebpy [1]. TIpuBogurces onmcanue BusoB mpegreoverpuii [2]
¢ aJirebpanveckKuM OIepaToOPOM 3aMbIKAHUS [JIsi ceMeiicTBa CTPYKTYD B JaHHOU Gysepoii anrebpe.
Jlantoe ucciesoBanme poosnkKaeT u pasBUBAET IIO/X0/IbI, IPe/ICTaBIeHHbIe B cTaThe [3].

Ounpenenenue 1. [Ipedzeomempueti HA3BIBACTCA MHOKECTBO S BMECTE C OIPEJICIEHHON omeparueit
sambikanusg cl : P(S) — P(S), yA0B1eTBOPAOIEil CIeAyONUM yCIOBUSIM:

1) mng moboro X C S emosasierca X C cl(X);

2) pyist siroboro X C S seiosnsiercs cl(cl(X)) = cl(X);

3) agist ro6oro X C S w m06wix a,b € S ecam a € cl(X U {b}) — cl(X), o b € cl(X U{a});

4) ms moboro X C S ecm a € cl(X), To a € cl(Y) maa mekoroporo koreunoro Y C X.

Teopema 2. ITycmo B(M) — 6Gyaesa anzebpa pezyaiapnus pacusupenuti u ozpaHudenuts npedu-
kamnot cmpykmypu. M. Ecau cmpyxmypoe 6 B(M) nadeaenvt npedeeomempueti ¢ anzebpauseckum
ONEPATNOPOM 3AMBIKAGHUS, MO OAA AOOWT J8Yx cmpyrmyp odnozo muna npedzeomempuu My, Moy €
B(M), npedeecomempusn ux nepecenernua My N Mo maxoce nacaedyem dannwid mun.

Teopema 3. ITycms B(M) — 6yaesa anzebpa pezyiaphvll pacusupenut U 02panudenul 6unaprot
npeduxamnot cmpykmypv. M, 2de cmpyxmypo, My, My € B(M) npedcmasaaiom coboti epadosoie
cmpyxmypo. Tozda obsedunenue My U My nacaedyem mun npedzeomempuy, Npu GonoAHeHUl CAe-
dyrowux Yycaosuli:

1) Ecau npedzeomempuu (M, cl) u (Ma, cl) A6AAI0MCA AOKAADHO KOHEUWHUMU, TO NPEJ2EOMEM-
pua (M1 UMy, cl) makoice A6A4EMCHA AOKAALHO KOHEUHOT, NPU YCAOBUU, YMO HU 00HA U3 CTNPYKMYD
My u My ne codeporcum beckoneuno cea31020 nodepada.

2) Ecau npedeeomempuu (M, cl) u (Ma, cl) A6AA10MCA GUIPOAHCICHIBIMU, O NPEI2EOMEMPUS
(My U My, cl) nacaedyem dannoidi mun, ecau:

My u Ms ne codeporcam beckoneuno ceasnux nodepados;

beckoreuHoe 4UCA0 00UHAKOBHIL KOHEUHBT Nod2pados we Popmupyem beckoHedHO C8A3NbIT epagd
6 00sedunénnoti cmpyrmype.

PunancuposaHue: Pabora BrimosiHena npu ¢buHaHCOBOH moanepkke Poccmiickoro maywmoro ¢omma, mpoext Ne.

24-21-00096. (https:/ /rscf.ru/project/24-21-00096/).

KuroueBrble cjioBa: mpeareoMeTpusi, BEIPOXKIEHHAs PeAreOMeTpus, JIOKAJIHHO KOHEYHAs IIpeAreoMerpus, Oy/eBa
ayrebpa MpeauKaTHBIX CTPYKTYD.
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Ribbon decomposition formulas for dual stable
Grothendieck polynomials

AM. ADILZHAN!, D.A. YELIUSSIZOV?

'KBTU, Almaty, Kazakhstan
2KBTU, Almaty, Kazakhstan

lalibek.adilzhanov@gmail.com, 2yeldamir@gmail.com

There are well known formulas for Schur polynomials called Hamel-Goulden identities where
each identity corresponds to some ribbon decomposition of a given Young diagram. It generalizes
Jacobi-Trudi formulas, Giambelli identity and Lascoux-Pragacz formula. We derive Hamel-Goulden
identities for dual stable Grothendieck polynomials by finding novel Schur expansion of these poly-
nomials.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
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Keywords: symmetric polynomials, algebraic combinatorics, dual stable Grothendieck polynomials, Jacobi-Trudi,
Giambelli, Hamel-Goulden
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On algebras of binary formulas for weakly circularly
minimal theories: monotonic-to-right case
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Algebras of binary formulas are a tool for describing relationships between elements of the
sets of realizations of an one-type at the binary level with respect to the superposition of binary
definable sets. A binary isolating formula is a formula of the form ¢(x,y) such that for some
parameter a the formula ¢(a,y) isolates a complete type in S({a}). The concepts and notations
related to these algebras can be found in the papers [1, 2].

Let L be a countable first-order language. Throughout we consider L-structures and assume
that L contains a ternary relational symbol K, interpreted as a circular order in these structures
(unless otherwise stated).

Let M = (M, <) be a linearly ordered set. If we connect two endpoints of M (possibly, —oo
and +00), then we obtain a circular order.

The notion of weak circular minimality was studied initially in [3]. Let A C M, where M is a
circularly ordered structure. The set A is called convez if for any a,b € A the following property is
satisfied: for any ¢ € M with K (a,c,b), ¢ € A holds, or for any ¢ € M with K(b,c,a), ¢ € A holds.
A weakly circularly minimal structure is a circularly ordered structure M = (M, K, ...) such that
any definable (with parameters) subset of M is a union of finitely many convex sets in M.

A cut C(z) in a circularly ordered structure M is maximal consistent set of formulas of the
form K(a,z,b), where a,b € M. A cut is said to be algebraic if there exists ¢ € M that realizes
it. Otherwise, such a cut is said to be non-algebraic. Let C(x) be a non-algebraic cut. If there is
some a € M such that either for all b € M the formula K(a,z,b) € C(z), or for all b € M the
formula K (b, z,a) € C(z), then C(x) is said to be rational. Otherwise, such a cut is said to be
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irrational. A definable cut in M is a cut C(z) with the following property: there exist a,b € M
such that K(a,z,b) € C(x) and the set {c € M | K(a,c,b) and K(a,z,c) € C(x)} is definable.
The definable completion M of a structure M consists of M together with all definable cuts in M
that are irrational (essentially M consists of endpoints of definable subsets of the structure M).

Let f be a unary function from M to M. We say that f is monotonic-to-right (left) on M
if it preserves (reverses) the relation Ky, i.e. for any a,b,c € M such that Ky(a,b,c), we have
Kolf(a), (1), £(c)) (Ko(f(©), f(b), f(a))):

Let E(x,y) be an ()—definable equivalence relation partitioning M into infinite convex classes.
Suppose that y lies in M (non-obligatory in M). Then

E*(x,y) := Jy1Iyelyr # y2 AVUEK (y1,t,92) — E(t,x)) A Ko(y1,y,y2)]-

Let M be an 1-transitive structure. Following [2] we denote every binary isolating formula
acting in M by a label u € pys, where pps denotes the set of all labels for the algebra Py of binary
isolating formulas of the structure M. The algebra Py is said to be deterministic if uy - us is a
singleton for any labels uy,us € ppy.

Generalizing the last definition, we say that the algebra Py is m-deterministic if the product
u1-us consists of at most m elements for any labels uy, us € ppr. We also say that an m-deterministic
algebra Py is strictly m-deterministic if it is not (m — 1)-deterministic.

The following theorem characterizes up to binarity Ng—categorical 1-transitive non-primitive
weakly circularly minimal structures M of convexity rank greater than 1 having both a trivial de-
finable closure and a convex-to-right formula R(z,y) such that r(y) := rend R(M,y) is monotonic-
to-right on M:

Theorem 1. [4] Let M be an Ry—categorical 1-transitive non-primitive weakly circularly minimal
structure of convexity rank greater than 1, dcl({a}) = {a} for some a € M. Suppose that there
exists a convex-to-right formula R(z,y) such that r(y) := rend R(M,y) is monotonic-to-right on
M. Then M is isomorphic up to binarity to

! (M,K® E},E3,...,E2, B2, |, R?),

s;m,k T

where M is a circularly ordered structure, M is densely ordered, s > 1; FEsy1 is an equivalence
relation partitioning M into m infinite convex classes without endpoints; E; for every 1 < i < s
15 an equivalence relation partitioning every Fiyi-class into infinitely many infinite conver Ej;-
subclasses without endpoints so that the induced order on E;-subclasses is dense without endpoints;
R(M,a) has no right endpoint in M and r*(a) = a for all a € M and some k > 2, where
rE(y) = r(r*=1(y)); for every 1 <i<s+1 and any a € M

M, x | —E; (a,7(a)) AVY(Ei(y, a) — Ju[E] (u,r(a)) A Ef (u,7(y))]),
m =1 or k divides m.

Here we describe algebras of binary isolating formulas for Ny-categorical weakly circularly mini-
mal theories of convexity rank greater than 1 with a 1-transitive non-primitive automorphism group
and a trivial definable closure having a monotonic-to-right function to the definable completion of
a structure.

Theorem 2. The algebra B, . of binary isolating formulas with monotonic-to-right function r

has 2sk +m + k + 1 labels, is commutative and strictly (2s + 3)-deterministic for all valid values
s,m and k.

Funding: The authors were supported by Science Committee of Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP22685890), and in the framework of the State Contract of the Sobolev
Institute of Mathematics, Project No. FWNF-2022-0012.

Keywords: algebra of binary formulas, Ro-categorical theory, weak circular minimality, circularly ordered structure,
convexity rank.

Institute of Mathematics and Mathematical Modeling



254 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

2010 Mathematics Subject Classification: 03C30, 03C45, 03C52

References

[1] Shulepov 1.V., Sudoplatov S.V. Algebras of distributions for isolating formulas of a complete
theory, Siberian Electronic Mathematical Reports, 11 (201/4), 380-407.

[2] Sudoplatov S.V. Classification of countable models of complete theories, Novosibirsk: NSTU,
2018 (in Russian).

[3] Kulpeshov B.Sh., Macpherson H.D. Minimality conditions on circularly ordered structures,
Mathematical Logic Quarterly, 51:4 (2005), 377-399.

[4] Kulpeshov B.Sh. Definable functions in the Rg-categorical weakly circularly minimal struc-
tures, Siberian Mathematical Journal, 50:2 (2009), 282-301.

On non-finitely based quasivarieties of modular lattices
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In 1984, V.I. Tumanov conjectured that a proper quasivariety generated by a finite modular
lattice lacks a finite basis for its quasi-identities. We confirm this conjecture for wider classes of
modular lattices.

A class K of algebras is called a variety if it is closed under subalgebras, homomorphic images,
and direct products. A quasivariety is a class K of algebras closed under subalgebras, direct
products and ultraproducts.

Let M3 be the least non-distributive modular lattice and let M3 3 be an 8 element modular
lattice of height 3. By Q(L) (V(L)) we denote the quasivariety (variety) generated by L.

A triple (A, o, 7) is called a topological algebra if (A, o) is an algebra of the signature o, (A, T)
is a topological space and every operation from o is continuous with respect to topology .

A topology 7 is called Boolean if it is compact, Hausdorff and totally disconnected. A topo-
logical algebra A, = (A, o, 7) is Boolean if its topology is Boolean.

A finite lattice A equipped with discrete topology 7 generates a topological quasivariety Q. (A)
consisting of all topologically closed subalgebras of non-zero direct powers of A endowed with the
product topology.

Profinite algebras are exactly those that are isomorphic to inverse limits of finite algebras.
Such algebras are naturally equipped with Boolean topologies.

A topological quasivariety Q,(A) is standard if every Boolean topological algebra with the
algebraic reduct in Q(A) is profinite. In this case, we say that algebra A generates a standard
topological quasivariety.

Theorem 1. Let L be a finite modular lattice. If V(M3) C Q(L) C V(M33), then Q(L) is not
finitely based as well as not standard.

Corollary 2. Let L be a finite modular lattice. If V(M3) C Q(L) and M3 3 ¢ Q(L), then Q(L) is

not finitely based as well as not standard.

Funding: The work is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (*, 2 Grant No. AP23485395).

Keywords: lattice, quasivariety, topological quasivariety.
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There are two fundamental and interconnected problems in lattice theory: identifying which
finite lattices generate finitely based quasivarieties and which generate standard quasivarieties.
These questions are pivotal in understanding the structural and logical characteristics of lattices
and their impact on the quasivarieties they produce.

In this work, we establish a sufficient condition for a locally finite quasivariety of lattices that
ensures it is neither finitely axiomatizable nor profinite.

Our findings include multiple examples of finite lattices that generate quasivarieties lacking
these properties. These examples highlight the complex interplay between the internal structure of
finite lattices and the resulting properties of the quasivarieties they define.
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Strongly minimal theories play a fundamental role in model theory due to their simplicity and
definability properties. In this study, we explore the effects of expanding a trivial strongly minimal
model by unary and binary predicates, focusing on stability and Morley rank.

First, we consider the expansion of a trivial strongly minimal model M in a countable language
L by a family of unary predicates Aq, Ag,--- C M. The resulting structure (M, A1, Ao, ... ) remains
superstable.

Institute of Mathematics and Mathematical Modeling



256 Tpajunuonnas anpesbCcKas MareMaruieckas KoHpeperius — 2025

Next, we examine the expansion of a countable saturated strongly minimal model 9t = (M; L)
by a binary relation E?(z,y), defined as z € acl(y)\acl(f), where acl(a) denotes the algebraic closure
of an element a. In the expanded model M = (M; L U {E?}), we demonstrate that the Morley
rank of the formula x = x increases to 2. This rise is attributed to the infinite number of strongly
minimal equivalence classes induced by E?, each defined over elements algebraic over some y but
not over the empty set. We establish this result using properties of E? as an equivalence relation
and the strong minimality of associated formulas, such as E?(x,a) and K () := -3y E*(x,y).
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All classes of Model theories are divided into different classes: NIP, IP, SOP, NSOP.
The report is devoted to the study of various types of expansion, when expansion retains
certain properties, or passes from one class to another without retaining properties.

SOP+NIP SOP+P

NSOP+NIP NSOP+IP

Definition 1. We have a structure M =< M : Y~ > and then we regard {M*™ =< M : Y U{U} >}
then it will expansion. If for any M-formula ¢(z, a)

{UHMT) # ¢(M, a)) (1)

Definition 2. A theory has dp — rank > n if there are formulas ¢1(x,y), ..., ¢n(x,y) and mutually
indiscernible sequences (a})i<w, ..., (a)i<w such that for any function o : {1,...,n} — w, the type

{qbk(xvalg—(k)) ik < n} U {_‘st(,f,a,]f) 1 7& O'(k?)JC < n} (2)
is consistent. A theory is dp-minimal if it has dp-rank 1.

Observation of our report. We take a structure from superstable class (Z,+,0,1) let us
add connections from o-minimal (Z,+,<,0,1). We have new formula sets (j). But at the same
time the dp-minimal remains. But also initially it was in the class of NIP and NSOP. Afterwards

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 257

it moved to NIP, SOP. As you can see, the NIP has been preserved but not stable. We get another
new structure when we add a predicate for a fixed finitely generated multiplicative submonoid
(Z,+,0,T"). It goes beyond dp-minimal, but NIP remains. If we add new formula sets (-), then
it loses its NIP properties. Expansion by adding new connections, after which the structure and
properties of formal sets may change.
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Figure 1: Example of expansion
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External definability. Let 9t be elementary substructure of 91. It is said that pair of models is
beautiful, if N is saturated over M. Let @ € N\ M and p := tp(a|M). Then for any formula 1 (z, g)
define the predicate Ry ,)(7) on the set M, = Ry, (a) iff ¥(z,a) € tp(a|M) iff N = ¢(a,a).
Denote by Mt = (M; ), where X1 := {R(y, ,»(9)|p € S(M), ¥ € £}. It follows from definition
that if a pair of models (M, N) is conservative pair (type of any tuple elements from N over M is
definable), then the structure 9" is the structure obtained from 90 scolemization of 9. We will
consider the cases when 9™ constructed from one 1-type for non-stable theory.

Let 9t be a model of an arbitrary complete theory T of the signature ¥. We say that 9)?; is
expansion of M by type p € S1(M), if M} := (M;5]), where XF := { Ry ) (7)Y € B}

Externally definable expansion M+ = (M; ¥ U {U'}) is uniformly externally definable expan-
sion, if for some 9 = M, for any p(T) of LT, there is K, (T, @) of ¥, @ € N, such that for all
ac M
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M (@) & N K@),

In the first time the uniformly external definable considered in the paper Macpherdson-Marker-
Steinhorn [1] for cut in submodel of o-minimal model with universe of real numbers. numbers. In
the paper Baizhanov B.S. [2] was proved that expansion of model of weakly o-minimal theory by
family convex sets is weakly o-minimal and uniformly external definable. S. Shelah [3] proved that
external definable expansion of a model dependent theory (NIP) by external definable relation is
uniformly external definable.

The analysis of approaches shows that the using the theory of orthogonality we can control
the set of realizations of one-types. The generalization of notions of quasi-neighborhood and neigh-
borhood it is possible to formulate the next

Theorem 1. Let T be a complete theory such that for any set A the following holds:

1) For any p € S1(A), for any 7 , QV,(¥) = Vp(7)

2) For any p,q € S1(A) the following holds. If p L q, then ¢ L% p.

Then for model of the theory T the expansion by all externally definable subsets is uniformly
external definable.
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Definition 1. g € S(A),q(7) is definable, if for any ¢(7,7) there is dy,(7,a),a € A such that for
any b € A, p(z,b) € ¢ iff M = dy(a,b).

Let q be a type. For the formula ¢(Z,y) there is a control formula d,(a,b) and ¢(z,b) € q
and only the truth d,(a,b). If I take ¢ and we have a question, what does ¢(Z,y) belong to q? Of
course, if it passes the control d,. In conservative extension is always a control for any type and
formula.

Definition 2. 9t-model of T. Let 9t < 91. Dl-conservative extension of M, if for any & € M —
N, tp(a/M) is definable.

Theorem 3. T — stable < Vp € S(N),Vp(z,9)3d,(y,a) a € M such that
Vb e M [p(z,b) € p= M = dy(a,b)] .
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There is also a control formula where T-stable only if for any p here from N, for any formula
©(Z,y) exists a control formula dy (¥, @) here from M such that for any b of Mp(z,b) belongs to p
only if for M truth dy(a, b).

In other words, in conservative extension each type is definable.

A theory is stable if no formula has the order property F ¢ (a;,b;) < i < j. Also here doesn’t
exist infinite tree of formulas with 2 branching. There is a n tree where it doesn’t go any further.
It means that there is no complete n + 1 tree of formulas.

In Figure (1) NIP+NSOP is always stable and it divides into dp-minimal and non dp-minimal.
Now our task is to consider for these structures when there is dp-minimal and when there is non
dp-minimal and find conservative extension for unstable classes.

dp-minimal non-dp-minimal

sop SoP
NSOP Stable NSOP
NIP P
Figure 2:

Observation of our report: We will discuss the construction of non dp-minimal, NIP theory
with dp-rank equal to n (n > 1).

My = (M1;<1), My = (M3 <2), ..., My, = (My; <y) .

This involves the structure of linear order, interpreted as n-tuples of 91;, along with n total
orders <1, <, ...,<p. Each order <; compares the i-th coordinate of the tuples. This setup is used
to illustrate the concepts of dp-minimality, dp-rank, and the NIP (Not the Independence Property).

The structure is defined as:

M= (M, <1,<2,...,<n)
where:
o M ={(a1,as,...,a,)|a; € M;}.
e <; is a binary relation that compares the i-th coordinates of two tuples.

Next
M = (al,aQ,...,an) <3 (bl,bz,...,bn) <— M, E (ai < bi)

ME a1, a2,...,a,) <; (b1,a2,ba2,...,by)
M E Ei(a,b) <= "(a <; b))A(b <; a)
M E Vavy(Ei(z,y) = Ei(y, z))
M E Vavyvz((Ei(z, y) A Eily, 2)) = Ei(z, 2))
In this report, we consider the conservative extensions of elementary pairs of the theory of 9.
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We examine the recognized classification of 1-types in the setting of weakly ordered minimal
theories. We introduce and analyze essential classes of non-algebraic 1-types.

Definition 1. (B.S. Baizhanov, [1], [2]) Let p € S1(A). We say that a formula ®(z,y,a), a € A, is
p-stable (p-preserving) if

for any a |= p, there exist 1,72 = p such that v < ®(M', a, @) < .

Definition 2. Let p € S1(A) be a non-algebraic type.

We say that p is semi-quasisolitary to the right if there is the greatest p-preserving convex to
the right 2-A-formula F(z,y,a), where a € A.

We say that p is semi-quasisolitary to the left if there is the greatest p-preserving convex to
the left 2-A-formula G(z,y,a), where a € A.

We say that p is quasisolitary if it is semi-quasisolitary to the right and to the left.

Definition 3. Let p € S1(A). We say that a p-preserving convex to the right 2- A-formula F'(z,y, a)
is locally p-decreasing if for any o € p(M’) there exist oy, as € p(M’) such that:

1. o < a<asg;

2. for any 81 and 3 with a1 < 81 < 2 < a2 it holds that sup F(M’, 31) > sup F(M’, B3), or,
that is the same,

M' = 3x(x > Bo A F(x, B1,a) A —F(z, Ba,a)).

Note 4. Let p € S1(A) be semi-quasisolitary to the right. If 8 > «, tp(B8/A) = tp(a/A) = p, and
M = =F(B,«a,a), where F is the greatest p-preserving convex to the right formula, then for any
formula ®(x,y,¢), where ¢ € A, the following holds:

M ): (I)(ﬂ)avé) - M ': (I)(/Blaa7é) fO’f’ all /61 € F(M/,Oé,d)+ ﬂp(M/)
Let p € S1(A) be semi-quasisolitary to the left. If B < «a, tp(B/A) = tp(a/A) = p, and
M' = =G(B,a,a), where G is the greatest p-preserving convex to the left formula, then for any
formula ®(x,y,¢), where ¢ € A, the following holds:
M = 0(8,0,0) = M’ = ®(B1,0,) for all fr € G(M', a,a)" N p(M).

Lemma 5. Let p € Si1(A) be a non-algebraic type. Then:
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1. If F(y,x,a) is the greatest p-preserving convex to the right or to the left 2-A-formula, then
F(y,z,a) is not locally p-decreasing. Moreover, for any o < B € p(M') it holds that
sup F(M',a,a) < sup F(M', B,a) for the case F is convex to the right, and inf F(M' a,a) <
inf F(M’, B,a) for the case F is convex to the left.

2. If p is semi-quasisolitary then it is quasisolitary.

Lemma 6. 1. Let p € S1(A), then for any convex to the right (or to the left) p-preserving 2-A-
formula F(xz,y,a) there is a Fy(x,y,a) that is convex to the right (or to the left) p-preserving
formula such that for all o € p(M') the following holds:

F(M' a,a) C Fy(M',a,a) and Fy(z,y,a) is not locally p-decreasing .

2. Let p € S1(A) be quasisolitary. The set of all E,(x,y,¢p)-classes of equivalence in M’ is
densely ordered. A set of representatives of E,(x,y, ¢,)-classes in M’ is ordered 2-indiscernible.
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Previously, two types of orthogonality were considered — weak and almost orthogonality. The
non-orthogonality of complete types is an important concept for such classes of first-order theories
as o-minimal, weakly o-minimal and quite o-minimal theories.
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Now, we introduce generalized notions of convex orthogonality — convex weak and convex
almost orthogonality. These definitions are formulated in terms of convex closures of types. The
connections between different kinds of orthogonality, as well as their properties — such as symmetry
and the preservation of quasirationality and definability of types — have been studied.

Definition 1. 1) The convez closure of a formula ¢(x,a) is the following:

©(x,a) == Iy Fy2(e(y1,a) A p(y2,a) A (1 <z < y2)).

2) The convex closure of a type p(z) € S1(A) is the following type:

pe(x) = {¢"(z,a) | p(z,a) € p}.

Definition 2. We say that p€ is not weakly convex-orthogonal to q¢ and write p¢ YV ¢¢ for this, if
there exists a convex monotonic on p®(M) A-definable formula ¢(z,y), such that for each o € p*(MN),

there exist 81, B2 € ¢°(MN) with B1 € (M, ), B2 & (M, @) and f < Bo.

Theorem 3. Let A C N, N be an |A|"-saturated, and p,q € S1(A) be non-principal types such
that p¢ LY ¢¢. Then p° is quasirational if and only if ¢° is quasirational.

Theorem 4. Let A C N, M be an |A|"-saturated model of a theory with a linear order, p and
q € S1(A) be non-algebraic types such that p¢ L q°. Then if p© is definable, then q° is definable.

Theorem 5. Let A C N, N be an |A|"-saturated, p,q € S1(A) be non-principal types. Then
pC 7A/_C'IU qC @ qC 7KC’UJ pC
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We consider linearly ordered theories, that is, theories T" with a definable relation of a linear
order 7 <”.

Definition 1. [1] 1) A convex closure of a formula ¢(z,a) is the following formula:

©(x,a) == Fy1Fy2(p(y1, @) A p(yz,a) A (y1 < @ < y2)).
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2) A convez closure of a type p(x) € S1(A) is the type

p(x) = {¢"(z,a) | p(z,a) € p}.

Denote Sy := {q € S1(A) | ¢° = p°}. The relation ¢ € Sy is an equivalence relation on the set
S1(A).

Definition 2. A 1-A-formula H generates a type p € S1(A), if p is the only type from S5 such
that H(x) € p(x).

Definition 3. [2] Let T be a small complete theory, p(Z) be a non-principal type over a finite subset
A of some model of T. The type p is extremely trivial, if for every natural number n > 1 and every
sequence of realizations S, B2, ...,8, of p, p(M(B1, B2, ..., Bn,a)) = {61,52...611}, where a is some

enumeration of the set A, and M (B, B2, ..., Bn, @) is a prime model of T over 31 U B2 U ... U 3, Ua.

Linearly ordered theories with a non-principal extremely trivial 1-type over a finite set have
2% countable pairwise non-isomorphic models [2].

Proposition 4. Let T be a small linearly ordered theory, A be a finite subset of some model of T,
p € S1(A) be a non-principal type, and H(x) be an A-formula generating the type p. Then the type
p 1s not extremely trivial.

Corollary 5. Let T be a small linearly ordered theory, A be a finite subset of some model of T,
and p € S1(A) be a non-principal type such that S, is finite, then p is not extremely trivial.

Note that if p is such that S is infinite, then p is not necessary extremely trivial.

Example 6. Let £ = {=,<,¢;P;}icw, and T be an L-theory such that < is a dense linear order
without endpoints, ¢; < ci11 for all i < w, and P;’s are dense mutually dense disjoint unary
predicates.

Then for each j < w the type pj(x) = {x > ¢; A Pj(x) | i < w} is not extremely trivial, the
type p(x) := {x > ¢; AN =Pi(x) | i < w} is extremely trivial, and the theory T has 2% countable
non-isomorphic models. In this ezample, p® = p for all j < w, and |Sy(0)| = N,

Definition 7. [2] An A-definable formula ¢(Z, §1,J2, ..., Un, @), @ € A, is said to be p-n-preserving,
if for every realizations 1, 52, ..., By of the type p, (&, 51, 52, ..., Bn, @) F p(T).

Proposition 8. [2] Let T be a countable complete theory, p(Z) € S(A) be a non-principal type over
a finite subset A of some model of T. Then the type p is extremely trivial if and only if for every
n > 1 every p-n-preserving A-definable formula is trivial.

In this talk we present a maximality condition for the number of countable non-isomorphic
models of a countable complete linearly ordered theory T" with a non-principal type p € S1(A) over
a finite subset A of some model of T', such that Sy is infinite.
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On o-minimality of the Cartesian square of the ordered set
of rationals as a lattice
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Partially ordered structures are one of the classical mathematical objects. Here we continue
studying the notion of o-minimality for partially ordered structures.
We consider M = (Q?, <), where we define the partial order < as
(al,ag) < (bl,bg) iff a1 < b1 A ag < bo.
Definition 1. A subset of M is said to be a generalized interval if it is of the following form:
U (a.b)
a,beA

where A is a definable subset in M.

Definition 2. A partially ordered structure is said to be o-minimal if each of its definable subsets
is a finite union of generalized intervals and points.

We show partial quantifier elimination in the appropriate language of the elementary theory
of M. After that, we check that a definable subset of M is a finite union of generalized intervals.
So, we prove the following.

Theorem 3. M is o-minimal.

Funding: The first author was supported by Science Committee of Ministry of Science and Higher Education of the
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An algebra is called alternative if it satisfies the following identities:
(ab)c — a(bc) = —(ac)b + a(ch), (1)
(ab)e — a(bc) = —(ba)c + b(ac). (2)

A natural source of alternative algebras is Artin’s theorem, which states that every two-
generated subalgebra of alternative algebra is associative [1].

The variety of alternative algebras is a natural generalization of the variety of associative
algebras. On the other side, the dual operad of the alternative operad is an associative operad with
additional identity 2% = 0. So, we obtain

Alt' = As + {23 = 0}.

Also, we obtain the following trivial result which immediately follows from the definitions given
above:
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Theorem 1. Let Altz be a variety of alternative algebras defined by identity x> = 0. Then every
two-generated algebra from Alts lies in Alt', i.e., Alt + {2® = 0} = Alt',.

All described motivations can be illustrated as inclusions of the varieties as follows:

As D As+ {23 =0} = Alt!
N N N
Alt D Alt + {23 = 0} = Alt',

We consider Koszul dual operad 772!, where P, is a variety of binary perm algebra, i.e., it is an
alternative operad with additional identity (ab)c + (cb)a = (ac)b+ (ca)b. It turns out that Py, is a
variety of pre-Lie algebras with two additional independent identities, where one of them is 23 = 0.

In addition, we compute polarizations of 732! and 3-nil alternative algebras, self-dual operads:
Alts, an assosymmetric operad with identity > g (=1)7(24(1)%0(2))T0(3); not Koszul operads:
732!, the operad governed by the variety of 3-nil assosymmetric algebras, an assosymmetric operad
with identity 2% = 0.
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Phylogenetic trees appear in biology when considering protein sequence data. The root of a
binary phylogenetic tree corresponds to a common ancestor in an evolutionary tree. Phylogenetic
trees have many applications in studying the genetic and statistical properties of protein data
sequences.

We consider phylogenetic trees from a purely algebraic point of view. We give a description of
phylogenetic trees as a base of algebraic structures with interesting identities. Let [a,b] = ab — ba,
{a,b} = ab+ ba be Lie and Jordan commutators and

{(l, b, C} = {aa {b’ C}} - {{aa b}7 C}
associator of Jordan product. An algebra with identities
{ab,c} —{ac,b} =0, {a,bc} —{b,ac} =0

is called phylogenetic.
Theorem. Let A be phylogenetic operad and A' is its Koszul dual. Then

A={( {a,b,c} =0, {[a,b],c} =0 ),

A" = { [la,b],] +[b,c],a] + [[e,a],b] = 0, {ab,c}=0 ).
The operads A and A' are Koszul.
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Dimension sequences can be defined by the following formulas

n—1
n—1
di =1, dn:1+;< i )dkdn—ka n>1,

d = Lnfj(n . 1)!(2,) (2i — 1)

i=0
We see that the dimensions sequence of multilinear parts of the operad A coincides with the
sequence of numbers of phylogenetic trees

1,2,7,41,346,3797,51157, 816356, 15050581, ... (OEIS A006677.)

It is the reason why we call operad A phylogenetic.
Note that the phylogenetic operad is not Lie-admissible, but associative admissible and satisfies
1-Alia identity
{la, b, c} +{[b,c],a} + {[c,a],b} = 0.
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The study of elliptic curves plays a fundamental role in arithmetic geometry, as the first non-
trivial case of curves over a number field. From the Mordell-Weil theorem, it is known that the
structure of an elliptic curve E over a number field K is of the form

E/K ~ BErops ® 7" (1)

Where Erp,.s is the finite torsion group of the curve. No algorithm is known for calculation of r,
the rank of the curves, but the we can bound the rank by the Selmer group as

rank(Sel,(E/K)) = rank(E/K) + rank(ILI(E/K)[p™]) (2)
Where Sel,, (Selmer group) and III (Tate-Shafarevich group) lie in the following sequence
0 — E(K)/mE(K) — Sel,(E/K) — II(E/K)[m] — 0 (3)

Yielding a method to compute the ranks of elliptic curves.
In this work, we consider families of elliptic curves of the form

E, iyt =23 +te —r(t+17) 4)
equipped with a rational 2-torsion at (r,0), which can be shifted to (0,0) as

E:y?=2342rz+ (t+ 1)z
E :y? =123 —6re — (3r: + 4t)z
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In [1] it is shown that the 2-Selmer ranks of elliptic curves with a marked 2-torsion is un-
bounded; this is achieved through study of distribution of Tamagawa ratios of such curves and the

rational isogeny associated to the multiplication by 2 map.

A number of methods are available to compute the 2-Selmer ranks in practice, specially for
the case r = 0. In this work, we expand upon these methods to investigate these ranks as r,¢. In
particular, we calculate the exact difference in rank in relation to ords(r), as this value makes the
most significant change in the average size of Selmer groups and ranks of these families.
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The union of graphs G = (V, E) and H = (U, F) is a graph with vertex set V |JU and edge
set E'JF. We denote graph union operation as G |J H. The join operation of graphs with disjoint
vertex sets V and U, and disjoint edge sets FZ and F', is the graph union G U H along with edges
joining all pairs (v,u) € V- x U. We denote it as GVH.

The matching polynomial. Let ®4(G) be the number of k-matchings in graph G. The
matching polynomial is defined by:

n/2
m(G,t) =) ®p(G)t" 2"
k=0

Path-coverings polynomial. A k-path covering is a collection of k vertex-disjoint directed
paths that cover the whole vertex set V. Let pi(G) be the number of k-path coverings of G. The
path-covering polynomial is defined by:

P(G.t) = 3 pul(G)e*
k=1

Chromatic polynomial. x(G,t) is the number of ways to color G in t colors so that no two
adjacent vertices share the same color.

It is simple to see that m(G,t = 0) is the number of perfect matchings, and 0, P(G,t = 0) is
twice the number of Hamiltonian Paths. It was shown by Stanley [2] that x(G, —1) is the number
of acyclic orientations.

Theorem 1. Let p(G,t) be one of the graph polynomials mentioned above. Then, for any graphs
G and H, there exists a linear operator ¢ for which the following holds:

p(GVH, t) = (b(d)il (p(G, t))(bil (p(H, t))

Moreover, ¢(t") is the graph polynomial for complete graph K, :

o(t") = p(Kpn, 1)
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Theorem 2. Let ¢y, ¢p, and ¢, denote operators corresponding matching, path-coverings, and
chromatic polynomials. Then,

(bm - 68?/2
op = %
n—1
oy (") = [t —14)
=0

Our main result can be applied to compute graph polynomials for cographs in polynomial time
O(n?logn). Moreover, it is possible to compute perfect matchings, hamiltonian graphs, number of
acyclic orientations, or number of proper colorings of cographs. It is also possible to compute in
O(nlogn) time the graph polynomials for graphs such as Complete k-partite graph, wheel graph,
star graph, n-dipyramidal graph, cone graph, fan graph, windmill graph, etc. For general graphs,
these problems are NP-complete.
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Definition 1. A multipartite labeled series-reduced tree is a rooted tree with labeled leaves and
colored unlabeled inner nodes.

Let d(T,v) and col(T,v) denote the outdegree and the color of a vertex v in a tree T. The
weight w(T") is defined as follows:

w(T) = g H Leol(T,w),d(Tw)

v=1
The generating function for series-reduced trees p,,(x) is defined as the sum of weights over
all series-reduced trees and m colors.

Theorem 2. Refined generating function for labeled series-reduced trees with m colors enumeration
up to vertex degree and color sequence is defined using compositional inverse by t as follows:

m -1
pm(t, ) = (t(l —m)+ Z%W))

c=1
Theorem 3. Generating function for labeled series-reduced trees with s leaves and m colors:
s m o0
= S s (035
c=1 i=1

k=0

%
.”L‘C_’Zl = (—1)1_1 Z Bi+k71,k‘(07 .’L'C,27 —xc73, .. )
k=0
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Finally, we give a way to compute the number of multipartite labeled series-reduced trees with
s leaves and m colors.

Theorem 4. Let !n; denote the number of derangements of length n which have k cycles. Then,
the number of m-partite series-reduced trees with s leaves is given as

s

P = _(—1)"FmF((s + k= 1))
k=0

Setting m = 2 gives the number of series-parallel networks/cographs/bipartite labeled series-
reduced trees. A similar result for the bipartite case can be found in the work of Riordan [2].

Corollary 5. Number of bipartite series-reduced trees:

S

py =) (1125 (1(s + k — 1))
k=0

where (s + k — 1) is the number of derangements with length s + k — 1 with k cycles.
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In 1972 Nagata constructed his famous automorphism. In 2004 Shestokov and Umirbaev
proved its wildness. In 2022 Kerimbayev R.K. established the algebraicity of the Nagata automor-
phism and elementary polynomial automorphisms. In this regard, the question of the algebraicity
of the superposition of two elementary polynomial automorphisms may arise. We will try to answer
this question.

Theorem 1. (Kerimbayev R. K.) Elementary Polynomial Automorphisms are Quadratic, that is,
¢ —(a+1)p+ae=0. p(z;) = ax; + f, plag) =z, k #1i.

Corollary 1. For a = 1, the elementary automorphism ¢ has a unique proper invariant
subspace, namely (¢ — &)R[x1, ..., z,]. For a # 1, it has two distinct invariant subspaces, namely
(o —e)R[z1, ..., zp], (p — ae)R[z1, ..., 4.

2. Let two different elementary polynomial automorphisms ¢ and 1 be given.

o(x;) = oy + By + f(x1, ..y Ty ooy Ty oo, Tny)
o(xg) = o, k #14,1 <4,5,<n, i < j,a #0,
P(xj) = ya; + 0x; + g(z1, ..o, Liy ooy Ty ooy Tp),
V(xg) =z, k £ 5,1 <id,5,k<n, i <jd#0.

Where " means that the given variable is absent.
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Theorem 2. The superposition ¢ o1 is cubic:

(potp)® = (L+a+6+By) (o)’ + (a+ 0+ By+ ad)(porp) — ade =0, (5)

where e —identity transformation.

Corollary 2. If p(x;) = oz + (..., %4, ..., T4, ...), (o) = xp, k # 4, Y(z;) = Pzj +
(s @iy ooy @, o), (k) = ok, k # j. Then we have the following equality:

(poth)’ = (1+a+p)(pov)’ + (a+B+aB)(por) —afe =0, (6)
where e—identity maps.
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The Lusternik-Schnirelmann category (for short, LS-category), denoted as cat(X), of a topolog-
ical space X is defined as the minimum number k such that X admits an open cover {Uy, Uy, ..., Uy}
by k—+1 contractible sets in X. This concept provides a lower bound on the number of critical points
for smooth real-valued functions on closed manifolds [2].

Let us recall that given a discrete group I', a classifying space (Eilenberg-MacLane space)
BT' = K(I',1) is defined to be a path-connected space such that 71 (BT') = I' and 7 (BT) = 0
for all k£ # 1. Since BI" is the unique up to homotopy equivalence, we define that LS-category
of a discrete group to be LS-category of its classifying space, i.e cat(T") := cat(BT'). In the 1950s,
Eilenberg and Ganea [5] established the equality between LS-category and cohomological dimension,
cat(I") = ed(T), for discrete group I', where

cd(T) = sup{k|H"(BT; M) # 0}

for some ZT-module M [1].

Similarly, one can define the LS-category of group homomorphism ¢ : I' — A, cat(¢) =
cat(B¢) where B¢ : BI' — BA is the map between classifying spaces. Considering the Eilenberg-
Ganea equality cd(I") = cat(T"), a natural conjecture arises:

Conjecture 1. For any group homomorphism ¢ : I' — A, it is always the case that cat(¢p) = cd(¢p).
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In this talk, we discuss the recent progress on this conjecture (see [3,4,6,7], for more details).
In particular, we give the characterisation of cohomological dimension of group homomorphisms

[6].

Theorem 2. Let ¢ : I' — A be an epimorphism between discrete groups. Then

cat(9) = cd(9) =1
if and only if ¢ factors through the free group F,, via epimorphisms I' — F,, — A.
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Let L be a countable first-order language. Throughout this lecture we consider L—structures
and suppose that L contains a binary relation symbol < which is interpreted as a linear order in
these structures. This paper concerns the notion of weak o-minimality which was initially deeply
studied by H.D. Macpherson, D. Marker and C. Steinhorn in [1]. A subset A of a linearly ordered
structure M is convez if for all a,b € A and ¢ € M whenever a < ¢ < b we have ¢ € A. A weakly
o-minimal structure is a linearly ordered structure M = (M, =, <, ...) such that any definable (with
parameters) subset of M is a union of finitely many convex sets in M. Real closed fields with a
proper convex valuation ring provide an important example of weakly o-minimal structures.

Let A and B be arbitrary subsets of a linearly ordered structure M. Then the expression
A < B means that a < b whenever a € A and b € B, and A < b means that A < {b}. For
an arbitrary subset A of M we introduce the following notations: A" := {b € M | A < b} and
A” :={be M| b< A}. For an arbitrary one-type p we denote by p(M) the set of realizations
of pin M. If B C M and F is an equivalence relation on M then we denote by B/E the set of
equivalence classes (FE—classes) which have representatives in B. If f is a function on M then we
denote by Dom(f) the domain of f. A theory T is said to be binary if every formula of the theory
T is equivalent in T" to a boolean combination of formulas with at most two free variables.

Further throughout the lecture we consider an arbitrary complete theory T (if unless otherwise
stated), where M is a sufficiently saturated model of T'.
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Definition 1. [2] Let T be a weakly o-minimal theory, M =T, A C M, p € S1(A) be non-algebraic.
(1) An Ly-formula F(z,y) is said to be p-preserving if there exist «, v1, v2 € p(M) such that

[F(M,a)\{a}]Np(M) # 0 and v1 < F(M,a) Np(M) < 7o.

(2) A p-preserving formula F(z,y) is said to be convez-to-right (left) if there exists « € p(M)
such that F(M,«) Np(M) is convex, « is the left (right) endpoint of the set F'(M,a) Np(M) and
a€ F(M,a).

Definition 2. [3] Let F(z,y) be a p—preserving convex-to-right (left) formula. We say that F(z,y)
is said to be equivalence-generating if for any «, 5 € p(M) such that M | F(S,«) the following
holds:

sup[F(M, o) N p(M)] = sup[F(M, 5) N p(M)]

(resp. inf[F(M,a) Np(M)] = inf[F(M, B8) N p(M)]).

The class of weakly o-minimal theories is an object for active research. In [4], a formula
calculating the countable spectrum for weakly o-minimal theories of finite convexity rank was
found. Here we discuss properties of p-preserving convex-to-right (left) formulas in weakly o-
minimal theories, where p is a non-algebraic 1-type. It is established that in the case of an existence
of a p-preserving convex-to-right (left) formula that is not equivalence-generating, there exists a
p-preserving convex-to-left (right) formula that is also not equivalence-generating; it was shown
how it is built from the original formula.

Proposition 3. Let T' be a weakly o-minimal theory of convexity rank 1, M =T, A C M, p €
S1(A) be non-algebraic, F(x,y) be a p-preserving convex-to-right (left) formula. Then G(x,y) :=
F(y,x) is a p-preserving convez-to-left (right) formula.

Example 4. Let M := (M, <, E?, f!) be a linearly ordered structure, where M = Q x Q is ordered
lexicographically.

We define E as follows: for any a = (a1,a2),b = (b1,b2) € M we have E(a,b) iff a; = b;.
Obviously, E(z,y) is an equivalence relation partitioning M into infinitely many infinite convex
classes so that the induced ordering on FE-classes is dense.

We define f as follows: for any a = (a1, a2) € M we have

f(a) = (a1 + 1, —az).

Then f is strictly decreasing on each E-class and f is strictly increasing on M/E.
It can be proved that T'= Th(M) is a weakly o-minimal theory, and M is 1-transitive.
Let p(z) := {& = z}. Obviously, p € S1(0), p is non-algebraic and p(M) = M. Consider the
following formula:
Flz,y) =y <z < f(y)

Obviously, F'(z,y) is a p-preserving convex-to-right formula that is not equivalence-generating.
Observe that for any « € p(M) there exists 5 € p(M) such that o < § and

Mk F(8,a) A Jo[F(x,0) A ~F(z, B)].
Let G(x,y) := F(y,z). Since f is strictly increasing on M/E, G(x,y) is p-preserving. Observe
also that F'(vy, M) consists of two convex sets for any v € p(M). Then G(M,~) is not convex,
whence G(z,y) is not convex-to-left. Let

G'(z,y) == Ft[F(y,t) ANt <z <y

It can be checked that G'(z,y) is a p-preserving convex-to-left formula that is not equivalence-
generating.
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Proposition 5. For each natural n > 1 there exist a weakly o-minimal theory T, M = T, non-
algebraic p € S1(0) and a p-preserving convex-to-right (left) formula F(x,y) such that for any
v € p(M) the set F(y, M) consists of n convex sets in p(M).

Theorem 6. Let T be a weakly o-minimal theory, M = T, A C M, p € S1(A) non-algebraic,
F(x,y) a p-preserving convez-to-right formula that is not equivalence-generating. Then

G(x,y) = 3H[F(y,t) Nt <z < y]
s a p-preserving convez-to-left formula that is also not equivalence-generating.
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In the present lecture, we study strongly minimal partial orderings in the signature containing
only the symbol of binary relation for a partial order. We use for partial orderings such characteris-
tics as the height of a structure that is the supremum of lengths of ordered chains, and the width of
a structure that is the supremum of lengths of antichains, where an antichain is the set of pairwise
incomparable elements. We also differ trivial width and non-trivial width. Recently in [1], B.Sh.
Kulpeshov, In.I. Pavlyuk and S.V. Sudoplatov described strongly minimal partial orderings having
a finite non-trivial width. Here we study strongly minimal partial orderings having an infinite
non-trivial width.

Recall [2] that an infinite structure M is said to be minimal if for any formula ¢(x,a) of the
language of M, with parameters a, either ¢(M,a) or —p(M,a) is finite. A theory T without
finite models is said to be strongly minimal if any model M |= T is minimal. Models of a strongly
minimal theory are said to be strongly minimal, too. In the present time, the class of strongly
minimal theories is an object of active investigations. In [3], rank properties for families of strongly
minimal theories were studied. In [4], some interesting results on strongly minimal structures were
obtained that lead to a finer classification of strongly minimal structures with flat geometry.
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Recall that a partial order on a set is a binary relation < satisfying:

Asymmetry VaVylx <y — —(y < x)];

Transitivity YaVyVz[(z <y ANy < z) = = < z].

A set equipped with a partial order on it is said to be a partially ordered set or partial ordering.

Let M = (M, <) be an infinite partial ordering. Assuming that M is strongly minimal we
have only finite <-chains and the lengths of these chains are bounded, since unbounded lengths
imply existence of structures N' = M with infinite chains {a; | ¢ € Z}, a; < a; for i < j, that
violate the strong minimality by any formula x < a;. Thus, the height h(M), that is the supremum
of lengths of <-chains in M, must be finite for a strongly minimal structure M. Therefore, further
we consider here only infinite partial orderings with finite <-chains.

Also, since M is infinite, it has an infinite width w(M) that is the supremum of cardinalities
of <-antichains.

For any infinite partial ordering with finite <-chains M = (M, <) we can consider the corre-
sponding graph structure Mg = (M, R?), where R(a,b) iff either a is an immediate predecessor
of b or a is an immediate successor of b with regard to the partial order < for any a,b € M. We
say a subset A of a partial ordering M = (M, <) is a connected component if A is a connected
component in Mg = (M, R?).

We say a connected component is trivial if it is a chain. We say a trivial connected component
is an n-component if it is a chain of length n, where 1 < n < w. We say a l-component is a
singleton.

The value w(M) is witnessed by both trivial connected components and collections of maximal

antichains in non-trivial connected components. Indeed, let M consist of both | | A; and || Bj,
icl jeJ
where each A; is a trivial connected component, and each B; is a non-trivial connected component.

Then obviously w(M) = wo(M) + w1 (M), where wo(M) is the width of trivial part | | A; (trivial
el
width) and wq (M) is the width of non-trivial part | | B; (non-trivial width).
jeJ
The following theorem describes strongly minimal partial orderings with finite non-trivial

width:

Theorem 1. [1] An infinite partial ordering M = (M, <) with finite non-trivial width is strongly
minimal iff M has infinitely many singletons and additionally can have only finitely many finite
connected components which are not singletons.

Recall that an element a of a partial ordering M is said to be minimal if there is no element
in M that is less than a. Also, an element a of a partial ordering M is said to be mazimal if
there is no element in M that is greater than a. Observe that any singleton of a partial ordering
is both maximal and minimal element of the ordering. Also, any maximal (minimal) element of a
non-trivial connected component of a partial ordering is not minimal (maximal).

Example 2. Let M = (M, <) be a partial ordering consisting of exactly one infinite non-trivial
connected component of height two having exactly one maximal element. Then, obviously, M
contains infinitely many minimal elements. Then M is a strongly minimal structure having an
infinite non-trivial width.

We say that an element a of a partial ordering M has up-degree (down-degree) m for some
m € w if there exist exactly m elements of M being an immediate successor (predecessor) of a. If
there are infinitely many elements of M being an immediate successor (predecessor) of a then we
say a has infinite up-degree (down-degree). Obviously, a has both up-degree 0 and down-degree 0
iff a is a singleton.

The following theorem is a criterion for strong minimality of an infinite partial ordering of
height two having an infinite non-trivial width.

Theorem 3. Let M = (M, <) be an infinite partial ordering of height two having an infinite
non-trivial width. Then M is strongly minimal iff the following holds:
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(1) M contains exactly one non-trivial connected component of height two having both an infi-
nite set of mazimal (minimal) elements and a non-empty finite set of minimal (mazimal) elements;
(2) If M contains exactly m minimal (mazimal) elements of infinite up-degree (down-degree)
for some 1 < m < w then almost all mazimal (minimal) elements have down-degree (up-degree) m;
(8) M contains only finitely many finite connected components of height at most two.

Recall that a first-order theory is said to be totally categorical if it has exactly one model in
each infinite power.

Corollary 4. Any strongly minimal partial ordering of height two with an infinite non-trivial width
1s totally categorical.
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We study some hierarchy properties of expansions and restrictions of structures with given
degrees of rigidity.

Following [1] we consider regular structures, i.e. relational structures without repetitions of
interpretations of signature symbols. Let M be a regular structure, M be a maximal regular
expansion of M preserving the universe M. We denote by B(M) the set of all restrictions of
M preserving the universe M. The set-theoretic operations on the Boolean P(X(M)), forming
its Cantor algebra, induce the regular atomic Boolean algebra B(M) on B(M), with the greatest
element M, the least element M, with the empty signature, and |2(M)| atoms each of which has
exactly one signature symbol. Here unions N7 UN> and intersections N1 NANs, for N1, Ny € B(M),
preserve the universe M and consists of unions of their signature relations, common signature
symbols, respectively. The unions can be considered both as combinations 2] and fusions [3], in a
broad sense, of structures.

Recall that for a lattice £ and its element a the upper cone V(a) = V, consists of all elements
bin L with a < b, and the lower cone A(a) = A, consists of all elements b in L with b < a.
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Following [4, 5], for a set A in a structure N, N is called semantically A-rigid or automorphically
A-rigid if any A-automorphism f € Aut(N) is identical. The structure N is called syntactically
A-rigid if N = dcl(A).

A structure N is called V-semantically / V-syntactically n-rigid (respectively, 3-semantically
/ J-syntactically n-rigid), for n € w, if N is semantically / syntactically A-rigid for any (some)
A C N with |A] = n.

The least n such that A is Q-semantically / Q-syntactically n-rigid, where Q € {V, 3}, is called
the Q-semantical / Q-syntactical degree of rigidity, it is denoted by degri:em(/\/ ) and deg%Synt (N),
respectively. Here if a set A produces the value of -semantical / Q-syntactical degree then

we say that A witnesses that degree. If such n does not exists we put degrqf;em(/\f ) = oo and
Q-synt

degi, " (V) = oo, respectively.

Proposition 1. For any structures N1,No € B(M) and A C M if N1 € V(N2), i.e. N7 is an
expansion of Na, then Aut({(N1,ca)aca) < Aut((N2, ca)aca) and dely, (A) 2 delp, (A).

Corollary 2. For any structures N1,No € B(M), A C M, Q € {V,3} if N1 € V(N2) then
degri:em(/\fl) < degri;em(/\/g) and deggésynt(J\fl) < deggsynt (N2). In particular, if N is semanti-
cally / syntactically A-rigid then N7 is semantically / syntactically A-rigid, too.

Let Psemr € B(M), Psyntr € B(M) be the properties of semantic / syntactic (-rigidity, respec-
tively.

Proposition 3. For any structure M, Pserr = Poyntr iff M is finite.

Theorem 4. The family Piemr € B(M) of semantically rigid structures, respectively, the family
Pyynt € B(M) of syntactically rigid structures, is represented as the union of upper cones of all its
elements. Each of these families is closed under permutations, contains some atomic elements of
B(M), and closed under intersections iff |M| = 1.

Below we consider concatenations My + My of linearly ordered sets M1 and M. Since in the
Boolean algebra B(M) all structures have the same universe M, when considering M; + My we
assume that the original structures M; on the set M have partial orders in which one connected
component gave a linear order for M;, and all other components are singletons and there |M;3_;]|
many of them, ¢ = 1,2. After connecting M; and M3, considered as a union, two connected
components are formed with respect to the relation <; U <5 of orders <; and <5 in M; and Mo,
respectively. This relation is then replaced by its extension to the desired linear order for M7+ Ma.

Proposition 5. Let My = (M;,<) be a linear ordering with degy(M1) = (00,00,00,00). Then
deg, (M1 + M3) = (00, 00,00,00) for any linear ordering Mo = (Ma, <).

Proposition 6. For any infinite linear orderings My = (M, <) and Mg = (Ms, <) such that
deg, (M) = deg,(Msz) = (0,0,0,0) the following holds:

deg, (M1 + M2) equals (0,0,0,0), (1,1,m,m) for some natural m > 1 or (1,1, 00, 00).

Proposition 7. For any natural mi,mg > 1 and for any infinite linear orderings My = (Mj, <
), Mo = (Ma, <) such that degy(Mi) = (m1,my,00,00) and degy(Msz) = (mg, ma,00,00) the
following holds: deg,(M; + Ms) = (m, m,00,00), where my +mg < m < my +mg + 1.
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Ax [1] proved a beautiful purely algebraic characterisation for pseudofinite fields. While no such
characterisation exists for pseudofinite groups, there is a tight correspondence between pseudofinite
fields and simple pseudofinite groups, Wilson proved that a simple pseudofinite group is elementarily
equivalent to a (twisted) Chevalley group over a pseudofinite field.

It is known [7, Theorem 8.4.10] that two abelian groups are elementary equivalent if and only
if they have same Szmielew invariants.

We denote by Q the additive group of rational numbers, Z,x — the cyclic group of the order
", Zpeo — the quasi-cyclic group of all complex roots of 1 of degrees pF for all k > 1, R, — the
group of irreducible fractions with denominators which are mutually prime with p. The groups
Q, Zyk, Ry, Zp>= are called basic. Below the notations of these groups will be identified with their
universes.

Since abelian groups with same Szmielew invariants have same theories, any abelian group A
is elementary equivalent to a group

DpaZ © @7 & 0, R © 9 (1)

Yu. L. Ershov [3] axiomatized pseudofinite Abelian groups in terms of Szmielew invariants
and proved their solvability. Later, independently, S. Basarab [2] proved that an abelian group is
pseudofinite if and only if the numbers of p-Prufer groups and of p-adics occurring in a saturated
model are the same for every prime p.

A complete criterion for pseudofiniteness and approximations of Abelian groups is given by
In.I. Pavluk and S.V. Sudoplatov [4] and [5].

Theorem 1 (In.I. Pavluk and S.V. Sudoplatov). For any theory T of abelian groups, the following
conditions are equivalent:

(1) T € Taps, where Tapp is a family of pseudofinite abelian group theories;

(2) T has some infinite o p, or some By =7, = w, or e = 1, moreover, for all nonzero values
Bp and vy, Bp =1 = w;

(3) T has infinite models, and all nonzero values B, and vy, imply p = vp = w.

Corollary 2. Infinite extra-special p-groups of odd exponent p are pseudofinite.

Question. When is a direct product of groups pseudofinite?
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Theorem 3 (Paola D’Aquino and Macintyre Angus). Let I be an index set (either finite or infinite).
If (M;)ier are pseudofinite L-structures then [[;c; M; is pseudofinite.
Corollary 4. (Z/AZ)“ is pseudofinite.

Proposition 1. i) Let G = D, Zp~ ® B, ,, p. Then G is divisible iff i=j;

ii) Let G = (D, Zp~ ® D, Bp)"<“. Then G is pseudofinite iff i=j.

Proposition 2. Let G be a group and G = Hm-<w G; x G, where G; is divisible and Gj is
non-divisible abelian groups. Then G is divisible if ¢ = j. That is, the number of divisible groups
in [[ G; is equal to the number of non-divisible groups.

Corollary 5. Every direct product of pseudofinite divisible groups is divisible.
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This talk presents the main results on the characterization and interplay of generalized Poisson
algebras and transposed Poisson algebras within the associative commutative algebras endowed with
a Lie bracket. We establish that an algebra (L,-,[,]) can be both a generalized Poisson algebra
and a transposed Poisson algebra if it satisfies the identities a[b, ¢] = aD(b)c — abD(c) and [ab, c] =
D(a)bc+aD(b)c—abD(c) for all elements a, b, ¢ € L. This result shows that the generalized Poisson
and transposed Poisson algebras structures are inherently linked when a differential operator D
is present. We establish defining identities for algebras that are both generalized Poisson and
transposed Poisson admissible algebras. Furthermore, we generalize the simplicity criterion for
transposed Poisson algebras, proving that a transposed Poisson n-Lie algebra is simple if and only
if its associated n-Lie algebra is simple. This talk is based on the articles [1] and [2].

Keywords: transposed Poisson algebra, n- polynomial identity, Lie algebra, simple algebra.
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The work concerns approximations of structures by finite structures [1] and types of approxi-
mation [2,3].
Question. When is a direct product of unars pseudofinite?

Theorem 1 (Paola D’Aquino and Macintyre Angus). Let I be an index set (either finite or infinite).
If (M;);er are pseudofinite L-structures then [[;c; M; is pseudofinite.

Proposition 2. (N;succ) x (N;pred) is pseudofinite and strongly minimal.

Remark 3. (N;succ) and (N;pred) are not pseudofinite. They are strongly minimal. Moreover,
their direct product has an arbitrary number of semichains and antichains.

Elementary equivalence of pseudofinite unars with n semichains and m antichains, where n £
m, remained an interesting question.

Jointly with Prof. Ye. Baisalov we constructed a pseudofinite omega stable, but not strongly
minimal unar theory with an arbitrary number of semichains and antichains.
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We consider theories in first-order predicate logic and use general concepts of model theory,
algorithm theory, Boolean sentence (Lindenbaum) algebras, and constructive models, see [1]. We
fix a finite rich signature o together with a Gédel numbering @,, n € N, of the set of closed
formulas.
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First, we consider sentence algebras of some Hanf’s semantic classes of models.

Theorem 1. The following assertions hold for the class Mge..(0) of all models with decidable
theories in the signature o :

(a) L(Mgec) is a Boolean 113-algebra,
(b) there is a numbering v such that (L(Mge.),v) is a Boolean X3-algebra,

(¢) for an arbitrary Boolean H3 -algebra B, there is a sentence @ of signature o, such that
B = ﬁ(Th Mod(©) N Mdec)), where v is a Gédel numbering of sentences of signature o.

Theorem 2. The following assertions hold for the class M,q(0) = My qa(0) N Mgec(o) of all models
with non-finitely axiomatizable decidable theories of the signature o :

(a) L(M,g) is a Boolean T13-algebra,

(b) there is a numbering v such that (L(M,q),v) is a Boolean %3-algebra,

(c) for an arbitrary Boolean 113-algebra B, there is a sentence © of signature o, such that

)
B = £(Th(Mod(6) N Myyg)).
Now, we give some characterization to a subclass of the class of prime models of signature o.

Theorem 3. The following complexity estimates take place for the class P“ consisting of all prime
strongly constructhzable models having infinite dimensions with algebraic elements of signature o :

(a) {n | P, has a PL, -model} =~ ¥,
(b) Th(Pg,) ~ Hi-

Theorem 4. Let ﬁ(P;’c,) be the class of all prime strongly constructivizable models having infinite
algorithmic dimensions with algebraic elements of the signature o. The following assertions hold :

(a) (L(PX.),v) is a Boolean Hg—algebm

(b) computable ultrafilters of L(PX.) form a dense subset in the set of arbitrary ultrafilters in
the algebra,

(c) L(PX.) is a Boolean ¥3-algebra,

(d) for an arbitrary Boolean ¥3-algebra (B, v) whose computable ultrafilters form a dense subset
in the set of all ultrafilters, there is a sentence © such that (B,v) = (£(Th(Mod(©) N Pf~.)), 7).

(e) L(PX.) is a X9-universal Boolean algebra.

A natural question arises from difference in Part (c) and Part (d) of Theorem 4: is the al-
gebra L(PZ.) a Y9-universal Boolean algebra? Actually, there is a number of semantic classes of
models admitting exact estimates of the complexity of elementary theories but the problems of
characterizing their sentence algebras were not solved or has been solved only partially. It would

be interesting to study possible obstacles preventing us from obtaining a characterization of the
sentence algebras.
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We study various properties [1] which are preserved under given conditions. These preserva-
tions generalize the notion of (p, g)-preserving formula [2, 3, 4] and its variations for correspondent
type-definable sets.

Definition. Let M be a structure, P, € M* ... P, C Mk @Q C M™ be properties,
¢ = O(71,...,Tn,y) be a type with I(Z1) = k1, ..., I(Tn) = kn, [(¥) = m. We say that the
tuple (P, ..., P, Q) is (totally) ®-preserved, or ® is (totally) (Pi, ..., Py, Q)-preserving, if for any
ay € Py,...,a, € P, ®(a1,...,a,, M) C Q. Here we also say on universal ®- and (P,..., P, Q)-
preservation.

If ®(ay,...,a,, M) C Q for some a; € P,...,a, € P,, then we say that (Py,...,P,,Q) is
existentially ®-preserved, or ® is existentially (Py, ..., Py, Q)-preserving.

If ®(@y,...,a, M)NQ # 0 for some a; € Py,...,a, € P, and (P,...,P,,Q) is not existen-
tially ®-preserved by these tuples @;, then we say that (P, ..., Py, Q) is 3-partially ®-preserved, or
® is J-partially (P, ..., Py, Q)-preserving. If this property holds for any a; € Pi,...,a, € P,, we
say that (Py, ..., Py, Q) is V-partially ®-preserved, or ® is V-partially (Py, ..., P,, Q)-preserving.

We say that the tuple (Py,..., P,, Q) is 3-partially ®-non-preserved, or ® is I-partially (P,
..oy Py, Q)-non-preserving, if ®(ay,...,a,, M) N Q # ) for some a; € Py,...,a, € P,, where
Q = M™\ Q. If this property holds for any a; € P,...,a, € P,, we say that (Py,...,P,,Q) is
V-partially ®-non-preserved, or ® is V-partially (P, ..., Pp, Q)-non-preserving.

We say that the tuple (P,..., Py, Q) is totally ®-non-preserved, or ® is totally (Py,..., Py,
Q)-non-preserving, if ®(a@y,...,a,, M)NQ # 0 for any a; € P1,...,a, € Py.

If ®(ay,...,an, M) C Q for some a; € P,...,a, € P,, then we say that (Py,...,P,, Q) is
existentially ®-disjoint, or ® is existentially (Py, ..., P,, Q)-disjointing.

If ®(ai,...,a@,, M) C Q for any @3 € Pi,...,a, € Py, then we say that (Py,...,P,, Q) is
totally ®-disjoint or universally ®-disjoint, or ® is totally (P, ..., P, Q)-disjointing, or universally
(Pi,..., Py, Q)-disjointing.

If ® is a singleton {p} then totally/existentially /partially ®-(non-)preserved/disjoint tuples are
called totally/existentially/partially o-(non-)preserved/disjoint, respectively, and ¢ is totally/existen-
tially/partially (P, ..., P, Q)-(non-)preserving/disjointing.

If P =..=PFP, = Q then (P,...,P,,Q)-preserving type ® is called (Pi,...,FP,,Q)-
idempotent and (Py, ..., P,, Q) is ®-idempotent. If & = {p} then we replace ® by ¢ in the definition
of idempotency.

Proposition 1. 1. If a type ® is totally (P, ..., Py, Q)-preserving/disjointing and Py X ... X P, # )
then ® is existentially (P, ..., P,, Q)-preserving/disjointing.

2. If a type ® is V-partially (Py,..., Py, Q)-(non-)preserving and Py X ... x Py, # () then ® is
I-partially (P, ..., Py, Q)-(non-)preserving.

Proposition 2. For any type ® and definable or non-definable relations Py, ..., Py, Q in a structure
M the following conditions are equivalent:

1) @ is totally/existentially (Pi, ..., Py, Q)-preserving;

2) ® is totally/existentially (P, ..., Py, Q)-disjointing.

Proposition 3. For any (Py,...,P,,Q) and ®, (Py,...,P,,Q) is totally/ezistentially /partially ®-
(non-)preserved/disjoint iff (P1X...x Py, Q) is totally/existentially/partially ®-(non-)preserved/dis-
joint, where (Z1,...,Tpn,y) in ® is replaced by (T1"... Ty, 7).
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Definition [2, 3, 4]. Let T' be a complete theory, M = T. Consider types p(Z),q(Z) € S(0),
realized in M, and all (p, q)-preserving formulae ¢(Z,7) of T, i. e., formulae for which there is
@ € M such that = p(a) and ¢(a,7y) F ¢(g). For each such a formula ©(Z,7y), we define a relation
Rpoq={(a@,b) | M = p(@) Ae(a,b)}. If (a,b) € Ry .4, then the pair (@,bd) is called a (p, ¢, q)-arc.

Proposition 4. For any types p(T),q(y) € S(0) and a formula p(T,7) the following conditions are
equivalent:

1) the formula ¢ is (p, q)-preserving;

2) the pair (p(M), g(M)) is totally p-preserved;

3) the pair (p(M), q(M)) is existentially p-preserved.

Proposition 5. If some conjunction of formulae in a type ® is totally/existentially (P, ..., Py, Q)-
preserving/disjoint then ® is totally/existentially (P, ..., Pn, Q)-preserving/disjoint.

Proposition 6. If a type ¢ is a-partially (Py, ..., P,, Q)-(non-)preserving, where o € {¥,3}, then
any conjunction of formulae in a type ® is a-partially (Py, ..., Py, Q)-(non-)preserving.

Proposition 7. If properties Py, ..., Py, Q are type-definable in a saturated structure then a type ®
is partially (P, ..., Py, Q)-preserving/disjoint iff some conjunction of formulae in ® is totally/exist-
entially/partially (Py, ..., Py, Q)-preserving/disjoint.

Proposition 8. (Monotony) If (Pi,...,P,, Q) is ®-preserved, P, O Py{,...,P, O P!, Q C @,
O C O then (Py,..., P, Q") is ' -preserved.

For types ® and ¥ we denote by ® V ¥ the type {p Vi) | p € ®,¢ € U}, and by & A U the
type ® U VU, if it is consistent.

Proposition 9. (Union) If (P,..., Py, Q) is ®-preserved and (P, ..., Py, Q') is V-preserved, with
Q,Q) C M™, then ® V¥ is (Pi,...,P,,Q U Q)-preserving and ® NV, if it is consistent, is
(Py,...,P,,QNQ")-preserving.

Corollary 10. If there is a (P, ..., Pp, Q)-preserving type ® then the set Zg(Py, ..., Py, Q) of all
(Py,..., P, Q)-preserving types, whzch are contained in ®, forms a distributive lattice (Zg(Py,. . .,
p,, Q), ,\) with the least element ®.

Using the assertions above one can describe series of type-definable structures, in particular,
classes of (ordered) semigroups, groups, rings and fields, including spherically ordered ones [5, 6],
rectangular bands of groups, graded algebras, etc., their subalgebras and quotients.
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We continue to study spectra of spherical orderability of groups [1, 2].
Let T be a n-tuple (x1, ..., 2, ), o be a permutation of degree n. Then the tuple (xa(l), e xo(n))
is denoted by z,.

Definition 1. [1] The following generalization of linear and circular orders produces an n-ball, or
n-spherical, or n-circular order relation, for n > 2, which is described by an an n-ary relation K,
satisfying the following conditions:

(nsol) If T € A™ and o is a transposition on {1,2,...,n}, then T € K,, or T, € Kp;

(nso2) If € A™ and o is a transposition on {1,2,...,n}, then Z € K,, or 7, € K, iff there
are distinct indices ¢ and j such that z; = x;;

(nso3) For any T € K™ and any element ¢t € A, there is an index 7 such that

(.Tl, s ?xi—ht?xi-i-h s 7:1:71) € Kn

Definition 2. [1] A group G is called n-spherically ordered, or n-s-ordered, if G is provided with a
n-spherical order K, such that for any (x1,...,2,) € K, and any y € G the tuples (z1y,...,z,y)
and (yz1,...,yx,) belong to K,.

A group G is called n-spherically orderable, or n-s-orderable, if G has a n-spherically ordered
expansion. A group G is called spherically orderable if it is n-spherically orderable for some n.

For a group G we define its spectrum Sps, of spherical orderability, or spherical spectrum, as
follows:

Spso(G) ={n € w\ {0,1} | G is n-spherically orderable}.

A group G is called totally spherically orderable, or totally s-orderable, if G has maximal
spectrum of spherical orderability, i.e. Spso(G) = w \ {0, 1}.

A group G is called almost totally spherically orderable, or almost totally sorderable, if Sps,(G)
is a cofinite subset of w.

A group G is (almost) not s-orderable in any way if Sp,,(G) is empty (respectively, finite).

If |G| = n, then w \ n C Spso(G).

The following are new results complement those previously presented. Also new results ob-
tained taking into account the fact that
if ez;7 = 1 and ez, = 1 = T, is representable as T,5 by some T, where ez = 1.

Spso(Z3) = w\ {0,1,2,3,5,6,7} (1)
Spso(Z3) = w\ {0,1,2,4,5,6,7,8} (2)
Spso(D3) = w\ {0,1,2,3,4,5,6} (3)
Spso(Dy) =w )\ {0,1,2,3,4,5,6,7,8} (4)
Spso(Ds) = w )\ {0,1,2,3,4,5,6,7,8,9,10} (5)
Spso(Qs) =w\{0,1,2,3,5,6,7} (6)
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A model M of a theory T in a language L is called T-pseudofinite if every sentence in a
language L true in 91 has a finite model, which is a model of the theory T'. It is clear that T-
pseudofiniteness implies pseudofiniteness, and pseudofiniteness implies T-pseudofiniteness for every
finite axiomatizable theory 7. In [1-4] the model-theoretic properties of theories of pseudofinite
fields, groups, rings, and unars are studied.

Theorem 1. Let T be a theory of a language L, K be the class of all pseudofinite (T-pseudofinite)
models of this theory. Then K is an axiomatizable class.

Let S be a monoid. A set A is a left S-act (or S-act) if there is a map S x A — A, (s,a) — sa,
such that for all « € A and s,t € S, we have la = a and s(ta) = (st)a. In [4-9], the questions of
axiomatizability, completeness, and model completeness of some classes of S-acts, such as free, flat,
projective, injective, regular, and others, are considered. Here we disribe monoids S over which
class of all T-pseudofinite acts is complete (model complete, categorical), where T is a theory of
S-acts.

Theorem 2. Let T be a theory of S-acts, K be the class of all T-pseudofinite S-acts. Then the
following properties are equivalent:

(1) the class K is complete;

(2) the class K is model complete;

(3) the class K is totally categorical;

(4) every pseudofinite S-act is a coproduct of one-element S-acts;

(5) if a is a proper congruence of gS, then the S-act §S/« is infinite.

Funding: This work was supported by the Ministry of Science and Higher Education (agreement Ne 075-02-2025-
1638/1)

Keywords: Axiomatizable class of L-structures, complete class of L-structures, pseudofinite L-structure, S-act.
2010 Mathematics Subject Classification: 03C52, 03C35, 08A60

References

[1] Ax J. The elementary theory of finite fields, Annals of Mathematics, 88:2 (1968), 239-271.

[2] Macpherson D. Model theory of finite and pseudofinite groups, Arch. Math. Logic, 57
(2018), 159-184.

[3] Bello-Aguirre R. Model Theory of Finite and Pseudofinite Rings : PhD thesis, University
of Leeds, (2016).

[4] Efremov E.L., Stepanova A.A., Chekanov S.G. Pseudofinite unars, Algebra and Logic, (in
press)

[5] Gould V., Mikhalev A.V., Palyutin E.A., Stepanova A.A. Model-theoretic properties of
free, projective, and flat S-acts, J. Math. Sci. (New York), 164:2 (2010), 195-227.

[6] Stepanova A.A. Axiomatisability and completeness in some classes of S-polygons, Algebra
and Logic, 30:5 (1991), 379-388.

[7] Stepanova A.A. Axiomatizability and model completeness of classes of regular polygons
Sib. Math. J., 35:1 (1994), 181-193.

[8] Efremov E.L. Completeness and stability of the class of injective S-acts, Algebra and Logic,
59:2 (2020), 48-65.

[9] Stepanova A.A. Axiomatizability and completeness of the class of injective acts over a
commutative monoid or a group, Sib. Math. J., 56:3 (2015), 516-525.

HHCTHTyT MaTeMAaTHKH U MaTeMaTHI€CKOIr'O0 MOAEe/INDOBaHUA



Annual International April Mathematical Conference — 2025 285

On expansions and restrictions of structures and theories
S.V. SUDOPLATOV

LSobolev Institute of Mathematics, Novosibirsk, Russia
Novosibirsk State Technical University, Novosibirsk, Russia

sudoplat@math.nsc.ru, sudoplatov@corp.nstu.ru

We introduce and study some general principles and hierarchical properties of expansions and
restrictions of structures and their theories. These principles are based on upper and lower cones,
lattices, and permutations. The general approach is applied to describe these properties for classes
of w-categorical theories and structures, Ehrenfeucht theories and their models, strongly minimal,
wi-categorical, and stable ones. Here all these classes are closed under permutations. It is proved
that any fusions of strongly minimal structures are strongly minimal, too, whereas the properties of
w-categoricity, Ehrenfeuchtness, wi-categoricity, and stability can fail under fusions. It is also shown
that the classes of w-categorical, strongly minimal and stable regular structures are closed under
lower cones of all their elements, whereas the classes of Ehrenfeucht and wi-categorical structures
do not have that property, with some infinite chains of expansions alternating Ehrenfeuchtness and
non-Ehrenfeuchtness, and other infinite chains alternating wi-categoricity and non-ws-categoricity.

We consider reqular structures, i.e. relational structures without repetitions of interpretations
of signature symbols. Let M be a regular structure, M be a maximal regular expansion of M
preserving the universe M. We denote by B(M) the set of all restrictions of M preserving the
universe M. The set-theoretic operations on the Boolean P(3(M)), forming its Cantor algebra,
induce the regular atomic Boolean algebra B(M) on B(M), with the greatest element M, the least
element M, with the empty signature, and |X(M)| atoms each of which has exactly one signature
symbol. Here unions N7 UN; and intersections N1 NANs, for N7, Ny € B(M), preserve the universe
M and consists of unions of their signature relations, common signature symbols, respectively. The
unions can be considered both as combinations [1] and fusions [2], in a broad sense, of structures.

Recall that for a lattice £ and its element a the upper cone V(a) = V, consists of all elements
bin L with a < b, and the lower cone A(a) = A, consists of all elements b in L with b < a.

Theorem 1. The family P, cat € B(M) of countably categorical structures is represented as the
union of lower cones of all their elements and all these elements are not maximal. This family is
closed under permutations and not closed under unions.

Theorem 2. Any Boolean algebra B(M) with a countable universe M contains structures with the
property Peny of Ehrenfeuchness (i.e. the property of all structures whose elementary theories have
finitely many and at least three countable models), without the least and the greatest elements of
B(M). This property is closed under permutations and can fail under restrictions and expansions.
There are infinite chains alternating the Ehrenfeuchtness and the complement of this property.
There are atomic structures N € B(M) belonging to Pgpy.

Recall [3] that a structure N is called strongly minimal if for any N’ = N and any formula
¢(x,a) in the language of N with parameters @ € N’ the set p(N',a) = {b | N/ E p(b,a)} is either
finite or cofinite in N. A theory T is called strongly minimal if T = Th(N) for a strongly minimal
structure N.

Theorem 3. Any Boolean algebra B(M) with an infinite universe M contains a distributive sub-
lattice Bsy(M) of all strongly minimal structures N € B(M). This sublattice closed under per-
mutations and forms a Boolean algebra with the least element Ny and the greatest element SM
forming AN(SM) which is equal to By (M).

Theorem 4. Any Boolean algebra B(M) with an infinite universe M contains structures with
the property P, _cat of wi-categoricity, including the least element of B(M). This property is
closed under permutations and can fail under restrictions and expansions. There are infinite chains
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alternating the wi-categoricity and the complement of this property. There are structures N €
B(M) of finite signatures with Var N Py -cat = 0.

Recall [4] that a formula ¢(Z,7) of a theory T is called stable if there are no tuples @;,b; € N,
where i € w, N' = T, such that N |= ¢(a@;,b;) < i < j. The theory T is called stable if all its
formulae are stable. Models of a stable theory are called stable, too. Is a formula/theory/structure
is not stable, it is called unstable or having the order property.

Following [4] it is said that a formula ¢(Z, ) has the strict order property if there are parameters
a; € N, i € w, such that the sets ¢(a;, N), i € w, form a strictly descending chain with ¢(a@;, N)
o(@i+1,N), i € w.

Again following [4] it is said that an unstable formula ¢(Z,7) has the independence property
if in every/some model N of T there is, for each n € w, a family of tuples @;, i € n, such that for
each of the 2" subsets X of n there is a tuple b € N for which N |= p(a;,b) < i € X.

D)
=

Theorem 5. The family Psy C B(M) of stable structures is represented as the union of lower
cones of all its elements. This family is closed under permutations and not closed under unions,
and these unions can produce both the strict order property and the independence property.
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The article is dedicated to the study of the solvability and nilpotency of graded Bicommutative
and Zinbiel algebras. The solvability of graded Novikov algebras was studied by V.N. Zhelyabin
and U.U. Umirbaev [1].

It was shown in [1] for every n of the form n = 2¥3! that a Z,- graded Novikov algebra

N=Ny®...®& N1

over a field of characteristic not equal to 2,3 is solvable if Ny is solvable. In [1], it was proved that,
if L is a right nilpotent subalgebra of a Novikov algebra NV, then the right ideal of IV generated by
L? is right nilpotent. Also in [2] was shown that, if N is a G-graded Novikov algebra with solvable
0-component Ny, where G is a finite additive abelian group and the characteristic of the field F
does not divide the order of the group G, then N is solvable.
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Definition 1. The algebra A is called G-graded if there exists a decomposition A = @geG Ay
such that Vg, h € A we have AjA, C Agyp.

Definition 2. Bicommutative algebras are defined by the identities a o (boc¢) = bo (aoc¢) and
(aob)oc=(aoc)ob.

Definition 3. Zinbiel algebras are given by the identity (aob)oc=ao (boc+ cob).
Theorem 4. Let A be a G-graded Bicommutative algebra and Ay solvable then A? is nilpotent

Theorem 5. Let A be a G-graded Zinbiel algebra. Ay is solvable with solvability index m then A
is solvable with solvability index n*m — nm
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In the monograph [1], the problem of describing the distribution of primes over finite sets,
as well as the limit and other countable models for various natural classes of theories of algebraic
systems, is posed.

For theories T with a continuum number of types, the number of countable models is 2, and
thus at least one of the values P(T'), L(T'), or NPL(T) equals 2*.

Definition 1. The triple (P(T), L(T), NPL(T)), consisting of the number of prime models, the
number of limit models, and the number of other countable models of a theory T, is called the
distribution triple of the number of countable models of the theory T and is denoted by e¢ms(T).

Definition 2. Let 9t = (M, %) be a finitely generated commutative semigroup, P = {p1,...,pn} C
M and M be generated by P. Let P = {q1,q2,...,q,}. Here, the set {q1,q2,...,qn} is obtained by

rearranging the elements of the set {p1,p2,...,p,} in a different order. If for every a = ¢i*¢3*...q;"
in M the equation z7'zy?...z}* = a has a unique solution (21,2, ...,xx) = (q1,92, ..., qx) , then we

call the semigroup M a quasi u-semigroup, where ri,rs,...,r; are natural numbers and 1 < k < n.

Theorem 3. Let M = (M, ) be a finitely generated commutative semigroup, and M be generated
by P = {p1,...,pn}. Then M = (N", +), where N* = {(a1,...,a,) | a; € w, a} + -+ + a2 > 0},
and the operation "+ is defined as the addition of corresponding coordinates.

Theorem 4. If T'=Th((N",+)), then P(T) = 2% and L(T) = 2.

Corollary 5. Let M = (M, *) be a finitely generated commutative semigroup. Then P(Th(IN)) =
L(Th(9M)) = 2.
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We consider an ordered structure.

Definition 1. Let s(z) be a partial 1-type, and let ¢(z) and ¢ (x) be formulae. We say that ¢(x)
and ¢ (x) are s-inconsistent if s(x) U {p(x),1(z))} is inconsistent.

Definition 2 (V. Verbovskiy). 1. We say that Morley o-rank of a formula ¢(z) inside a cut
(C, D) in M is equal to or greater than 1 and write o-RM ¢ py am(¢) > 1 for this, if {o(x)} U
(C, D) is consistent.

2. o-RM ¢, py, m(¢) > o + 1 if there are infinitely many pairwise (C, D)-inconsistent formu-
lae ;(x) such that RM ¢, py, m (qb(a;) A 1/Jz(x)) > .

3. If a is a limit ordinal, then o-RM ¢ py pm(¢) > a if o-RM i py pm(9) > B for all 8 < a.
4. O_RM<C,D>,M(¢) =« if O—RM(C’D%M(QZs) Z o« and O_RM<C,D),M(¢) z a+ 1.
5. We define Morley o-rank of a formula ¢(x) inside M as follows:

0-RMa(¢) = sup{o-RM ¢ py m(¢) : (C, D) is a cut in M},

6. We define Morley o-rank of a formula ¢(x) as follows:
0-RM(¢) = sup{o-RM ¢ py m(¢) : M =T and (C, D) is a cut in M}.
We define the Morley o-degree of a formula inside a cut

1. Let (C, D) be a cut in an ordered structure M and o-RM ¢ py m(¢) = « for some formula
¢. We say that Morley o-degree of ¢(x) inside the cut (C,D) in M is equal to n and
write 0-M D ¢ py m(¢) = n for this, if there exist exactly n pairwise (C, D)-inconsistent
formulae v;(x) such that RMc py m(d(z) A hi(z)) = a.

2. We define Morley o-degree of a formula ¢(x) inside M as follows:
0-RMp(¢) = sup{o-RM ¢ py m(¢) : (C, D) is a cut in M and o-RM ¢ py pm(¢) = a}.
3. We define Morley o-rank of a formula ¢(x) as follows:

0-RM(¢) = sup{o-RMc py m(9) : M =T, (C, D) is a cut in M, and
o-RMic,py m(¢) = o-RM(¢)}.
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B. Kulpeshov made a complete description of weakly o-minimal pure ordered structures. Let
F' be the set of all finite linear orderings, and

G=FU{w,w"w+uw,w +wQ}

Also, let WO be the collection of all ordered sums of the form Ci+- - -+, where C;j is elementarily
equivalent to some member of G for each i < m.

Theorem 3 (B. Kulpeshov). Any weakly o-minimal structure M restricted to the signature {=, <}
is a member of WO, and conversely, the first-order theory of any member of WO is a weakly o-
minimal theory of linear order.

Here we give the complete description of pure ordered structures that have Morley o-rank 1
and Morley o-degree 2. This class is a proper extension of the class of weakly o-minimal pure
ordered structures.
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This paper explores the connection between J-o-minimality in Jonsson theories and PAC learn-
ing. Key definitions related to Jonsson theories, normality in pregeometry, and Kr-equivalence are
introduced. The primary focus is on the JNIP property and its relationship with PAC learning. It
is proven that every J-o-minimal Jonsson theory is a JNIP theory. The obtained results deepen the
understanding of the structural properties of Jonsson theories and their applications in machine
learning.

Definition 1 (A.R. Yeshkeyev). A set JSp(K) of Jonsson theories of signature o, where
JSp(K) ={A | Ais Jonsson theory and K C Mod(A)},
is called the Jonsson spectrum for class K.

Definition 2 (T.G.Mustafin). 7} and 75 are said to be cosemantic Jonsson theories (denoted by
T1 [><1T2), if Tl* = TQ*.

Definition 3 (A.R. Yeshkeyev). Let 7 be some given pregeometry in Cr with a closure operator
cl : P(Cr) — P(Cr). A Jonsson theory T is called normal in pregeometry 7 (cl-normal), if, for
each almost Jonsson subset X C Cr, Cp,(x) is an existentially closed submodel of Cr.
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Definition 4 (T.G.Mustafin). Let T} and T be complete theories. We will say that 77 and T5 are
syntactically similar if exists bijection f : F(T1) — F(T3) such that

1. The restriction of f to F,,(T1) is an isomorphism of Boolean algebras F,,(71) and F,(T3), for
n <w.

2. f(3vns19) = Fons1f(e), for v € Fpya(T), n < w.
3. f(?]l = ’U2) = (Ul = ’Ug).

Definition 5 (A.R. Yeshkeyev). Let T" be a Jonsson theory. A class K7 of L-structures is called
a Kaiser class of T if

Ky ={M | M € Mod(T) and Thy3(M) is a Jonsson theory}.

Definition 6 (1). Let 7} and T be Jonsson L-theories. T) and T, are called Kp-equivalent
(Tl > TQ), if KT1 = KTQ.

Definition 7 (A.R. Yeshkeyev). Let 77 and T5 be arbitrary Jonsson theories. We say that 77 and
T5 are Jonsson syntactically similar, if a bijection f : E(T1) — E(T3) exists such that:

1. restriction f to E,(77) is an isomorphism of lattices E,(77) and E,(T%), n < w;
2. f(Bvpt1) = Fons1f(9); ¢ € Enta1(T), n < w;
3. f(v1 =v2) = (v1 = v2).

Well-known next facts about PAC-learning

Definition 8 (2). Let X be a set and F C P(X). The pair (X, F) is called a set system. We say
that A C X is shattered by F if for every S C A there is F' € F such that F'()A=S. A family F
is said to be a V' C-class on X if there is some n < w such that no subset of X of size n is shattered
by F. In this case the V C-dimension of F, denoted by VC(F ), is the smallest integer n such that
no subset of X of size n + 1 is shattered by F. If no such n exists, we write VC(F') = oo.

Theorem 9 (2). The following are equivalent for a hypothesis class H with domain X :
(1) - H has finite VC dimension.
(2) - H is PAC learnible(PAC stands for Probably Approzimately Correct).

Let T perfect normal 3 complete theory for 3-sentences.

Definition 10. Let 7" is perfect normal J-L-theory and ¢(x, y) is a some 3-formula (with a partition
of the free variables). Say that ¢(z,y) has the J-independence property (or JIP) if there are in
M, M € Kr theory T (a;)i<, and (bs)scy such that ¢(a;, bs) holds iff i € s. Say that ¢ is JNIP if
not. The theory T is JNIP if all formulas are JNIP.

Definition 11. Jonsson theory T is J-o-minimal theory if T™*-o-minimal
Corollary 12. If theory T is J-o-minimal theory, then T has a JNIP-formula.

Proposition 13. A formula is JNIP if and only if for every M € K, the family {¢(M?*,a) | a €
MY} is a VC-class.

Let [Ay] € JSp(D)/...,D C Kp, where JSp(D)/... is the factor set of the JSp(D) by the
following equivalence relations: cosemanticness of jonsson theories, Kr-equivalence, and Jonsson
syntactic similarity.

Definition 14. The class [Ay] is J-o-minimal theory if Af-o-minimal
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Definition 15. [Au] is JNI P-class if every theory in this class will be JN I P-theory

Theorem 16. Let [Ay] € JSp(D)/....D C Kr then if [Ay]-J-o-minimal class we can conclude
that [Ay] be JNIP-class

Theorem 17 (Main result). A formula is INIP iff for some/every M € Krp, the family {¢(M?,a) |
a € MY} is a VC-class.

All the necessary information about Jonsson theory which is uncertain in this thesis, can be
extracted from the monograph[1].
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We work within the framework of studying Jonsson theories [1]. Let T be a Jonsson L-theory,
and Cr be a semantic model of the theory T. The center of a Jonsson theory T is defined as the
elementary theory of the semantic model of this theory: T* = Th(Cr).

One of the main objects in this study is a perfect Jonsson theory. A perfect Jonsson theory is
understood to be a Jonsson theory whose semantic model is saturated of power w™.

The concept of a semantic Jonsson quasivarieties of unars and undirected graphs, as well
as their Robinson spectras were introduced in [2]. In [1], the concepts of Jonsson syntactic and
semantic similarity of Jonsson theories were described. In [3], these relations were generalized for
classes of the Jonsson spectrum. In [4], a theorem on the existence of a certain syntactically similar
algebra (S-act) for hybrids of classes from the Jonsson spectrum was considered.

In this abstract, we introduce a new concept of Kaiser equivalence between two Jonsson theo-
ries. First, let us define the concept of the Kaiser class of theory.

Definition 1. A class Kp={2 € Mod(T) : V2, T°(2) is Jonsson theory} is said to be a Kaiser
class of the theory T, where T9(1) = Thy3(21).

Next, we can consider the binary relation according to the Kaiser classes of two Jonsson theories
T1 and TQ.

Definition 2. Let 77 and Ty are Jonsson theories. We say that theories 17 and 15 are Kp-
equivalent, if K, =Kr,.
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Now, let us move on to the main results of this abstract.

Let JCg and JCg be semantic Jonsson quasivariety of Robinson unars and undirected graphs
correspondingly. RSp(JCy) and RSp(JCg) be their Robinson spectrums.

Further, on these spectrums, we introduce the following relations:

1) equivalence of Jonsson syntactic and semantic similarity,

2) Kr-equivalent, and

3) cosemanticness relations.

It is obvious that all these relations are equivalence relations, so we obtain a factor-set of the
Robinson spectrums of JCy and JCg with respect to the introduced relations, which we call triple

factorization and denote as RSp(J (Cu)/_gg and RS’p(J(C@)/Eg respectively. [Au] is an equivalence
K K

class of a theory Ay from RSp(J(Cu)/SS and [A@] is an equivalence class of a theory Ag from
>
K

Theorem 3. Let [Ay] and [Ag] be a classes of w-categorical Robinson theories of unars and

undirected graphs respectively. Then their hybrid H([Ay],[Ae)) is also a w-categorical Robinson
theory.

We can also consider the following result of work [4] in a new, extended case by applying triple
factorization on Robinson spectrums of semantic Jonsson quasivarieties of unars and undirected
graphs. As a result, we obtain a countably categorical theory of S-act that is syntactically similar
to a hybrid of classes.

Theorem 4. Let [Ay] and [Ag] be a classes of w-categorical Robinson theories of unars and
undirected graphs respectively. Then there exists a w-categorical theory of S-act that is Jonsson
syntactically similar to the hybrid H([Ay], [As]) of these classes.

All definitions that were not given in the abstract can be found in [1].
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We study Jonsson theories in the framework of a countable first-order language L. In this
work, we introduce a new tool for analyzing Jonsson theories [1]: a specific semantic invariant
associated with a given Jonsson theory T', which we call the Kaiser class of 7. We establish some
fundamental properties of the Kaiser class and demonstrate its relevance in the structural study of
Jonsson theories. In particular, we apply this notion to investigate the cl-normality and perfectness
[2] of Jonsson theories. Furthermore, the results concerning the axiomatizability of the Kaiser class
are presented.

Let us give necessary definitions. All definitions of this abstract paper were introduced by the
first author of this paper.

Definition 1. Let 7 be some given pregeometry in Cp with a closure operator ¢l : P(Cp) — P(Crp).
A Jonsson theory T is called normal in pregeometry 7 (cl-normal), if, for each almost Jonsson subset
X C Cr, Cppr(x) 1s an existentially closed submodel of Cr.

Definition 2. Let T be a Jonsson theory. A class K of L-structures is called a Kaiser class of T'
if
Kr={M| M € Mod(T) and Thy3(M) is a Jonsson theory}.

Definition 3. Let T} and T3 be Jonsson L-theories. T7 and Ts are called Kp-equivalent (T} =1 Ts),
if K, = Kr,.

In the framework of the introduced concepts, we obtained the following results.

Theorem 4. For any Jonsson theory T, the class K is closed under the joint embedding and
amalgamation properties.

Theorem 5. Let T be a Jonsson theory and let K% be a finitely axiomatizable theory. Then
there are finitely many theories in [T'|~, where [T~ is a class of all Jonsson L-theories that are
Kr-equivalent to T.

Theorem 6. Let T' be a Jonsson theory. Then the following conditions are equivalent:
(1) T is a perfect Jonsson theory;
(2) Ep = Krp~.

Theorem 7. Let T be a perfect Jonsson theory. Then the following conditions are equivalent:
(1) T is a cl-normal Jonsson theory;
(2) for any almost Jonsson set X; C COr, i € I, (Nic; Kpr(x,) # 9-

All definitions that are not provided in this work can be found in [2].
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Definition 1. [1] A theory T is called a Jonsson theory if:
(i) T has at least one infinite model;
(ii) T is an inductive theory;
(iii) T has the amalgam property (AP);
(iv) T has the joint embedding property (JEP).

Definition 2. [2] A model Cr of the Jonsson theory T such that |Cr| = 2¢ is said to be a semantic
model, if it is wt-homogeneous-universal.

Definition 3. [3] T is the center of a Jonsson theory T'. T™ is the elementary theory of its semantic
model Cp, such that T* = Th(Cr).

Definition 4. [3] The Jonsson theory T is said to be perfect if its semantic model is an w™-saturated
model of T'.

Definition 5. Let T be a Jonsson theory. A class K of L-structures is called a Kaiser class of T’
if
Kr={M|M € Mod(T) and Thy3(M) is a Jonsson theory}.

Definition 6. [4] Let T be a Jonsson theory, Cr be its semantic model, X C Cr. X is called an
almost Jonsson set, if the following conditions are hold:

(1) X is an 3-definable set;

(2) c(X) =M € Mod(T);

(3) Thya(M) is a Jonsson theory, where Thy3(M) is a set of all universal-existential sentences
of the language L that are true in the model M.

Definition 7. [3] Let T be a Jonsson theory. A #-companion of the Jonsson theory 7T is a theory
T# of the same signature that satisfies the following conditions:

(i) (T#)y = Ty;

(i) for any Jonsson theory T", if Ty = T, then T# = (T")#;

(it}) Tya C T#

Definition 8. Let 7 be some given pregeometry in Cp with a closure operator ¢l : P(Cp) — P(Cr).
A Jonsson theory T is called normal in pregeometry 7 (cl-normal), if, for each almost Jonsson subset
X C Cr, Cpp(x) 1s an existentially closed submodel of Cr.

Let T be a cl-normal Jonsson theory, A C C7, where A is an almost Jonsson set, meaning
cl(A) = M € Kr, where Kr is the Kaiser class of the normal fixed Jonsson theory.

Let Thys(M) = Fr(A) = M°, M° € JSp(Cr), where JSp(Cr) denotes the Jonsson spectrum
of Cr, i.e. JSp(Cr) ={T|T is a Jonsson theory and VA € Cr, A=T}.

The following facts outline the properties of these fragments.

Theorem 9. If cl(A) € Ky, then the following conditions are equivalent:
(i) MY is perfect;
(i) MO% is V3-aziomatizable.

Theorem 10. Let cl(A) € K, then the following conditions are equivalent:
(i) M° is perfect;
(ii) M° has a model companion.
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Definition 1. [1] A theory T is said to be Jonsson, if it satisfies the following conditions:
1) T has at least one infinite model; 2) T" is V3-axiomatisable; 3) T" has JEP property; 4) T
has AP property.

Definition 2. [2] Let 7" be a Jonsson theory. A model €7 of power 2¢ is called to be a semantic
model of the theory T if €7 is a w'-homogeneous w-universal model of the theory 7.

Definition 3. [1] The elementary theory of a semantic model of the Jonsson theory 7' is called the
center of this theory. The center is denoted by T*, i.e. Th(&p) = T*.

Given work is associated with the Jonsson universal of unars in the frame first-order language
L of the signature ¢ =< f >, where f is unary functional symbol.

Definition 4. [3] 1) If ' = Ty, then Ty is said to be universal;

Lemma 5. [3] For any unar 2 the following is satisfied 2 |= Ty < A embeds in Cr,, where €, is
a semantic model of Jonsson universal of unars Ty.

Definition 6. [3] A fourset (€, v, i, ¢) is called a characteristic €7, and denoted as char(Cr, ), if
Q= {x(a) : a € Cr};
v w\ {0} = wU{oco} such that ¥m > 0,
_J k,if the quantity m — loops in €, is equal to k < w,
v(m) = oo, otherwise;
o Q — wU {oo} such that if @« € Q and a € x(a), then p(a) = k(a), if k(a) < w and
p(a) = oo, if k(a) = |Q:Tv|;
. 0,if [{a € Cx, : x(a) =w}| =0,

00, otherwise.

Let Ty be the theory of all unars. It is known that Ty is an empty theory (the set of axioms of
this theory is empty), i.e. it is a set of all sentences in the language L of the signature o =< f >,
where f is unary functional symbol. It was proven in the work [4] that the theory of all unars is a
Jonsson theory. Let €, be its semantic model.
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Definition 7. [5] Let T be a Jonsson theory. A class of models K C Mod(T) such that Kp =
{A| A € Mod(T) and Thy3(2) is a Jonsson theory } is called a Kaiser class of the theory T.

Theorem 8. [5] Let Ty be the Jonsson theory of all unars, and let M be its model. M is a
component of the theory Ty if and only if M € Kr,,, where Kt is the Kaiser class of the theory
Ty.

Definition 9. [5] A Jonsson theory T is called a normal theory if for any 9t € K7 : 99 = Thy3(9MN),
and €y is an existentially closed submodel of €7 (€ is a semantic model of MY, €7 is a semantic
model of T').

Theorem 10. [5] The theory of all unars Ty is a normal Jonsson theory.

Let us consider first-order language L of the signature ¢ =< f >, where f is unary functional
symbol and expand it by symbols of new constant ¢ and unary predicate P?.

Let 0’ = 0 Uo’, where 0 =< f >, 0/ = (P!, c). We consider a theory Ty in the new expanded
signature o” as follows: [4] Ty = Ty U Thy(Cr,, @)aePL(ez,)UP(c) U {PL,C}U PYo).

Here P! is a new unary predicate symbol, {P!, C} is an infinite set of sentences, which are
expressing the fact that in €, the predicate P! distinguishes existentially closed submodel of Cry,
ie. PL(€p,) =M M € K, Thy3(9M) is a Jonsson theory, K7, is a Kaiser class of theory T%. Let
us denote the center of Ty as follows: Ty = Th(€g,) = Th(€r,, ¢, a)wepl(QTv)

Definition 11. [6] A Jonsson theory is said to be hereditary if, in any of its permissible expansions,
it preserves its Jonssonness.

Definition 12. [1] A Jonsson theory T is called perfect if its semantic model €7 is w-saturated.

It was proven in the [7] that universal of unars is a perfect Jonsson theory. Hence, the following
result was proven in [4].

Theorem 13. [/] If Jonsson theory of unars Ty is a perfect Jonsson theory, Ty is its hereditary
expansion, then Ty is also perfect Jonsson theory of unars.

Thus, the following results were obtained for perfect Jonsson theories of unars and their hered-
itary expansions.

Theorem 14. [5] If Jonsson theory of unars Ty is normal perfect Jonsson theory, Ty is its hered-
itary expansion, then Ty is also normal perfect Jonsson theory of unars.

Lemma 15. [5] If Ty is a normal perfect Jonsson universal of unars and Ty is its hereditary
expansion, then T:/ s a perfect Jonsson theory.
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