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íèÿ âëèÿíèÿ íà íèõ ìàëûõ âîçìóùåíèé ñèñòåìû. Çàùèòà ñîñòîÿëàñü â ìàðòå 1975 ãîäà íà
äèññåðòàöèîííîì ñîâåòå ìåõìàòà ÌÃÓ.

Ïîñëå îêîí÷àíèÿ àñïèðàíòóðû â 1974 ãîäó Ì.È. Ðàõèìáåðäèåâ áûë ðàñïðåäåëåí â Èíñòè-
òóò ìàòåìàòèêè è ìåõàíèêè ÀÍ Êàçàõñêîé ÑÑÐ, ãäå ðàáîòàë ñíà÷àëà â ëàáîðàòîðèè äèôôå-
ðåíöèàëüíûõ óðàâíåíèé (çàâåäóþùèé � àêàäåìèê ÀÍ ÊàçÑÑÐÆàóòûêîâ Î.À.), à ñ 1978 ãîäà
� â ëàáîðàòîðèè ÷èñëåííûõ ìåòîäîâ òåîðèè ïåðåíîñà (çàâåäóþùèé � àêàäåìèê ÀÍ ÊàçÑÑÐ
Ñóëòàíãàçèí Ó.À.). Ñ îáðàçîâàíèåì Èíñòèòóòà êîñìè÷åñêèõ èññëåäîâàíèé îí ïî ïðèãëàøåíèþ
Ñóëòàíãàçèíà Ó.Ì. ñòàíîâèòñÿ çàâåäóþùèì ëàáîðàòîðèåé è çàìåñòèòåëåì äèðåêòîðà äàííîãî
èíñòèòóòà. Â 1996 ãîäó âåðíóëñÿ â Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìàòåìàòèêè (ïîçäíåå
ïåðåèìåíîâàííûé â Èíñòèòóò ìàòåìàòèêè), ãäå çàâåäîâàë ëàáîðàòîðèåé äèíàìè÷åñêèõ ñèñòåì
äî ïîñëåäíèõ äíåé ñâîåé æèçíè.

Äîêòîðñêóþ äèññåðòàöèþ íà òåìó ½Óñòîé÷èâîñòü è ðàñïðåäåëåíèå ïîêàçàòåëåé Ëÿïóíî-
âà�, çàùèòèë â 1992 ãîäó â Ìèíñêå íà äèññåðòàöèîííîì ñîâåòå Èíñòèòóòà ìàòåìàòèêè ÀÍ
Áåëàðóññèè. Íàó÷íûì êîíñóëüòàíòîì áûë Â.Ì.Ìèëëèîíùèêîâ.

Ðàõèìáåðäèåâûì Ì.È. îïóáëèêîâàíî áîëåå 130 íàó÷íûõ ðàáîò. Íàèáîëåå ñóùåñòâåííûå íà-
ó÷íûå ðåçóëüòàòû Ðàõèìáåðäèåâûì ïîëó÷åíû â ñëåäóþùèõ íàïðàâëåíèÿõ: ýêñïîíåíöèàëüíî
äèõîòîìè÷åñêèå ñèñòåìû [1, 2] è ãðóáûå ñâîéñòâà íåîäíîðîäíûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ
ñèñòåì [3], êðèòåðèé âûïîëíèìîñòè óñëîâèÿ Ïåððîíà [20, 22, 26, 29, 31]; ââåäåíèå è èçó÷åíèå
êëàññîâ ëèíåéíûõ ñèñòåì ñ ðàçëè÷íûìè ñâîéñòâàìè ãðóáîñòè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ
èõ ðåøåíèé [23], èññëåäîâàíèå öåíòðàëüíûõ ïîêàçàòåëåé êàê ðàçðûâíûõ ôóíêöèé ïàðàìåò-
ðîâ ñèñòåìû [10, 13], èçó÷åíèå âîïðîñà î áýðîâñêîé êëàññèôèêàöèè ïîêàçàòåëåé Ëÿïóíîâà êàê
ðàçðûâíûõ ôóíêöèé [11], îïèñàíèå ðàñïðåäåëåíèÿ çíà÷åíèé ïîêàçàòåëåé Ëÿïóíîâà âáëèçè èõ
òî÷åê ðàçðûâîâ êàê ôóíêöèé ñèñòåìû â ðàçëè÷íûõ ñèòóàöèÿõ. Èì äàíî îïèñàíèå çàìûêàíèÿ
ìíîæåñòâà ëèíåéíûõ ñèñòåì ñ ýêñïîíåíöèàëüíîé äèõîòîìèåé â ìåòðè÷åñêîì ïðîñòðàíñòâå ñè-
ñòåì ñ ðàâíîìåðíîé ìåòðèêîé [1, 2], îïèñàíî îòêðûòîå ÿäðî ìíîæåñòâà íåîäíîðîäíûõ ñèñòåì,

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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èìåþùèõ õîòÿ áû îäíî îãðàíè÷åííîå ðåøåíèå [3]; ñîâìåñòíî ñ Í.Õ. Ðîçîâûì ðåøåíà çàäà÷à
ðàñïðåäåëåíèÿ ïîêàçàòåëåé Ëÿïóíîâà ïåðèîäè÷åñêèõ ñèñòåì îòíîñèòåëüíî ìàëûõ â ñðåäíåì
âîçìóùåíèé êîýôôèöèåíòîâ ñèñòåìû [6, 7]. Äëÿ ðÿäà ñèñòåì ðåøåíû çàäà÷è î ëîêàëèçàöèè
ñïåêòðà ïîêàçàòåëåé íà îñíîâå èõ âåêòîðíîãî ïðåäñòàâëåíèÿ. Èì óñòàíîâëåíà ñòðîãàÿ ïðèíàä-
ëåæíîñòü âòîðîìó êëàññó Áýðà ïîêàçàòåëåé ëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì è óðàâíåíèé
[11, 34]. Èçó÷åíû ýêñïîíåíöèàëüíî ðàçäåëåííûå è ðàâíîìåðíî íåðàçäåëåííûå ãîìîìîðôèçìû
âåêòîðíûõ ðàññëîåíèé äèíàìè÷åñêèõ ñèñòåì, ââåäåíî ïîíÿòèå ñèëüíî ïîëîæèòåëüíîãî ãîìî-
ìîðôèçìà è óñòàíîâëåíà åãî ýêâèâàëåíòíîñòü ýêñïîíåíöèàëüíîé ðàçäåëåííîñòè ñ èíäåêñîì
n− 1 (n � ðàçìåðíîñòü âåêòîðíîãî ðàññëîåíèÿ), à äëÿ n− k-îé âíåøíåé ñòåïåíè ãîìîìîðôèç-
ìà ýêâèâàëåíòíîñòü ýêñïîíåíöèàëüíîé ðàçäåëåííîñòè ñ èíäåêñîì k [19, 20, 26, 29]; ïîëó÷åíû
êîýôôèöèåíòíûå ïðèçíàêè ýêñïîíåíöèàëüíîé ðàçäåëåííîñòè ëèíåéíûõ ñèñòåì ïðîèçâîëüíî-
ãî èíäåêñà [22]; ïîêàçàíî, ÷òî çàìûêàíèå ìíîæåñòâà ñèñòåì ñ ýêñïîíåíöèàëüíîé áëèçîñòüþ
ñîâïàäàåò ñ ìíîæåñòâîì ðàâíîìåðíî íåðàçäåëåííûõ ñèñòåì [4, 23]. Èì ïîëó÷åíû ðàñïðåäåëå-
íèÿ ïîêàçàòåëåé Ëÿïóíîâà äëÿ ëèíåéíûõ ðàñøèðåíèé äèíàìè÷åñêîé ñèñòåìû íà òîðå [16, 24] è
ñîâìåñòíî ñî Ò.È Ñìèðíîâûì òà æå çàäà÷à ðåøåíà äëÿ ïå-ðèîäè÷åñêèõ àïïðîêñèìàöèé ýðãîäè-
÷åñêèé äèíàìè÷åñêîé ñèñòåìû íà òîðå [25]. Óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ðàâíîìåðíîé ýêñïîíåíöèàëüíîé ðàçäåëåííîñòè ëèíåéíîãî ðàñøèðåíèÿ äèíàìè÷åñêîé ñèñòåìû
íà âåêòîðíîì ðàññëîåíèè â òåðìèíàõ ïîñëîéíîé ñèëüíîé ïîëîæèòåëüíîñòè ñåìåéñòâà àâòîìîð-
ôèçìîâ, ïîðîæäàþùåãî äèíàìè÷åñêóþ ñèñòåìó [27]; íàéäåíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâî-
ñòè ñòàðøåãî ïîêàçàòåëÿ ñåìåéñòâà àâòîìîðôèçìîâ âåêòîðíîãî ðàññëîåíèÿ [19]; óñòàíîâëåíû
òèïè÷íûå ñâîéñòâà îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïðè áèôóðêàöèÿõ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè [30]; íàéäåíû óñëîâèÿ ðàçðåøèìîñòè
êðàåâûõ çàäà÷ äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè èõ âîçìóùåíèè [35].

Ïîä âëèÿíèåì Ó.Ì. Ñóëòàíãàçèíà è â ñîòðóäíè÷åñòâå ñ íèì ñóùåñòâåííûå ðåçóëüòàòû
ïîëó÷åíû ñîâìåñòíî ñ èõ ó÷åíèêàìè Öàåì Ì.Ä, Êàëûáàåâîé À.À. ïðè èçó÷åíèè ñâîéñòâ äèñ-
êðåòíûõ óðàâíåíèé Áîëüöìàíà â ïðîñòðàíñòâåííî îäíîðîäíîì ñëó÷àå, èññëåäîâàíà óñòîé÷è-
âîñòü ïîëîæåíèÿ ðàâíîâåñèÿ, äàíî îïèñàíèå èíâàðèàíòíûõ ìíîæåñòâ, óñòàíîâëåíû óñëîâèÿ
òîïîëîãè÷åñêîé è äèôôåðåíöèðóåìîé ýêâèâàëåíòíîñòè ïðîñòðàíñòâåííî îäíîðîäíûõ ìîäåëåé
[9,17,26,32]; ñîâìåñòíî ñ Ïàíêðàòîâîé È.Í. èññëåäîâàíû áèôóðêàöèîííûå ñâîéñòâà ìíîãîìåð-
íûõ àíàëîãîâ íåëèíåéíûõ ëîãèñòè÷åñêèõ óðàâíåíèé, äàíî îïèñàíèå ñòðóêòóðû èíâàðèàíòíûõ
ìíîæåñòâ äèñêðåòíîãî àíàëîãà íåëèíåéíîãî ëîãèñòè÷åñêîãî ðàçíîñòíîãî óðàâíåíèÿ [33]; ðàç-
ðàáîòàíû íåêîòîðûå ìàòåìàòè÷åñêèå ìîäåëè áèîëîãè÷åñêèõ ïîïóëÿöèé, êîòîðûå íàøëè ïðè-
ìåíåíèå ïðè ðåøåíèè ðÿäà ïðèêëàäíûõ çàäà÷, â ÷àñòíîñòè, ïðè èçó÷åíèè äèíàìèêè ïîïóëÿöèè
ñàéãàêîâ è ñàðàí÷è íà òåððèòîðèè Êàçàõñòàíà è äð.

Ìíîãî âðåìåíè îí óäåëÿë ïðåïîäàâàòåëüñêîé äåÿòåëüíîñòè. Áîëåå òðèäöàòè ëåò (ñ 1975
ãîäà) ïî ñîâìåñòèòåëüñòâó ïðåïîäàâàë íà ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÊàçÍÓ èì.
àëü-Ôàðàáè (Êàçàõñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ñ.Ì. Êèðîâà). Ïîä åãî ðóêîâîäñòâîì
çàùèùåíî 7 êàíäèäàòñêèõ äèññåðòàöèé. Ïîñòîÿííî çàíèìàëñÿ íàó÷íîé ýêñïåðòèçîé: ÷ëåí Ïðå-
çèäèóìà ÂÀÊ ÐÊ (1998�2000), ÷ëåí äèññåðòàöèîííîãî ñîâåòà ïî çàùèòå äîêòîðñêèõ äèññåðòà-
öèé ïðè Èíñòèòóòå ìàòåìàòèêè ÌÎÍ ÐÊ, ñ 2001 ïî 2004 � çàìåñòèòåëü ïðåäñåäàòåëÿ, ñ 2004
ã. ïî 2008 ã. � ïðåäñåäàòåëü ýòîãî ñîâåòà. C 1978 ãîäà ðåôåðåíò ðåôåðàòèâíûõ æóðíàëîâ ½ÐÆ
Ìàòåìàòèêà�, ½Mathematical Review� (÷ëåí AMS ñ 1978 ã.), ïîñòîÿííûé ðåöåíçåíò æóðíàëîâ
½Äèôôåðåíöèàëüíûå óðàâíåíèÿ�, ½Èçâåñòèÿ ÍÀÍ ÐÊ. Ñåðèÿ ôèçèêî-ìàòåìàòè÷åñêàÿ� è äð.
Áûë îäíèì èç îðãàíèçàòîðîâ è çàìåñòèòåëåì ãëàâíîãî ðåäàêòîðà ½Ìàòåìàòè÷åñêîãî æóðíà-
ëà�. Ìàðàò Èñèìãàëèåâè÷ âñåãäà àêòèâíî çàíèìàëñÿ íàó÷íî-îðãàíèçàòîðñêîé äåÿòåëüíîñòüþ.
Â 1996�97 ãã. èñïîëíÿë îáÿçàííîñòè àêàäåìèêà-ñåêðåòàðÿ Îòäåëåíèÿ ôèçèêî-ìàòåìàòè÷åñêèõ
íàóê ÍÀÍ ÐÊ. Ñ 1997 ïî 2004 ã. ÿâëÿëñÿ ïðåäñåäàòåëåì ñåêöèè ôèçèêî-ìàòåìàòè÷åñêèõ íàóê
ðàáî÷åé ãðóïïû Âûñøåé íàó÷íî-òåõíè÷åñêîé êîìèññèè ïðè Ïðàâèòåëüñòâå ÐÊ. Â 1997�1999,
2000�2002, 2003�2005, 2006�2008 ãã. � íàó÷íûé ðóêîâîäèòåëü ðåñïóáëèêàíñêèõ ïðîãðàìì ôóí-
äàìåíòàëüíûõ èññëåäîâàíèé ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì è óðàâíåíèÿì ìàòåìàòè÷å-
ñêîé ôèçèêè.

Çà íàó÷íî-ïåäàãîãè÷åñêóþ è íàó÷íî-îðãàíèçàòîðñêóþ äåÿòåëüíîñòü â 2005 ãîäó îí áûë
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íàãðàæäåí ìåäàëüþ Ðåñïóáëèêè Êàçàõñòàí ½Åðåí åáåãi ³øií�.
Âûäàþùèéñÿ ó÷åíûé Ìàðàò Èñèìãàëèåâè÷ Ðàõèìáåðäèåâ óøåë èç æèçíè 9 àâãóñòà 2008

ãîäà. Â æèçíè Ìàðàò Èñèìãàëèåâè÷ áûë çàìå÷àòåëüíûì ÷åëîâåêîì, âûñîêîèíòåëëèãåíòíûì,
äîáðûì, îòçûâ÷èâûì, âñåãäà ãîòîâûì ïîìî÷ü è ñëîâîì, è äåëîì, è â òî æå âðåìÿ ïðèíöèïè-
àëüíûì è òâåðäûì, êîãäà òîãî òðåáîâàëè îáñòîÿòåëüñòâà. Ñâåòëàÿ ïàìÿòü î Ìàðàòå Èñèìãà-
ëèåâè÷å Ðàõèìáåðäèåâå � ×åëîâåêå ñ áîëüøîé áóêâû, êðóïíîì ó÷åíîì è ïåäàãîãå, ïðåêðàñíîì
îðãàíèçàòîðå è ðóêîâîäèòåëå � íàâñåãäà îñòàíåòñÿ â ñåðäöàõ âñåõ, ñ êåì îí ñîïðèêàñàëñÿ â
òå÷åíèå ñâîåé ÿðêîé è ìíîãîãðàííîé íàó÷íîé, ïåäàãîãè÷åñêîé è îáùåñòâåííîé äåÿòåëüíîñòè.
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Öåëü äîêëàäà � ðàññêàçàòü î íåêîòîðûõ ïðèëîæåíèÿõ îïåðàòîðîâ Íèéåíõåéñà [11] â ãåî-
ìåòðèè, àëãåáðå è ìàòåìàòè÷åñêîé ôèçèêå, ñëåäóÿ ðàáîòàì [2, 3, 4]. Ãîâîðÿ îá îïåðàòîðàõ, ìû

èìååì â âèäó îïåðàòîðíûå òåíçîðíûå ïîëÿ A =
(
Aij(x)

)
íà ãëàäêèõ ìíîãîîáðàçèÿõ.
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Îïðåäåëåíèå 1. Îïåðàòîðîì Íèéåíõåéñà íàçûâàåòñÿ òåíçîðíîå ïîëå L =
(
Lij(x)

)
, óäîâëå-

òâîðÿþùåå òîæäåñòâó NL(ξ, η)
def
= L2[ξ, η]−L[Lξ, η]−L[ξ, Lη] + [Lξ, Lη] = 0 äëÿ ïðîèçâîëüíûõ

âåêòîðíûõ ïîëåé ξ, η.
Ôóíêöèÿ f íàçûâàåòñÿ çàêîíîì ñîõðàíåíèÿ äëÿ îïåðàòîðà A, åñëè 1-ôîðìà A∗d f çàìêíó-

òà.
Îïåðàòîð B íàçûâàåòñÿ ñèììåòðèåé îïåðàòîðà A, åñëè ýòè îïåðàòîðû êîììóòèðóþò â

àëãåáðàè÷åñêîì ñìûñëå, ò.å. AB = BA, è äëÿ ïðîèçâîëüíîãî âåêòîðíîãî ïîëÿ ξ âûïîëíÿåòñÿ
ñîîòíîøåíèå:

B[Aξ, ξ] +A[ξ,Bξ]− [Aξ,Bξ] = 0. (1)

Åñëè äëÿ ïðîèçâîëüíûõ âåêòîðíûõ ïîëåé ξ è η âûïîëíÿåòñÿ áîëåå ñèëüíîå ñîîòíîøåíèå

⟨A,B⟩(ξ, η) def
= B[Aξ, η] +A[ξ,Bη]− [Aξ,Bη]−AB[ξ, η] = 0, (2)

òî B íàçûâàåòñÿ ñèëüíîé ñèììåòðèåé.
Îïåðàòîð L, äåéñòâóþùèé â n-ìåðíîì ïðîñòðàíñòâå, íàçûâàåòñÿ gl-ðåãóëÿðíûì, åñëè ñó-

ùåñòâóåò âåêòîð ξ òàêîé, ÷òî ξ, Lξ, . . . , Ln−1ξ ëèíåéíî íåçàâèñèìû.

Ïåðâûé ðåçóëüòàò ïîêàçûâàåò, ÷òî îïåðàòîðû Íèéåíõåéñà ïîçâîëÿþò ñòðîèòü ñîäåðæà-
òåëüíûå ïðèìåðû êâàçèëèíåéíûõ ýâîëþöèîííûõ ñèñòåì ñ áåñêîíå÷íûì ÷èñëîì ñèììåòðèé è
çàêîíîâ ñîõðàíåíèÿ (cp. [9]).

Òåîðåìà 2. Ïóñòü L � îïåðàòîð Íèéåíõåéñà. Ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ âèäà

Aλ = σ(λ)(L− λ Id)−1, λ ∈ R, (3)

ãäå σ(λ) = det
(
λ Id − L(x)

)
= λn+σ1(x)λ

n−1+σ2(x)λ
n−2+ . . .+σn(x) � õàðàêòåðèñòè÷åñêèé

ìíîãî÷ëåí îïåðàòîðà L. Âñå ýòè îïåðàòîðû ÿâëÿþòñÿ ñèììåòðèÿìè äðóã äëÿ äðóãà. Ôóíêöèè
1

σ(µ) , µ ∈ R, ÿâëÿþòñÿ îáùèìè çàêîíàìè ñîõðàíåíèÿ äëÿ ýòèõ îïåðàòîðîâ.

Åñëè L � gl-ðåãóëÿðíûé îïåðàòîð, òî çàêîíû ñîõðàíåíèÿ äëÿ (3) ìîãóò áûòü îïèñàíû
åùå îäíèì ñïîñîáîì. Ðàññìîòðèì ïðîèçâîëüíóþ ñèììåòðèþ M îïåðàòîðà L è çàïèøåì åå â
âèäå ëèíåéíîé êîìáèíàöèè

M = g1L
n−1 + g2L

n−2 + · · ·+ gnId. (4)

Òîãäà ôóíêöèÿ g1 áóäåò îáùèì çàêîíîâ ñîõðàíåíèÿ äëÿ âñåõ îïåðàòîðîâ (3). Áîëåå òîãî,

A∗
λd g1 = d

(
g1λ

n−1 + g2λ
n−2 + · · ·+ gn

)
. (5)

Îïðåäåëåíèå 3. Äâå ìåòðèêè g è ḡ íàçûâàþòñÿ ãåîäåçè÷åñêè ýêâèâàëåíòíûìè, åñëè îíè èìå-
þò îäèíàêîâûå ãåîäåçè÷åñêèå (ïàðàìåòðèçàöèÿ íà ãåîäåçè÷åñêèõ ïðè ýòîì íå ó÷èòûâàåòñÿ).

Ðîëü îïåðàòîðîâ Íèéåíõåéñà â òåîðèè ãåîäåçè÷åñêè ýêâèâàëåíòíûõ ìåòðèê, âîñõîäÿùåé
ê êëàññè÷åñêèì ðàáîòàì Áåëüòðàìè, Äèíè è Ëåâè-×èâèòà [1, 6, 8], îáúÿñíÿåò ñëåäóþùàÿ êîí-
ñòðóêöèÿ [5, 12]. Ðàññìîòðèì ãåîäåçè÷åñêè ñîãëàñîâàííûå ìåòðèêè g è ḡ è îïåðàòîð L, çàäàí-
íûé ôîðìóëîé

L =

∣∣∣∣det ḡdet g

∣∣∣∣ 1
n+1

gḡ−1. (6)

Ñëåäóþùàÿ òåîðåìà ñóììèðóåò ðåçóëüòàòû, ïîëó÷åííûå ðàçíûìè àâòîðàìè [5, 7, 10, 13,
14, 15] è êàñàþùèåñÿ ôóíäàìåíòàëüíûõ ñâîéñòâ ýòîãî îïåðàòîðà.

Òåîðåìà 4. (a) L ÿâëÿåòñÿ îïåðàòîðîì Íèéåíõåéñà.
(b) Îïåðàòîðû Aλ âèäà (3) ÿâëÿþòñÿ (1, 1)-òåíçîðàìè Êèëëèíãà ìåòðèêè g.
(c) Ôóíêöèè Fλ : T ∗M → R, Fλ = g−1(A∗

λ p, p), ÿâëÿþòñÿ êîììóòèðóþùèìè ïåðâûìè
èíòåãðàëàìè ãåîäåçè÷åñêîãî ïîòîêà ìåòðèêè g íà T ∗M.

(d) Åñëè L gl-ðåãóëÿðåí, òî ñðåäè èíòåãðàëîâ Fλ, λ ∈ R, ìîæíî âûáðàòü n = dimM ôóíê-
öèîíàëüíî íåçàâèñèìûõ è, ñëåäîâàòåëüíî, ãåîäåçè÷åñêèé ïîòîê ìåòðèêè g âïîëíå èíòåãðèðóåì
ïî Ëèóâèëëþ.
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Â ñëó÷àå gl-ðåãóëÿðíîãî îïåðàòîðà L åñòåñòâåííî çàäàòü âîïðîñ î òîì, êàêîé ïîòåíöèàë
ìîæíî äîáàâèòü ê ãåîäåçè÷åñêîìó ïîòîêó ìåòðèêè g, ÷òîáû èíòåãðèðóåìîñòü ñîõðàíÿëàñü.
Îòâåò äàåò ñëåäóþùàÿ êîíñòðóêöèÿ.

Òåîðåìà 5. Ïóñòü M � ñèììåòðèÿ îïåðàòîðà L, çàïèñàííàÿ â âèäå (4). Ðàññìîòðèì íàòó-
ðàëüíóþ ãàìèëüòîíîâó ñèñòåìó íà ìíîãîîáðàçèè M ñ ìåòðèêîé g è ïîòåíöèàëîì V = g1(x),
ò.å. ñèñòåìó íà T ∗M ñ ãàìèëüòîíèàíîì âèäà H = K + V = 1

2 g
−1(p, p) + g1(x).

Ýòà ñèñòåìà èíòåãðèðóåìà ïî Ëèóâèëëþ. Åå êîììóòèðóþùèìè ïåðâûìè èíòåãðàëàìè
ÿâëÿþòñÿ ôóíêöèè âèäà F̃λ = Fλ + Vλ, ãäå

Fλ = 1
2g

−1(Aλp, p) è Vλ(x) = g1λ
n−1 + g2λ

n−2 + · · ·+ gn.

Çàìåòèì, ÷òî ñîîòíîøåíèå (6) ïîçâîëÿåò âûðàçèòü ìåòðèêó ḡ ÷åðåç g è L ïðîñòîé ôîð-
ìóëîé ḡ = 1

detLgL
−1. Ìû áóäåì ãîâîðèòü, ÷òî ìåòðèêà g è g-ñèììåòðè÷íûé îïåðàòîð L ãåîäå-

çè÷åñêè ñîãëàñîâàíû, åñëè ìåòðèêè g è ḡ = 1
detLgL

−1 ãåîäåçè÷åñêè ýêâèâàëåíòíû. ßñíî, ÷òî
èçó÷åíèå ïàð ãåîäåçè÷åñêè ýêâèâàëåíòíûõ ìåòðèê (g, ḡ) ñâîäèòñÿ ê èçó÷åíèþ ãåîäåçè÷åñêè ñî-
ãëàñîâàííûõ ïàð (g, L). Ïðè ýòîì âòîðàÿ çàäà÷à èìååò îïðåäåëåííûå ïðåèìóùåñòâà, ïîñêîëüêó
ïîçâîëÿåò èñïîëüçîâàòü ìåòîäû è ðåçóëüòàòû ãåîìåòðèè Íèéåíõåéñà. Â ýòîì êîíòåêñòå åñòå-
ñòâåííûìè ÿâëÿþòñÿ ñëåäóþùèå âîïðîñû.

� Ïóñòü íà ìíîãîîáðàçèè M çàäàí îïåðàòîð Íèéåíõåéñà L. Äîïóñêàåò ëè ýòîò îïåðàòîð
õîòÿ áû îäíó ãåîäåçè÷åñêè ñîãëàñîâàííóþ ñ íèì ìåòðèêó g?

� Ïóñòü L äîïóñêàåò ãåîäåçè÷åñêè ñîãëàñîâàííóþ ñ íèì ìåòðèêó g. Êàê îïèñàòü âñå òàêèå
ìåòðèêè?

Òåîðåìà 6 ([3]). Äëÿ âñÿêîãî âåùåñòâåííî-àíàëèòè÷åñêîãî gl-ðåãóëÿðíîãî îïåðàòîðà L ëî-
êàëüíî ñóùåñòâóåò ãåîäåçè÷åñêè ñîãëàñîâàííàÿ ñ íèì ìåòðèêà g.

Ýòà ìåòðèêà ìîæåò áûòü çàäàíà ÿâíî, åñëè â íåêîòîðûõ êîîðäèíàòàõ u1, . . . , un îïåðàòîð
L çàïèñàí â âèäå òàê íàçûâàåìîé ñîïðîâîæäàþùåé ìàòðèöû (ïðèâåäåíèå ê òàêîìó âèäó â
âåùåñòâåííî-àíàëèòè÷åñêîì ñëó÷àå âñåãäà âîçìîæíî):

L = Lcomp =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
. . . . . .

...
0 0 . . . 0 1

−σn −σn−1 . . . −σ2 −σ1

 , (7)

ãäå σi � êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà îïåðàòîðà L. Â ýòîì ñëó÷àå ìåòðèêà
g ìîæåò áûòü çàäàíà ôîðìóëîé

g = gcomp =

n∑
m=1

σn−m ∑
i+j=m+1

duiduj

 , σ0 = 1.

Ñëåäóþùàÿ òåîðåìà âàæíà äëÿ îòâåòà íà âòîðîé âîïðîñ.

Òåîðåìà 7 ([4]). Ïóñòü L è g ãåîäåçè÷åñêè ñîãëàñîâàíû. Ïðåäïîëîæèì, ÷òî îïåðàòîð M
ñàìîñîïðÿæåí îòíîñèòåëüíî g è ÿâëÿåòñÿ ñèëüíîé ñèììåòðèåé äëÿ L. Òîãäà L è gM :=
(gisM

s
j ) ãåîäåçè÷åñêè ñîãëàñîâàíû. Áîëåå òîãî, åñëè L gl-ðåãóëÿðåí, òî âñÿêàÿ ìåòðèêà g̃,

ãåîäåçè÷åñêè ñîãëàñîâàííàÿ ñ L, èìååò âèä g̃ = gM , ãäå M � ñèììåòðèÿ îïåðàòîðà L.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñ-
ïóáëèêè Êàçàõñòàí (ãðàíò � AP23483476).

Êëþ÷åâûå ñëîâà: îïåðàòîð Íèéåíõåéñà, çàêîí ñîõðàíåíèÿ, èíòåãðèðóåìûå ãàìèëüòîíîâû ñèñòåìû, ãåîäåçè-
÷åñêè ýêâèâàëåíòíûå ìåòðèêè.
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Îáîáùåííûé èíòåãðàë Äèðèõëå è ýëëèïòè÷åñêèå
êðàåâûå çàäà÷è íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå
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Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

Óíèâåðñèòåò ÑÄÓ, Êàñêåëåí, Êàçàõñòàí

nurlan.dairbekov@gmail.com

Â äàííîì äîêëàäå áóäåò äàí îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ àâòîðîì çà ïîñëåäíèå ãîäû â
ñîâìåñòíîé ðàáîòå ñ Î. Ì. Ïåíêèíûì, Ä. Â. Ñàâàñòååâûì è Ë. Î. Ñàðûáåêîâîé, ïî âîïðîñàì
ïîñòàíîâêè è ðàçðåøèìîñòè ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ íà ñòðàòèôèöèðîâàííûõ ìíîæå-
ñòâàõ.

Ñòðàòèôèöèðîâàííîå ìíîæåñòâî îïðåäåëÿåòñÿ êàê ñâÿçíîå ïîäìíîæåñòâo åâêëèäîâà ïðî-
ñòðàíñòâà Rd, ÿâëÿþùååñÿ îáúåäèíåíèåì êîíå÷íîãî ñåìåéñòâà Σ íåïåðåñåêàþùèõñÿ ñâÿçíûõ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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ïîäìíîãîîáðàçèé σk (áåç êðàÿ), íàçûâàåìûõ äàëåå ñòðàòàìè:

Ω =
⋃
σk∈Σ

σk.

Êàæäàÿ ñòðàòà σk èìååò êîìïàêòíîå çàìûêàíèå â Rd. Ïðåäïîëàãàåòñÿ, ÷òî ñòðàòû ïðèìûêàþò
äðóã ê äðóãó ïî òèïó êëåòî÷íîãî êîìïëåêñà, ò.å. ãðàíèöà êàæäîé ñòðàòû ñîñòîèò èç íåêîòîðûõ
ñòðàò ñåìåéñòâà Σ è êàæäîå ïåðåñå÷åíèå σk∩σm çàìûêàíèé ñòðàò â Rd ëèáî ïóñòî, ëèáî ÿâëÿ-
åòñÿ îáúåäèíåíèåì íåêîòîðûõ ñòðàò èç Σ. Äàëåå ñîîòíîøåíèå σk ≻ σm ìåæäó äâóìÿ ñòðàòàìè
îçíà÷àåò, ÷òî σm ⊂ ∂σk; â ýòîì ñëó÷àå ìû ãîâîðèì, ÷òî äàííûå ñòðàòû ïðèìûêàþò äðóã ê
äðóãó. Ñòðàòû, íå ïðèìûêàþùèå ê ñòðàòàì áîëüøåé ðàçìåðíîñòè, íàçûâàþòñÿ ñâîáîäíûìè.

Ïóñòü d(σk) îáîçíà÷àåò ðàçìåðíîñòü ñòðàòû σk. Ìû îïðåäåëÿåì ìåðó µ íà Ω ñëåäóþùèì
îáðàçîì. Ñêàæåì, ÷òî ïîäìíîæåñòâî ω â Ω ÿâëÿåòñÿ µ-èçìåðèìûì, åñëè êàæäîå ïåðåñå÷å-
íèå ω ∩ σk èçìåðèìî îòíîñèòåëüíî d(σk)-ìåðíîé ëåáåãîâîé ìåðû íà σk. Î÷åâèäíî, ÷òî òàêèå
ïîäìíîæåñòâà îáðàçóþò σ-àëãåáðó â Ω, à ôóíêöèÿ µ, îïðåäåëÿåìàÿ ôîðìóëîé

µ(ω) =
∑
σk∈Σ

µd(σk)(σk ∩ ω),

â êîòîðîé µd(σk), îáû÷íàÿ d(σk)-ìåðíàÿ ìåðà Ëåáåãà íà σk, îáëàäàåò âñåìè ñâîéñòâàìè ìåðû.
Èíòåãðàë Ëåáåãà µ-èçìåðèìûõ ôóíêöèé f , îïðåäåëÿåìûõ ñòàíäàðòíûì îáðàçîì, ñâîäèòñÿ ê
ñóììå �

ω

f dµ =
∑
σk∈Σ

�

σk∩ω

f dµd(σk).

Ìíîæåñòâî Ω ïðåäïîëàãàåòñÿ ïðåäñòàâëåííûì â âèäå îáúåäèíåíèÿ Ω◦ ∪ ∂Ω (�âíóòðåííî-
ñòè� è �ãðàíèöû�), â êîòîðîì Ω◦ � ñâÿçíîå îòíîñèòåëüíî îòêðûòîå ïîäìíîæåñòâî Ω, ñîñòîÿùåå
èç íåêîòîðûõ ñòðàò èç Σ è óäîâëåòâîðÿþùåå ðàâåíñòâó Ω◦ = Ω, à îñòàâøàÿñÿ ÷àñòü ∂Ω = Ω\Ω◦

îêàçûâàåòñÿ òîãäà òîïîëîãè÷åñêîé ãðàíèöåé ìíîæåñòâà Ω◦.
Ïóñòü Σ̃ ⊂ Σ � íåêîòîðîå ñåìåéñòâî ñòðàò, ëåæàùèõ â Ω◦, êîòîðîå ñîäåðæèò âñå ñâîáîäíûå

ñòðàòû, è ïóñòü θ � ñòðàòèôèöèðîâàííàÿ êîíñòàíòà, ðàâíàÿ 1 íà ñòðàòàõ èç Σ̃ è ðàâíàÿ 0 íà
îñòàâøèõñÿ ñòðàòàõ. Îïðåäåëèì îáîáùåííûé èíòåãðàë Äèðèõëå

Dp(f) =

�
Ω◦

|θ∇u|p dµ =
∑
σk∈Σ̃

�
σk

|∇u|p dµd(σk). (1)

Íàøèì îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ óðàâíåíèå Ýéëåðà � Ëàãðàíæà äëÿ
ýòîãî ôóíêöèîíàëà, êîòîðîå èìååò ñëåäóþùèé âèä:

∇ · (|θ∇u|p−2θ∇u) = 0, u
∣∣
∂Ω0 = ϕ. (2)

Âíåøíèé çíà÷îê ∇ � (ñòðàòèôèöèðîâàííàÿ) äèâåðãåíöèÿ.
(Ñòðàòèôèöèðîâàííàÿ) äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ F⃗ ∈ C⃗1(Ω◦) â òî÷êå X ∈ σk ⊂ Ω◦

çàäà¼òñÿ ôîðìóëîé:

∇ · F⃗ (X) = ∇d(σk) · F⃗ (X) +
∑

σi≻σk,d(σi)=d(σk)+1

F⃗ (X + 0 · ν⃗i) · ν⃗i,

ãäå ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì ñòðàòàì σi, ïðèìûêàþùèì ê σk è èìåþùèì ðàçìåðíîñòü
íà åäèíèöó áîëüøå. Çäåñü ∇d(σk) â ïðàâîé ÷àñòè îáîçíà÷àåò îïåðàòîð îáû÷íîé, d(σk)-ìåðíîé,

äèâåðãåíöèè, ïðèìåí¼ííûé ê ñóæåíèþ F⃗ |σk íà ñòðàòó σk, ν⃗i � åäèíè÷íàÿ âíóòðåííÿÿ íîðìàëü
ê σk â σi â òî÷êå X, à F⃗ (X + 0 · ν⃗i) � ïðåäåë F⃗ (Y ) ïðè Y ∈ σi, ñòðåìÿùåìñÿ ê X èçíóòðè
ñòðàòû σi ≻ σk ïî íàïðàâëåíèþ âåêòîðà νi.

Îòìåòèì äâà êðàéíèõ ñëó÷àÿ: Σ̃ ñîâïàäàåò ñî âñåì íàáîðîì âíóòðåííèõ ñòðàò è Σ̃ ñîâ-
ïàäàåò ñ íàáîðîì âñåõ ñâîáîäíûõ ñòðàò. Â ïåðâîì ñëó÷àå äèôôåðåíöèàëüíûé îïåðàòîð â (2)
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ÿâëÿåòñÿ æåñòêèì p-ëàïëàñèàíîì. Âî âòîðîì ñëó÷àå � ìÿãêèì p-ëàïëàñèàíîì. Äëÿ p = 2 ìû
ïîëó÷àåì ãàðìîíè÷åñêèå ôóíêöèè â ñìûñëå æåñòêîãî ëàïëàñèàíà â ïåðâîì ñëó÷àå, è ãàðìî-
íè÷åñêèå ôóíêöèè â ñìûñëå ìÿãêîãî ëàïëàñèàíà âî âòîðîì.

Èññëåäîâàíèå ñëàáîé ðàçðåøèìîñòè çàäà÷è (2) îñíîâàíî íà àíàëîãàõ íåðàâåíñòâà Ñîáîëåâà
â ñëó÷àå, êîãäà ñîáîëåâñêàÿ ïîëóíîðìà çàäàåòñÿ îáîáùåííûì èíòåãðàëîì Äèðèõëå (1). Ðàíåå
àíàëîã íåðàâåíñòâà Ñîáîëåâà äëÿ Σ̃, çàäàííîãî âñåì íàáîðîì âíóòðåííèõ ñòðàò, áûë ïîëó÷åí
â [1]. Îí äàåò ðàçðåøèìîñòü çàäà÷è Äèðèõëå â ñëó÷àå æåñòêîãî p-ëàïëàñèàíà.

Êëàññè÷åñêàÿ ðàçðåøèìîñòü çàäà÷è (2) èññëåäîâàëàñü òîëüêî äëÿ ãàðìîíè÷åñêèõ ôóíêöèé
â ñìûñëå ìÿãêîãî ëàïëàñèàíà è áàçèðîâàëàñü íà ìåòîäå Ïåððîíà. Ñîîòâåòñòâóþùèé ðåçóëüòàò
îïóáëèêîâàí â [2].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: èíòåãðàë Äèðèõëå, p-ëàïëàñèàí, íåðàâåíñòâî Ñîáîëåâà, ìåòîä Ïåððîíà

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20
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Âñå áîëåå øèðîêîå ïðèìåíåíèå òåõíîëîãèè èçâëå÷åíèÿ ñîåäèíåíèé ìåòàëëîâ ìåòîäàìè
õèìè÷åñêîãî è áèîõèìè÷åñêîãî âûùåëà÷èâàíèÿ èç ðóä íà ìåñòå èõ çàëåãàíèÿ èëè èç êó÷è
ñòàíîâèòñÿ ÿâíûì òðåíäîì ñîâðåìåííîãî ãîðíîãî äåëà [1-7].

Ñõåìû ïîäçåìíîãî ñêâàæèííîãî è êó÷íîãî âûùåëà÷èâàíèÿ

Òåõíîëîãèÿ âûùåëà÷èâàíèÿ ìåòàëëîâ âêëþ÷àåò ñëåäóþùèå îñíîâíûå òðè ïðîöåññû: ôèëüòðà-
öèÿ õèìè÷åñêîãî èëè áèîõèìè÷åñêîãî ðàñòâîðèòåëÿ ÷åðåç ðóäîñîäåðæàùóþ ïîðèñòóþ ñðåäó,
ïåðåâîä öåëåâîãî ìåòàëëà èëè åãî ñîåäèíåíèé èç òâåðäîãî â æèäêîå ñîñòîÿíèå ñ ïîìîùüþ
ðåàãåíòà è äàëüíåéøàÿ åãî òðàíñïîðòèðîâêà (ïåðåêà÷êà) â ìåñòà ïåðåðàáîòêè. Â äîêëàäå ðàñ-
ñìàòðèâàþòñÿ ìîäåëè ïîäçåìíîãî õèìè÷åñêîãî ñêâàæèííîãî âûùåëà÷èâàíèÿ îêñèäîâ óðàíà è
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áèîõèìè÷åñêîãî êó÷íîãî âûùåëà÷èâàíèÿ äèñóëüôèäà æåëåçà(II) è ðåçóëüòàòû èññëåäîâàíèé
íà èõ îñíîâå.

1. Ïîäçåìíîå ñêâàæèííîå âûùåëà÷èâàíèå óðàíà
Ïðè ïîäçåìíîì ñêâàæèííîì õèìè÷åñêîì âûùåëà÷èâàíèè îêñèäîâ óðàíà â Êàçàõñòàíå â

îñíîâíîì èñïîëüçóåòñÿ ñåðíîêèñëîòíûé ðàñòâîðèòåëü H2SO4. Â ñèëó ïðèáëèæåííîãî õàðàê-
òåðà äàííûõ ïî ñîñòàâó ðóäîñîäåðæàùåé ïîðîäû â ðàñ÷åòíîé ìîäåëè ïðèíÿòû ñëåäóþùèå
îòíîñèòåëüíî óïðîùåííûå õèìè÷åñêèå ðåàêöèé, ïî êîòîðûì ïðîèñõîäèò ïåðåâîä ÷åòûðåõ è
øåñòè âàëåíòíûõ îêñèäîâ óðàíà è ðóäîñîäåðæàùåé ïîðîäû èç òâåðäîãî â æèäêîå ñîñòîÿíèå
[5,7]:

UO2(s) +H2SO4(l) → UO2SO4(l) + 2H+
(l)

UO3(s) +H2SO4(l) → UO2SO4(l) +H2O(l)

Minerals(s) +H2SO4(l) → Solution(l)

Ôèëüòðàöèÿ õèìè÷åñêîãî ðàñòâîðèòåëÿ è ÷àñòè ðàñòâîðåííîé ðóäîñîäåðæàùåé ïîðîäû
÷åðåç ïîðèñòóþ ñðåäó îïèñûâàþòñÿ çàêîíîì ñîõðàíåíèÿ ìàññ è çàêîíîì Äàðñè. Ýòè äâà óðàâ-
íåíèÿ ñâîäÿòñÿ ê îäíîìó 3D ýëëèïòè÷åñêîìó óðàâíåíèþ îòíîñèòåëüíî äàâëåíèÿ, êîòîðîå ðåøà-
åòñÿ ÷èñëåííî. Ïî çàäàííûì çíà÷åíèÿì ðàñõîäîâ ðàñòâîðèòåëÿ íà çàêà÷íûõ è ïðîäóêòèâíîãî
ðàñòâîðà íà îòêà÷íûõ ñêâàæèíàõ îïðåäåëÿåòñÿ ïîëå äàâëåíèÿ. Âäàëè îò ñêâàæèí äàâëåíèå
ñ÷èòàåòñÿ ïîñòîÿííûì è ðàâíûì p = p0. Ïî íàéäåííîìó ïîëþ äàâëåíèÿ èç çàêîíà Äàðñè
îïðåäåëÿåòñÿ ïîëå ñêîðîñòè, çàòåì ñ èñïîëüçîâàíèåì àëãîðèòìà Ïîëëîêà ñòðîÿòñÿ ëèíèé òîêà
[8-10].

Ëèíèé îäèíàêîâûõ äàâëåíèè (ñëåâà) è ëèíèè òîêà òå÷åíèé (ñïðàâà) â îäíîé ãåêñàãîíàëüíîé
ÿ÷åéêå, 389 ëèíèé òîêà (9Ö7Ö6)

Ðàñòâîðåíèå ñîåäèíåíèé óðàíà è ÷àñòè ðóäîñîäåðæàùåé ïîðîäû èç òâåðäîãî â æèäêîå
ñîñòîÿíèå è äàëüíåéøàÿ èõ òðàíñïîðòèðîâêà (ïåðåêà÷êà) â ìåñòà ïåðåðàáîòêè îïèñûâàþòñÿ
óðàâíåíèÿìè ïåðåíîñà êîìïîíåíòîâ â ïîðèñòîé ñðåäå ñ ðåàêöèÿìè âòîðîãî ïîðÿäêà. Ïðè ýòîì
3D óðàâíåíèÿ ïåðåíîñà êîìïîíåíòîâ ñâåäåíû ê 1D óðàâíåíèÿì, ïðîåêòèðîâàíèåì èõ íà ëèíèè
òîêà.

Ñèñòåìà óðàâíåíèé ðåøàåòñÿ ÷èñëåííî. Çàäàþòñÿ íà÷àëüíûå êîíöåíòðàöèé ìèíåðàëà â
ïëàñòå è ðàñòâîðèòåëÿ íà çàêà÷íûõ ñêâàæèíàõ. Ðàçìåðû ðàññ÷èòàííûõ ðåàëüíûõ ìåñòîðîæ-
äåíèé ñîñòàâëÿþò ïîðÿäêà 500ì õ 200ì õ 10ì. Çàäà÷à ðàñïàðàëëåëèâàåòñÿ ñ èñïîëüçîâàíè-
åì CUDA òåõíîëîãèé. Â êà÷åñòâå ïðèìåðà ïðèâåäåíû ðàñ÷åòû ïî áëîêó, ñîñòîÿùåìó èç 8-è
ãåêñàãîíàëüíûõ ÿ÷ååê, âêëþ÷àþùåãî 30 çàêà÷íûõ è 8 îòêà÷íûõ ñêâàæèí. Ðàññòîÿíèå ìåæäó
ñêâàæèíàìè 45 ì. Ïîñòðîåíû è ïîêàçàíû 3D ëèíèé òîêà â ìåæñêâàæèííîì ïðîñòðàíñòâå â
íåêîòîðûé ìîìåíò âðåìåíè ðàáîòû áëîêà. Òàêæå ïîêàçàíû 3D ðàñïðåäåëåíèÿ âûùåëà÷èâàþ-
ùåãî ðàñòâîðà è îêñèäîâ óðàíà â òâåðäîì è æèäêîì ñîñòîÿíèÿõ âäîëü ëèíèè òîêà.
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Ïðîâåäåíû ñðàâíåíèÿ ýêñïåðèìåíòàëüíîé è ÷èñëåííîé çàâèñèìîñòåé êðèâîé èçâëå÷åíèÿ
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îêñèäîâ óðàíà îò âðåìåíè è èçìåíåíèÿ ñî âðåìåíåì ýêñïåðèìåíòàëüíîãî è ÷èñëåííîãî ðåçóëü-
òàòîâ ñòåïåíè èçâëå÷åíèÿ îêñèäîâ óðàíà, êîòîðûå íàõîäÿòñÿ â óäîâëåòâîðèòåëüíîì ñîãëàñèè.

Ïðîâåäåíû ìîäåëèðîâàíèå è èññëåäîâàíèÿ ðàáîòû ðàçëè÷íûõ áëîêîâ ìåñòîðîæäåíèé. Ðàç-
ðàáîòàíû 6 ïðîãðàììíûõ îáåñïå÷åíèé (ÏÎ) è íà íèõ ïîëó÷åíû àâòîðñêèå ñâèäåòåëüñòâà. Íà
îñíîâå ïðîâåäåííûõ ðàñ÷åòîâ è èññëåäîâàíèé ñîçäàíà ñèñòåìà óïðàâëåíèÿ äëÿ äîáûâàþùèõ
ïîäðàçäåëåíèé, ïîçâîëÿþùàÿ ïðîãíîçèðîâàòü, ïëàíèðîâàòü, ìîíèòîðèòü è óïðàâëÿòü èçâëå-
÷åíèå óðàíà íà âñåõ ñòàäèÿõ åãî ðàçðàáîòêè. Ýòè ÏÎ ïåðåäàíû ÈÂÒ ÍÀÊ ¾Êàçàòîìïðîì¿ ïî
Äîãîâîðó î çàêóïêå ðàáîò ïî ðàçðàáîòêå ÏÎ. Äâà ÏÎ âíåäðåíû íà äâóõ ãîðíîðóäíûõ óïðàâ-
ëåíèÿõ è ÍÀÊ ¾Êàçàòîìïðîìó¿ ïðîäàíà ëèöåíçèÿ íà èõ èñïîëüçîâàíèÿ.

Ìåòîä ïîñòðîåíèÿ ãåîëîãè÷åñêîé ìîäåëè íà îñíîâå ëèíèè òîêà

Òàêæå ðàçðàáîòàí è ïðåäëîæåí ìåòîä ïîñòðîåíèÿ ãåîëîãè÷åñêîé ìîäåëè ìåñòîðîæäåíèÿ
óðàíà íà îñíîâå ëèíèé òîêà, ó÷èòûâàþùèé íàïðàâëåíèå ïîòîêà â ïëàñòå, òàê êàê ìåñòîðîæ-
äåíèÿ èíôèëüòðàöèîííîãî òèïà îáðàçóþòñÿ çà ñ÷åò ïåðåîòëîæåíèÿ ìèíåðàëîâ ïîä âåêîâûì
äåéñòâèåì ñèë òÿæåñòè [11].
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Ïî ñêâàæèííûì äàííûì ðàññ÷èòûâàåòñÿ 3D ðàñïðåäåëåíèå êîíöåíòðàöèé îêñèäîâ óðàíà
è èõ çàïàñîâ ìåæäó ñêâàæèíàìè. Ìåòîä ïîçâîëÿåò ñ âûñîêîé òî÷íîñòüþ îêîíòóðèâàòü ìå-
ñòîðîæäåíèÿ ìèíåðàëîâ è ðàññ÷èòàòü çàïàñû ïîëåçíûõ èñêîïàåìûõ è ïîäêèñëåííûé îáúåì.
×åòûðå ñòàòüè îïóáëèêîâàíû â æóðíàëàõ, âõîäÿùèõ â ñïèñîê WoS è Scopus, ñäåëàíû äâà
äîêëàäà íà êîíôåðåíöèè ÌÀÃÀÒÝ â Âåíå.

2. Áèîõèìè÷åñêîå âûùåëà÷èâàíèå ïèðèòà � äèñóëüôèäà æåëåçà (FeS2))
Ìíîãèå ìèíåðàëû èç ñóëüôèäíûõ ðóä ìîæíî èçâëåêàòü ìåòîäîì ïîäçåìíîãî ñêâàæèííîãî

èëè êó÷íîãî âûùåëà÷èâàíèÿ, ïåðåâîäÿ ìèíåðàëû èç òâåðäîãî â æèäêîå ñîñòîÿíèå ïóòåì îêèñ-
ëåíèÿ èõ èîíàìè æåëåçà(III) (Fe3+) [12-16]. Ïåðåâîä ìèíåðàëîâ â æèäêîå ñîñòîÿíèå ïðîèñõîäèò
ïî ðåàêöèè

MeS(s) + 2Fe3+ + 2H+ → chemically →Me2+(l) +H2S
+ + 2Fe2+.

ñ îáðàçîâàíèåì èîíîâ æåëåçà(II) (Fe2+). (Èîíû òðåõâàëåíòíîãî æåëåçà(III) òàêæå áûñòðî
îêèñëÿþò è ðàñòâîðÿþò íåðàñòâîðèìûå â ñåðíîé êèñëîòå îêñèäû ÷åòûðåõâàëåíòíîãî óðàíà
UO2(s)ïî ðåàêöèè [16]:

UO2(s) + 2Fe3+ → chemically → UO2(l) + 2Fe2+,

òîãäà êàê îí íå ðàñòâîðÿåòñÿ ñåðíîé êèñëîòîé.) Ïîñëå ýòîãî ñóëüôàòû ìåòàëëîâ ýôôåêòèâíî
èçâëåêàþòñÿ èç ïëàñòîâ ìåòîäàìè ïîäçåìíîãî ñêâàæèííîãî âûùåëà÷èâàíèÿ èëè èç êó÷è ìåòî-
äàìè ôèëüòðàöèè. Äëÿ ïîääåðæàíèÿ äàííîé ðåàêöèè èîíû æåëåçà(III) ìîãóò áûòü ïîëó÷åíû,
ïðè íàëè÷èè êèñëîðîäà, ïî ñëåäóþùåé ðåàêöèåé

2Fe2+ + 0.5O2 + 2H+ → chemically → 2Fe3+ +H2O,

êîòîðàÿ ÿâëÿåòñÿ ìåäëåííîé, ëèìèòèðóþùèé ïðîöåññ âûùåëà÷èâàíèÿ, ðåàêöèåé ïðè êèñëîòíî-
ñòè ñðåäû pH < 2. Â òî æå âðåìÿ, èñïîëüçîâàíèå æåëåçîîêèñëÿþùèõ áàêòåðèé, òèïàAcidithiobacillus
ferrooxidans (At. ferrooxidans) è Leptospirillum ferrooxidans (L. ferrooxidans), êàê êàòàëèçàòîðîâ,
óâåëè÷èâàåò ñêîðîñòü îêèñëåíèÿ èîíîâ æåëåçà(II) íà ïîðÿäêè, â ðàçû óñêîðÿÿ îáùèé ïðîöåññ
âûùåëà÷èâàíèÿ [17]

2Fe2+ + 0.5O2 + 2H+ → bacteria→ 2Fe3+ +H2O.
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Ñâÿçàíî ýòî ñ òåì, ÷òî îáðàçîâàâøèåñÿ â ðåçóëüòàòå îêèñëåíèÿ ñóëüôèäíûõ ìèíåðàëîâ (è îêñè-
äà óðàíà) èîíû æåëåçà(II) ÿâëÿþòñÿ ýëåêòðîí-äîíîðàìè (èñòî÷íèêàìè ýíåðãèè) äëÿ áàêòåðèè.
Æåëåçîîêèñëÿþùèå áàêòåðèé, ïîëó÷àÿ ýëåêòðîí èç èîíîâ æåëåçà(II), ðåãåíåðèðóþò èîíû æå-
ëåçà(III) è ïðîöåññ îêèñëåíèÿ ìèíåðàëîâ èîíàìè æåëåçà(III) ïîâòîðÿåòñÿ. Â ýòîì ïðîöåññå
î÷åíü âàæíî íàëè÷èå ïèðèòà, êàê èñòî÷íèêà èîíîâ æåëåçà(II). Äàííûé ïðîöåññ íàçûâàåò-
ñÿ áèîõèìè÷åñêèì âûùåëà÷èâàíèåì ìèíåðàëîâ, â êîòîðîì ðàñòâîðåíèå òâåðäûõ ñóëüôèäíûõ
ìèíåðàëîâ ïðîèñõîäèò ïóòåì õèìè÷åñêèõ ðåàêöèé, êàòàëèçèðóåìûõ æåëåçîîêèñëÿþùèìè áàê-
òåðèÿìè.

Æåëåçîîêèñëÿþùèå áàêòåðèé ïðåäñòàâëÿþò ñîáîé îäíîêëåòî÷íûé îðãàíèçì áåç ÿäåð ïðè-
áëèçèòåëüíî öèëèíäðè÷åñêîé ôîðìû äëèíîé îêîëî 1.5 ìèêðîíà è äèàìåòðîì â 1 ìêð.

Ïðîöåññ áèîõèìè÷åñêîãî âûùåëà÷èâàíèÿ ìèíåðàëîâ âêëþ÷àåò:
� èíîêóëÿöèþ áàêòåðèé â ðóäîñîäåðæàùóþ ïîðîäó,
� ïðèêðåïëåíèå èõ ê ïîâåðõíîñòè ïèðèòà è/èëè îòñîåäèíåíèå,
� ðàçìíîæåíèå áàêòåðèé ñ ïåðåâîäîì èîíîâ æåëåçàII â èîíîâ æåëåçàIII,
� îêèñëåíèå ñîåäèíåíèé ìåòàëëîâ èîíàìè æåëåçàIII,
� òðàíñïîðòèðîâêà ðàñòâîðåííûõ ñîåäèíåíèé ìåòàëëîâ.

Áàêòåðèè ìîãóò íàõîäèòñÿ â ïëàíêòîííîì (âçâåøåííîì) ñîñòîÿíèè â æèäêîñòè, ñîäåðæàùåé
èîíû æåëåçà(II) è ïèòàòåëüíûå âåùåñòâà èëè ïðèêðåïëÿòüñÿ ê ïîâåðõíîñòè ïèðèòà [18]. Ïðè-
êðåïëåíèå ê îòðèöàòåëüíî çàðÿæåííîé ïîâåðõíîñòè ïèðèòà ïðîèñõîäèò ýëåêòðîõèìè÷åñêèì
ïóòåì çà ñ÷åò ïîëîæèòåëüíî çàðÿæåííûõ èîíîâ âî âíåøíåé ìåìáðàíå áàêòåðèé [19]. Ýêñïåðè-
ìåíòû ïîêàçûâàþò, ÷òî ñêîðîñòü ïðèêðåïëåíèÿ ê ïîâåðõíîñòè, òàêæå, êàê è îòñîåäèíåíèÿ îò
íåå, ëèíåéíî çàâèñÿò îò êîíöåíòðàöèé áàêòåðèé íà ïîâåðõíîñòè ïèðèòà [20].
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Ñõåìà äâèæåíèÿ ðàñòâîðà è áàêòåðèé ñêâîçü ïîðèñòîé ñðåäû

Ñêîðîñòü ðàçìíîæåíèÿ áàêòåðèé äåëåíèåì ïîïîëàì îïèñûâàåòñÿ óðàâíåíèåì Ìîíî:

dX

dt
=

µmaxS

KS + S
X,

ãäå X � ýòî êîíöåíòðàöèÿ áàêòåðèé, S � ñóáñòðàò (êîíöåíòðàöèÿ èñòî÷íèêà ýíåðãèé Fe(2+),
µmax � ìàêñèìàëüíàÿ ñêîðîñòü ðîñòà áàêòåðèé, Ks � êîíñòàíòà, ðàâíàÿ êîíöåíòðàöèè ñóá-
ñòðàòà, ïðè êîòîðîé ñêîðîñòü ðîñòà ðàâíà ïîëîâèíå ìàêñèìàëüíîé ñêîðîñòè ðîñòà.

Äëÿ îïèñàíèÿ ñêîðîñòè îêèñëåíèÿ ïèðèòà ïðåäëîæåíî ñëåäóþùåå ýìïèðè÷åñêîå óðàâíåíèå
[ 21, 22 ]

dCFeS2

dt
=

V max
FeS2

1 +B · (CFeII/CFeIII)
· CFeS2

Òàêèì îáðàçîì, ïîëíàÿ ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ 1D áèîõèìè÷åñêîå âûùåëà÷è-
âàíèå ïèðèòà èìååò ñëåäóþùèé âèä:
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Íà ðèñóíêå íèæå ïðèâåäåíû èçìåíåíèÿ ñî âðåìåíåì êîíöåíòðàöèé òðàññåðà è âçâåøåííûõ
ñóñïåíçèé áåç âûùåëà÷èâàíèÿ íà âûõîäå èç êîëîííû è ñðàâíåíèÿ èõ ñ ýêñïåðèìåíòàëüíûìè
äàííûìè ïðè çíà÷åíèÿõ ïàðàìåòðîâ, íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé è ñðàâíåíèå èõ ñ ýêñïå-
ðèìåíòàëüíûìè äàííûìè [23].

Íà Ðèñóíêå ïîêàçàíî âëèÿíèå íàñûùåíèÿ ïîâåðõíîñòè áàêòåðèÿìè íà ðàñïðåäåëåíèå ïëàíê-
òîííûõ áàêòåðèé íà âûõîäå èç êîëîííû. Íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè äëÿ áàêòåðèé
áûëè:
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Íà ðèñóíêàõ íèæå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ èçìåíåíèÿ êîíöåíòðàöèè
áàêòåðèé â ïîòîêå ñî âðåìåíåì íà âûõîäå èç êîëîííû è ñðàâíåíèå èõ ñ ýêñïåðèìåíòàëüíûìè
äàííûìè [24].

Íèæå ïîêàçàíî âëèÿíèå íàëè÷èÿ ïèðèòà è èîíîâ æåëåçàIII íà ðàñïðåäåëåíèå ïëàíêòîííûõ
áàêòåðèé âäîëü êîëîííû. Ïàðàìåòðû çàäà÷è òàêèå æå, êàê è â ïðåäûäóùåì ðèñóíêå.
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Íà ðèñóíêàõ íèæå ïðèâåäåíû ðàñïðåäåëåíèÿ êîíöåíòðàöèé ïëàíêòîííûõ è ïðèêðåïëåí-
íûõ áàêòåðèé, ïèðèòà è èîíîâ æåëåçàII è æåëåçà III âäîëü êîëîííû.

Èç ïðîâåäåííûõ èññëåäîâàíèè âèäíî, ÷òî ðàçðàáàòûâàåìûå ìîäåëè áèîõèìè÷åñêîãî âû-
ùåëà÷èâàíèÿ ïèðèòà âïîëíå àäåêâàòíî îïèñûâàåò ýêñïåðèìåíòàëüíûå äàííûå.

Èññëåäîâàíèÿ ïî òåìå íàõîäèòñÿ åùå â ðàçâèòèè.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðîâàëñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ÏÖÔ -2018/BR05236447, ÃÔ -2021/AP09260105).
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Êëþ÷åâûå ñëîâà: ïîäçåìíîå ñêâàæèííîå âûùåëà÷èâàíèå ìèíåðàëîâ, áèîõèìè÷åñêîå âûùåëà÷èâàíèå ìèíå-
ðàëîâ, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.
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Çàäà÷à Çîììåðôåëüäà â áåñêîíå÷íîì ïîëóöèëèíäðå

Ò.Ø. ÊÀËÜÌÅÍÎÂ1, A. ËÅÑ2

Satbayev University, Àëìàòû, Êàçàõñòàí
1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Îïèñàíèå äâèæåíèÿ ýëåêòðîìàãíèòíûõ âîëí â R3 íåìåöêèì ôèçèêîì Çîììåðôåëüäîì
ñâåäåíî ê ñëåäóþùåé çàäà÷å:

Çàäà÷à Çîììåðôåëüäà:

Lu = −∆xu− k2u = f(x), x ∈ R3 (1)

óäîâëåòâîðÿþùåå óñëîâèþ

|u(x)|||x|=R ≤ M

R
, R→ ∞, (2)∣∣∣∣ ∂u∂nx − iku

∣∣∣∣
|x|=R

≤ M

R2
, R→ ∞ (3)

êàê ïîêàçûâàåò ïðèìåð u0(x) =
sin(k|x|)

|x| , |x|2 = x21 + x22 + x23, −∆xu0 − k2u0 = 0. Âûïîëíåíèå
òîëüêî óñëîâèÿ (2) íå îáåñïå÷èâàåò åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Çîììåðôåëüäà.

Ïóñòü Ω ⊂ R2 - êîíå÷íàÿ îáëàñòü ñ ãëàäêèì ãðàíèöàì, à D = Ω × x3 > 0 - áåñêîíå÷íûé
ïîëóöèëèíäð â R3. Èçó÷åíèå ãåîôèçè÷åñêèõ ïîëåé âD ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùåé çàäà÷è:

Íàéòè ðåøåíèå óðàâíåíèÿ

Lu = −∆xu− k2u = f(x), x ∈ D, (4)

|u(x)|||x|=R ≤ M

R
,

∣∣∣∣ ∂u∂nx − iku

∣∣∣∣
|x|=R

≤ M

R2
R→ ∞, (5)

Q[u]|x∈∂D = 0, (6)

ãäå Q - ïðîçðà÷íûå ãðàíè÷íûå óñëîâèÿ, òàêèå ÷òî ëþáàÿ âîëíà, ïðèõîäÿùàÿ èçíóòðè îáëàñòè
D ïðîõîäèò áåç îòðàæåíèÿ íà ∂D. Íà ïðàêòèêå Q - îïðåäåëÿåòñÿ ïðèáëèæåííî èç ôèçè÷åñêèõ
ñâîéñòâ èçó÷åííîé ñðåäû. Â äàííîé ðàáîòå äàåì ÿâíûå ïðåäñòàâëåíèÿ îïåðàòîðà Q.

Ïóñòü

ε(x) =
1

4π

eik|x|

|x|
(7)

ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà

(−∆x − k2)ε(x) = δ(x), (8)

Îïðåäåëèì, êàê â ðàáîòå Êàëüìåíîâà Ò.Ø., Ñóðàãàíà Ä.[1], ãðàíè÷íûå óñëîâèÿ ïîòåíöèàëà
Ãåëüìãîëüöà:

u(x) =

�

D

ε(x, y)f(y)dy (9)

N [u] = −u(x)
2

+

�

∂Ω

(
∂ε

∂ny
(x, y)u(y)− ε(x, y)

∂u(y)

∂ny

)
dSy = 0, x ∈ ∂Ω. (10)

Èìååò ìåñòî
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Òåîðåìà 1. Ïóñòü f ∈ L2(Ω), suppf(x) = D0 � êîíå÷íàÿ îáëàñòü D. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è

Lu = −∆xu− k2u = f(x), x ∈ D, (4)

|u(x)|||x|=R ≤ M

R
,

∣∣∣∣ ∂u∂nx − iku

∣∣∣∣
|x|=R

≤ M

R2
R→ ∞, (5)

N [u]|x∈∂D = 0. (6)

Ñëåäñòâèå 2. Ïðîçðà÷íûì áîêîâûì ãðàíè÷íûì óñëîâèåì Q çàäà÷è (4)-(6) ÿâëÿåòñÿ ïîòåí-
öèàëüíîå ãðàíè÷íîå óñëîâèå N [u]|x∈∂D = 0.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488701).

Êëþ÷åâûå ñëîâà: çàäà÷à Çîììåðôåëüäà, óðàâíåíèå Ãåëüìãîëüöà, ïîòåíöèàë Íüþòîíà.
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Êîíå÷íîìåðíûå èíòåãðèðóåìûå ñèñòåìû è ðåøåíèÿ
êîíå÷íîçîííîãî òèïà ìíîãîêîìïîíåíòíûõ ñèñòåì ñ

äèñïåðñèåé

À.Þ. ÊÎÍßÅÂ

1ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ

maodzund@ya.ru

Õîðîøî èçâåñòíî, ÷òî ñïåöèàëüíûå ðåøåíèÿ óðàâíåíèé òèïà ãåîäåçè÷åñêîãî ïîòîêà ñ ïî-
òåíöèàëîì â íåêîòîðûõ ñëó÷àÿõ äàþò ðåøåíèÿ óðàâíåíèÿ Êîðòâåãà-äå Ôðèçà. Òàêîãî ðîäà
ýôôåêòû áûëè èçâåñòíû äëÿ ñèñòåì Íîéìàíà, ïîòîêîâ íà ýëëèïñîèäå è ìíîãèõ äðóãèõ ñëó÷à-
ÿõ.

Â ðàìêàõ äåÿòåëüíîñòè, ñâÿçàííîé ñ ðàçâèòèåì ãåîìåòðèè Íèéåíõåéñà, óäàëîñü âñêðûòü
ãåîìåòðè÷åñêèé ìåõàíèçì ýòî ÿâëåíèÿ. Ïîäîáíàÿ ñâÿçü � ðåøåíèÿ íåêîòîðîé êîíå÷íîìåðíîé
ñèñòåìû äàþò ðåøåíèÿ íåêîòîðîé äðóãîé, íåëèíåéíîé ñèñòåìû � ÿâëÿåòñÿ, ñóäÿ ïî âñåìó, òè-
ïè÷íîé äëÿ óðàâíåíèé, äîïóñêàþùèõ ðàçäåëåíèå ïåðåìåííûõ. Âîçíèêàþùèå ïðè ýòîì ðåøåíèÿ
îòíîñÿòñÿ ê êîíå÷íîçîííîìó (òàì, ãäå ýòîò òåðìèí êîððåêòíî óïîòðåáëÿòü) òèïó.

Ïðè ýòîì åñòåñòâåííîé îêàçûâàåòñÿ ñèòóàöèÿ, ãäå ïîëó÷åííûå ðåøåíèÿ óäîâëåòâîðÿþò
ìíîãîêîìïîíåíòíûì ñèñòåìàì � íàïðèìåð, ñèñòåìå Êàóïà-Áóññèíåñêà. Òî åñòü îáíàðóæåííàÿ
ñâÿçü ïîçâîëÿåò ïîëó÷àòü ðåøåíèÿ äîâîëüíî øèðîêîãî êëàññà ñèñòåì.

Â äîêëàäå áóäåò ðàññêàçàíî î ïîëó÷åííûõ ðåçóëüòàòàõ è ïîòåíöèàëüíûõ íàïðàâëåíèÿõ èõ
ðàçâèòèÿ. Îòìåòèì, ÷òî ïîìèìî øèðîêîé ïðèìåíèìîñòè, ìåòîä èíòåðåñåí òåì, ÷òî íå òðåáóåò
âû÷èñëåíèÿ ëàêñîâûõ ïàð, ñòàöèîíàðíûõ ïîòîêîâ è ïðî÷åãî (äîâîëüíî íåïðîñòîãî!) èíñòðó-
ìåíòàðèÿ èíòåãðèðóåìûõ ñèñòåì. Òî åñòü, ïî ñóòè, èñïîëüçóåò ýëåìåíòàðíûå èíñòðóìåíòû �
ïî ñóòè, èíòåãðèðîâàíèå â êâäàðàòóðàõ, èçâåñòíîå ñ XIX âåêà.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ ãðàíòîì ÐÍÔ 24-21-00450.
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êâàäðàòóðàõ.
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Íåðàâåíñòâî Ã¼ëüäåðà ÿâëÿåòñÿ îñíîâîé ìíîãèõ íåðàâåíñòâ. Òàê èç íåðàâåíñòâà Ã¼ëüäåðà
ñëåäóþò êëàññè÷åñêèå íåðàâåíñòâà Ìèíêîâñêîãî, Õàðäè, êîòîðûå â ñâîþ î÷åðåäü èñïîëüçóþòñÿ
â äîêàçàòåëüñòâå îñíîâíûõ èíòåãðî-äèôôåðåíöèàëüíûõ íåðàâåíñòâ.

Áîëåå òîãî, òåîðèÿ ñîïðÿæ¼ííûõ ïðîñòðàíñòâ, ñîïðÿæ¼ííûõ îïåðàòîðîâ òåñíî ñâÿçàíà ñ
íåðàâåíñòâîì Ã¼ëüäåðà.

Â äîêëàäå ìû ïðèâåäåì íåðàâåíñòâî, êîòîðîå â íåêîòîðîì ñìûñëå óòî÷íÿåò íåðàâåíñòâî
Ã¼ëüäåðà. Ìû òàêæå ïðèâåäåì íåêîòîðûå âàæíûå ñëåäñòâèÿ.

Êëþ÷åâûå ñëîâà: íåðàâåíñòâî Ãåëüäåðà, ôóíêöèîíàëüíûå ïðîñòðàíñòâà, ôóíêöèîíàëüíûå íåðàâåíñòâà.
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Î ëîãè÷åñêîì ñòðîåíèè ìàòåìàòèêè

Ñ.ß. ÑÅÐÎÂÀÉÑÊÈÉ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

serovajskys@mail.ru

Ìàòåìàòè÷åñêèé ìèð, êàê íèêàêîé äðóãîé, îòëè÷àåòñÿ ÷ðåçâû÷àéíî âûñîêîé ðàçäðîáëåí-
íîñòüþ. Ñïåöèàëèñòû îäíîãî ðàçäåëà ìàòåìàòèêè, êàê ïðàâèëî, íå òîëüêî íå â êóðñå àêòó-
àëüíûõ ïðîáëåì äðóãèõ åå ðàçäåëîâ, íî çà÷àñòóþ äàæå íå ïîíèìàþò ÿçûê, íà êîòîðîì ãî-
âîðÿò èõ êîëëåãè, ðàáîòàþùèõ â äðóãèõ íàïðàâëåíèÿõ. Â äåéñòâèòåëüíîñòè æå ìàòåìàòèêà
ïðåäñòàâëÿåò ñîáîé åäèíûé îðãàíèçì, ãäå ðàçëè÷íûå ïîíÿòèÿ, ñâîéñòâà, ñþæåòû ïåðåïëåòåíû
ìíîãîîáðàçíûìè ñâÿçÿìè. Îïèñàíèþ òàêèõ ñâÿçåé ïîñâÿùåíà êíèãà The Logical Structure of
Mathematics: An Overview of Mathematical Concepts, âûõîäÿùàÿ â àíãëèéñêîì èçäàòåëüñòâå
Taylor & Francis Group.

Êíèãà ñîñòîèò èç øåñòè ÷àñòåé. Ïåðâàÿ ÷àñòü ¾ßçûê¿ ïîñâÿùåíà îáùèì ïðèíöèïàì ïî-
ñòðîåíèÿ ìàòåìàòè÷åñêèõ òåîðèé. Âî âòîðîé ÷àñòè, íàçûâàåìîé ¾Ìíîæåñòâà¿, äàåòñÿ êðàòêîå
îïèñàíèå òåîðèè ìíîæåñòâ êàê îñíîâàíèÿ ìàòåìàòèêè.

Òðåòüÿ ÷àñòü ¾×èñëà¿ ñîñòîèò èç íåñêîëüêèõ ñåêöèé. Ñíà÷àëà îïðåäåëÿþòñÿ êàðäèíàëü-
íûå ÷èñëà, ÿâëÿþùèåñÿ ìîùíîñòÿìè êîíå÷íûõ ìíîæåñòâ. Çàòåì îïèñûâàþòñÿ ïîðÿäêîâûå ÷èñ-
ëà, âêëþ÷àÿ òðàíñôèíèòíûå, êîòîðûå ââîäÿòñÿ ïîñëåäîâàòåëüíî îäíî çà äðóãèì. Òðåòèé êëàññ
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îáðàçóþò àëãåáðàè÷åñêèå ÷èñëà, ñâÿçàííûå ñ ðåøåíèåì íåêîòîðûõ óðàâíåíèé. Äåéñòâèòåëüíûå
è p-àäè÷åñêèå ÷èñëà îáðàçóþò êëàññ ïðåäåëüíûõ ÷èñåë. Íàêîíåö, âåêòîðíûå ÷èñëà (êîìïëåêñ-
íûå, êâàòåðíèîíû è äð.) ñîñòàâëÿþò ïîñëåäíèé êëàññ îáúåêòîâ.

Â ÷åòâåðòîé ÷àñòè îïèñûâàþòñÿ ¾Îáúåêòû¿, ïðåäñòàâëÿþùèå ñîáîé ìíîæåñòâà, ÿâëÿþùè-
åñÿ îáîáùåíèåì ðàññìàòðèâàåìûõ ðàíåå ÷èñëîâûõ êëàññîâ. Â ÷àñòíîñòè, ïîðÿäêîâûå îáúåêòû
ñâÿçàíû ñ ïîðÿäêîâûìè ÷èñëàìè, àëãåáðàè÷åñêèå îáúåêòû � ñ àëãåáðàè÷åñêèìè ÷èñëàìè, òî-
ïîëîãè÷åñêèå îáúåêòû � ñ ïðåäåëüíûìè ÷èñëàìè, à âåêòîðíûå ÷èñëà åñòåñòâåííûì îáðàçîì
âûâîäÿò íà ëèíåéíóþ àëãåáðû, òàêæå õàðàêòåðèçóþùèå àëãåáðàè÷åñêèå îáúåêòû. Òàêèì îáðà-
çîì, â òðåõ ðàçäåëàõ ÷åòâåðòîé ÷àñòè, îïèñûâàþòñÿ âàæíåéøèå êëàññû ìíîæåñòâ, íàäåëåííûõ
ïîðÿäêîâîé, àëãåáðàè÷åñêîé è òîïîëîãè÷åñêîé ñòðóêòóðîé.

Â ïÿòîé ÷àñòè îïèñûâàþòñÿ ¾Òåîðèè¿, ñâÿçàííûå ñ ìíîæåñòâàìè, íàäåëåííûìè îäíîâðå-
ìåííî íåñêîëüêèìè ñòðóêòóðàìè. Â ïåðâîì ðàçäåëå çäåñü ðàññìàòðèâàþòñÿ ïðîáëåìû òîïî-
ëîãè÷åñêîé àëãåáðû, â êîòîðîé îïèñûâàþòñÿ àëãåáðàè÷åñêèå îáúåêòû, íàäåëåííûå äîïîëíè-
òåëüíî òîïîëîãèåé, à òàêæå ïðîñòðàíñòâà ñ íîðìîé è ñêàëÿðíûì ïðîèçâåäåíèåì, ÿâëÿþùèåñÿ
îñíîâîé ôóíêöèîíàëüíîãî àíàëèçà. Âòîðîé ðàçäåë ñâÿçàí ñ ïðèëîæåíèÿìè ëèíåéíîé àëãåá-
ðû, à òàêæå ðàçëè÷íûìè ãåîìåòðè÷åñêèìè òåîðèÿìè. Òðåòèé ðàçäåë ïîñâÿùåí äèôôåðåíöè-
àëüíîìó è èíòåãðàëüíîìó èñ÷èñëåíèþ. Â ÷àñòíîñòè, íàðÿäó ñ îáùåé òåîðèåé èíòåãðèðîâàíèÿ
çäåñü ðàññìàòðèâàåòñÿ èíòåãðàëüíûå óðàâíåíèÿ è òåîðèÿ âåðîÿòíîñòåé, à òåîðèÿ äèôôåðåíöè-
ðîâàíèÿ ïîìèìî êëàññè÷åñêèõ ðåçóëüòàòîâ âåùåñòâåííîãî è êîìïëåêñíîãî àíàëèçà âêëþ÷àåò
òåîðèþ ðàñïðåäåëåíèé, äèôôåðåíöèðîâàíèå îïåðàòîðîâ, ãëàäêèå ìíîãîîáðàçèÿ, ãðóïïû Ëè,
äèôôåðåíöèàëüíûå óðàâíåíèÿ è âàðèàöèîííîå èñ÷èñëåíèå. Ïîñëåäíèé ðàçäåë ïîñâÿùåí àë-
ãåáðàè÷åñêîé ãåîìåòðèè è àëãåáðàè÷åñêîé òîïîëîãèè.

Â çàêëþ÷èòåëüíîé ÷àñòè ¾Êàòåãîðèè¿ ñ åäèíûõ ïîçèöèè îïèñûâàåòñÿ ñòðóêòóðà ðàçëè÷-
íûõ ìàòåìàòè÷åñêèõ òåîðèé, çà êàæäîé èç êîòîðûõ ñòîèò ñâîÿ êàòåãîðèÿ. Êðîìå òîãî, õàðàêòå-
ðèçóþòñÿ ñâÿçè ìåæäó ðàçëè÷íûìè òåîðèÿìè ïîñðåäñòâîì ôóíêòîðîâ. Íàêîíåö, îáñóæäàåòñÿ
âîçìîæíîñòü ïîñòðîåíèÿ ìàòåìàòèêè â öåëîì, âêëþ÷àÿ ñàìó òåîðèþ ìíîæåñòâ, ñðåäñòâàìè
òåîðèè êàòåãîðèé.

Õî÷åòñÿ íàäåÿòüñÿ, ÷òî êíèãà íàéäåò ñâîåãî ÷èòàòåëÿ.

The uncertainty principle for Poincaré and Lorenz chaos

M.U. AKHMET

1Middle East Technical University, Ankara, Turkiye

marat@medu.edu.tr

W. Heisenberg developed the famous principle of uncertainty, which has implicitly strongly
affected various areas of science, industry, and social life. Working on the chaos research, we have
indicated an uncertainty in mathematical chaos by using the following inequalities,

hα ≤ snd(pn, p) ≤ hβ, (1)

where sn is the time sequence of divergence, pn is the converging space sequence, and d is a metric.
The formula has been announced in the book [1].We believe that the inequalities will make insights
into chaos similar to those in quantum mechanics. Related questions for alpha unpredictability,
ultra Poincaré and Lorenz chaos [1], artificial neural networks [2] differential equations, determinis-
tic and stochastic dynamical systems [1], synchronization [3], are under discussion. Open problems
related to theory of functions, the recurrence theorem, chaos investigation will be announced.

The alpha unpredictable point is the origin of ultra Poincaré chaos [1]. A point p of a dynamics
is alpha unpredictable, if there exists a positive number e, sequences tn and sn increasing to infinity,
such that pn = f(tn, p) converges to p, and points f(tn + sn, p) are on distance larger than e from
f(sn, p) for all n. We are in a position where chaos can not be observed precisely in experiments
since the closer approximation points f(tn, p) are observed, and the near to infinity are moments of
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divergence sn. Conversely, if one determine better a large moment sn, then finding corresponding
tn is a difficult task. That is, the more precisely determined sn means less accuracy for pn. Thus,
we are busy with the uncertainty, since the sequences of points pn, and moments tn, sn, are not less
theoretical than the Heisenberg quantities.

The source of uncertainty in Lorenz chaos is sensitivity, which is the main ingredient of the
irregular dynamics. A dynamics f(q, t) is sensitive at a point p provided that there exists a positive
number e, sequences of points pn and moments sn, n = 1, 2, . . . , such that pn → p, and distance
between f(p, sn) and f(pn, sn) is larger than e for all n. This is on one side of the uncertainty
since to learn sensitivity we have to look for points pn arbitrarily close to point p, but this makes
less observable moments, where the divergence happens. Oppositely, if one tries to determine large
moments of the divergence, precision for the location of corresponding points pn decreases, and
vice versa. Thus, the principle of the uncertainty for chaos is based on the Lorenz sensitivity, also.

What is the philosophical conclusion for our discussion? The more uncertainties there are for
dynamics the better. An uncertainty is the main argument that a theoretical phenomenon deserves
to be researched since it is about the unity of opposites. Thus, it is significant achievement that
the uncertainty for chaos has been discovered.

Keywords: Ultra Poincaré chaos, Lorenz chaos, principle of uncertainty, dynamical systems, recurrence theorem,
Poisson stability.
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Long-time dynamics of small solutions to 1D quartic
Klein-Gordon equation
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In this talk, we consider the quartic Klein-Gordon equation

∂2t u− ∂2xu+ u+ V (x)u = α(x)u2 ± up, (x, t) ∈ R2, (1)

where p = 4 and α(x) is an exponentially decaying function at infinity. Our main interest is to
present new results on the long-time asymptotic behavior of small solutions under certain conditions
on the spectrum of the linearized operator

L := −∂2x + 1 + V (x). (2)

In particular, we make an assumption that the spectrum of L has only a positive eigenvalue λ > 0
and a continuous spectrum [1,+∞).

The motivation to investigate the above-described problem comes from a long-standing con-
jecture on asymptotic stability of the kink solution of the ϕ4-model

∂2t ϕ− ∂2xϕ = ϕ− ϕ3, (x, t) ∈ R2. (3)

The kink solution of (3) is given by H(x) = tanh(x/
√
2), and the orbital stability of the kink state

in the energy space is known due to Henry, Perez and Wreszinski [2]. To study the asymptotic
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stability, we consider the perturbed kink ϕ(x, t) = H(x)+v(x, t) and, from (3), obtain the evolution
equation for the perturbation v given by (roughly)

∂2t v − ∂2xv + v − sech2(x/
√
2)v = −3H(x)v2 − v3. (4)

It turns out that the spectrum of the corresponding linearized operator of (4) is similar to the
assumptions we make on the operator L in (2). Note that the equation (4) is of type (1) if we set
α = −3H(x) and p = 3. The best available results on the long-time dynamics of (4) are given in
the recent work by Delort and Masmoudi in [1], where they prove the decay of v in suitable Sobolev
spaces for times of order O(ε−4) for data of size ε.

Among the global-in-time results for (1), we point out the recent work by Leger and Pusateri
[4], where the authors prove the global-in-time decay of small solutions in 3 + 1 space dimensions
when p = 2 and α(x) is bounded. For the one-dimensional version of (1), similar result was proven
by Kopylova and Komech in [3] for p = 14 and exponentially decaying α.

The goal of this talk is to present the following (roughly written) theorem:

Theorem 1. Let α(x) → 0 exponentially fast as |x| → ∞ and set p = 4 in (1). For all initial data
u0 that are sufficiently small in a suitable weighted Sobolev space, solutions to (1) satisfy

∥u∥L∞
x

≲ t−1/2+ for all t≫ 1.

This improves the result in [3] by decreasing the nonlinearity power from p = 14 to p = 4.
It also compliments [1] by obtaining global-in-time decay, but under weaker conditions on the
nonlinearity terms.

This is a joint work with Gong Chen (Georgia Institute of Technology), Gael Diebou (University
of Toronto) and Fabio Pusateri (University of Toronto).

Funding: This research is funded by the Nazarbayev University Faculty Development Competitive Research Grants
Program 040225FD4702.
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Synchronization of Shunting Inhibitory Memristive Neural
Networks and its Application
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This study investigates the finite time synchronization and fixed time synchronization of shunt-
ing inhibitory memristive neural networks with time-varying delays via different control techniques.
First, a new terminal sliding mode surface is designed and its reachability is analyzed. Then, a

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 41

unique sliding mode controller is constructed suitable for both the finite time and fixed time syn-
chronization and its stability analysis is done by using Lyapunov functionals. Numerical examples
with the estimated settling times are provided to show the effectiveness of our results. Finally,
applications in secure communication in terms of image encryption and decryption will be shown.
Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the

Republic of Kazakhstan (Grant No. BR21882172).

Keywords: synchronization; memrisitive neural networks; delay differential equations; sliding mode control, secure
communication, image encryption.
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To inverse scattering problem on the real axis

A.P. SOLDATOV
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Sufficient conditions for the fulfillment of the main theorem of Faddeev-Marchenko are dis-
cussed. A representation of the solution to the inverse Sturm-Liouville problem on the entire axis
is given, based on the study of the boundary value problem for Jost functions and the corresponding
singular integral equation. The unique solvability of this problem in corresponding Holder weight
classes is proved.

Eigenvalue lower bounds for Robin and polyharmonic
Laplacians

D. SURAGAN

Nazarbayev University, Astana, Kazakhstan

durvudkhan.suragan@nu.edu.kz

In this talk, we present new results concerning lower bounds on the first eigenvalue for the
Laplace operators, especially under variable-component Robin boundary conditions. Our analysis
focuses on convex domains, where we not only derive novel results for the Robin Laplacian, but
also improve existing bounds over those for the Dirichlet Laplacian. The methodology adopted
in our study is further extended to establish new lower bounds on the first eigenvalue of the
polyharmonic Dirichlet operator. In addition, if time permits, we discuss a simple and elegant
proof of the Poincaré inequality specific to Robin Laplacians, based on an equality framework. The
key ingredients in our proofs are taken from [1]-[3].

The goal of this talk is to present these advances, providing a deeper understanding and
expanding the existing knowledge base in the field of eigenvalue lower bound problems.

This talk is based on our joint work with Rupert L. Frank (Caltech and LMU Munchen) and
Ari Laptev (Imperial College London).

Funding: This research is funded by the Nazarbayev University Grant (Grant No. 20122022FD4105).

Keywords: Robin Laplacian, Polyharmonic operator, Lowest eigenvalue, Hardy inequality, Poincaré inequality.
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Grand Net Spaces and Applications to Integral Operators
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Net spaces first appeared in the work of Nursultanov [3] in 1998 where it was used for obtain-
ing Hardy–Littlewood-type theorems for Fourier coefficients. These spaces are generalizations of
classical Lorentz spaces. One of the main differences between net spaces and other known function
spaces is that the former depends on the distribution of the oscillation and singularities of functions.
For a special choice of nets, these spaces coincide with Lorentz space and Morrey spaces Mλ

1 . We
also refer to [4] for the net spaces defined in the framework of general measures.

The grand Lebesgue spaces were introduced in 1992 by Iwaniec and Sbordone [2] in connection
with the study of integrability properties of Jacobian. Later, Greco et al. [1] considered a more
general variant of these spaces Lp),θ(Ω).

In this talk, we will introduce grand net spaces, which combine the notion of grand Lebesgue
spaces and net spaces. This provides a general framework for studying net spaces and grand Lorentz
spaces [5]. We will discuss structural properties, interpolation theorems, and boundedness criteria
for integral operators in these spaces. The results presented here generalize some results in [4], [5].

Funding: This research was funded by Nazarbayev University under Collaborative Research Program (Grant:
20122022CRP1601).
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Âåñîâûå íåðàâåíñòâà äëÿ ñóïåðïîçèöèè òðåõ
îïåðàòîðîâ

À.Í. ÀÁÅÊ1, À. ÃÎÃÀÒÈØÂÈËÈ2, Í.À. ÁÎÊÀÅÂ3, Ò. ÓÍÂÅÐ4

1,3Åâðàçèéñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
2Èíñòèòóò ìàòåìàòèêè Àêàäåìèè íàóê ×åõèè, Ïðàãà, ×åõèÿ

4Óíèâåðñèòåò Êèðèêêàëå, Êèðèêêàëå, Òóðöèÿ
1azhar.abekova@gmail.com, 2gogatish@math.cas.cz, 3bokayev2011@yandex.kz,

4tugceunver@kku.edu.tr

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñóïåðïîçèöèÿ òðåõ îïåðàòîðîâ: Êîïñîíà, Õàðäè è Òàí-
äîðè. ×åðåç M+(0,∞) îáîçíà÷èì ìíîæåñòâî âñåõ íåîòðèöàòåëüíûõ èçìåðèìûõ ôóíêöèé íà
(0,∞).

Òåîðåìà 1. Ïóñòü p ∈ (1,∞), 1
p +

1
p′ = 1 è u, v, w � âåñîâûå ôóíêöèè íà (0,∞), φ � êâàçè-

âîãíóòàÿ ôóíêöèÿ íà (0,∞). Òîãäà ñóùåñòâóåò êîíñòàíòà C > 0 òàêàÿ, ÷òî íåðàâåíñòâî

∞�

0

sup
t<s<∞

 1

φ(s)

s�

0

τh(τ)dτ + s

∞�

s

h(τ)dτ

w(t)dt ≤ C

 ∞�

0

hp(τ)v(τ)dτ

 1
p

(1)

âûïîëíÿåòñÿ äëÿ âñåõ h ∈ M+(0,∞) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ ñëåäóþùåå
óñëîâèå:

C :=

(� ∞

0

(� ∞

0

w(s)ds

φ(s) + φ(t)

)p′
dνp(t)

) 1
p′

<∞

ãäå νp � ìåðà ïðåäñòàâëåíèÿ

φr(t) ess sup
s∈(t,∞)

1

φp′(s)

(� ∞

0

τp
′
sp

′

sp′ + τp′
v1−p

′
(τ)dτ

)
,

ò.å.

φp
′
(t) ess sup

s∈(t,∞)

1

φp′(s)

(� ∞

0

τp
′
sp

′

sp′ + τp′
v1−p

′
(τ)dτ

)
=

� ∞

0

φp
′
(t)

φp′(s) + φp′(t)
νp(s)ds.

Ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû ñóùåñòâåííî èñïîëüçóåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü p ∈ (1,∞), 1
p +

1
p′ = 1 è u, v, w � âåñîâûå ôóíêöèè íà (0,∞), φ � êâàçè-

âîãíóòàÿ ôóíêöèÿ íà (0,∞). Òîãäà ñóùåñòâóåò êîíñòàíòà C > 0 òàêàÿ, ÷òî íåðàâåíñòâî
(1) âûïîëíÿåòñÿ äëÿ âñåõ h ∈ M+(0,∞) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ ñëåäóþùåå
óñëîâèå:

A :=

∑
k∈Z

(
sup

xk≤t≤xk+1

G(t)

φ(t)

(� t

xk

sp
′
v1−p

′
(s)ds+ tp

′
� xk+1

t
v1−p

′
(s)ds

) 1
p′
)p′

1
p′

<∞, (2)

ãäå G(t) =
t�
0

w(s)ds+ φ(t)
∞�
t

φ−1(s)w(s)ds. Íàèëó÷øàÿ êîíñòàíòà C â (1) ýêâèâàëåíòíà A.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �AP22686420).

Êëþ÷åâûå ñëîâà: îãðàíè÷åííîñòü îïåðàòîðîâ, îïåðàòîð Õàðäè, íàèëó÷øàÿ êîíñòàíòà, ñóïåðïîçèöèÿ îïåðà-
òîðîâ.

2010 Mathematics Subject Classi�cation: 42B25, 46E30, 47L07, 47B38
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Îöåíêè áèëèíåéíîãî ïðèáëèæåíèÿ ôóíêöèè â
ïðîñòðàíñòâå Ëîðåíöà

Ã. ÀÊÈØÅÂ

Êàçàõñòàíñêèé ôèëèàë ÌÃÓ, Àñòàíà, Êàçàõñòàí

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

akishev_g@mail.ru

Ïóñòü N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë è x = (x1, . . . , xm) ∈ Im = [0, 1)m, Tm = 2πIm.
×åðåç Lp,τ (Tm) îáîçíà÷èì ïðîñòðàíñòâî Ëîðåíöà, ñîñòîÿùåå èç âñåõ èçìåðèìûõ ïî Ëåáåãó

2π�ïåðèîäè÷åñêèõ ôóíêöèé f , äëÿ êîòîðûõ (ñì. [1], ñ. 228)

∥f∥p,τ :=

( 1�

0

f∗
τ
(t)t

τ
p
−1
dt

)1/τ

<∞, 1 < p <∞, 1 ⩽ τ ⩽ ∞,

ãäå f∗(t) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(2πx)|, x ∈ Im.
Ïóñòü Vl(t) � îäíîìåðíîå ÿäðî Âàëëå-Ïóññåíà ïîðÿäêà 2l − 1, l ∈ N. Êàæäîìó s =

(s1, . . . ,m), sj ∈ N ñîïîñòàâèì òðèãîíîìåòðè÷åñêèé ïîëèíîì (ñì. [2], [3])

As(x) =
m∏
j=1

(V2sj (xj)− V
2sj−1(xj)).

Äëÿ ôóíêöèè f ∈ L1(Tm) ðàññìîòðèì ñâåðòêó As(f, x) = (f ∗As)(x).
Ïóñòü r = (r1, . . . , rm), θ = (θ1, ..., θm), rj > 0, 1 ⩽ θj ⩽ ∞, j = 1, . . . ,m. Ðàññìîòðèì êëàññ

Íèêîëüñêîãî �Áåñîâà

Sr
p,τ,θ

B :=
{
f ∈ Lp,τ (Tm) :

∥∥∥{2⟨s,r⟩∥As(f)∥p,τ}
s∈Zm

+

∥∥∥
lθ

⩽ 1
}
.

Çäåñü è äàëåå lθ ïðîñòðàíñòâî ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé {an} ñ íîðìîé ∥{an}∥lθ .
Ðàññìàòðèâàåòñÿ τM (F )p,τ � íàèëó÷øåå áèëèíåéíîå ïðèáëèæåíèå ïîðÿäêà M ∈ N ôóíê-

öèè f ∈ Lp,τ (T2m). Åñëè F ⊂ Lp,τ (T2m), òî ïîëîæèì τM (F )p,τ = sup
f∈F

τM (f)p,τ .

Îöåíêè íàèëó÷øåãî áèëèíåéíîãî ïðèáëèæåíèÿ ôóíêöèè êëàññîâ Ñîáîëåâà, Íèêîëüñêîãî�
Áåñîâà â ïðîñòðàíñòâå Lp(T2m) óñòàíîâëåíû â [2]�[4]. Äîêàçàíà

Òåîðåìà 1. Ïóñòü r1 = . . . = r2m, 1 ⩽ θj ⩽ ∞, j = 1, ...,m, 1 < p < q < ∞, 1 ⩽ τ1 ⩽ τ2 ⩽ 2 è
τ2/q < τ1/p. Òîãäà ñïðàâåäëèâà îöåíêà

τM (Sr1
p,τ,θ

B)q,τ2 ⩽ CM
−2r1+

1
p
− 1

q (log2M)
2r1(m−1)+2

∑m
j=2(

1
τ2

− 1
θj

)+
,

Çàìå÷àíèå 2. Â ñëó÷àå τ1 = p, τ2 = q è θj = θ äëÿ j = 1, ...,m ýòó òåîðåìó ðàíåå äîêàçàëè
À.Ñ. Ðîìàíþê è Â.Ñ. Ðîìàíþê [4].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19677486).

Êëþ÷åâûå ñëîâà: áèëèíåéíîå ïðèáëèæåíèå, êëàññ Íèêîëüñêîãî �Áåñîâà, ïðîñòðàíñòâî Ëîðåíöà.

2010 Mathematics Subject Classi�cation: 42A10, 41A46

Ëèòåðàòóðà
[1] Ñòåéí È., Âåéñ Ã. Ââåäåíèå â ãàðìîíè÷åñêèé àíàëèç íà åâêëèäîâûõ ïðîñòðàíñòâàõ, Ìèð, Ì. (1974).
[2] Òåìëÿêîâ Â.Í. Îöåíêè íàèëó÷øèõ áèëèíåéíûõ ïðèáëèæåíèé ôóíêöèé, Òðóäû ìàòåì. èíñò. ÀÍ

ÑÑÑÐ, 181( 1988), 250�267.
[3] Bazarkhanov D., Temlyakov V. Nonlinear tensor product approximation of functions, Jour. Complexity,

31(2015), 867–884.

[4] Ðîìàíþê À.Ñ., Ðîìàíþê Â.Ñ. Íàèëó÷øèå áèëèíåéíûå ïðèáëèæåíèÿ êëàññîâ ôóíêöèé ìíîãèõ ïåðå-

ìåííûõ, Óêð. ìàòåì. æ., 65:12 (2013), 1681�1699.
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Îïòèìàëüíûå êóáàòóðíûå ôîðìóëû äëÿ êëàññîâ
ïåðèîäè÷åñêèõ ôóíêöèé ñ çàäàííîé ìàæîðàíòîé

ìîäóëÿ ãëàäêîñòè

Ø.À. ÁÀËÃÈÌÁÀÅÂÀ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

sholpan.balgyn@gmail.com

Ïóñòü K � êîìïàêò (ñ íåïóñòîé âíóòðåííîñòüþ) â Rd (d ≥ 2), F � íåêîòîðîå ìíîæå-
ñòâî (êëàññ) êîìïëåêñíîçíà÷íûõ ôóíêöèé, çàäàííûõ è íåïðåðûâíûõ íà K. Ïðè ÷èñëåííîì
èíòåãðèðîâàíèè äëÿ ïðèáëèæåíèÿ èíòåãðàëà

�
K f(x)dx, f ∈ F, èñïîëüçóþòñÿ âûðàæåíèÿ âèäà

(êóáàòóðíûå ôîðìóëû)Q(f, CN ,ΛN ) :=
∑N

k=1 c(k)f(λ(k)), çäåñü CN := (c(1), . . . , c(N)) ∈ CN �
âåñà è ΛN := (λ(1), . . . , λ(N)) ⊂ KN � ñåòêà óçëîâ êóáàòóðíîé ôîðìóëû, à R(f,K,CN ,ΛN ) :=�
K f(x)dx−Q(f, CN ,ΛN ) åå ïîãðåøíîñòü íà ôóíêöèè f . Îáîçíà÷èì

R(F,K,CN ,ΛN ) := sup{|R(f,K,CN ,ΛN )| | f ∈ F}. (1)

Çàäà÷à îïòèìàëüíîãî ÷èñëåííîãî èíòåãðèðîâàíèÿ, ðàññìàòðèâàåìàÿ íàìè, ñîñòîèò â îïðå-
äåëåíèè òî÷íîãî (ïî N) ïîðÿäêà âåëè÷èíû

RN (F,K) := inf{R(F,K,CN ,ΛN ) |CN ,ΛN} (2)

(îïòèìàëüíîé ïîãðåøíîñòè) è ïîñòðîåíèè ïîñëåäîâàòåëüíîñòè (C∗
N ,Λ

∗
N | N ∈ N) âåñîâ è óçëîâ

òàêèõ, ÷òî ïîãðåøíîñòè R(F,K,C∗
N ,Λ

∗
N ) ñîîòâåòñòâóþùèõ êóáàòóðíûõ ôîðìóë (1) ðåàëèçóþò

ïîðÿäîê îïòèìàëüíîé ïîãðåøíîñòè (2). Êóáàòóðíûå ôîðìóëû Q(f, C∗
N ,Λ

∗
N ) áóäåì íàçûâàòü

îïòèìàëüíûìè (ïî ïîðÿäêó).
Íàìè ðàññìàòðèâàåòñÿ ñëó÷àé K = Td � d−ìåðíûé òîð, F� ôóíêöèîíàëüíûå êëàññû

òèïà Íèêîëüñêîãî�Áåñîâà. Äëÿ f ∈ Lp(Td) îïðåäåëèì ñìåøàííûé ìîäóëü ãëàäêîñòè ïîðÿäêà
l ∈ N : Ωl(f, t)p = sup|hj |≤tj ,j∈ed ∥∆

l
hf(·) ∥p, t = (t1, . . . , td) ∈ [0, π]d, ãäå ñìåøàííàÿ ðàçíîñòü

ïîðÿäêà l ôóíêöèè f â òî÷êå x ∈ Td ñ øàãîì h = (h1, . . . , hd) ∈ Rd îïðåäåëÿåòñÿ ñëåäóþ-
ùèì îáðàçîì ∆l

hf(x) = ∆l
h1,1

∆l
h2,2

. . .∆l
hd,d

f(x), çäåñü ∆l
hj ,j

� îïåðàòîð (îáû÷íîé) êîíå÷íîé
ðàçíîñòè ïîðÿäêà l ñ øàãîì hj ïî j-îé ïåðåìåííîé.

Ïóñòü Ω : [0,∞)d → [0,+∞) � çàäàííàÿ ìàæîðàíòà ìîäóëÿ ãëàäêîñòè ïîðÿäêà l .
Òåïåðü îïðåäåëèì ïðîñòðàíñòâà Íèêîëüñêîãî�Áåñîâà SBl,Ω

p θ (T
d) ôóíêöèé ñ çàäàííîé ìà-

æîðàíòîé Ω ñìåøàííîãî ìîäóëÿ ãëàäêîñòè ïîðÿäêà l.

Îïðåäåëåíèå 1. Ïóñòü 1 ≤ p, θ ≤ ∞. Òîãäà ïðîñòðàíñòâî Íèêîëüñêîãî�Áåñîâà SBl,Ω
p θ =

SBl,Ω
p θ (T

d) ñîñòîèò èç âñåõ ôóíêöèé f ∈ Lp ñ êîíå÷íîé íîðìîé

∥ f |SBl,Ω
p θ ∥ = ∥f∥p +

{ ∑
∅̸=e⊂ed

�
[0,π]#e

(
Ωle(f, t

e)

Ω(te,1ê)

)θ∏
j∈e

dtj
tj

}1/θ

, 1 ≤ θ <∞

∥ f |SBl,Ω
p∞ ∥ = ∥f∥p +

∑
∅̸=e⊂ed

sup
te>0

Ωle(f, t
e)

Ω(te,1ê)
.

Îáîçíà÷èì åäèíè÷íûé øàðû ïðîñòðàíñòâà SBl,Ω
p θ ÷åðåç SB

l,Ω
p θ = SBl,Ωp θ (T

d) è áóäåì íàçûâàòü
èõ êëàññîì Íèêîëüñêîãî�Áåñîâà.

Äëÿ ñïåöèàëüíîãî âûáîðà Ωr(t) =
(∏d

j=1 tj

)r
, ãäå l > r, ôóíêöèîíàëüíûå ïðîñòðàíñòâà

SBl,Ωr

pθ (Td) ñîâïàäàþò ñ êëàññè÷åñêèìè ïðîñòðàíñòâàìè Íèêîëüñêîãî�Áåñîâà SBr
pθ(Td) ïåðè-

îäè÷åñêèõ ôóíêöèé ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé, óäîâëåòâîðÿþùåé "êðàòíîìó
óñëîâèþ Ãåëüäåðà". Â ÷àñòíîñòè, SBr

p∞(Td) = SHr
p(Td) � ñîîòâåòñòâóþùèå ïðîñòðàíñòâà Íè-

êîëüñêîãî.
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Äëÿ êëàññîâ RN (SH
r
p) ïðàâèëüíàÿ ïî ïîðÿäêó îöåíêà ñíèçó óñòàíîâëåíà Í.Ñ.Áàõâàëîâûì

[1] â îáùåì ñëó÷àå, à ïðàâèëüíàÿ îöåíêà ñâåðõó � Í.Ñ.Áàõâàëîâûì [2,3] (ñëó÷àé d = 2) è
Â.Â.Äóáèíèíûì [4] (îáùèé ñëó÷àé). Òî÷íûé ïîðÿäîê âåëè÷èíû RN (SB

r
p θ) íàéäåí Â.Â. Äóáè-

íèíûì [5].
Íàìè óñòàíàâëèâàåòñÿ òî÷íûé ïîðÿäîê âåëè÷èíû RN (SB

l,Ω
p θ ) c 1 ≤ p, θ ≤ ∞, êîãäà ìàæî-

ðàíòà Ω èìååò âèä Ω(t1, . . . , td) = ω(
∏d
j=1 tj), ãäå ω(t) � îäíîìåðíûé ìîäóëü ãëàäêîñòè ïîðÿäêà

l, óäîâëåòâîðÿþùèé èçâåñòíûì óñëîâèÿì Áàðè�Ñòå÷êèíà, à òàêæå óñëîâèþ íåïðåðûâíîãî âëî-
æåíèÿ Bl,Ω

p θ (T
d) ↪→ C(Td).

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: êóáàòóðíàÿ ôîðìóëà, êëàññû Íèêîëüñêîãî�Áåñîâà, ñìåøàííàÿ ãëàäêîñòü, ìíîãîìåðíûé
òîð

2010 Mathematics Subject Classi�cation: 42Â35, 41À63, 41À55
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[1] Áàõâàëîâ Í. Ñ. Îöåíêè ñíèçó àñèìïòîòè÷åñêèõ õàðàêòåðèñòèê êëàññîâ ôóíêöèé ñ äîìèíèðóþùåé

ñìåøàííîé ïðîèçâîäíîé, , Ìàòåì. çàìåòêè, 12 (1972), 655�664.

[2] Áàõâàëîâ Í. Ñ. Î ïðèáëèæåííîì âû÷èñëåíèè êðàòíûõ èíòåãðàëîâ, Âåñòíèê ÌÃÓ. Ñåð.1, ìàòåì. è

ìåõ., 4 (1959), 3�18.

[3] Áàõâàëîâ Í. Ñ. Îá îïòèìàëüíûõ îöåíêàõ ñõîäèìîñòè êâàäðàòóðíûõ ïðîöåññîâ è ìåòîäîâ èíòåãðèðîâà-
íèÿ òèïà Ìîíòå-Êàðëî íà êëàññàõ ôóíêöèé, Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç., 4:Äîïîëíåíèå ê � 4 (1964),
5�63.

[4] Äóáèíèí Â. Â. Êóáàòóðíûå ôîðìóëû äëÿ êëàññîâ ôóíêöèé ñ îãðàíè÷åííîé ñìåøàííîé ðàçíîñòüþ,
Ìàòåì. ñáîðíèê, 183 (1992), 23�34.

[5] Äóáèíèí Â. Â. Êóáàòóðíûå ôîðìóëû äëÿ êëàññîâ Áåñîâà, Èçâ. ÐÀÍ. Ñåð. ìàòåì., 61 (1997), 27�52.

Íîâûå êóáàòóðíûå ôîðìóëû äëÿ ïðîñòðàíñòâ
Êîðîáîâà

Ñ.Æ. ÁÀÑÀÐÎÂ1, Í.Ò. ÒËÅÓÕÀÍÎÂÀ2

1,2Åâðàçèéñêèé Íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
1bassarov.serzhan98@gmail.com, 2tleukhanova@rambler.ru

Ïóñòü F � íåêîòîðûé êëàññ ôóíêöèé èíòåãðèðóåìûõ â ñìûñëå Ðèìàíà íà [0, 1]n, n ∈ N.
È ïóñòü f ∈ F .

Îïðåäåëåíèå 1. Êóáàòóðíîé ôîðìóëîé áóäåì íàçûâàòü ñóììó QNf =
∑N

k=1 ckf(Mk), êîòî-
ðàÿ ïðèáëèæåííî âû÷èñëÿåò èíòåãðàë I(f) =

�
[0,1]n

f(x)dx ñ ïîãðåøíîñòüþ RN :

I(f) =

�

[0,1]n

f(x)dx =
N∑
k=1

ckf(Mk)−RN . (1)

Îïðåäåëåíèå 2. Ïóñòü α > 0. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó
Êîðîáîâà Eα = Eα[0, 1]n, åñëè

∥f∥Eα = sup
k∈Zn

 n∏
j=1

max(1, |kj |)

α ∣∣∣f̂(k)∣∣∣ <∞,

ãäå f̂(k) � êîýôôèöèåíò êðàòíîãî ðÿäà Ôóðüå ôóíêöèè f .
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Ïóñòü p > 1 � ïðîñòîå ÷èñëî è m ∈ N. È ïóñòü f ∈ C[0, 1]n, f � 1-ïåðèîäè÷åñêàÿ.
Îïðåäåëèì ôóíêöèîíàë Fm(f ; p) ñëåóäóþùèì îáðàçîì

Fm(f ; p) =
1

pm

∑
k1+···+kn=m

kj∈Z+

pk1−1∑
r1=0

· · ·
pkn−1∑
rn=0

n−1∏
j=1

[∑p−1
l=1 e

−πi
(

2lrj
p

+ε(kj)
)]

(p− 1)(1−ε(kj))
f

(
r1
pk1

, · · · , rn
pkn

)
, (2)

ãäå ε(x) = 1 åñëè x > 0, èíà÷å 0.

Òåîðåìà 3. Ïóñòü n,m ∈ N. Åñëè α > 1, f ∈ Eα, òî

sup
||f ||Eα=1

|I(f)− Fm(f ; p)| ≤ c
mn−1

pαm
, (3)

ãäå c � êîíñòàíòà, çàâèñÿùàÿ îò α, q, n.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488613).

Êëþ÷åâûå ñëîâà: Êóáàòóðíûå ôîðìóëû, ÷èñëåííîå èíòåãðèðîâàíèå, ïðîñòðàíñòâà Êîðîáîâà, ïåðèîäè÷åñêèå
ôóíêöèé.

2010 Mathematics Subject Classi�cation: 65D30, 65D32

Îá èíòåðïîëÿöèè ëîêàëüíûõ ïðîñòðàíñòâ òèïà
Ìîððè

K.A. ÁÅÊÌÀÃÀÍÁÅÒÎÂ1, E.Ä. ÍÓÐÑÓËÒÀÍÎÂ2

1,2Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Àñòàíà, Êàçàõñòàí
1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

1bekmaganbetov-ka@yandex.kz, 2er-nurs@yandex.ru

Â ñåðèè ðàáîò Â.È. Áóðåíêîâà è Å.Ä. Íóðñóëòàíîâà áûëè îïðåäåëåíû ëîêàëüíûå ïðî-
ñòðàíñòâà òèïà Ìîððè è èçó÷åíû èõ èíòåðïîëÿöèîííûå ñâîéñòâà îòíîñèòåëüíî âåùåñòâåííîãî
ìåòîäà èíòåðïîëÿöèè.

Îïðåäåëåíèå 1. Ïóñòü 0 < p, q ≤ ∞ è 0 < λ < ∞ ïðè q < ∞ èëè 0 ≤ λ < ∞ ïðè q = ∞.
Ëîêàëüíûå ïðîñòðàíñòâà òèïà Ìîððè LMλ

p,q îïðåäåëÿþòñÿ êàê ïðîñòðàíñòâî âñåõ ôóíêöèé
f ∈ Llocp (Rn) òàêèõ, ÷òî ïðè q <∞

∥f∥LMλ
p,q

=

(� ∞

0

(
t−λ∥f∥Lp(B(0;t)

)q dt
t

)1/q

<∞,

è ïðè q = ∞
∥f∥LMλ

p,q
= sup

t>0
t−λ∥f∥Lp(B(0;t)) <∞,

ãäå B(0; t) � îòêðûòûé øàð ñ öåíòðîì â òî÷êå 0 ∈ Rn ðàäèóñà t > 0.

Â ÷àñòíîñòè, â [1] áûëà ïîëó÷åíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 2. Ïóñòü 0 < p, q0, q1, q ≤ ∞ è 0 < θ < 1. Ïóñòü, êðîìå òîãî, λ0 ̸= λ1 è 0 < λ0, λ1 <
n/p åñëè p < ∞ è õîòÿ áû îäèí èç ïàðàìåòðîâ q0, q1 èëè q êîíå÷åí, è 0 ≤ λ0, λ1 ≤ n/p åñëè
q0 = q1 = q = ∞. Òîãäà (

LMλ0
p,q0 , LM

λ1
p,q1

)
θ,q

= LMλ
p,q,

ãäå λ = (1− θ)λ0 + θλ1.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Çàìåòèì, ÷òî îòíîñèòåëüíî âåùåñòâåííîãî ìåòîäà èíòåðïîëÿöèè âîçìîæíî ëèøü îïèñà-

íèå ðåçóëüòàòà èíòåðïîëÿöèÿ ïàðû
(
LMλ0

p,q0 , LM
λ1
p,q1

)
ñ îäèíàêîâûì ïàðàìåòðîì p. Íàñ æå

èíòåðåñóåò âîïðîñ îïèñàíèÿ èíòåðïîëÿöèîííûõ ïðîñòðàíñòâ äëÿ ïàðû
(
LMλ0

p0,q0 , LM
λ1
p1,q1

)
ïðè

p0 ̸= p1.
Â äàííîé ðàáîòå ìû èçó÷àåì èíòåðïîëÿöèîííûå ñâîéñòâà ëîêàëüíûõ ïðîñòðàíñòâ òèïà

Ìîððè îòíîñèòåëüíî ìåòîäà èíòåðïîëÿöèè äëÿ àíèçîòðîïíûõ ïðîñòðàíñòâ [2]. Ïîëüçóÿñü ñõå-
ìîé èç ðàáîòû Å.È. Áåðåæíîãî [3] îïðåäåëèì àïïðîêñèìàöèîííûå ëîêàëüíûå ïðîñòðàíñòâà

òèïà Ìîððè LMλq
pr è L̃Mλq

pr .

Îïðåäåëåíèå 3. Ïóñòü U(0; 1) ⊂ Rn òàêîâî, ÷òî 0 ∈ U(0; 1) è µ(U(0; 1)) ∈ (0,∞). Ïîëîæèì
òàêæå, ÷òî U(0; 1) � çâåçäíîå ìíîæåñòâî îòíîñèòåëüíî òî÷êè 0, òî åñòü, åñëè x ∈ U(0; 1), òî
è νx ∈ U(0; 1) ïðè ν ∈ (0, 1). Îáîçíà÷èì ÷åðåç U(0; t) � ìíîæåñòâî ãîìîòåòè÷íîå ìíîæåñòâó
U(0; 1) ñ êîýýôèöèåíòîì t è ïîñòðîèì ñåìåéñòâî íåïåðåñåêàþùèõñÿ êîëåö R(0; k) = U(0; 2k) \
U(0; 2k−1), k ∈ Z.

Ïóñòü äàëåå 0 < p, r, q ≤ ∞ è 0 < λ < ∞ ïðè q < ∞ èëè 0 ≤ λ < ∞ ïðè q = ∞.

Àïïðîêñèìàöèîííûå ëîêàëüíûå ïðîñòðàíñòâà òèïà Ìîððè LMλq
pr è L̃Mλq

pr îïðåäåëÿþòñÿ êàê
ïðîñòðàíñòâà âñåõ ôóíêöèé f ∈ Llocpr (Rn) òàêèõ, ÷òî êîíå÷íû ñëåäóþùèå âåëè÷èíû

∥f∥
LMλq

pr
=

( ∞∑
k=−∞

(
2−λk

∥∥fχR(0;k)(·)
∥∥
Lpr(Rn)

)q)1/q

è

∥f∥
L̃Mλq

pr

=

∥∥∥∥∥∥
( ∞∑
k=−∞

(
2−λk

(
fχR(0;k)

)∗
(·)
)q)1/q

∥∥∥∥∥∥
Lpr(Rn)

,

ñ ñîîòâåòñòâóþùåé ìîäèôèêàöèåé ïðè q = ∞.
Çäåñü χR(0;k)(x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ êîëüöà R(0; k), f∗(t) � íåâîçðàñòàþùàÿ

ïåðåñòàíîâêà ôóíêöèè f(x).

Çàìå÷àíèå 4. Ìîæíî ïîêàçàòü, ÷òî ïðè p = r ïðîñòðàíñòâî LMλq
pr ñîâïàäàåò ñ ëîêàëüíûì

ïðîñòðàíñòâîì òèïà Ìîððè LMλ
p,q èç Îïðåäåëåíèÿ 1 (ñ ýêâèâàëåíòíîñòüþ íîðì).

Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 5. Ïóñòü 0 < p0 ̸= p1 ≤ ∞, 0 < r ≤ ∞ è 0 < q0, q1, q ≤ ∞. Ïóñòü, êðîìå òîãî,
λ0 ̸= λ1 è 0 < λi < n/pi åñëè pi < ∞ (i = 0, 1) è õîòÿ áû îäèí èç ïàðàìåòðîâ q0, q1 èëè q
êîíå÷åí, è 0 ≤ λi ≤ n/pi (i = 0, 1) åñëè q0 = q1 = q = ∞. Òîãäà ïðè 0 < θ1, θ2 < 1 âåðíû
ñëåäóþùèå ðàâåíñòâà:

à) åñëè ⋆1 = (1, 2), òî
(
LMλ0

p0,q0 , LM
λ1
p1,q1

)
(θ1,θ2),(r,q)⋆1

= LMλq
pr ,

á) åñëè ⋆2 = (2, 1), òî
(
LMλ0

p0,q0 , LM
λ1
p1,q1

)
(θ1,θ2),(r,q)⋆2

= L̃Mλq
pr ,

ãäå λ = (1− θ2)λ0 + θ2λ1 è 1/p = (1− θ1)/p0 + θ1/p1.

Çàìå÷àíèå 6. Ðàíåå äàííûé ïîäõîä áûë íàìè èñïîëüçîâàí äëÿ èíòåðïîëÿöèè ïðîñòðàíñòâ
òèïà Íèêîëüñêîãî-Áåñîâà è Ëèçîðêèíà-Òðèáåëÿ (ñìîòðè [4]).

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488613).

Êëþ÷åâûå ñëîâà: ëîêàëüíûå ïðîñòðàíñòâà òèïà Ìîððè, àïïðîêñèìàöèîííûå ëîêàëüíûå ïðîñòðàíñòâà òèïà
Ìîððè, ìåòîä àíèçîòðîïíîé èíòåðïîëÿöèè.
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2010 Mathematics Subject Classi�cation: 42B35, 46B70, 46E30

Ëèòåðàòóðà
[1] Áóðåíêîâ Â.È., Íóðñóëòàíîâ Å.Ä. Îïèñàíèå èíòåðïîëÿöèîííûõ ïðîñòðàíñòâ äëÿ ëîêàëüíûõ ïðîñòðàíñòâ

òèïà Ìîððè, Òðóäû ÌÈÀÍ, 269 (2010), 52�62.
[2] Íóðñóëòàíîâ Å.Ä. Èíòåðïîëÿöèîííûå òåîðåìû äëÿ àíèçîòðîïíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ è èõ

ïðèëîæåíèÿ, Äîêë. ÐÀÍ, 394:1 (2004), 22�25.
[3] Áåðåæíîé Å.È. Äèñêðåòíûé âàðèàíò ëîêàëüíûõ ïðîñòðàíñòâ Ìîððè, Èçâ. ÐÀÍ. Ñåð. ìàòåì., 81:1

(2017), 3�30.

[4] Bekmaganbetov K.A., Nursultanov E.D. Interpolation of BesovBσq
pτ and Lizorkin-Triebel F

σq
pτ spaces, Analysis

Math., 35:3 (2009), 169�188.

Â ÷åñòü 80-ëåòíåãî þáèëåÿ ïðîôåññîðà Ìèõàèëà
Ëüâîâè÷à Ãîëüäìàíà

Í.À. ÁÎÊÀÅÂ1, Ã.Æ. ÊÀÐØÛÃÈÍÀ2, À. ÃÎÃÀÒÈØÂÈËÈ3

1Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà¿, Àñòàíà, Êàçàõñòàí
2Ìåæäóíàðîäíûé óíèâåðñèòåò Àñòàíû, Àñòàíà, Êàçàõñòàí

3Èíñòèòóò ìàòåìàòèêè ×åøñêîé àêàäåìèè íàóê, Ïðàãà, ×åõèÿ
1bokayev2011@yandex.ru, 2karshygina84@mail.ru, 3gogatish@math.cas.cz

Ñòàòüÿ ïîñâÿùåíà 80-ëåòíåìó þáèëåþ ïðîôåññîðà Ìèõàèëà Ëüâîâè÷à Ãîëüäìàíà, âûäàþ-
ùåãîñÿ ó÷åíîãî, ëàóðåàòà ìíîæåñòâà íàãðàä, ÷ëåíà âåäóùèõ íàó÷íûõ îáùåñòâ è îñíîâîïîëîæ-
íèêà ðÿäà îáëàñòåé ìàòåìàòè÷åñêîé íàóêè. Â äîêëàäå ðàññìîòðåíû åãî íàó÷íûå äîñòèæåíèÿ,
âêëþ÷àÿ ðàáîòû â òàêèõ îáëàñòÿõ, êàê ñïåêòðàëüíàÿ òåîðèÿ, èíòåãðàëüíûå íåðàâåíñòâà è îï-
òèìàëüíûå âëîæåíèÿ ïîòåíöèàëîâ, à òàêæå âêëàä ïðîôåññîðà â ðàçâèòèå ìàòåìàòè÷åñêîãî
îáðàçîâàíèÿ è íàó÷íûõ èññëåäîâàíèé. Îòìå÷åíû åãî áîëåå 100 ïóáëèêàöèé, â òîì ÷èñëå 28
ñòàòåé ñ 2015 ïî 2025 ãîäû. ó÷àñòèå â ìåæäóíàðîäíûõ êîíôåðåíöèÿõ, à òàêæå àêòèâíàÿ îá-
ðàçîâàòåëüíàÿ äåÿòåëüíîñòü, âêëþ÷àþùàÿ ïîäãîòîâêó áîëåå 20 áàêàëàâðîâ, 12 ìàãèñòðîâ è
íåñêîëüêèõ êàíäèäàòîâ íàóê. Ñòàòüÿ òàêæå ïîä÷åðêèâàåò âàæíîñòü ðàáîòû Ìèõàèëà Ëüâîâè-
÷à â ðîëè íàó÷íîãî ðóêîâîäèòåëÿ, íàñòàâíèêà è ðåöåíçåíòà, à òàêæå åãî âëèÿíèå íà ðàçâèòèå
ìàòåìàòèêè â Ðîññèè è çà ðóáåæîì. 80-ëåòèå ïðîôåññîðà Ãîëüäìàíà � çíà÷èìàÿ âåõà â åãî
æèçíè è êàðüåðå, ñèìâîëèçèðóþùàÿ åãî íåîöåíèìûé âêëàä â íàóêó, îáðàçîâàíèå è ðàçâèòèå
ìàòåìàòè÷åñêîé íàóêè íà ìåæäóíàðîäíîì óðîâíå. À òàêæå ïðåäñòàâëåí ðåçóëüòàò ñîâìåñòíîé
ðàáîòû.

2010 Mathematics Subject Classi�cation: 01A70

Îá îöåíêå äèñêðåòíîãî îïåðàòîðà Õàðäè â âåñîâûõ
ïðîñòðàíñòâàõ ïîñëåäîâàòåëüíîñòåé

À. ÃÎÃÀÒÈØÂÈËÈ1, Í.À. ÁÎÊÀÅÂ2, Í.Ê. ÊÓÇÅÓÁÀÅÂÀ3, Ò. ÓÍÂÅÐ4

1Èíñòèòóò ìàòåìàòèêè ×åøñêîé Àêàäåìèè, Ïðàãà, ×åõèÿ
2,3Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

4Óíèâåðñèòåò Êèðèêêàëå, Êèðèêêàëå, Òóðöèÿ
1gogatish@math.cas.cz, 2bokayev2011@yandex.ru, 3nurgul.kuzeubaeva@mail.ru,
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Ðàññìîòðèì âåñîâîå íåðàâåíñòâî Õàðäè( ∞∑
n=1

(
n∑
k=1

xk

)q
an

) 1
q

≤ C

( ∞∑
n=1

xpnbn

) 1
p

(1)
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äëÿ íåîòðèöàòåëüíûõ, íåâîçðàñòàþùèõ ïîñëåäîâàòåëüíîñòåé x = {xn}. Çäåñü {an} è {bn} �
çàäàííûå íåîòðèöàòåëüíûå âåñîâûå ïîñëåäîâàòåëüíîñòè, p, q ∈ (0,∞) � ôèêñèðîâàííûå ïàðà-
ìåòðû, à êîíñòàíòà C > 0 íå çàâèñèò îò x. Ñîîòâåòñòâóþùàÿ çàäà÷à â íåïðåðûâíîì ñëó÷àå
áûëà ðàññìîòðåíà â [1]. Â ñëåäóþùèõ òåîðåìàõ íåðàâåíñòâî (1) äëÿ íåîòðèöàòåëüíûõ, íåâîç-
ðàñòàþùèõ ïîñëåäîâàòåëüíîñòåé ñâîäèòñÿ ê íåðàâåíñòâó äëÿ íåîòðèöàòåëüíûõ ïîñëåäîâàòåëü-
íîñòåé.

Òåîðåìà 1. Ïóñòü 0 < q ≤ ∞, 0 < p < 1. Ïðåäïîëîæèì, ÷òî {an} è {bn} � çàäàííûå
ïîñëåäîâàòåëüíîñòè íåîòðèöàòåëüíûõ âåñîâ. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû.

(i) Íåðàâåíñòâî (1) âûïîëíÿåòñÿ äëÿ âñåõ íåîòðèöàòåëüíûõ, íåâîçðàñòàþùèõ ïîñëåäî-
âàòåëüíîñòåé {xn}.

(ii) Ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî: ∞∑
n=1

 n∑
i=1

( ∞∑
k=i

yk

) 1
p

q

an


1
q

≤ C

( ∞∑
n=1

ynBn

) 1
p

äëÿ âñåõ íåîòðèöàòåëüíûõ ïîñëåäîâàòåëüíîñòåé yn, ãäå Bn =
∑n

k=1 bk, n ∈ N.

Òåîðåìà 2. Ïóñòü 0 < q ≤ ∞, 0 < p < 1. Ïðåäïîëîæèì, ÷òî {an} è {bn} �� çàäàííûå
ïîñëåäîâàòåëüíîñòè íåîòðèöàòåëüíûõ âåñîâ. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû.

(i) Íåðàâåíñòâî (1) âûïîëíÿåòñÿ äëÿ âñåõ íåîòðèöàòåëüíûõ, íåâîçðàñòàþùèõ ïîñëåäî-
âàòåëüíîñòåé (xn).

(ii) Äëÿ ëþáîãî α > 0 ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

 ∞∑
n=1

 n∑
i=1

1

B
α+1
p

i

(
i∑

k=1

Bα+1
k yk

) 1
p

q

ai


1
q

≤ C

( ∞∑
n=1

ynBn

) 1
p

,

äëÿ âñåõ íåîòðèöàòåëüíûõ ïîñëåäîâàòåëüíîñòåé {yn}.

Êëþ÷åâûå ñëîâà: äèñêðåòíîå âåñîâîå íåðàâåíñòâî Õàðäè, íåîòðèöàòåëüíûå âåñîâûå ïîñëå-
äîâàòåëüíîñòè, ïîñëåäîâàòåëüíîñòè.
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Î êîððåêòíîé ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è äëÿ
ñòàíäàðòíîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà â

âåñîâîì äðîáíîì ïðîñòðàíñòâå Ñîáîëåâà
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Ðàññìîòðèì çàäà÷ó äëÿ ñòàíäàðòíîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà{
ut + uxxx + uux = 0, x ∈ R, t > 0,

u(x, 0) = u0(x), x ∈ R,
(1)
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ñ íà÷àëüíûìè äàííûìè â âåñîâûõ äðîáíûõ ïðîñòðàíñòâàõ Ñîáîëåâà. k-îáîáùåííûå óðàâíå-
íèÿ Êîðòåâåãà-äå Ôðèçà áûëè ïðåäëîæåíû äëÿ ìîäåëèðîâàíèÿ ìàãíèòîàêóñòè÷åñêèõ âîëí â
ôèçèêå ïëàçìû, à òàêæå òåñíî ñâÿçàíû ñ çàäà÷àìè íåëèíåéíîé îïòèêè ([1]).

Â äàííîé ðàáîòå äîêàçàíà ëîêàëüíàÿ êîððåêòíîñòü íà÷àëüíîé çàäà÷è (1) äëÿ óðàâíå-
íèÿ Êîðòåâåãà-äå Ôðèçà â âåñîâîì äðîáíîì ïðîñòðàíñòâå Ñîáîëåâà H3/4(R) ∩ L2(|x|2rdx),
r ∈ (0, 3/8] ñ èñïîëüçîâàíèåì òåõíèêè ïðîñòðàíñòâà Áóðãåíà. Èçó÷åíèå íåëèíåéíûõ äèñïåðñè-
îííûõ óðàâíåíèé â âåñîâûõ äðîáíûõ ïðîñòðàíñòâàõ Ñîáîëåâà ìèíèìàëüíîé ðåãóëÿðíîñòè íà
äàííûé ìîìåíò ÿâëÿåòñÿ î÷åíü àêòóàëüíûì. Îïòèìàëüíûå ðåçóëüòàòû ïî ëîêàëüíîé è ãëî-
áàëüíîé êîððåêòíîñòè äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà â ïðîñòðàíñòâàõ Ñîáîëåâà Hs(R)
áûëè ïîëó÷åíû â [2], [3]. Ðåçóëüòàòû â âåñîâûõ ïðîñòðàíñòâàõ Ñîáîëåâà äëÿ k-îáîáùåííîãî
óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ïðè k = 3 â âåñîâîì ïðîñòðàíñòâå ÑîáîëåâàHs(R)∩L2(|x|2r)dx),
0 < s < 1, r ∈ (0, s/2] áûëè ïîëó÷åíû â [4], [5].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �ÀÐ23489433 ¾Ìàòåìàòè÷åñêèé àíàëèç íåëèíåéíûõ k-îáîáùåííûõ
óðàâíåíèé Êîðòåâåãà-äå Ôðèçà â âåñîâûõ äðîáíûõ ïðîñòðàíñòâàõ Ñîáîëåâà¿ ).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, âåñîâûå äðîáíûå ïðîñòðàíñòâà Ñîáîëåâà, äèñïåðñèîííûå
óðàâíåíèÿ, ëîêàëüíàÿ êîððåêòíîñòü.
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Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèÿ êðèòåðèÿ Lp-èíòåãèðóåìîñòè ñóììû êðàòíîãî òðè-
ãîíîìåòðè÷åñêîãî ðÿäà. Â ðàáîòå [1] Ô. Ìîðèöåì áûë ïîëó÷åí äâóìåðíûé àíàëîã èçâåñòíîé
òåîðåìû Õàðäè-Ëèòòëâóäà îá Lp-èíòåãèðóåìîñòè ñóììû òðèãîíîìåòðè÷åñêîãî ðÿäà ñ ìîíî-
òîííûìè êîýôôèöèåíòàìè. Ìû ñôîðìóëèðóåì ðåçóëüòàò Ìîðèöà â d-ìåðíîì ñëó÷àå, d ≥ 1,
äëÿ ðÿäîâ âèäà

∑
k∈Nd

ake
i(k, x) =

∞∑
kd=1

. . .
∞∑
k1=1

ak1,...,kde
i(k1x1+...+kdxd), x ∈ [−π, π]d,

ãäå lim
k1+...+kd→∞

ak = 0.

Äëÿ ïîñëåäîâàòåëüíîñòè {ak}k∈Nd êîìïëåêñíûõ ÷èñåë îïðåäåëèì ðàçíîñòè:

∆jak = ∆jak1,...,kj ,...kd := ak1,...,kj ,...kd − ak1,...,kj+1,...kd , 1 ≤ j ≤ d,

∆(d)ak := ∆1(∆2 . . . (∆dak) . . .).
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Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü {ak}k∈Nd âåùåñòâåííûõ ÷èñåë íàçûâàåòñÿ ìîíîòîííîé
â ñìûñëå Õàðäè, åñëè äëÿ ëþáîãî k ∈ Nd

∆(d)ak ≥ 0.

Çàìå÷àíèå 2. Äëÿ ïîñëåäîâàòåëüíîñòè {ak}k∈Nd , òàêîé ÷òî lim
k1+...+kd→∞

ak = 0, ìîíîòîí-

íîñòü â ñìûñëå Õàðäè âëå÷åò ìîíîòîííîñòü ïî êàæäîìó èíäåêñó:

ak ≤ am, äëÿ ëþáûõ k ≥ m, k,m ∈ Nd.

Òåîðåìà 3 (Ô. Ìîðèö). Ïóñòü f(x) � èíòåãðèðóåìàÿ íà [−π, π]d ôóíêöèÿ ñ ðÿäîì Ôóðüå∑
k∈Nd

ake
i(k, x), ãäå {ak}k∈Nd � ìîíîòîííàÿ ïîñëåäîâàòåëüíîñòü â ñìûñëå Õàðäè. Òîãäà äëÿ ëþ-

áîãî 1 < p <∞ ñïðàâåäëèâî

∥f∥Lp([−π,π]d) ≍

∑
k∈Nd

|ak|p
 d∏
j=1

kj

p−2
1
p

=: Jp(f). (1)

Â [2, 3, 4] Ì. Äüÿ÷åíêî äîêàçàë òåîðåìó Õàðäè-Ëèòòëâóäà ïðè áîëåå ñëàáûõ îãðàíè÷å-
íèÿõ íà êîýôôèöèåíòû ðÿäà. Â ÷àñòíîñòè, ýêâèâàëåíòíîñòü (1) áûëà óñòàíîâëåíà äëÿ ðÿäà∑
k∈Nd

ake
i(k, x) ñ êîýôôèöèåíòàìè, ìîíîòîííûìè ïî êàæäîìó èíäåêñó, ïðè 2d

d+1 < p <∞. Êðîìå

òîãî, â [3] äëÿ ñëó÷àÿ 1 < p < 2d
d+1 áûë ïîñòðîåí ïðèìåð ðÿäà ñ êîýôôèöèåíòàìè, ìîíîòîí-

íûìè ïî êàæäîìó èíäåêñó, ïîêàçûâàþùèé, ÷òî íåðàâåíñòâî ∥f∥Lp ≲ Jp(f) íå âûïîëíÿåòñÿ. Â
íåäàâíåé ðàáîòå [5] òàêîé ïðèìåð áûë ïîñòðîåí äëÿ êðèòè÷åñêîãî ñëó÷àÿ p = 2d

d+1 .
Â ðàáîòå [6] ýêâèâàëåíòíîñòü (1) áûëà óñòàíîâëåíà ïðè 2 ≤ p <∞ äëÿ ðÿäîâ ñ êîìïëåêñ-

íûìè êîýôôèöèåíòàìè, óäîâëåòâîðÿþùèìè óñëîâèþ ñëàáîé ìîíîòîííîñòè.
Â íåäàâíèõ ðàáîòàõ [7,8] ìîæíî íàéòè äàëüíåéøèå îáîáùåíèå òåîðåìû Õàðäè-Ëèòòëâóäà

äëÿ äâîéíûõ òðèãîíîìåòðè÷å÷êèõ ðÿäîâ.
Ìû ðàññìîòðåëè íîâûé êëàññ êðàòíûõ êîìïëåêñíîçíà÷íûõ îáîáùåííî ìîíîòîííûõ ïîñëå-

äîâàòåëüíîñòåé.

Îïðåäåëåíèå 4. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü {ak}k∈Nd êîìïëåêñíûõ ÷èñåë ïðè-
íàäëåæèò êëàññó GMd

∗, åñëè ñóùåñòâóåò C > 0 òàêîå, ÷òî äëÿ ëþáîãî k ∈ Nd âûïîëíÿåòñÿ
íåðàâåíñòâî

2kd−1∑
md=2kd−1

· · ·
2k1−1∑

m1=2k1−1

∣∣∣∆(d)am1,...,md

∣∣∣ ≤ Cã2k(Wd),

ãäå

ã2k(Wd) = sup
w∈Wd

|w|≥2k1+...+kd

1

|w|

∣∣∣∣∣∑
i∈w

ai

∣∣∣∣∣ ,
à Wd � ýòî ìíîæåñòâî ïàðàëëåëåïèïåäîâ â Nd.

Ïóñòü f � èíòåãðèðóåìàÿ íà [−π, π]d ôóíêöèÿ ñ ðÿäîì Ôóðüå
∑
k∈Nd

ake
i(k, x). Äëÿ 1 < p <∞

îïðåäåëèì

Ip(f) :=

 ∞∑
kd=1

. . .
∞∑
k1=1

(
2

k1+...+kd
p′ Θk1,...,kd(f)

)p1/p

,

ãäå

Θk1,...,kd(f) =
2kd−1∑

md=2kd−1

. . .
2k1−1∑

m1=2k1−1

∣∣∣∆(d)am1,...,md

∣∣∣ .
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Äëÿ êðàòíûõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ñ êîýôôèöèåíòàìè èç ââåäåííîãî êëàññà îáîáùåííî
ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé ïðè âñåõ 1 < p <∞ óäàëîñü óñòàíîâèòü ñëåäóþùèå êðèòåðèè
Lp-èíòåãðèðóåìîñòè.

Òåîðåìà 5. Ïóñòü 1 < p < ∞ è f ∈ L1([−π, π]d), f(x) ∼
∑
k∈Nd

ake
i(k, x). Ïóñòü òàêæå a =

{ak}k∈Nd ∈ GMd
∗, òîãäà

∥f∥Lp([−π,π]d) ≍ Ip(f).

Òåîðåìà 6. Ïóñòü 1 < p < ∞ è f ∈ L1([−π, π]d), f(x) ∼
∑
k∈Nd

ake
i(k, x). Ïóñòü òàêæå a =

{ak}k∈Nd ∈ GMd
∗, òîãäà

∥f∥Lp([−π,π]d) ≍ J∗
p (f) :=

(∑
k∈N

(a∗k)
pkp−2

) 1
p

,

ãäå {a∗k}k∈N � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ïîñëåäîâàòåëüíîñòè a = {ak}k∈Nd .

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP22688236).

Êëþ÷åâûå ñëîâà: òðèãîíîìåòðè÷åñêèå ðÿäû Ôóðüå, êðàòíûå ðÿäû, ïðîñòðàíñòâà Ëåáåãà, îáîáùåííàÿ ìîíî-
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Dynamics of a Volterra quadratic stochastic operator with
a piecewise-linear function as parameter

SH.B. ABDURAKHIMOVA

1Namangan State University, Namangan, Uzbekistan

shakhnoza.karimova95@mail.ru

In this work, we study the fixed points and two-periodic points of a Volterra quadratic stochas-
tic operator defined on S = S1 × [−1, 1], whose parameter is a piecewise-linear function, and their
type.

Let Sm−1 be the simplex:

Sm−1 = {x = (x1, ..., xm) ∈ Rm : xi ≥ 0,

m∑
i=1

xi = 1}. (1)
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We consider a Volterra operator on S1 and construct a time varying dynamical system. This
dynamics is generated by the operator W : (x, y, a) ∈ S → S,(where S = S1 × [−1, 1]) having the
following form:

W :


x′ = x(1− ay),
y′ = y(1 + ax),
a′ = f(a)

(2)

where f : [−1, 1] → [−1, 1] and it has the following appearance:

f(a) =


2a+ 2, if − 1 ≤ a < −1

2 ,
−2a, if − 1

2 ≤ a ≤ 1
2 ,

2a− 2, if 1
2 < a ≤ 1.

(3)

Remark 1. Since a uniquely defines the probability

P21,1 =
1 + a

2

each choice of a ∈ [−1, 1] has a biological interpretation. Moreover, given f in (2) can be considered
as a control rule on the population.

Definition 2. A point x ∈ X is called a fixed point for f : X → X if f(x) = x. The point x is
called a periodic point of period n if fn(x) = x. The least positive n for which fn(x) = x is called
the prime period of x.

Denote by Fix(W ) the set of all fixed points of W , i.e., the set of all solutions of W (x) = x.

Definition 3. (see [1]) A fixed point x∗ of a mapping F is called

� hyperbolic point if its Jacobian JF at x∗ has no eigenvalues on the unit circle.

� attracting point if all the eigenvalues of the Jacobi matrix JF (x
∗) are less than 1 in absolute

value;

� repelling point if all the eigenvalues of the Jacobi matrix JF (x
∗) are greater than 1 in absolute

value;

� a saddle point otherwise.

Theorem 4. 1.The problem of finding two-periodic points of the function f divides the interval
[−1, 1] into the subintervals as follows:

[−1, 1] = [−1,−3
4 ] ∪ (−3

4 ,−
1
2) ∪ [−1

2 ,−
1
4) ∪ [−1

4 ,
1
4 ] ∪ (14 ,

1
2 ] ∪ (12 ,

3
4) ∪ [34 , 1]

And we have followings:
a) If a ∈ [−1, 1], then the solution of f(a) = a and if a ∈ [−1

4 ,
1
4 ], then the solution of

f(f(a)) = a is a = 0. It is a fixed point for f .
b)If a ∈ [−1,−3

4 ], then the solution of f(f(a)) = a is a = −4
5 and if a ∈ (14 ,

1
2 ] then the solution

of f(f(a)) = a is a = 2
5 . These points form the following 2-periodic orbit for f : {−4

5 ,
2
5}.

c) If a ∈ (−3
4 ,−

1
2), then the solution of f(f(a)) = a is a = −2

3 and if a ∈ (12 ,
3
4), then the

solution of f(f(a)) = a is a = 2
3 . These points form the two-periodic orbit for f as follows: {−2

3 ,
2
3}.

d) If a ∈ [−1
2 ,−

1
4), then the solution of f(f(a)) = a is a = −2

5 and if a ∈ [34 , 1], then the
solution of f(f(a)) = a is a = 4

5 . These points form the two-periodic orbit for f as follows:
{−2

5 ,
4
5}.
2. a)The set of fixed points of W is Fix(W ) = {(x, 1 − x, 0)|0 ≤ x ≤ 1}. The type of fixed

points of W is non-hyperbolic.
b)W has two-periodic orbit corresponding to {−2

3 ,
2
3} i.e. two-periodic orbit of f as following:

{(0.4188611699, 0.5811388301,−2
3), (0.5811388301, 0.4188611699,

2
3)}.

The type of the point (0.4188611699, 0.5811388301,−2
3) is repelling.
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Compartmental unpredictable functions
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There is a huge family of recurrent functions, which starts with equilibria and ends with Poisson
stable functions. They are fundamental in theoretical and application senses, and they admit a
famous history. Recently, we have added the unpredictable functions to the family. The research
has been performed in several papers and books. Obviously, theoretical and application merits of
functions increase if one provides rigorously approved efficient methods of construction of concrete
examples, as well as their numerical simulations. In the present study, we met the challenges for
unpredictability by considering functions of two variables on diagonals [1]. Algorithms have been
created, and they are both deterministic and random. Characteristics are introduced to evaluate
contributions of periodic and unpredictable components to the dynamics, and they are clearly
illustrated in graphs of the functions. Definitions of non-periodic compartmental functions are
provided as suggestions for the research in the future.

Keywords: unpredictable functions, compartmental unpredictable functions, degree of periodicity.
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Weighted Hardy type inequalities
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Definition 1. A couple of C1-functions (V,W ) is an N -dimensional Bessel pair on (0, R) if there
exists c > 0 such that the ordinary differential equation

y′′(r) +

(
N − 1

r
+
Vr(r)

V (r)

)
y′(r) +

cW (r)

V (r)
y(r) = 0 (1)

has a positive solution on the interval (0, R).
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Theorem 2 (Improved Hardy identity with more general weights). Let G be a homogeneous Lie
group and |.| be any homogeneous quasi-norm. Let BR ⊂ G be a quasi-ball with respect to |.|

Let 0 < R ≤ ∞, V and W be positive C1-functions on (0, R). Assume that
(
rN−1V, rN−1W

)
is a Bessel pair on (0, R). Then for u ∈ C∞

0 (BR\{0}):
�

BR

∣∣∣∣du(x)d|x|

∣∣∣∣2 dx−
�

BR

W (|x|)|u(x)|2 dx =

�

BR

V (|x|)ϕ2(|x|)
∣∣∣∣ dd|x|

(
u(x)

ϕ(|x|)

)∣∣∣∣2 dx. (2)

Here ϕ is the positive solution of(
|x|N−1V (|x|)y′(|x|)

)′
+ |x|N−1W (|x|)y(|x|) = 0 (3)

on the interval (0, R).

Remark 1 (Improved Hardy Inequality). In the Abelian case G = (Rn, t). For V = 1,W = (N−2)2

4|x|2 ,

ϕ = |x|−(
N−2

2 ), we obtain the following improved Hardy inequality for all u ∈ C∞
0 (BR\{0}):

�

BR

|∇u(x)|2dx ≥
�

BR

∣∣∣∣ dd|x|u
∣∣∣∣2 dx ≥

(
N − 2

2

)2 �

BR

|u|2

|x|2
dx (4)

where N ≥ 3.

Remark 2 (Weighted Improved Hardy Inequality). In the Abelian case G = (Rn, t). For V =

|x|−α, W = (N−2−(α))2

4 r−2−α, ϕ = |x|−(
N−2−α

2 ), we obtain the following weighted improved Hardy
inequality for all u ∈ C∞

0 (BR\{0}):

�

BR

|∇u(x)|2

|x|α
dx ≥

�

BR

∣∣∣ d
d|x|u

∣∣∣2
|x|α

dx ≥
(
N − 2− α

2

)2 �

BR

|u|2

|x|2+α
dx. (5)

Remark 3 (Critical improved Hardy inequality). In the Abelian case G = (Rn, t). V = 1
|x|N−2 ,

W = 1

4|x|N
∣∣∣log |x|

R

∣∣∣2 , ϕ =

√∣∣∣log |x|
R

∣∣∣. Then we obtain the following critical improved Hardy inequality

for all u ∈ C∞
0 (BR\{0}):

�

BR

|(∇u)(x)|2

|x|N−2
dx ≥

�

BR

∣∣∣ d
d|x|u(x)

∣∣∣2
|x|N−2

dx ≥ 1

4

�

BR

|u(x)|2

|x|N
(
log R

|x|

)2dx (6)

which gives an improved version for the classical critical Hardy inequality when N = 2:

�

BR

|(∇u)(x)|2dx ≥
�

BR

∣∣∣∣ dd|x|u(x)
∣∣∣∣2dx ≥ 1

4

�

BR

|u(x)|2

|x|2
(
log R

|x|

)2dx. (7)

This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University,
Kazakhstan).
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Generalised Picone’s identity for ∆γ–Laplace operator and
its applications

S.Zh. ANUARBEK

SDU University, Kaskelen, Kazakhstan
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The ∆γ-operator was considered by B. Franchi and E. Lanconelli.

Definition 1. We set

∆γ :=
N∑
j=1

∂xj (γ
2
j ∂xj ), ∂xj =

∂

∂xj
, j = 1, 2, . . . , N, (1)

∇γu := (γ2∂x2u, γ1∂x1u, . . . , γN∂xNu), |∇γu| :=

(
N∑
i=1

|γi∂xiu|2
) 1

2

.

Here, the functions γj : RN −→ R are assumed to be continuous, nonzero, and of the class C1

in RN \Π , where

Π :=

{
x = (x1, x2, . . . , xN ) ∈ RN :

N∏
j=1

xj = 0

}
. (2)

Theorem 2 (Picone’s identity). For differentiable functions v > 0 and u ≥ 0, we have

|∇u|2 + u2

v2
|∇v|2 − 2

u

v
∇u · ∇v = |∇u|2 −∇

(u2
v

)
· ∇v ≥ 0. (3)

Applications of the identity (3) to second-order elliptic equations and systems are extensive.
We discuss variable exponent of the anisotropic ∆γ–Laplace operator for the nonlinear Picone’s
identity. Abolarinwa A. developed the variable exponent Picone type identities. Luyen developed
a nonlinear Picone’s identity using operator (1).

Additionally, we establish the Picone identity for the p-biharmonic operator L2
p,γ , and provide

applications to generic weighted Rellich type inequalities, a Hardy-type inequality, and the Sturmian
comparison principle.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Keywords: Picone’s identity, Laplace operator.

2010 Mathematics Subject Classification: 35J92

References
[1] Abolarinwa A. Nonlinear variable exponent Picone identity and p(x)-sub-Laplacian first eigenvalue for general

vector fields, math.AP, arXiv:2209.05642v1 (2022).
[2] Allegretto W. Positive solutions and spectral properties of weakly coupled elliptic systems, J. Math. Anal.

Appl., 120(1986):2,723—729.
[3] Allegretto W. On the principal eigenvalues of indefinite elliptic problems, Math. Z., 195:1(1987), 29–35.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 59

[4] Allegretto W. Sturmian theorems for second order systems, Proc. Amer. Math. Soc., 94:2 (1985), 291—296.
[5] Franchi B., Lanconelli E. A metric associated with a class of degenerate elliptic operators, Rend. Sem. Mat.

Univ. Politec. Torino, (1984), 105–114.

[6] Luyen D. Picone’s identity for ∆γ-Laplace operator and its applications, Ukr. Math. J, 73:4 (2021), 601–

609.

Factorizations and unified Hardy inequalities
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In this note, we begin by recalling results from [1], which employ the factorization method of
differential operators introduced in [1]–[3]:

�
Ω
|(∂rf) (x)|2 dnx ⩾

�
Ω
|x− x0|−2 |f(x)|2

(n− 2)2

4
+

1

4

m∑
j=1

j∏
k=1

[lnk (γ/ |x− x0|)]−2

 dnx (1)

valid for f ∈ C∞
0 (Ω), assuming that Ω ⊂ Rn, n ∈ N, n ⩾ 2, is open and bounded with x0 ∈ Ω,m ∈ N,

and the logarithmic terms lnk (γ/ |x− x0|) , k ∈ N, are recursively given by

ln1 (γ/ |x− x0|) := ln (γ/ |x− x0|) , 0 < |x− x0| < γ,

lnk+1 (γ/ |x− x0|) := ln (lnk (γ/ |x− x0|)) , 0 < |x− x0| < γ/ek+1, k ∈ N,

for γ > 0, x ∈ Rn\ {x0} , n ∈ N, n ⩾ 2, with 0 < |x− x0| < diam(Ω) < γ/em, where e1 :=
1, ek+1 := eek , k ∈ N. We denote

∑0
j=1(·) := 0 and

∏0
k=1(·) := 1, so when m = 0, x0 = 0.

In this talk, we discuss the inequality (1) with a more general weight. Moreover, we show the
sharp remainder formula for the inequality (1).

Furthermore, we discuss the generalizations of these results on homogeneous Lie groups.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).

Keywords: factorization method, Hardy inequality, homogeneous Lie group, stratified group.

2010 Mathematics Subject Classification: 22E30,26D10

Linear widths of some compacta in the Nikol’skii – Besov
space, related to the Morrey space, over m-dimensional

torus
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Let m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). For x = (x1, . . . , xm), y =
(y1, . . . , ym) ∈ Rm, we put xy = x1y1+. . .+xmym, |x| = |x1|+. . .+|xm|, |x|∞ = max(|xµ| : µ ∈ zm);
x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R, t+ := max{0, t}.
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Let S := S(Rm) and S ′ = S ′(Rm) be the Schwartz spaces of test functions and tempered
distributions, respectively; f̂ ≡ Fm(f) and F−1

m (f) direct and inverse Fourier transforms of f ∈
S ′(Rm); in particular, for φ ∈ S,

φ̂(ξ) = Fm(φ)(ξ) =
�
Rm

φ(x)e−2πi ξxdx, F−1
m (φ)(ξ) =

�
Rm

φ(x)e2πi ξxdx, ξ ∈ Rm.

Let Tm = (R/Z)m be the m-dimensional torus; sometimes it will be convenient for us to
identify Tm with the cube Q0 := [0, 1)m in Rm. Further, we denote by S̃ ′ ≡ S ′(Tm) the space of all
distributions f from S ′ which are 1-periodic in each variable (i.e. such that ⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩
for all φ ∈ S and any ξ ∈ Zm) and by S̃ := S̃ := S(Tm) the space of all infinitely continuously
differentiable functions on Tm endowed with the topology of uniform convergence of all derivatives
over Tm. Then the space S ′(Tm) is naturally identified with the space that is topologically dual to
S(Tm). It is well known that f ∈ S̃ ′ if and only if supp f̂ ⊂ Zm, i.e. distribution f̂ vanishes on the
open set Rm\Zm.

For 1 ≤ p ≤ ∞ and a measurable set G ⊂ Rm, as usual, let Lp(G) be the space of measurable
functions f : G → C, which are Lebesgue integrable in p-th power (when p = ∞ essentially
bounded) over G, endowed with the standard norm ∥ f |Lp(G) ∥.

For 1 ≤ q ≤ ∞, let ℓq := ℓq(N0) be the space of all (complex) number sequences (cj) = (cj :
j ∈ N0) with finite standard norm ∥(cj) | ℓq∥.

Further, let ℓq(Lp(G)) (respectively, Lp(G; ℓq)) be the space of all function sequences (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) with finite standard quasi-norm (norm if p, q ≥ 1)

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥

(respectively,
∥ (gj(x)) |Lp(G; ℓq) ∥ = ∥ ∥ (gj(·)) | ℓq ∥ |Lp(G)∥).

Let Q be the set of all half-open dyadic cubes in Rm of the form

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm).

For a cube Q = Qjξ, we denote by xQ := 2−j ·ξ, l(Q)(= 2−j), j(Q) := j and |Q|(= 2−jm) its ”lower
left” corner, side length, level and volume, respectively.

Let

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

First we choose a test function η0 ∈ S such that

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Put η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Then

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

i.e. {η̂j(ξ) | j ∈ N0} is a resolution of unity (by corridors) on Rm. It is clear that

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Let g : Rm → C be an arbitrary function, its periodization g̃ : Tm → C is defined as the
(formal) sum of the series

∑
ξ∈Zm

g(x+ ξ).

In particular, by the Poisson summation formula it is easy to see that if φ ∈ S then φ̃ ∈ S̃,
and, moreover, φ̃(x) =

∑
ξ∈Zm φ̂(ξ)e2πiξx.
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Next we denote by ∆̃η
j the operators defined on S̃ ′ (j ∈ N0) as follows. For f ∈ S̃ ′,

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

For the sake of convenience, we put ∆̃η
j (f, x) ≡ 0 if j < 0.

Let s, τ ∈ R, 1 ≤ p, q ≤ ∞. Then
I. the smoothness space B̃s τ

p q := Bs τ
p q (Tm) of Nikol’skii –Besov type, related to the Morrey

space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥

is finite,
II. the smoothness space space F̃ s τp q := F s τp q (Tm) (p <∞) of Lizorkin –Triebel type, related to

the Morrey space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | F̃ s τp q ∥ = sup
Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) |Lp(Q; ℓq)∥

is finite.
We denote the unit balls of F̃ s τp q by F̃s τp q := Fs τp q(Tm).
We define N−th linear width λN (F, X) of a set F in a Banach space X (N ∈ N)as follows :

λN (F, X) = inf
A

sup
x∈F

∥x−Ax |X∥,

where inf is taken over all possible finite-dimensional operators A : X → X with rank(A) ≤ N .
Theorem. Let s, t ∈ R, t < s, 1 < p, q, r < ∞, 0 ≤ τ ≤ min{1

p ,
1
r}. If s−t

m > (1p − 1
r )+ and

p ≥ 2 or r ≤ 2, then the following weal asymptotic estimate holds :

λN (F̃
sτ
pq , B̃

tτ
rq) ≍ N

t−s
m

+( 1
p
− 1

r
)+ at N → ∞.

Key words: (smoothness) space of Nikol’skii – Besov/Lizorkin – Triebel type, Morrey space, linear width, m-di-
mensional torus.
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Quantitative analysis of some classes of integral operators
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We consider integral operators K with kernels K : Tm+n = Tm × Tn → C of the form

g(x) = K (f, x) =

�

Tn

K(x, y)f(y)dy

(here Tk = (R/Z)k — k−dimensional torus, x = (x1, . . . , xm) ∈ Tm, y = (y1, . . . , yn) ∈ Tn,
m,n ∈ N).

We fix the numbers k ∈ N : k ≤ m and l ∈ N : l ≤ n, the vectors m = (m1, . . . ,mk) ∈ Nk
and n = (n1, . . . , nl) ∈ Nl such that m1 + · · · + mk = m, n1 + · · · + nl = n, as well as the
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”partitions” x = (x1, . . . , xk) ∈ Tm1 × · · · ×Tmk and y = (y1, . . . , yl) ∈ Tn1 × · · · ×Tnl of variables
x = (x1, . . . , xm) ∈ Tm and y = (y1, . . . , yn) ∈ Tn respectively.

Further, we consider the product Nikol’skii – Besov spaces B
S (m,n)
P Q (Tm+n), Bs m

p q(Tm), Bt n
r u(Tn)

and the product Lizorkin – Triebel spaces L
S (m,n)
P Q (T(m+n)), Ls mp q(Tm), Lt nr u(Tn) (of function/distribu-

tion), as well as the Lebesgue spaces Lr(Tm) (here S = (S1, . . . , Sk+l) ∈ Rk+l, S1 = (S1, . . . , Sk), S
2 =

(Sk+1, . . . , Sk+l); s = (s1, . . . , sk) ∈ Rk, t = (t1, . . . , tl) ∈ Rl, P = (P1, P2), Q = (Q1, Q2),
1 ≤ P1, P2, Q1, Q2, p, q, r, u ≤ ∞).

Definitions of Bs m
p q(Tm), Ls mp q(Tm) can be found in [1] (the spaces Bt n

r u(Tn), Lt nr u(Tn) are defined
analogously). The spaces B

S (m,n)
P Q (Tm+n) and L

S (m,n)
P Q (T(m+n)) are defined similarly to Bs m

p q(Tm) and
Ls mp q(Tm) respectively, only the norms ∥· |Lp(Tm)∥ and ∥· | ℓq(Nk0)∥ should be replaced by the mixed

norms ∥ · |LP (Tm+n)∥ and ∥ · | ℓQ(Nk+l0 )∥ (here the norms ∥ · |LP (Tm+n)∥ and ∥ · | ℓQ(Nk+l0 ∥ are
defined as follows : for a function f : Tm+n → C and a sequence c = (c(k,l))k∈Nk

0 ,l∈Nl
0
⊂ C,

∥f |LP (Tm+n)∥ = ∥∥f(x, y) |LP1,x(Tm)∥ |LP2,y(Tn)∥,

∥c | ℓQ((Nk+l0 )∥ = ∥∥c(k,l) | ℓQ1,k(N
k
0)∥ | ℓQ2,l(N

l
0)∥.

In this talk, we discuss the weak asymptotics of the approximation numbers and the Kolmogo-

rov widths of integral operators K with kernels K belonging to B
S (m,n)
P Q (Tm+n) or L

S (m,n)
P Q (Tm+n),

acting from Bt n
u v(Tn) or Lt nu v(Tn) into Lr(Tm), as well as into Bs m

r w(Tm) or Ls mr w(Tm) for a number
of relations between the parameters of kernel spaces, function spaces, and target spaces.
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Dirichlet Problem for a Two-Dimensional Quasilinear
Second-Order Elliptic Equation in Besov Spaces

N.K. BLIEV
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The Dirichlet problem for a quasilinear second-order elliptic equation, which is not reduced to
canonical form, is considered in a planar domain in the framework of Besov spaces. The represen-
tation formula, solvability (uniqueness) conditions for the solutions of the problem are obtained.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

Keywords: Elliptic equation, Besov space.

2010 Mathematics Subject Classification: 46E35, 42B35.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 63

On the Generalization of Bochkarev-Type Inequalities

A. GHORBANALIZADEH

Nazarbayev University, Astana, Republic of Kazakhstan.
Institute for Advanced studies in Basic Sciences (IASBS), Zanjan, Iran
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This work is based on a collaboration with Professor E. Nursultanov and Professor D. Suragan.
The Hausdorff–Young inequality is a fundamental result in harmonic analysis that provides an

upper bound on the ℓq-norm of the Fourier coefficients of a function in terms of its Lp-norm. It
states that if f ∈ Lp(T) for 1 ≤ p ≤ 2, then its Fourier coefficients belong to ℓq, where q is the Hölder
conjugate of p (i.e., 1

p +
1
q = 1). The generalization of the Hausdorff–Young inequality for Lorentz

spaces was studied by Elias M. Stein, who extended the classical Hausdorff–Young inequality to
the refined scale of Lorentz spaces Lp,r. His result states that if f ∈ Lp,r for 1 < p < 2, then its
Fourier coefficients satisfy

∥f̂∥ℓq,r ≤ C∥f∥Lp,r

Bochkarev showed that, unlike in the spaces Lp,q for 1 < p < 2 and 1 < q < ∞, a direct
analogue of the Hausdorff-Young theorem does not hold in Lorentz spaces L2,q for 2 < q <∞ and
later, he obtained upper bounds for the Fourier coefficients of functions in L2,q. In fact, in Lorentz
spaces, the coefficient depends on p, and as p→ ∞, it blows up, i.e.,

Lemma 1. Let 1 < p < 2, and let f ∼
∑
ake

2πikx. Then

∥a∥ℓp′q ≤ c
1(

1
p −

1
2

) 1
2

∥f∥Lpq , 2 ≤ q <∞. (1)

where c is some constant.

In this work, we extend these results to Grand Lorentz spaces.
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Growth properties of Laguerre transform via moduli of
continuity
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In 1960, Debnath [1] introduced the Laguerre transform of a function f(x) defined in 0 ≤ x <∞
by means of the integral

L{f(x)} = f̂α(n) =

� ∞

0
e−xxαL(α)

n (x)f(x) dx,
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where L
(α)
n (x) is the Laguerre polynomial of degree n (≥ 0) and order α (> −1) defined by the

Rodrigues’ formula [2, p.101, Formula (5.1.5)]

L(α)
n (x) =

ex

n!
x−α

dn

dxn
(
xn+αe−x

)
, x > 0,

which satisfies the ordinary differential equation expressed in the self-adjoint form

d

dx

(
e−xxα+1 d

dx
L(α)
n (x)

)
+ ne−xxαL(α)

n (x) = 0.

The inverse Laguerre transform is given by

f(x) = L−1{f̂α(n)} =
∞∑
n=0

(δαn)
−1f̂α(n)L

(α)
n (x),

where δαn is a normalization factor given by δαn =
(
n+α
n

)
Γ(α+ 1) = Γ(n+α+1)

n! .
The focus of the current paper is to establishes a general inequality controlling the growth

behavior of the Laguerre transform using the modulus of continuity defined by a generalized trans-
lation operator associated with the Laguerre translation. We first introduce the weighted Lebesgue
measurable space Lpα, then we prove the Riemann-Lebesgue lemma and the Hausdorff-Young in-
equality for the Laguerre transform. Furthermore, we introduce the Laguerre translation operator
and define the modulus of continuity of a function with respect to this operator. Finally, study
the growth property of the Laguerre transform and prove an analog of the Titchmarsh theorem for
functions from Lip(β,Lpα).
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Cylindrical Hardy type inequalities and identities
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In this work, we study cylindrical extensions of the Hardy and Sobolev inequalities, with a focus
on sharp constants and identities following the approach of Badiale-Tarantello [1]. This extension
leads to sharper constants, direct identities and the confirmation of the nonexistence of nontrivial
extremizers. As a secondary result, we introduce extended Caffarelli-Kohn-Nirenberg inequalities
with remainder terms, which lead to a cylindrical version of the Heisenberg-Pauli-Weyl uncertainty
principle. Moreover, we prove new Lp-Hardy-type identities with logarithmic weights, which, in a
specific case, yield the critical Hardy inequality. We also examine the extension of these results to
homogeneous Lie groups.

This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University,
Kazakhstan).
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Hardy-type inequalities for a class of iterated operators
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Let 1 < p, q < ∞ and 0 < r < ∞. Suppose u, v, and w are weights, i.e., positive measurable

functions on (0,∞). Moreover, let ∥f∥p,v =

( ∞�
0

v(t)|f(t)|pdt
) 1

p

denote the norm of the Lebesgue

space Lp,v(0,∞).
Let us consider the weighted inequality

∥Sf∥q,u ≤ C∥f∥p,v, 0 ≤ f ∈ Lp,v(0,∞), (1)

where S is one of the following operators:

S+f(x) =

 x�

0

w(t)

 t�

0

f(s)ds

r

dt


1
r

,

S−f(x) =

 ∞�

x

w(t)

 ∞�

t

f(s)ds

r

dt


1
r

.

Inequality (1) for the operator S+ was first studied in [1] for the cases 1 < p ≤ q < ∞,
0 < r < ∞, and 1 < q < p < ∞, 0 < r ≤ q. This study was motivated by the connection between
inequality (1) and the boundedness of the multidimensional Hardy inequality from a Lebesgue space
to a Morrey-type space. In this work, we examine the validity of inequality (1) for both operators
S+ and S− in the case 1 < q < min{p, r} <∞, which was not considered in [1].

Let us note that the results on inequality (1) for the operators S+ and S− have numerous
applications, as outlined in the recent papers [2] and [3].
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On the Laplace-Beltrami operator in stratified sets
composed of punctured circles and segments
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This study explores the introduction of local coordinates on the circle S1 and investigates
various function classes defined on it. It establishes the correspondence between smooth functions
on the circle and smooth 2π-periodic functions on the real axis. Using exterior differential forms and
the Hodge operator, the Laplace-Beltrami operator on S1 is introduced, and its explicit form in local
coordinates is derived, demonstrating its reduction to the second-order differentiation operator.
A spectral analysis is conducted, determining eigenvalues and eigenfunctions expressed through
Chebyshev polynomials of the first and second kinds. Additionally, well-posed problems for the
Laplace-Beltrami operator on a punctured circle are formulated. Finally, the study extends to
stratified sets consisting of punctured circles and segments, providing eigenvalues and eigenfunctions
for a specific configuration of two punctured circles and a finite interval.

Choose an arbitrary point x0 ∈ S1. Denote by S1
0 the punctured circle S1\ {x0} . Consider the

equation

(I −∆)w(x) = f(x), x ∈ S1
0 (1)

Theorem 1. For any function f ∈ L2(S
1) and any numbers γ0 and γ1, the inhomogeneous equation

(1) is supplemented by the conditions

U0(w) = γ0, U1(w) = γ1 (2)

has a unique solution.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP22685565).

Keywords: Laplace-Beltrami operator, stratified sets.

2010 Mathematics Subject Classification: 35J05, 35S35, 35A21

References
[1] Levitan B. M., Sargsyan I. S. Introduction to Spectral Theory, Nauka, Moscow (1970).

[2] Kanguzhin B.E., Dosmagulova K.A. Well-posed problems for the Laplace-Beltrami operator
on a punctured two-dimensional sphere, Advances in the Theory of Nonlinear Analysis and its
Applications, 7:2 (2023), 428–440.

[3] Dosmagulova, K., Kanguzhin, B. Uniquely solvable problems for the Laplace-Beltrami
operator on a sphere punctured by a curve, Results in Nonlinear Analysis, 6:3 (2023), 43–49.

[4] Kanguzhin B., Fazullin Z. On the localization of the spectrum of some perturbations of
a two-dimensional harmonic oscillator, Complex Variables and Elliptic Equations, 66:6-7 (2021),
1194-1208.

[5] Kanguzhin B.E. Changes in a finite part of the spectrum of the Laplace operator under
delta-like perturbations, Differential Equations, 55:10 (2019), 1328-1335.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 67

Best constant in Lp Poincaré-Friedrichs’s inequality for
Hörmander vector fields
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Let U be a bounded domain in Rd with d ≥ 2 and let

Xi =
m∑
k=1

bik(x)∂xk , i = 1, . . . ,m with m ≤ d,

be smooth vector fields in U satisfying Hörmander’s finite rank condition. We define the horizontal
gradient by

X := (X1, . . . , Xm)

and its length by

|Xf | =

(
m∑
i=1

(Xif)
2

) 1
2

.

Let Ω ⋐ U be an open connected subset. We say that g ∈ L1
loc(Ω) is a weak derivative of

f ∈ L1
loc(Ω) with respect to Xi, written

Xif = g,

provided �
Ω
g(x)φ(x)dx =

�
Ω
f(x)X∗

i φ(x)dx for all φ ∈ C∞
0 (Ω).

Here X∗
i represents the formal adjoint of Xi given by

X∗
i φ(x) = −

n∑
k=1

∂xk (bikφ(x)) .

Then
W1,p
X (Ω) := {f ∈ Lp(Ω) : Xif ∈ Lp(Ω) for i = 1, . . . ,m}

equipped with

∥u∥W1,p
X (Ω)

:=

(�
Ω
(|u|p + |Xu|p) dx

) 1
p

is called the horizontal Sobolev space. Next we define the trace zero horizontal Sobolev space
W1,p
X,0(Ω) as the closure of C

∞
0 (Ω) in W1,p

X (Ω). We refer to [1] for more information on this subject.
The following inequality, known as the Poincaré-Friedrichs inequality for Hörmander vector

fields, can be found, for example, in [2] and [3].

Theorem 1. There exists a constant C > 0 such that
�
Ω
|u|pdx ≤ C

�
Ω
|Xu|pdx for all u ∈ W1,p

X,0(Ω). (1)

Here C does not depend on u.

Using (1), we equip W1,p
X,0(Ω) with the equivalent norm

∥u∥W1,p
X,0(Ω)

:=

(�
Ω
|Xu|p dx

) 1
p

.
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Having established the necessary preliminaries, we now focus on

m∑
i=1

X∗
i

(
|Xu|p−2Xiu

)
= λ|u|p−2u in Ω,

u = 0 on ∂Ω.

(2)

We interpret (2) in the weak sense. The nonlinear eigenvalue problem (2) necessitates the concept
of eigenfunctions, which we define next.

Definition 2. If a function u ∈ W1,p
X,0(Ω) \ {0} satisfies

�
Ω
|Xu|p−2Xu ·Xφdx = λ

�
Ω
|u|p−2uφdx (3)

for all φ ∈ W1,p
X,0(Ω), then we call u an eigenfunction of (2) corresponding to an eigenvalue λ.

Given u ∈ W1,p
X,0(Ω) \ {0}, we define the Rayleigh quotient by

�
Ω |Xu|pdx�
Ω |u|pdx

. (4)

We will demonstrate that minimizing the Rayleigh quotient results in the first eigenvalue of (2).

Theorem 3. [4] There exists u1 ∈ W1,p
X,0(Ω) \ {0} such that

�
Ω |Xu1|pdx�
Ω |u1|pdx

= inf
u∈W1,p

X,0(Ω)\{0}

�
Ω |Xu|pdx�
Ω |u|pdx

= λ1.

Moreover, (λ1, u1) satisfies (3) for all φ ∈ W1,p
X,0(Ω) and λ1 is the smallest eigenvalue.

As a result of Theorem 3, we have determined the sharp constant in (1).

Corollary 4. The Poincaré-Friedrichs inequality for Hörmander vector fields

�
Ω
|u|pdx ≤ λ−1

1

�
Ω
|Xu|pdx

holds for all u ∈ W1,p
X,0(Ω). The constant λ−1

1 is sharp.
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In medicine, often it is advisable to use the average value of two measurements for a number
of parameters. This is necessary to improve the accuracy and reproducibility of results, especially
when analyzing biomarkers, where variations in measurements are possible. In scientific literature,
averaging of values is recommended

� when studying hematological and biochemical parameters,

� immunological markers (for example, sugar (insulin) to total protein or hemoglobin to ery-
throcytes, bilirubin to urea, etc.),

� as well as pharmacokinetic parameters, such as the concentration of tacrolimus (used together
with other medicines to prevent the body from rejecting a transplanted organ).

In Kazakhstani practice, taking two measurements is not standard. In routine laboratory di-
agnostics in Kazakhstan, as a rule, one measurement is used, since averaging of values is not made
mandatory by regulatory documents and may require additional resources. However, in scientific
research, repeated measurements are justified, especially when working with highly variable pa-
rameters. The main reasons why this method is not used everywhere are limited resources, lack of
regulatory requirements in national normative documents and impracticality for routine analyses
with a small spread of values. At the moment, there is no direct requirement to average values in
laboratory studies in official documents of the Ministry of Health of the Republic of Kazakhstan.
However, in international recommendations (for example, Clinical and Laboratory Standards In-
stitute, World Health Organization) this approach is used to increase the reliability of data.

The two measurements problem is formalized as follows. Suppose X1, X2 are independent iden-
tically distributed variables with a distribution function F and density f . We consider estimation
of the distribution function of the sum X1 +X2

H(t) ≡ FX1+X2(t) =

�
R
F (t− x)f(x)dx

This equation suggests plugging good estimators F̂ and f̂ of F and f , respectively, to obtain an
estimator of H(t).

In the first result we suggest an estimator F̂ (x) that converges to F (x) at all points x ∈ R.
Mynbaev et al. (2022) proposed an estimator of F (x) that converges to F (x) at all continuity
points of F . Here F does not have to be absolutely continuous and may have jumps.

In the second result we develop an estimator f̂(x) of f(x) that converges to f(x) at all Lebesgue
points. Smoothness of f is not required and the result is true under the minimal assumption
f ∈ L1(R).

Finally, imposing additional restrictions on the kernels in the first two theorems, we tackle
the problem of estimating H(t). The smoothness condition on F and f are expressed in terms of
continuity moduli, which are further made more explicit using Besov spaces.
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Let N be a set of natural numbers and Z+ = N ∪ {0}; Tm = [0, 2π)m and Im = [0, 1)m.
Lp,τ (Tm) denotes the Lorentz space of all real-valued Lebesgue measurable functions f , which

have a 2π-period in each variable and for which the quantity is finite

∥f∥p,τ =

τp
1�

0

(
f∗(t)

)τ
t
τ
p
−1
dt


1
τ

, 1 < p <∞, 1 ≤ τ <∞,

where f∗(t) is a non-increasing rearrangement of the function |f(2πx)|, x ∈ Im (see [1], P. 213–216).
Consider the one-dimensional Bernoulli kernel (see, for example, [2])

Fr(x) = 1 + 2

∞∑
k=1

k−r cos(kx− rπ/2), r > 0.

Next, for a vector r = (r1, . . . , rm), rj > 0, j = 1, . . . ,m, we set Fr(x) =
∏m
j=1 Frj (xj).

Consider the functional class

W r
p,τ = {f : f = φ ⋆ Fr, ∥φ∥p,τ ⩽ 1},

where 1 < p <∞, 1 ≤ τ <∞, (φ ⋆ Fr)(x) =
1

(2π)m

�
Tm φ(x− u)Fr)(u)du.

Here eM (f)p,τ is the best M–term trigonometric approximation of a function f ∈ Lp,τ (Tm),
M ∈ N. For a functional class F ⊂ Lp,τ (Tm), we set eM (F )p,τ = supf∈F eM (f)p,τ .

Theorem 1. Let 0 < r1 = . . . = rν < rν+1 ≤ . . . ≤ rm, 1 < q ≤ 2 < p < ∞, 1 < τ1, τ2 < ∞ and
τ

′
1 =

τ1
τ1−1 .

If 1 < q < 2 and r1 >
1
q , then

eM (W r
q,τ1)p,τ2 ≍M

−(r1+
1
2
− 1

q
)
(log2M)

(ν−1)(r1− 1
q
+ 1

τ
′
1

)
.

If q = 2 and r1 >
1
2 , then

eM (W r
2,τ1)p,τ2 ≤ CM−r1(log2M)

(ν−1)(r1− 1
2
+ 1

τ
′
1

)+( 1
2
− 1

τ1
)+
,

a+ = max{0, a}. For 1 < τ1 ≤ 2, the estimate is sharp in order.

Remark 2. For τ1 = q and τ2 = p, Theorem 2.2 [2] and Theorem 2.8 [3] follow from Theorem 1.
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Sparse wavelet approximation of some compacta in the
Nikol’skii – Besov space, related to the Morrey space, over
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Let m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). For x = (x1, . . . , xm), y =
(y1, . . . , ym) ∈ Rm, we put xy = x1y1+. . .+xmym, |x| = |x1|+. . .+|xm|, |x|∞ = max(|xµ| : µ ∈ zm);
x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R, t+ := max{0, t}.

Let S := S(Rm) and S ′ = S ′(Rm) be the Schwartz spaces of test functions and tempered
distributions, respectively; f̂ ≡ Fm(f) and F−1

m (f) direct and inverse Fourier transforms of f ∈
S ′(Rm); in particular, for φ ∈ S,

φ̂(ξ) = Fm(φ)(ξ) =
�
Rm

φ(x)e−2πi ξxdx, F−1
m (φ)(ξ) =

�
Rm

φ(x)e2πi ξxdx, ξ ∈ Rm.

Let Tm = (R/Z)m be the m-dimensional torus; sometimes it will be convenient for us to
identify Tm with the cube Q0 := [0, 1)m in Rm. Further, we denote by S̃ ′ ≡ S ′(Tm) the space of all
distributions f from S ′ which are 1-periodic in each variable (i.e. such that ⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩
for all φ ∈ S and any ξ ∈ Zm) and by S̃ := S̃ := S(Tm) the space of all infinitely continuously
differentiable functions on Tm endowed with the topology of uniform convergence of all derivatives
over Tm. Then the space S ′(Tm) is naturally identified with the space that is topologically dual to
S(Tm). It is well known that f ∈ S̃ ′ if and only if supp f̂ ⊂ Zm, i.e. distribution f̂ vanishes on the
open set Rm\Zm.

For 1 ≤ p ≤ ∞ and a measurable set G ⊂ Rm, as usual, let Lp(G) be the space of measurable
functions f : G → C, which are Lebesgue integrable in p-th power (when p = ∞ essentially
bounded) over G, endowed with the standard norm ∥ f |Lp(G) ∥.

For 1 ≤ q ≤ ∞, let ℓq := ℓq(N0) be the space of all (complex) number sequences (cj) = (cj :
j ∈ N0) with finite standard norm ∥(cj) | ℓq∥.

Further, let ℓq(Lp(G)) (respectively, Lp(G; ℓq)) be the space of all function sequences (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) with finite standard quasi-norm (norm if p, q ≥ 1)

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥

(respectively,

∥ (gj(x)) |Lp(G; ℓq) ∥ = ∥ ∥ (gj(·)) | ℓq ∥ |Lp(G)∥).
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Let Q be the set of all half-open dyadic cubes in Rm of the form

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm).

For a cube Q = Qjξ, we denote by xQ := 2−j ·ξ, l(Q)(= 2−j), j(Q) := j and |Q|(= 2−jm) its ”lower
left” corner, side length, level and volume, respectively.

Let

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

First we choose a test function η0 ∈ S such that

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Put η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Then

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

i.e. {η̂j(ξ) | j ∈ N0} is a resolution of unity (by corridors) on Rm. It is clear that

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Let g : Rm → C be an arbitrary function, its periodization g̃ : Tm → C is defined as the
(formal) sum of the series

∑
ξ∈Zm

g(x+ ξ).

In particular, by the Poisson summation formula it is easy to see that if φ ∈ S then φ̃ ∈ S̃,
and, moreover, φ̃(x) =

∑
ξ∈Zm φ̂(ξ)e2πiξx.

Next we denote by ∆̃η
j the operators defined on S̃ ′ (j ∈ N0) as follows. For f ∈ S̃ ′,

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

For the sake of convenience, we put ∆̃η
j (f, x) ≡ 0 if j < 0.

Let s, τ ∈ R, 1 ≤ p, q ≤ ∞. Then
I. the smoothness space B̃s τ

p q := Bs τ
p q (Tm) of Nikol’skii –Besov type, related to the Morrey

space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥

is finite,
II. the smoothness space space F̃ s τp q := F s τp q (Tm) (p <∞) of Lizorkin –Triebel type, related to

the Morrey space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | F̃ s τp q ∥ = sup
Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) |Lp(Q; ℓq)∥

is finite.
We denote the unit balls of F̃ s τp q by F̃s τp q := Fs τp q(Tm).
Let Φ = {ϕυ | υ ∈ Υ} be a countable system of elements of a Banach space X over field of

complex numbers C. We put (N ∈ N)

ΣN (Φ) = {ϕ =
∑
υ∈Υ

cυϕυ | (cυ)υ∈Υ ⊂ C such that
∑
υ∈Υ

sign|cυ| ≤ N}.
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Best N−term approximation of an element x ∈ X with respect to system Φ is defined as follows :

σN (x,Φ, X) = inf{∥x− ϕ |X∥ | ϕ ∈ ΣN (Φ)}.

For a set F ⊂ X, we put

σN (F,Φ, X) = sup{σN (x,Φ, X) | x ∈ F}.

Let W̃(m) be m−dimensional system of periodized Meyer’s wavelets (for its definition see [1,
ch. 3]).

We denote r∗ = min{r, 2}, ı = min{p, q, r}.
Theorem. Let s, t ∈ R, t < s, 1 < p, q, r < ∞, 0 ≤ τ ≤ min{1

p ,
1
r}. If s−t

m > ( 2
r∗ı

− 1
r )+, then

the following weal asymptotic estimate holds :

σN (F̃
sτ
pq , W̃(m), B̃tτ

rq) ≍ N
t−s
m as N → ∞.

Key words: (smoothness) space of Nikol’skii – Besov/Lizorkin – Triebel type, Morrey space, best N−term approx-
imation, wavelet,m−dimensional periodized system of Meyer’s wavelets, m−dimensinal torus.
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Weak version of symmetric space
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We investigate a weak version of symmetric spaces and to study some properties of noncom-
mutative spaces associated with the weak version of symmetric spaces.

Definition 1. Let E be a symmetric (quasi-)Banach space on (0, 1). The fundamental function
φE is defined by φE(t) = ∥χA∥, where t ∈ [0, 1) and A is a Lebesgue measurable subset of (0, 1)
with m(A) = t.

Note that φL1(0,1) = t (see [2, p. 65]). Let 0 < p <∞. If A ⊂ (0, 1) with m(A) = t (0 ≤ t < 1),
then

φLp(0,1)(t) = ∥χA∥p = ∥χA∥
1
p

1 = t
1
p .

Let MφE (0, 1) be the usual Marcinkiewicz space:

MφE (0, 1) = {f ∈ L0(0, 1) : ∥f∥MφE
= sup

t>0

φE(t)

t

� t

0
µs(f)ds <∞}.

Definition 2. Let E be a symmetric (quasi-)Banach space on (0, 1). We call MφE (0, 1) is a weak
version of E and denote it by E∞.

The classical weak Lp space Lp,∞(0, 1) (1 ≤ p < ∞) is defined as the set of all measurable
functions f on (0, 1) such that

∥f∥Lp,∞ = sup
t>0

t
1
pµt(f) <∞.
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For p > 1, Lp,∞(0, 1) can be renormed into a Banach space. More precisely,

f 7→ sup
t>0

t
−1+ 1

p

� t

0
µs(f)ds

gives an equivalent norm on Lp,∞(0, 1). We refer to [3] for more information about weak Lp spaces.
If E = Lp(0, 1) (1 < p < ∞), then E∞ = Lp,∞(0, 1). But for 0 < p ≤ 1, if f ∈ (Lp(0, 1))∞,

then

∥f∥(Lp(0,1))∞ = sup
t>0

t
1
p
−1

� t

0
µs(f)ds =

� 1

0
µs(f)ds = ∥f∥1.

Hence, (Lp(0, 1))∞ = L1(0, 1) and it is different from the classical weak Lp space.
Let Φ be an N-function, we define

aΦ = inf
t>0

tΦ′(t)

Φ(t)
and bΦ = sup

t>0

tΦ′(t)

Φ(t)
.

If bΦ < ∞, then the fundamental function of Orlicz space LΦ(0, 1) on (0, 1) equipped with the
Luxemburg norm, is the following

φLΦ(Ω)(t) = 1/Φ−1(
1

t
), t > 0,

where the Luxemburg norm is defined by

∥x∥Φ = inf{λ > 0 :

� 1

0
Φ(

|x|
λ
)dx ≤ 1}.

Hence, if E = LΦ(0, 1) and 1 < aΦ ≤ bΦ <∞, then E∞ = LΦ,∞(0, 1).

Proposition 3. Let Ei be a symmetric (quasi-)Banach space on (0, 1) which is αi-convex for some
0 < αi < ∞ (i = 1, 2). Then E1 and E2 can be equipped with equivalent quasi norms ∥ · ∥1 and
∥ · ∥2, respectively, so that φE1⊙E2(t) = φE1(t)φE2(t), for any t ≥ 0.

Theorem 4. Let Ei be a symmetric (quasi-)Banach space on (0, 1) which is αi-convex for some

0 < αi <∞ (i = 1, 2) and 0 < a < 1. If x ∈ ((E
(a)
1 )∞)(

1
a
)(M) and y ∈ ((E

(1−a)
2 )∞)(

1
1−a

)(M), then
xy ∈ (E1 ⊙ E2)∞(M) and the following Hölder type inequality holds

∥xy∥(E1⊙E2)∞ ≤ ∥x∥
((E

(a)
1 )∞)(

1
a )∥y∥

((E
(1−a)
2 )∞)

( 1
1−a ) .

Theorem 5. Let E be a symmetric (quasi-)Banach space on (0, 1). Then we have the following
Chebyshev type inequality

tφE(τ(e(t,∞)(|x|))) ≤ ∥x∥E∞, ∀x ∈ E∞(M).
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Let m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). For x = (x1, . . . , xm), y =
(y1, . . . , ym) ∈ Rm, we put xy = x1y1+. . .+xmym, |x| = |x1|+. . .+|xm|, |x|∞ = max(|xµ| : µ ∈ zm);
x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R, t+ := max{0, t}.

Let S := S(Rm) and S ′ = S ′(Rm) be the Schwartz spaces of test functions and tempered
distributions, respectively; f̂ ≡ Fm(f) and F−1

m (f) direct and inverse Fourier transforms of f ∈
S ′(Rm); in particular, for φ ∈ S,

φ̂(ξ) = Fm(φ)(ξ) =
�
Rm

φ(x)e−2πi ξxdx, F−1
m (φ)(ξ) =

�
Rm

φ(x)e2πi ξxdx, ξ ∈ Rm.

Let Tm = (R/Z)m be the m-dimensional torus; sometimes it will be convenient for us to
identify Tm with the cube Q0 := [0, 1)m in Rm. Further, we denote by S̃ ′ ≡ S ′(Tm) the space of all
distributions f from S ′ which are 1-periodic in each variable (i.e. such that ⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩
for all φ ∈ S and any ξ ∈ Zm) and by S̃ := S̃ := S(Tm) the space of all infinitely continuously
differentiable functions on Tm endowed with the topology of uniform convergence of all derivatives
over Tm. Then the space S ′(Tm) is naturally identified with the space that is topologically dual to
S(Tm). It is well known that f ∈ S̃ ′ if and only if supp f̂ ⊂ Zm, i.e. distribution f̂ vanishes on the
open set Rm\Zm.

For 1 ≤ p ≤ ∞ and a measurable set G ⊂ Rm, as usual, let Lp(G) be the space of measurable
functions f : G → C, which are Lebesgue integrable in p-th power (when p = ∞ essentially
bounded) over G, endowed with the standard norm ∥ f |Lp(G) ∥.

For 1 ≤ q ≤ ∞, let ℓq := ℓq(N0) be the space of all (complex) number sequences (cj) = (cj :
j ∈ N0) with finite standard norm ∥(cj) | ℓq∥.

Further, let ℓq(Lp(G)) (respectively, Lp(G; ℓq)) be the space of all function sequences (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) with finite standard quasi-norm (norm if p, q ≥ 1)

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥

(respectively,
∥ (gj(x)) |Lp(G; ℓq) ∥ = ∥ ∥ (gj(·)) | ℓq ∥ |Lp(G)∥).

Let Q be the set of all half-open dyadic cubes in Rm of the form

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm).

For a cube Q = Qjξ, we denote by xQ := 2−j ·ξ, l(Q)(= 2−j), j(Q) := j and |Q|(= 2−jm) its ”lower
left” corner, side length, level and volume, respectively.

Let

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

First we choose a test function η0 ∈ S such that

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Put η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Then

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,
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i.e. {η̂j(ξ) | j ∈ N0} is a resolution of unity (by corridors) on Rm. It is clear that

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Let g : Rm → C be an arbitrary function, its periodization g̃ : Tm → C is defined as the
(formal) sum of the series

∑
ξ∈Zm

g(x+ ξ).

In particular, by the Poisson summation formula it is easy to see that if φ ∈ S then φ̃ ∈ S̃,
and, moreover, φ̃(x) =

∑
ξ∈Zm φ̂(ξ)e2πiξx.

Next we denote by ∆̃η
j the operators defined on S̃ ′ (j ∈ N0) as follows. For f ∈ S̃ ′,

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

For the sake of convenience, we put ∆̃η
j (f, x) ≡ 0 if j < 0.

Let s, τ ∈ R, 1 ≤ p, q ≤ ∞. Then
I. the smoothness space B̃s τ

p q := Bs τ
p q (Tm) of Nikol’skii –Besov type, related to the Morrey

space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥

is finite,
II. the smoothness space space F̃ s τp q := F s τp q (Tm) (p <∞) of Lizorkin –Triebel type, related to

the Morrey space, consists of all distributions f ∈ S̃ ′, for which the norm

∥ f | F̃ s τp q ∥ = sup
Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) |Lp(Q; ℓq)∥

is finite.
We denote the unit balls of F̃ s τp q by F̃s τp q := Fs τp q(Tm).
Let Φ = {ϕυ | υ ∈ Υ} be a countable system of elements of a Banach space X over field of

complex numbers C. We put (N ∈ N)

ΣN (Φ) = {ϕ =
∑
υ∈Υ

cυϕυ | (cυ)υ∈Υ ⊂ C such that
∑
υ∈Υ

sign|cυ| ≤ N}.

Best N−term approximation of an element x ∈ X with respect to system Φ is defined as follows :

σN (x,Φ, X) = inf{∥x− ϕ |X∥ | ϕ ∈ ΣN (Φ)}.

For a set F ⊂ X, we put σN (F,Φ, X) = sup{σN (x,Φ, X) | x ∈ F}.
Let T(m) = {e2πiξx | ξ ∈ Zm} be m−dimensional trigonometric.
Theorem. Let s, t ∈ R, t < s, 1 < p, q, r <∞, 0 ≤ τ ≤ min{1

p ,
1
r}.

(i) If p < r ≤ 2, s−tm > 1
p −

1
r , then the following weal asymptotic estimate holds :

σN (F̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m

+ 1
p
− 1

r as N → ∞.

(ii) If 2 ≤ p ≤ r, s−tm > 1
2 , then the following weal asymptotic estimate holds :

σN (F̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m as N → ∞.

(iii) If p ≤ 2 < r, s−tm > 1
p , then the following weal asymptotic estimate holds :

σN (F̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m

+ 1
p
− 1

2 as N → ∞.

Key words: (smoothness) space of Nikol’skii – Besov/Lizorkin – Triebel type, Morrey space, best N−term trigono-
metric approximation, m−dimensinal torus.

2010 Mathematics Subject Classification: 41A46, 42B05, 42B35
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Generalized integral Hardy inequalities

I.A. ORYNGALIYEV

1SDU University, Kaskelen, Kazakhstan
1Institute of Mathematics and Mathematical Modeling, Kazakhstan

imangali.oryngaliyev@gmail.com

Hardy-type inequalities are fundamental in functional analysis and PDEs. While their Eu-
clidean versions are well understood, the work by Drábek, Heinig, and Kufner [1] established
higher-dimensional extensions with sharp constants. This work generalizes these inequalities to
homogeneous Lie groups, providing new insights into integral and gradient inequalities in non-
Euclidean settings.

A key result that we obtained is the extension of weighted gradient inequalities to homogeneous
Lie groups, replacing radial symmetry with homogeneous quasi-norms and left-invariant vector
fields. Additionally, a new inequality is obtained for the case when the integrability exponent of
the gradient term is smaller than that of the function itself, which was previously unknown with the
sharp constant. These results build upon classical inequalities established by Hardy, Littlewood,
and Pólya [2] and extend their applicability beyond Euclidean space.

Furthermore, we derive weighted exponential integral inequalities in Lie groups, proving their
validity under appropriate weight conditions. These findings contribute to the broader study of
metric measure spaces and PDE estimates in non-Euclidean settings. Future research may explore
further generalizations to sub-Riemannian geometries and Carnot groups.

This talk is based on the joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23490970).

Keywords: Integral Hardy-type inequality, sharp constant, homogeneous Lie groups.
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Existence and regularity of solutions to gradient degenerate
PDEs

P. OZA1, D. SURAGAN2

1,2Nazarbayev University, Astana, Kazakhstan
1priyank.kumar@nu.edu.kz, 2durvudkhan.suragan@nu.edu.kz

In this talk, we discuss a gradient-degenerate nonlocal version of the generalized p-Laplacian,
introduced by Baravdish-Cheng-Svensson-Åström [1]. A key feature of this operator is that it
degenerates along the set of critical points. We establish the existence and interior Lipschitz
regularity of viscosity solutions to

|Du|γ(·) (−(−∆)su+ (q(|Du|)− 1)∆s
∞u+ b ·Du) = f in Ω, (1)

where Ω is a bounded domain in RN , γ ∈ C(Ω,R) satisfies infΩγ ≥ 0, and f ∈ L∞(Ω,R). In
this equation, Du denotes the gradient of u, (−∆)s represents the fractional Laplacian, and ∆s

∞
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is the infinity Laplacian with order s ∈ (1/2, 1). The function b : Ω −→ RN is bounded Lipschitz
continuous, while q(|Du|) is a continuous function with q(|Du|) ≥ 0, specified later. A distinctive
feature of the operator in (1) is its gradient-dependent structure, combined with the fact that it
degenerates on the set of critical points, C := {x : Du(x) = 0}. These characteristics make the
analysis of this operator particularly interesting. we employ an adapted Ishii-Lions ”doubling
variables” technique [2]. We also discuss a setting in which the uniqueness of the solutions is
confirmed.

Funding: This research has been funded by Nazarbayev University under Collaborative Research Program Grant
20122022CRP1601.

Keywords: integro-PDE, nonlocal elliptic equation, variable exponents, viscosity solutions
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[1] Baravdish G., Cheng Y., Svensson O., Årström F. Generalizations of p-Laplace operator

for image enhancement: Part 2, Communications on Pure and Applied Analysis, 19:7 (2020),
3477–3500.

[2] Ishii H., Lions P.–L. Viscosity solutions of fully nonlinear second-order elliptic partial dif-
ferential equations, Journal of Differential Equations, 83:1 (1990), 26–78.

On spectrum of the generalized Cesàro operator on
rearrangement invariant spaces

B.O. OZBEKBAY

1Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

ozbekbay.b00@gmail.com

This work studies the spectrum of the generalized Cesàro operator

Cβf(t) := βt−β
� t

0
(t− s)β−1f(s)ds, β > 0, (1)

acting on rearrangement invariant spaces E(0, 1) and E(0,∞) with Boyd indices satisfying 0 < α ≤
β < 1. The boundedness of the operator and its spectral structure are investigated. The results
provide new insights into the properties of Cesàro-type operators in rearrangement invariant spaces
and their potential applications. This research is a joint work with Kanat Tulenov.

On the density of the set of finite sequences in the
weighted Sobolev difference space

D.S. SARSENALY

1L.N. Gumilyov Eurasian National University, Astana, Kazakhstan

dinara.sarsenali@mail.ru

This work is devoted to the study of the relationship between the weighted Sobolev difference
space and the closure of a set of finite sequences depending on the behavior of the weight sequences
at infinity.

Let 1 < p <∞, p′ = p
p−1 . Let {fi}

∞
i=0 be the sequence of real numbers, and define the difference

operation:

∆fi = fi+1 − fi, i ≥ 0, ∆nfi = ∆
(
∆n−1fi

)
, n = 1, 2, ....
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Let E◦ be the set of sequences of real numbers {fi}∞i=0, where fk = 0, k = 0, 1, ..., n−1, which
is equivalent to the condition ∆if0 = 0, i = 0, 1, ..., n− 1. Let us define a weight difference space
on this set E◦.

A sequence of real numbers {υi}∞i=0 is called a weight sequence, if υi > 0, i ≥ 0. Let n ≥ 1,
Wn
p,υ be the set of all sequences from E◦, satisfying the condition

∥∆nf∥p,υ =

( ∞∑
i=0

υi |∆nfi|p
) 1

p

<∞,

and we define the norm of this set as follows:

∥f∥Wn
p,υ

= ∥∆nf∥p,υ ,∀f ∈Wn
p,υ. (1)

Then the pair
(
Wn
p,υ, ∥f∥Wn

p,υ

)
forms a normalized space and let us call this spaceWn

p,υ the weighted

Sobolev difference space, which is complete.

Let’s denote by
◦
E the set of sequences from the set E◦, whose values become zero after a finite

number of indices. From these definitions, it follows that
◦
E ⊂Wn

p,υ.

By
◦
Wn

p,υ, we denote the closure of the set
◦
E with respect to the norm (1) of the space Wn

p,υ.

The main goal of the work is to study the relationship between spaces Wn
p,υ and

◦
Wn

p,υ, that
is, to determine under what conditions they coincide.

Theorem 1. Let 1 < p < ∞. In order for
◦
Wn

p,υ = Wn
p,υ it is necessary and sufficient that the

weight sequence {υi}∞i=0 satisfies the condition:

∞∑
j=0

υ1−p
′

j = ∞. (2)

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23488579).

Keywords: The weighted Sobolev difference space, weighted spaces, weight sequences, finite sequences, closure of
the set.
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Fourier multipliers and their applications on the quantum
Euclidean space

S. SHAIMARDAN

Institute of mathematics and mathematical modeling, Almaty, Kazakhstan

shaimardan.serik@mail.com

In this work, we present some applications of the Lp-Lq boundedness of Fourier multipliers
to PDEs on the noncommutative (or quantum) Euclidean space. More precisely, we establish Lp-
Lq norm estimates for solutions of heat equation with Caputo fractional derivative in the case
1 < p ≤ 2 ≤ q <∞. Moreover, we obtain the well-posedness of the nonlinear heat equation on the
non-commutative Euclidean space.
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Critical Hardy type identities and inequalities with
multiple logarithmic weights

Y.Y. SHAIMERDENOV

SDU University, Almaty, Kazakhstan
Ghent University, Ghent, Belgium

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

yerkin.shaimerdenov@sdu.edu.kz

Consider the cylindrical extended weighted Hardy-type inequality as presented in [1]. Let

x = (x′, x′′) ∈ RN × Rn−N ,

with 2 ≤ N ≤ n and 1 < p < N . Then, for all f ∈ C∞
0 (Rn \ {x′ = 0}), the following inequality

holds: ∥∥∥∥ f

|x′|α/p

∥∥∥∥
Lp(Rn)

≤ p

N − α

∥∥∥∥x′ · ∇Nf

|x′|α/p

∥∥∥∥
Lp(Rn)

,

where |x′| denotes the Euclidean norm in RN and ∇N is the standard gradient on RN . The constant
p

N−α is optimal.

The critical case α = N of the above inequality was obtained in [2] in the form

∥∥∥∥ f

|x′|N/p

∥∥∥∥
Lp(Rn)

≤ p

∥∥∥∥x′ · ∇Nf

|x′|N/p
log |x′|

∥∥∥∥
Lp(Rn)

, (1)

with the constant p being sharp.

In this presentation, we generalize (1) by introducing logarithmic weights on both sides of
the inequality. In particular, our generalized inequality reduces to (1), and to the classical critical
Hardy inequality with a logarithmic weight on the left-hand side. We also establish the optimal
constant and derive an identity that demonstrates the non-attainability of the sharp constant.
Moreover, we present higher-order versions that intriguingly involve Stirling numbers of the second
kind (as in [2]) and a Caffarelli–Kohn–Nirenberg type inequality which implies an uncertainty-type
principle.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and In-
stitute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).

Keywords: Cylindrical extension, Critical Hardy inequality, Stirling number.

2010 Mathematics Subject Classification: 22E30, 11B73, 26D10

References

[1] Kalaman M. Functional inequalities on Lie groups and applications., Master’s thesis, SDU
University, (2023).

[2] Ruzhansky M., Shaimerdenov Y., and Yessirkegenov N. Cylindrical extensions of critical
Sobolev type inequalities and identities, arXiv:2408.10697v1, 2024.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 81

On boundedness of the Calderón operator on
Marcinkiewicz spaces

K.S. TULENOV

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

tulenov@math.kz

The Calderón operator has its origins in the work of Alberto Calderón in the 1950s, particularly
in the study of singular integral operators and boundary value problems in mathematical physics.
It was initially introduced in the context of Calderón’s approach to the Cauchy integral and its
role in solving elliptic partial differential equations. The operator plays a crucial role in Calderón’s
inversion method for electrical impedance tomography and is deeply connected to the theory of
pseudodifferential operators. Its development laid the foundation for modern harmonic analysis,
microlocal analysis, and the study of boundary layer potentials in PDEs.

In this work, we study boundedness of the Calderón operator in Marcinkiewicz spaces. More-
over, we characterize optimal range for the Calderón operator among Marcinkiewicz spaces. We
also presend some applications of these results.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

Keywords: Marcinkiewicz spaces, Calderón operator, fully symmetric space, optimal range.
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On the boundedness of Multilinear Calderón-Zygmund
operators on grand Herz-Hardy spaces

M.A. ZAIGHUM

Nazarbayev University, Astana, Kazakhstan.
Riphah International University, Islamabad, Pakistan.

zaighum.asad@nu.edu.kz

In this talk, the boundedness of multilinear Calderón-Zygmund operators on the product of
grand Herz-Hardy spaces shall be presented. Formally, we will find the conditions for which the
following inequality ∥∥∥T (f⃗)∥∥∥

K̇
α,p),θ
q(·) (Rn)

≤ C
m∏
i=1

∥fi∥
HK̇

αi,pi),θ

qi(·)
(Rn)

,

holds, where C is a constant that does not dependent on f⃗ = (f1, · · · , fm). The key idea used in
the proof is the atomic decomposition of grand Herz–Hardy spaces, which was established in [1].

Funding: This research was funded by Nazarbayev University under Collaborative Research Program (Grant:
20122022CRP1601).
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Refined General Weighted Lp Hardy and
Caffarelli-Kohn-Nirenberg type Inequalities and Identities

Related to Baouendi-Grushin vector fields

A.E. ZHANGIRBAYEV

SDU University, Kaskelen, Kazakhstan
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

amir.zhangirbayev@gmail.com

The study of inequalities involving the Baouendi-Grushin operator began with the work of N.
Garofalo [1], who examined them within the L2 space setting. Subsequently, L. D’Ambrosio [2,
3] extended the results to Lp spaces. Then, P. Niu, Y. Chen, and I. Han [4] explored different
Hardy-type inequalities on the entire space, the pseudo-ball and the exterior region of the pseudo-
ball using the Picone identity. More recently, I. Kombe and A. Yener [5] provided a significant
advancement by identifying a sufficient criterion involving pairs of nonnegative weight functions,
ensuring the validity of a generalized weighted Hardy-type inequality with an additional remainder
term.

In the talk, we present refined general Hardy-type inequalities and identities with explicit
remainder terms associated with Baouendi-Grushin vector fields, thereby improving most of the
results above. In addition, we obtained the corresponding weighted Caffarelli-Kohn-Nirenberg type
inequalities with remainder terms, which, as a result, allow us to derive the Heisenberg-Pauli-Weyl
uncertainty type principles.

This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP23490970).

Keywords: Hardy inequalities, Baouendi-Grushin operator.

2020 Mathematics Subject Classification: 26D10, 35J70

References
[1] Garofalo N. Unique continuation for a class of elliptic operators which degenerate on a

manifold of arbitrary codimension, J. Differential Equations, 104:1 (1993), 117–146.
[2] D’Ambrosio L. Hardy inequalities related to Grushin type operators, Proc. Amer. Math.

Soc., 132:3 (2004), 725–734.
[3] D’Ambrosio L. Hardy-type inequalities related to degenerate elliptic differential operators,

Ann. Sc. Norm. Super. Pisa. Cl. Sci., 4:3 (2004), 451–486.
[4] Niu P., Chen Y. and Han Y. Some Hardy-type inequalities for the generalized Baouendi-

Grushin operators, Glasg. Math. J., 46:3 (2004), 515–527.
[5] Kombe I., Yener A. General weighted Hardy type inequalities related to Baouendi-Grushin

operators, Complex Var. Elliptic Equ., 63:3 (2018), 420–436.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 83

2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ

Ðóêîâîäèòåëè: ïðîôåññîð Àñàíîâà À.Ò.
àêàäåìèê ÍÀÍ ÐÊ Ñàäûáåêîâ Ì.À.

Ñåêðåòàðè: ïðîôåññîð Áàêèðîâà Ý.À.
ïðîôåññîð Êàäèðáàåâà Æ.Ì.

Institute of Mathematics and Mathematical Modeling



84 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

Ñèíãóëÿðëû àóûò©û¡àí èìïóëüñòi æ³éå øåøiìiíi
àñèìïòîòèêàëû© æiêòåëói

Í. ÀÂÈËÒÀÉ

1ºë-Ôàðàáè àòûíäà¡û �àçà© ´ëòòû© óíèâåðñèòåòi, Àëìàòû ©àëàñû, �àçà©ñòàí

avyltaynauryzbay@gmail.com

Á´ë æ´ìûñòà ñèíãóëÿðëû àóûò©û¡àí èìïóëüñòi ñûçû©òû åìåñ äèôôåðåíöèàëäû© òåäå-
óëåð ³øií áàñòàï©û åñåï ©àðàñòûðûëàäû. �àðàñòûðûëûï îòûð¡àí æ³éåíi äèôôåðåíöèàëäû©
òåäåóiíåí á°ëåê, èìïóëüñòi á°ëiãiäå ñèíãóëÿðëû àóûò©û¡àí. Æ´ìûñòà øåêàðàëû© ôóíêöèÿ-
ëàð ºäiñií ©îëäàíûï, øåøiìíi àñèìïòîòèêàëû© æóû©òàóûí ©´ðó àëãîðèòìi ê°ðñåòiëåäi.

Ñèíãóëÿðëû© àóûò©û¡àí èìïóëüñòi äèôôåðåíöèàëäû© òåäåóëåðäi

εz′ = F (z, y, ε), ε∆z|t=θi = I(z, y, ε),

y′ = f(z, y), ∆y|t=θi = J(z, y)
(1)

ò°ìåíäåãi áàñòàï©û øàðòïåí ©àðàñòûðàéû©:

z(0, ε) = z0, y(0, ε) = y0, (2)

ì´íäà¡û ε î êiøi ïàðàìåòð, z, F æºíå I−m °ëøåìäi ôóíêöèÿëàð, y, f æºíå J− are n °ëøåìäi
ôóíêöèÿëàð, z0 æºíå y0− ε−íàí òºóåëñiç áîëñûí, θi

p
i=1, 0 < θ1 < θ2 < ... < θp < T− (0, T )

èíòåðâàëûíäà¡û ³çiëiñ ìîìåíòòåði. Àë ∆x|t=θi = x(θi+) − x(θi), ì´íäà¡û x(θi+) = lim
t→θi+

x(t)

æºíå x(θi−) = x(θi) áîëñûí.

Òåîðåìà 1. Àéòàëû© (C1) − (C5) æºíå (C6) øàðòòàðû îðûíäàëñûí. Åãåð ε ∈ (0, ε0] ³øií
ò°ìåíäåãi òåñiçäiêòi ©àíà¡àòòàíäûðàòûí î ò´ðà©òûëàð ε0 æºíå c òàáûëñà, îíäà [0, T ]
êåñiíäiñiíäå (1),(2) åñåáiíi øåøiìi áàð æºíå æàë¡ûç áîëàäû:

|z(t, ε)− Zn(t, ε)| ≤ cεn+1, 0 ≤ t ≤ T,

|y(t, ε)− Yn(t, ε)| ≤ cεn+1, 0 ≤ t ≤ T,

ì´íäà¡û

Zn(t, ε) =
n∑
k=0

εkz̃k(t) +
n∑
k=0

εkω
(i)
k (τi),

Yn(t, ε) =
n∑
k=0

εkỹk(t) + ε
n∑
k=0

εkν
(i)
k (τi), i = 1, 2, ..., p.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP23488301) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: Èìïóëüñòiê æ³éåëåð, ñèíãóëÿðëû èìïóëüñòiê äèôôåðåíöèàëäû© òåäåóëåð, øåêàðàëû© ôóíê-
öèÿëàð ºäiñi.
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Êîìïëåêñ êîýôôèöèåíòòi ò°ðòiíøi ðåòòi
ïàðàáîëàëû© òåäåó ³øií êåði åñåïòi øåøiìäiëiãi

À.Á. ÈÌÀÍÁÅÒÎÂÀ

1Ì. �óåçîâ àòûíäà¡û Îò³ñòiê �àçà©ñòàí óíèâåðñèòåòi, Øûìêåíò, �àçà©ñòàí

aselek_enu@mail.ru

Ò°ðòiíøi ðåòòi áið °ëøåìäi òåäåó ³øií àðàëàñ êåði åñåïòi áàð áîëóû æºíå æàë¡ûç áî-
ëóû àíû©òàëàäû Á´ë æ´ìûñòà êîìïëåêñ ìºíäi êîýôôèöèåíòi áàð ò°ðòiíøi ðåòòi ïàðàáîëàëû©
òåäåói

u(x, t) +
∂4

∂x4
u(x, t) + q(x)u(x, t) = f(t), (x, t) ∈ Ω, (1)

Äèðèõëå øåêàðàëû© øàðòòàðûìåí

u(−1, t) = 0, u(1, t) = 0, uxx(−1, t) = 0, uxx(1, t) = 0, t ∈ [0, T ] (2)

æºíå áàñòàï©û øàðòòàðû u(x, 0) = φ, u(x, T ) = ψ(x), x ∈ [−1, 1], ì´íäà¡û Ω = {−1 < x <
1, 0 < t < T}, φ(x) ïåí ψ(x) æåòêiëiêòi òåãiñ ôóíêöèÿëàð æºíå q(x) = q1(x) + iq2(x) êîìïëåêñ
ìºíäi êîýôôèöèåíò. Ck,lx,t êåiñòiãi áàðëû© u(x, t) ôóíêöèÿñûíû t áîéûíøà l, x áîéûíøà k
ðåòòi ³çëiññiç òóûíäûñûíàí ò´ðàäû.

Àéòàëû© D(Lq) æèûíû (2) øåêàðàëû© øàðòòû ©àíà¡àòòàíäûðàòûí ôóíêöèÿëàðäàí ò´ðà-
äû φ(x), ψ(x) ∈ C4(−1, 1) ∩ C3[−1, 1].

Òåîðåìà. Àéòàëû© q(x) ∈ C4[−1, 1] æºíå φ,ψ, Lqφ,Lqψ ∈ D(Lq) áîëñûí. Îíäà (1), (2) æºíå
áàñòàï©û øàðòòàðû êåði åñåáiíi æàë¡ûç øåøiìi êåëåñi Ôóðüå ©àòàðû ò³ðiíäå æàçàìûç

u(x, t) = φ(x) +
∞∑
k=0

φk − ψk
1− e−λkT

(e−λkt − 1)Xk(x), æºíå

f(x) = Lqφ(x)−
∞∑
k=0

φk − ψk
1− e−λkT

λkXk(x).

Êiëòòiê ñ°çäåð: Ïàðàáîëàëû© òåäåó, Ðèññ áàçèñi.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

�ÄÅÁÈÅÒ

[1] Imanbetova A., Sarsenbi A., Seilbekov B. Inverse problem for a fourth order hyperbolic
equation with a complex-valued coe�cient, MDPI Mathematics, 11 (15), 3432 (2023).
https://doi.org/10.3390/math11153432

[2] Imanbetova A., Sarsenbi A.A, Seilbekov B. TInverse problems for the beam vibration
equation with involution. Vestnik Udmurtskogo Universiteta, Matematika, Mekhanika, Kompyuternye
Nauki, (2023) ; 33 (3): 452-466. https://doi.org/10.35634/vm230305

Êåøiãóëi àðãóìåíòi áàð
èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåó ³øií øåòòiê

åñåïòi ïàðàìåòðëåó ºäiñiìåí çåðòòåó

Í.Á. ÈÑÊÀÊÎÂÀ1, À. ÆÀ�ÀÍ2

1Ìàòåìàòèêà æºíå ìàòåìàòèêàëû© ìîäåëüäåó èíñòèòóòû, Àëìàòû, �àçà©ñòàí
2�ë-Ôàðàáè àòûíäà¡û �àç�Ó, Àëìàòû, �àçà©ñòàí

1narkesh77@gmail.com, 2akhanat9191@gmail.com

Êåøiãóëi àðãóìåíòi áàð èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåð æ³éåãå °òêåí î©è¡àëàð
íåìåñå ê³éëåðäi ´çà© ºñåði òèåòií ñàëàëàðäà êåiíåí ©îëäàíûëàäû. Îëàðäû ©îëäàíûñûí
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ñèïàòòàéòûí íåãiçãi ©´áûëûñòàð: ýêîëîãèÿ æºíå áèîëîãèÿäà¡û ïîïóëÿöèÿëàð äèíàìèêàñû;
ýêîíîìèêà æºíå ©àðæû æ³éåëåði; Áèîëîãèÿëû© æºíå ôèçèîëîãèÿëû© ïðîöåñòåð; õèìèÿëû©
ðåàêöèÿëàð æºíå äèôôóçèÿ ïðîöåñòåði; ©îðøà¡àí îðòà ïðîöåñòåði æºíå êëèìàò ìîäåëüäåði;
Ýëåêòð òiçáåêòåði ìåí ñèãíàë òàñûìàëäàó; ìàòåðèàëòàíóäà¡û çàòòàðäû °ñó æºíå ûäûðàó
ïðîöåñòåði.

(0, T ) àðàëû¡ûíäà êåøiãóëi àðãóìåíòi áàð èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåð æ³é-
åñi ³øií ©îñí³êòåëi øåòòiê åñåï ©àðàñòûðûëàäû

dx (t)

dt
= A (t)x (t) +

� T

0
φ (t)ψ (s)x (s− τ) ds+ f (t) , t ∈ (0, T ) , x ∈ Rn, (1)

x (t) = diag [x (0)] · ϕ (t) , t ∈ [−τ, 0] , (2)

Bx (0) + Cx (T ) = d, d ∈ Rn, (3)

ì´íäà¡û (n× n)−°ëøåìäi ìàòðèöà A (t) æºíå n−°ëøåìäi âåêòîð-ôóíêöèÿ f (t) (0, T ) àðàëû-
¡ûíäà ³çiëiññiç, B æºíå C − (n× n) °ëøåìäi ò´ðà©òû ìàòðèöàëàð, ϕ (t)− áàñòàï©û æèûí
[−τ, 0] äà áåðiëãåí ³çiëiññiç äèôôåðåíöèàëäàíàòûí âåêòîð-ôóíêöèÿ, ñîíäàé-à© ϕi (0) = 1,
i = 1, 2, ..., n, τ > 0− ò´ðà©òû êåøiãóëi àðãóìåíò.

Êåéäå êåøiãóëi àðãóìåíòi áàð èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåðäi àíàëèòèêà-
ëû© øåøiìäåðií òàáó ©èûí, ñîíäû©òàí áiç îëàðäû ñàíäû© øåøiìäåðií òàáó¡à íàçàð àóäàðà-
ìûç. Îñû¡àí äåéiíãi ê°ïòåãåí æ´ìûñòàðäà êåøiãóëi àðãóìåíòi áàð èíòåãðàëäû©-äèôôåðåíöèàë-
äû© òåäåóëåðäi ñàíäû© øåøiìäåðií òàáóäû ºðò³ðëi ºäiñòåði ©àðàñòûðûëäû. Îëàðäû iøií-
äå: êîëëîêàöèÿ ºäiñòåði, ñïëàéí æºíå ñïåêòðëiê ºäiñòåð, Ìþíö-Ëåæàíäð ìàòðèöàëû© ºäiñi,
äèôôåðåíöèàëäû© ò³ðëåíäiðó ºäiñi, ×åáûøåâ ê°ïì³øåëiêòåði ºäiñòåðií åðåêøå àòàï °òóãå áî-
ëàäû.

Á´ë æ´ìûñòà (1)-(3) øåòòiê åñåïòi øåøó ³øií Äæóìàáàåâ ïàðàìåòðëåó ºäiñi ©îëäàíûëàäû.
Ïàðàìåòðëåó ºäiñiíi [1,2] èäåÿëàðûíà íåãiçäåëå îòûðûï, (1)-(3) øåòòiê åñåïòi øåøiëiìäiëi-
ãiíi øàðòòàðû àëûíäû æºíå îíû æóû©òàë¡àí øåøiìií òàáó àëãîðèòìi ©´ðûëäû.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP23486114) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåð, ïàðàìåòðëåó ºäiñi, àëãîðèòì, êåøiãóëi àðãóìåíò.

2010 Mathematics Subject Classi�cation: 34B37, 65L06

�äåáèåò

[1] Dzhumabayev D.S. Criteria for the unique solvability of a linear boundary-value problem
for an ordinary di�erential equation, Computational Mathematics and Mathematical Physics, 29:1
(1989), 34�46.

[2] D. Dzhumabayev, A method for solving the linear boundary value problem for an integro-
di�erential equations, Comput. Math. Math. Phys. 50 (2010), 1150�1161.

Æ³êòåëãåí ôóíêöèîíàëäû©-àéûðûìäûëû© òåäåó
³øií ñûçû©òû© øåòòiê åñåïòi øåøiìäiëiãi

Í.Á. ÈÑÊÀÊÎÂÀ1, À.Ò. ÎÐÀË2

1Ìàòåìàòèêà æºíå ìàòåìàòèêàëû© ìîäåëüäåó èíñòèòóòû, Àëìàòû, �àçà©ñòàí
2�ë-Ôàðàáè àòûíäà¡û �àç�Ó, Àëìàòû, �àçà©ñòàí

1n.iskakova@math.kz, 2aruzhanoral@gmail.com

Ñî¡û áiðíåøå æûëäà æ³êòåëãåí äèôôåðåíöèàëäû© òåäåóëåðìåí ñèïàòòàëàòûí ìºñå-
ëåëåðãå ³ëêåí ©ûçû¡óøûëû© òàíûòûëóäà. Á´ë òåäåóëåð ©àëäû© ºñåðëåði áàð ïðîöåñòåðäi
ñèïàòòàéäû, ì´íäà áåëãiëi áið óà©ûò ìåçåòiíäåãi ïðîöåñòi ê³éi á³êië ïðîöåññ áàðûñûíà ºñåð

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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åòói ì³ìêií. Æ³êòåëãåí äèôôåðåíöèàëäû© òåäåóëåð áèîëîãèÿ, ýêîëîãèÿ æºíå æåðàñòû ñ´-
éû©òû©òàðûíû äèíàìèêàñû ñèÿ©òû ºðò³ðëi ñàëàëàðäà ©îëäàíûëàäû.

(0, T ) àðàëû¡ûíäà êåøiãóëi àðãóìåíòi áàð æ³êòåëãåí äèôôåðåíöèàëäû© òåäåó ³øií ñû-
çû©òû© øåòòiê åñåï ©àðàñòûðûëàäû

dx

dt
= A(t)x(t) +B(t)x(t− τ) +

N∑
j=1

Kj(t)x(θj) + f(t), t ∈ (0, T ), x ∈ Rn, (1)

x(t) = φ(t), t ∈ [−τ, 0], (2)

C1x(0) + C2x(T ) = d, d ∈ Rn, (3)

ì´íäà¡û (n × n)− °ëøåìäi ìàòðèöàëàð A(t), B(t) æºíå n− °ëøåìäi f(t) âåêòîð-ôóíêöèÿñû
(0, T ) àðàëû¡ûíäà ³çiëiññiç, φ(t) : [−τ, 0] → Rn - ³çiëiññiç äèôôåðåíöèàëäàíàòûí âåêòîð-
ôóíêöèÿ, C1, C2 − (n × n) °ëøåìäi ò´ðà©òû ìàòðèöàëàð, τ > 0 - êåøiãóëi àðãóìåíò æºíå
Nτ = T , N−íàòóðàë ñàí ; θj - æ³ê í³êòåëåð æºíå θj+1 − θj = τ , j = 1, N .

Á´ë æ´ìûñòà êåøiãóëi àðãóìåíòi áàð æ³êòåëãåí äèôôåðåíöèàëäû© òåäåóëåð ³øií åêi
í³êòåëi ñûçû©òû© øåòòiê åñåïòi øåøóãå àðíàë¡àí òèiìäi ñàíäû© àëãîðèòì ´ñûíûëàäû. (1)-
(3) åñåïòi øåøiìäiëiãií òà¡àéûíäàó ³øií Äæóìàáàåâ ïàðàìåòðëåó ºäiñi ©îëäàíûëàäû. Á´ë
ºäiñòi ©îëäàíó ©àðàñòûðûëûï îòûð¡àí åñåïòi îàé øåøiëåòií ñûçû©òû© àëãåáðàëû© òåäåóëåð
æ³éåñiíå æºíå æºé äèôôåðåíöèàëäû© òåäåóëåð ³øií Êîøè åñåáiíå êåëòiðåäi.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP23485618) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: æ³êòåëãåí ôóíêöèîíàëäû©-àéûðûìäûëû© òåäåó, ñûçû©òû© øåòòiê åñåïòåð, êåøiãóëi àðãó-
ìåíò, ïàðàìåòðëåó ºäiñi, àëãîðèòì.

2010 Mathematics Subject Classi�cation: 34B37, 65L06

�äåáèåò

[1] Dzhumabayev D.S. Criteria for the unique solvability of a linear boundary-value problem
for an ordinary di�erential equation, Computational Mathematics and Mathematical Physics, 29:1
(1989), 34-46.

Ò°ðòiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóäi
êîððåêòiëiãi òóðàëû

Å.�. ÌÎËÄÀ�ÀËÈ1, Ò.À. ÀËÄÎÌÆÀÐÎÂÀ2

Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi, Àñòàíà, �àçà©ñòàí
1yerka2998@gmail.com, 2aldomzharova01@gmail.com

Áiç êåëåñi ò°ðòiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóäi ©àðàñòûðàìûç:

(p(x)(p(x)y′)′′)′ − (r(x)y′)′ = F (x), (1)

ì´íäà¡û
x ∈ R = (−∞,∞), r(x) > 0, p(x) > 0,

p(x) � ³ø ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí, àë r(x) � ³çiëiññiç äèôôåðåíöèàëäàíàòûí

ôóíêöèÿ. F (x) ∈ L2(R) äåï ´é¡àðàìûç. C
(4)
0 (R) ò°ðò ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí æºíå

ôèíèòòi ôóíêöèÿëàðäû æèûíûíäà àíû©òàë¡àí

L0y = (p(x)(p(x)y′)′′)′ − (r(x)y′)′

îïåðàòîðûíû L2(R) êåiñòiãi íîðìàñûíäà ò´éû©òàëóûí L äåï áåëãiëåéiê. (1) òåäåóiíi øå-
øiìi äåï Ly = F òåäiãií ©àíà¡àòòàíäûðàòûí y ∈ D(L) ýëåìåíòií àòàéìûç.

Institute of Mathematics and Mathematical Modeling
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Áiçäi ìà©ñàòûìûç � øåøiìíi áàð áîëóû ìåí æàë¡ûçäû¡û òóðàëû òåîðåìàíû äºëåëäåó.
Ñîíäàé-à© øåøiìíi æºíå îíû áiðiíøi ðåòòi òóûíäûñûíû ñàëìà©òû íîðìàñûíû áà¡àñûí
àëó.

Ò°ðòiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóëåð íåãiçiíåí øåêòåóëi îáëûñòà çåðòòåëãåí. Êîì-
ïàêòûëû åìåñ îáëûñ æà¡äàéûíäà æàëïû ò³ðäåãi àéíûìàëû êîýôôèöèåíòòåði áàð æî¡àðû æ´ï
ðåòòi äèôôåðåíöèàëäû© òåäåóëåðäi øåøiëó æºíå ðåãóëÿðëû© øàðòòàðûí Ì.À. Íàéìàðê,
À.Ã. Êîñòþ÷åíêî, Ì.Â. Ôåäîðþê, Ð.Ñ. Èñìàãèëîâ, ñîíäàé-à© Ì.�òåëáàåâ çåðòòåãåí. Áiðà© á´ë
àâòîðëàð î òàáàëû êiøi êîýôôèöèåíòi áàð òåäåóëåðäi ©àðàñòûðäû. Êåðiñiíøå, (1) òåäå-
óiíi êiøi ì³øåñi æî©, î¡àí ©îëäàíó¡à æî¡àðûäà àòàë¡àí àâòîðëàðäû ºäiñòåði æàðàìñûç.
p = 1 æà¡äàéûíäà, r ôóíêöèÿëàðûíû êå êëàñû ³øií (1) òåäåóiíi êîððåêòiëiãi [1] ìà©àëà-
ñûíû íºòèæåëåðiíåí øû¡àäû ([2] - íi äå ©àðàûç). [3] æ´ìûñûíäà [1] ìà©àëàñûíû íºòèæåñi
øåíåëãåí àéíûìàëû æî¡àð¡û êîýôôèöèåíòòi òåäåóãå æàëïûëàí¡àí.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíè-
ñòðëiãiíi �ûëûì êîìèòåòi (ãðàíò � ÀÐ23488049) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: í´©ñàíäû äèôôåðåíöèàëäû© òåäåó, ê³øòi øåøiì, øåíåëìåãåí êîýôôèöèåíò,
êîððåêòiëiê, øåøiìäi áà¡àëàó.

2010 Mathematics Subject Classi�cation: 34A30, 34B20, 34C11

�äåáèåò

[1] Êàñûìîâ Å.À., Îòåëáàåâ Ì. Î ñóùåñòâåííîé ñàìîñîïðÿæåííîñòè îäíîãî äèôôåðåíöè-
àëüíîãî îïåðàòîðà, Èçâåñòèÿ ÀÍ Êàç ÑÑÐ. Ñåðèÿ ôèç. � ìàò., 1 (1979), 20�23.

[2] Eastham M.S.P. The limit-2 case of fourth-order di�erential equations , Quart. J. Math.
Oxford , 22:2 (1971), 131�4.

[3] Êàñûìîâ Å.À. Äîñòàòî÷íîå óñëîâèå ñàìîñîïðÿæåííîñòè äèôôåðåíöèàëüíîãî îïåðàòî-
ðà, Èçâåñòèÿ ÀÍ Êàç ÑÑÐ. Ñåðèÿ ôèç. � ìàò., 3 (1980), 40�44.

Ñûçû©òû åìåñ òåîðèÿ¡à íåãiçäåëãåí á°ðåíåíi
ê°ëäåíå òåðáåëiñiíi ôóíäàìåíòàë æèiëiãiíi

©àñèåòi òóðàëû

Ä.Á. Í�ÐÀÕÌÅÒÎÂ

1Àñòàíà õàëû©àðàëû© óíèâåðñèòåòi, Àñòàíà, �àçà©ñòàí
1Ìàòåìàòèêà æºíå ìàòåìàòèêàëû© ìîäåëäåó èíñòèòóòû, Àëìàòû, �àçà©ñòàí

nurakhmetov@math.kz

Ìåõàíèêàëû© æ³éåëåðäi ê°ëäåíå òåðáåëiñòåðií íå¡´ðëûì äºëiðåê ìîäåëäåó ³øií á°ðå-
íåíi ©èñû©òû¡ûí ñûçû©òû åìåñ áåñiíøi ðåòêå äåéií àëó ìàûçäûëû¡û [1] æ´ìûñòà çåðòòåë-
ãåí. Îë æ´ìûñòà ïàðàìåòð áîéûíøà æiêòåó ºäiñi ©îëäàíûëûï, á°ðåíåíi ê°ëäåíå òåðáåëiñiíi
ôóíäàìåíòàë æèiëiãiíå æóû© àíàëèòèêàëû© ôîðìóëà òàáûë¡àí. Á´ë êåçäå ´çûíäû¡û ℓ á°ðå-
íåíi ê°ëäåíå òåðáåëiñi Ýéëåð�Áåðíóëëè òåîðèÿñû áîéûíøà êåëåñi òåäåóìåí ñèïàòòàëàäû:

∂2

∂x2

(
EI

∂2w

∂ x2

(
1 +

1

2

(
∂ w

∂ x

)2

+
3

8

(
∂ w

∂ x

)4
))

+ P
∂2w

∂ x2
+ k w + ρA

∂2w

∂ t2
= 0, (1)

ì´íäà¡û E äåãåí á°ðåíåíi ìàòåðèàëûíû ñåðïiìäiëiê ìîäóëi, I äåãåí á°ðåíåíi ìîìåíò èíåð-
öèÿñû, P äåãåí ñû¡óøû ê³ø, k äåãåí ñåðiïïåëi íåãiçäi ©àòàäû¡û, w := w(x, t) äåãåí á°ðåíåíi
ê°ëäåíå û¡ûñóû, ρ äåãåí á°ðåíåíi ìàòåðèàëûíû òû¡ûçäû¡û, A äåãåí á°ðåíåíi ê°ëäåíå
©èìàñûíû àóäàíû. Ñîíäàé-à©, á°ðåíå åêi æà© øåòiíåí òîïñàëû áåêiòiëãåí

w(0, t) =
∂2w(x, t)

∂ x2

∣∣∣∣
x=0

= 0, w(ℓ, t) =
∂2w(x, t)

∂ x2

∣∣∣∣
x=ℓ

= 0, (2)
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æºíå á°ðåíåíi áàñòàï©û ñºòòåãi ©àëïû áàñòàï©û øàðòòàðìåí ñèïàòòàëàäû:

w(x, 0) = v1(x),
∂ w(x, t)

∂ t

∣∣∣∣
t=0

= 0. (3)

Á°ðåíåíi ©èñû©òû¡û ñûçû©òû ôóíêöèÿìåí æóû©òàë¡àíäà ´çûíäû¡û ℓ-ãå òå òîïñàëû-òîï-
ñàëû áåêiòiëãåí Ýéëåð-Áåðíóëëè á°ðåíåñiíi ìåíøiêòi æèiëiêòåði ìåí ìåíøiêòi ôóíêöèÿëà-
ðûíû ñèììåòðèÿëû ýêâèâàëåíòòiê ©àñèåòòåði [2] æ´ìûñòà çåðòòåëãåí. Îë æ´ìûñòà ´çûíäû-
¡û ℓ-ãå òå òîïñàëû-òîïñàëû áåêiòiëãåí á°ðåíåíi ìåíøiêòi æèiëiêòåðiíi æèûíû ´çûíäû¡û
ℓ/2-ãå òå òîïñàëû-ñûð¡ûìàëû æºíå òîïñàëû-òîïñàëû åêi ©ûñ©à á°ðåíåíi ìåíøiêòi æèiëiê-
òåðiíi æèûíäàðûíû áiðiãóiíåí ò´ðàòûíäû¡û äºëåëäåíãåí. [1] æ´ìûñòà (1)-(3) áàñòàï©û-
øåêàðàëû© åñåïòi ìåíøiêòi æèiëiãiíå àìïëèòóàäíû ºñåði àé©ûí ê°ðñåòiëäi. Ñîíäû©òàí "[2]
æ´ìûñòû íºòèæåëåði (1)-(3) áàñòàï©û-øåêàðàëû© åñåïòi ìåíøiêòi æèiëiêòåðiíå ñà©òàëóû
ì³ìêií áå?"äåãåí ñ´ðà© òóûíäàéäû. Áàÿíäàìàäà îñû çåðòòåó ñ´ðà¡ûíà ©àòûñòû êåéáið íºòè-
æåëåð áàÿíäàëàòûí áîëàäû.

Áàÿíäàìàíû äàéûíäàó áàðûñûíäà îé-ïiêiðëåðií áiëäiðãåíäåði ³øií ©àóûìäàñòûðûë¡àí
ïðîôåññîð Äæóìàáàåâ Ñ.À. ìåí ©àóûìäàñòûðûë¡àí ïðîôåññîð Àíèÿðîâ À.À.-¡à àâòîð àë¡û-
ñûí áiëäiðåäi.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP19579114) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: á°ðåíå òåäåói, ñûçû©òû åìåñ òåäåó, ìåíøiêòi æèiëiê, áàñòàï©û æºíå øåêàðàëû© øàðòòàð.
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{
y′′(x)− εy′′(a+ b− x) + q(x)y(x) = 0

y(a) = y(b) = 0
(1)

Á´ë æ´ìûñòà åêiíøi ðåòòi èíâîëþöèÿñû áàð (1) äèôôåðåíöèàëäû© òåäåó ³øií øåòòiê
åñåï ©àðàñòûðûëàäû. �àðàñòûðûëàòûí øåòòiê åñåï ³øií Ëÿïóíîâ òåñiçäiãi àëûíàäû. Äºëåë-
äåó áàðûñûíäà Ãåëüäåð æºíå Ñîáîëåâ òåñiçäiãi ©îëäàíûëàäû.

Òåîðåìà 1. Áåðiëãåí (1) øåêàðàëû© åñåái q ∈ Ls(a, b) ³øií ©àíäàéäà áið 1 ≤ s ≤ ∞ áîëñûí.
Åãåð y (1) åñåïòi òðèâèàëäû åìåñ øåøiìi áîëñà, îíäà 1 < s <∞ , æºíå q+ ̸= q íåìåñå q ≥ 0
(1) åñåïòi àíû©òàëó àéìà¡ûíà òèåñiëi áîëìàñà, îíäà

(� b

a
qs+dx

)
>

1 + ε

K(2s′, 2)2(b− a)(2−1/s)
, (2)
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ì´íäà¡û s = 1 ³øií

� b

a
qs+dx >

4(1 + ε)

b− a
, (3)

æºíå s = ∞

∥q∥∞ ≥ π2(1 + ε)

(b− a)2
(4)

q+ ò´ðà©òû áîë¡àí æà¡äàéäà ¡àíà ©àòà òåñiçäiê îðûíäàëàäû.

Êiëòòi ñ°çäåð: Ëÿïóíîâ òåêòåc òåciçäiêòåð, Ñîáîëåâ òåñiçäiãi, Ãåëüäåð òåñiçäiãi øåòòiê åñåïòåð.

Ò°ðò °ëøåìäi ãèïåðãåîìåòðèÿëû© ôóíêöèÿ ³øií
ñûçû©òû-òºóåëñiç øåøiìäåð

À.Ð. ÐÛÑ�ÀÍ1, À.Å. ÀÌÀÍÃÅËÜÄÛ2, Á.�. ÀÁÄÐÀÕÌÀÍ3

1,2,3Àáàé àòûíäà¡û ©àçà© ´ëòòû© ïåäàãîãèêàëû© óíèâåðñèòåòi, Àëìàòû, �àçà©ñòàí
1ainur-ryskan@mail.ru, 2ayajanjan1234@gmail.com, 3balnura.abdrakhman@mail.ru

Á´ë çåðòòåó æ´ìûñû ò°ðò àéíûìàëû ãèïåðãåîìåòðèÿëû© F (4)
17 ôóíêöèÿñû ³øií åêiíøi

ðåòòi äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñií øåøóãå àðíàë¡àí. Æ³éåíi ñåãiç
ñûçû©òû òºóåëñiç øåøiìäåði àé©ûí ò³ðäå àíû©òàë¡àí.

�îëäàíáàëû åñåïòåðäi øåøó ³øií � ôèçèêàëû© ïðîöåñòåðìåí áàéëàíûñòû ìàòåìàòèêàëû©
ìîäåëüäåðäi ©´ðó æºíå íºòèæåëåðäi áîëæàó ³øií ê°ï àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíêöè-
ÿëàðûíû ©àñèåòòåði ³çäiêñiç çåðòòåëiï êåëåäi.

Ôèçèêàëû© ïðîöåñòåðäi ìàòåìàòèêàëû© ìîäåëüäåði, ºäåòòå, ©àðàïàéûì äèôôåðåíöèàë-
äû© òåäåóëåðäi, äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåðäi íåìåñå òåäåóëåð æ³éå-
ëåðií ©àìòèäû. Àëàéäà, íà©òû ïðîöåñòåðäi ñèïàòòàéòûí òåäåóëåðäi òåê êåéáiðåóëåði ¡àíà
ýëåìåíòàð ôóíêöèÿëàð êëàñûíäà øåøiëói ì³ìêií. Æàà ôóíêöèÿëàð ºäåòòå äèôôåðåíöèàë-
äû© òåäåóëåðäi íåìåñå îëàðäû æ³éåëåðiíi øåøiìi ðåòiíäå àíû©òàëäû æºíå îëàð àðíàéû
íåìåñå òðàíñöåíäåíòòiê ôóíêöèÿëàð äåï àòàëäû. Îñûëàéøà, Áåññåëü ôóíêöèÿëàðû, Ýðìèò
ôóíêöèÿëàðû, Ãàóññòû ãèïåðãåîìåòðèÿëû© ôóíêöèÿñû ïàéäà áîëäû. [1].

Êâàíòòû© õèìèÿ åñåïòåðií øåøó ©àæåòòiëiãi [2],[3] ñîíûìåí ©àòàð ãàç äèíàìèêàñûíû
ê°ïòåãåí åñåïòåði áið æºíå áiðíåøå àéíûìàëûñû áàð àðíàéû ôóíêöèÿëàð òåîðèÿñûíû äàìóû-
íà ò³ðòêi áîëäû. Ãàç äèíàìèêàñûíû åñåïòåði áiðíåøå àéíûìàëûñû áàð ãèïåðãåîìåòðèÿëû©
ôóíêöèÿëàðûí ©îëäàíó àð©ûëû °ðíåêòåëåòií åêiíøi ðåòòi äåðáåñ òóûíäûëû äèôôåðåíöèàë-
äû© òåäåóëåðäi øåøóãå ºêåëåäi [4]. Ñîíäû©òàí îñû òåäåóëåð ³øií øåòòiê åñåïòåðäi çåðòòåó
êåçiíäå ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð æ³éåñiíi øåøiìií çåðòòåï, àé©ûí ñûçû©òû© òºóåëñiç
øåøiìäåðäi òàáóûìûç ©àæåò [5],[6],[7]. Ýêñòîí K1−K21 êëàñûíäà¡û ò°ðò àéíûìàëû 21 ãèïåð-
ãåîìåòðèÿëû© ôóíêöèÿñûí åíãiçäi, êåéiíiðåê Øàðìà ìåí Ïàðèõàð [8] ºðò³ðëi ïàðàìåòðëåði
áàð ò°ðò àéíûìàëûñû áàð 83 ãèïåðãåîìåòðèÿëû© ôóíêöèÿíû åíãiçäi.

Á´ë æ´ìûñòû ìà©ñàòû F (4)
17 ôóíêöèÿñû ³øií àé©ûí æàçûë¡àí òåäåóëåð æ³éåñiíi ñûçû-

©òû© òºóåëñiç øåøiìäåðií òàáó áîëûï òàáûëàäû.

Ãèïåðãåîìåòðèÿëû© F (4)
17 ôóíêöèÿñûí ©àðàñòûðàéû©

F
(4)
17 (a1, a2, b1, b2; c1, c2, c3;x, y, z, t) =

∞∑
m,n,p,q=0

(a1)m+n+p(a2)q(b1)m+n+q(b2)p
(c1)m+p(c2)n(c3)q

xmynzptq

m!n!p!q!
(1)

ì´íäà¡û c ̸= 0,−1,−2,−3, . . ., i = 1, . . . , 3.
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Ê°ï àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð òåîðèÿñûíà æºíå îëàðäû ©àñèåòòåðiíå
ñºéêåñ [1] ãèïåðãåîìåòðèÿëû© ôóíêöèÿ ³øií (1) äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäå-
óëåð æ³éåñií êåëåñi ò³ðäå æàçó¡à áîëàäû:

(
c1 + x

∂

∂x
+ z

∂

∂z

)(
x
∂

∂x
+ 1

)
x−1u−

(
a1 + x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)(
b1 + x

∂

∂x
+ y

∂

∂y

)
u = 0,(

c2 + y
∂

∂y

)(
y
∂

∂y
+ 1

)
y−1u−

(
a1 + x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)(
b1 + x

∂

∂x
+ y

∂

∂y

)
u = 0,(

c1 + x
∂

∂x
+ z

∂

∂z

)(
z
∂

∂z
+ 1

)
z−1u−

(
a1 + x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)(
b2 + z

∂

∂z
+ t

∂

∂t

)
u = 0,(

c3 + t
∂

∂t

)(
t
∂

∂t
+ 1

)
t−1u−

(
a2 + t

∂

∂t

)(
b2 + z

∂

∂z
+ t

∂

∂t

)
u = 0.

(2)
Ì´íäà¡û

u(x, y, z, t) = F
(4)
17 (a1, a2, b1, b2; c1, c2, c3;x, y, z, t) (3)

Àëãåáðàëû© àìàëäàðìåí ©àðàïàéûì åñåïòåóëåðäi îðûíäàé îòûðûï, êåëåñi åêiíøi ðåòòi
äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñií àëàìûç:



x(1− x)uxx − 2xyuxy + z(1− x)uxz − y2uyy − yzuyz+

+ [c1 − (a1 + b1 + 1)x]ux − (a1 + b1 + 1)yuy − b1zuz − a1b1u = 0,

y(1− y)uyy − x2uxx − 2xyuxy − xzuxz − yzuyz−
− (a1 + b1 + 1)xux + [c2 − (a1 + b1 + 1)y]uy − b1zuz − a1b1u = 0,

z(1− z)uzz + x(1− z)uxz − xtuxt − yzuyz − ytuyt − ztuzt − b2xux − b2yuy+

+ [c1 − (a1 + b2 + 1)z]uz − a1tut − a1b2u = 0,

t(1− t)utt − ztuzt − a2zuz + [c3 − (a2 + b2 + 1)t]ut − a2b2u = 0.

(4)

Àéòà êåòó êåðåê, (4) æ³éåñiíi ³ø òåäåói ñûçû©òû òºóåëäi áîëàäû, °éòêåíi F (4)
17 (4) æ³éåíi

©àíà¡àòòàíäûðàäû. Ñûçû©òû© òºóåëñiç øåøiìäåðäi êåëåñi ò³ðäå içäåéìiç:

u = xαyβzγtδw (5)

Ì´íäà¡û w � áåëãiñiç ôóíêöèÿ, àë α, β, γ, δ àíû©òàëàòûí ò´ðà©òûëàð. (5) °ðíåãií (4)
æ³éåäåãi u-äû îðíûíà ©îéûï, äèôôåðåíöèàëäû© òåäåóëåðäi êåëåñi æ³éåñií àëàìûç:



x(1− x)wxx − 2xywxy + (1− x)zwx − y2wyy − yzwyz + [C1 − (A1 +B1 + 1)x]wx−
− (A1 +B1 + 1)wy − [αx−1 −B1]zwz + [α(c1 + α+ γ − 1)x−1 −A1B1]w = 0,

y(1− y)wyy − x2wxx − 2xywxy − xzwxz − yzwyz − (A1 +B1 + 1)xwx

+ [C2 − (A1 +B1 + 1)y]wy −B1zwz + [β(c2 + β − 1)y−1 −A1B1]w = 0,

z(1− z)wzz + x(1− z)wxz − xtwxt − yzwyz − ytwyt − ztwzt −B2xwx −B2ywy

+ [C1 − (A1 +B2 + 1)z]wz −A1twt + [γ(c1 + γ − 1)z−1 −A1B2]w = 0,

t(1− t)wtt − ztwzt −A2wz + [C3 − (A2 +B2 + 1)t]wt + [δ(c3 + δ − 1)t−1 −A2B2]w = 0.
(6)

Ì´íäà¡û

A4 = α+ β + γ + a1, A2 = δ + a2, B1 = α+ β + b1, B2 = γ + δ + b2,

Institute of Mathematics and Mathematical Modeling



92 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

C1 = c1 + 2α+ γ, C1 = c1 + 2γ, C2 = c2 + 2β, C3 = c3 + 2δ.

(6) æ³éå (4) æ³éåìåí ñºéêåñ êåëåäi, åãåð êåëåñi øàðòòàð îðûíäàëñà:

γ = 0,

α(c1 + α+ γ − 1) = 0,

β(c2 + β − 1) = 0,

γ(c1 + γ − 1) = 0,

δ(c3 + δ − 1) = 0.

(7)

æ³éåñiíi øåøiìäåðií ñåãiç êîìáèíàöèÿ ò³ðiíäå æàçó¡à áîëàäû:

1 2 3 4 5 6 7 8

α 0 1− c1 0 0 1− c1 1− c1 0 1− c1
β 0 0 1− c2 0 1− c2 1− c2 1− c2 1− c2
γ 0 0 0 0 0 0 0 0
δ 0 0 0 1− c3 0 1− c3 1− c3 1− c3

Îñûëàéøà, æ³éåíi øåøiìäåðií (5)-êå ©îéûï, áiç êåëåñi ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð
ò³ðiíäåãi ò°ðò àéíûìàëû åêiíøi ðåòòi (4) äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi ñûçû©òû©
òºóåëñiç øåøiìäåðií àëàìûç:

u1(x, y, z, t) = F
(4)
17 (a1, a2, b1, b2; c1, c2, c3;x, y, z, t) =

=
∞∑

m,n,p,q=0

(a1)m+n+p(a2)q(b1)m+n(b2)p+qx
mynzptq

(c1)m+p(c2)n(c3)qm!n! p! q!
(8)

u2(x, y, z, t) = x1−c1F
(4)
17 (a1 + 1− c1, a2, b1 + 1− c1, b2; 2− c1, c2, c3;x, y, z, t) =

= x1−c1
∞∑

m,n,p,q=0

(a1 + 1− c1)m+n+p(a2)q(b1 + 1− c1)m+n(b2)p+qx
mynzptq

(2− c1)m+p(c2)n(c3)qm!n! p! q!
(9)

u3(x, y, z, t) = y1−c2F
(4)
17 (a1 + 1− c2, a2, b1 + 1− c2, b2; c1, 2− c2, c3;x, y, z, t) =

= y1−c2
∞∑

m,n,p,q=0

(a1 + 1− c2)m+n+p(a2)q(b1 + 1− c2)m+n(b2)p+qx
mynzptq

(c1)m+p(2− c2)n(c3)qm!n! p! q!
(10)

u4(x, y, z, t) = t1−c3F
(4)
17 (a1, a2 + 1− c3, b1, b2 + 1− c3; c1, c2, 2− c3;x, y, z, t) =

= t1−c3
∞∑

m,n,p,q=0

(a1)m+n+p(a2 + 1− c3)q(b1)m+n(b2 + 1− c3)p+qx
mynzptq

(c1)m+p(c2)n(2− c3)qm!n! p! q!
(11)

u5(x, y, z, t) = x1−c1y1−c2F
(4)
17 (a1 +2− c1 − c2, a2, b1 +2− c1 − c2, b2; 2− c1, 2− c2, c3;x, y, z, t) =

= x1−c1y1−c2
∞∑

m,n,p,q=0

(a1 + 2− c1 − c2)m+n+p(a2)q(b1 + 2− c1 − c2)m+n(b2)p+qx
mynzptq

(2− c1)m+p(2− c2)n(c3)qm!n! p! q!
(12)
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u6(x, y, z, t) = x1−c1t1−c3F
(4)
17 (a1+1−c1, a2+1−c3, b1+1−c1, b2+1−c3; 2−c1, c2, 2−c3;x, y, z, t) =

= x1−c1t1−c3
∞∑

m,n,p,q=0

(a1 + 1− c1)m+n+p(a2 + 1− c3)q(b1 + 1− c1)m+n(b2 + 1− c3)p+qx
mynzptq

(2− c1)m+p(c2)n(2− c3)qm!n! p! q!

(13)

u7(x, y, z, t) = y1−c2t1−c3F
(4)
17 (a1+1−c2, a2+1−c3, b1+1−c2, b2+1−c3; c1, 2−c2, 2−c3;x, y, z, t)

= y1−c2t1−c3
∞∑

m,n,p,q=0

(a1 + 1− c2)m+n+p(a2 + 1− c3)q(b1 + 1− c2)m+n(b2 + 1− c3)p+qx
mynzptq

(c1)m+p(2− c2)n(2− c3)qm!n! p! q!

(14)

u8(x, y, z, t) =

= x1−c1y1−c2t1−c3F
(4)
17 (a1+2−c1−c2, a2+1−c3, b1+2−c1−c2, b2+1−c3; 2−c1, 2−c2, 2−c3;x, y, z, t) =

= x1−c1y1−c2t1−c3×

×
∞∑

m,n,p,q=0

(a1 + 2− c1 − c2)m+n+p(a2 + 1− c3)q(b1 + 2− c1 − c2)m+n(b2 + 1− c3)p+qx
mynzptq

(2− c1)m+p(2− c2)n(2− c3)qm!n! p! q!

(15)

�îðûòûíäû

Á´ë æ´ìûñòà ò°ðò àéíûìàëû ãèïåðãåîìåòðèÿëû© F (4)
17 ôóíêöèÿñû ³øií åêiíøi ðåòòi äåð-

áåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi øåøiìi ©àðàñòûðûëäû. Æ³éåíi ñåãiç
ñûçû©òû òºóåëñiç øåøiìi àíàëèòèêàëû© ò³ðäå àëûíäû.

Êiëòòi ñ°çäåð: ò°ðò àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíêöèÿ, åêiíøi ðåòòi äåðáåñ òóûíäûëû äèôôåðåíöèàë-
äû© òåäåó, æ³éåíi ñûçû©òû© òºóåëñiç øåøiìäåði.

�äåáèåò

[1] Appell P., Kampe de F�eriet J. Fonctions Hyperg�eom�etriques Hypersph�eriques. Gauthier-
Villars, Paris, 1926, 440 p.

[2] Niukkanen A. W. Generalised hypergeometric series NF(x1, ..., xN) arising in physical and
quantum chemical applications // J. Phys. A: Math., Gen. N. 16, 1983, pp. 1813-1825.

[3] Srivastava H.M. A class of generalised multiple hypergeometric series arising in physical and
quantum chemical applications // J. Phys. A: Math. Gen. V. 18, 1985, pp. 227-234.

[4] Ôðàíêëü Ô.È. Èçáðàííûå òðóäû ïî ãàçîâîé äèíàìèêå, Íàóêà, Ìîñêâà, 1973.
[5] Bin-Saad M.G., Hasanov A. Linear Independent Solutions and Operational Representations

for Hypergeometric Functions of Four Variables, // Hindawi Publishing Corporation, Chinese Journal
of Mathematics, V.2014, (Article ID 273064), 6 p., 2014.

[6] Hasanov A. Fundamental solutions for degenerated elliptic equation with two perpendicular
lines of degeneration // International Journal of Applied Mathematics and Statistics, V. 13, N. 8,
2008, pp. 41-49.

[7] Salakhtdinov M.S., Hasanov A. A solution of the Neumann-Dirichlet boundary value problem
for generalized bi-axially symmetric Helmholtz equation // Complex Variables and Elliptic Equations,
V. 53, N. 4, 2008, pp. 355-364.

[8] Sharma C., Parihar C.L. Hypergeometric functions of four variables // Indian Academy of
Mathematics, V. 11, 1989, pp. 121-133.

Institute of Mathematics and Mathematical Modeling



94 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

Ò°ðò àéíûìàëû ãèïåðãåîìåòðèÿëû© F
(4)
15 ôóíêöèÿñû

³øií åêiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóëåð
æ³éåñií øåøó

À.Ð. ÐÛÑ�ÀÍ1, �.Å. ÌÀÕÀÌÁÅÒÈßÐÎÂÀ2

Àáàé àòûíäà¡û �àçà© �ëòòû© ïåäàãîãèêàëû© óíèâåðñèòåòi, Àëìàòû, �àçà©ñòàí
1uldana.m@kazstroymonolit.kz, 2ainur-ryskan@mail.ru

Á´ë ìà©àëà áàðûñûíäà ò°ðò àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíêöèÿñû ³øií, ÿ¡íè, F (4)
15

³øií äåðáåñ òóûíäûëû åêiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi øåøiìi ðåòiíäå
©àðàñòûðàìûç.

Ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð òåîðèÿëû© æºíå ©îëäàíáàëû ìàòåìàòèêàíû ôóíêöèÿ-
ëàðû iøiíäå ìàûçäû ð°ë àò©àðàäû. �àçiðãi òàäà ê°ï àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíê-
öèÿëàðäû ñèïàòòàóäû ºäiñòåði æåòêiëiêòi. Á´ë ôóíêöèÿëàð áåëãiëi áið äºðåæåëiê ©àòàðëàð-
äû ©îñûíäûñû ò³ðiíäå [1], äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi øåøiìi ðåòiíäå [2], Ýéëåð
òèïiíäåãi èíòåãðàëäàð[3] íåìåñå Ìåëëèí-Áàðíñ [4] èíòåãðàëäàðû àð©ûëû àíû©òàëóû ì³ìêií.
Îñû åñåïòi øû¡àðó áàðûñûíäà áiç ãèïåðãåîìåòðèÿëû© ôóíêöèÿíû äèôôåðåíöèàëäû© òåäå-
óëåð æ³éåñiíi øåøiìi ðåòiíäå ©àðàñòûðàìûç.

Ãèïåðãåîìåòðèÿëû© ôóíêöèÿíû ©àðàñòûðàéû© [5]:

F
(4)
15 (a1, a2, a3, b; c1, c2, c3;x, y, z, t) =

∞∑
m,n,p,q=0

(a1)m+ n+ p(a2)q(a3)m+ n+ p+ q

(c1)m+ p(c2)n(c3)q

× xmynzptq
1

m!n!p!q!
(1)

ì´íäà¡û ci ̸= 0,−1,−2,−3, . . . , æºíå i = 1, 2, 3.

Ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð [6],[7],[8] òåîðèÿñûíàí áåëãiëi áîë¡àíäàé, F (4)
15 ôóíêöèÿñû

åêiíøi ðåòòi äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñií ©àíà¡àòòàíäûðàäû:



x(1− x)uxx − 2xyuxy − xzuxz − xtuxt + zuxz − y2uyy − yzuyz − ytuyt − ztuzt

+ (c1 − (a1 + b1 + 1)x)ux + (a1 + b1 + 1)yuy − a1tut − b1zuz − a1b1u = 0,

y(1− y)uyy − 2xyuxy − x2uxx − xzuxz − xtuxt − ytuyt − yzuyz − ztuzt

− (a1 + b1 + 1)xux + (c2 − (a1 + b1 + 1))yuy − a1tut − b1zuz − a1b1u = 0,

z(1− z)uzz − xzuxz − yzuyz + xuxz + (c1 − (a1 + b2 + 1)z)uz

− b2xux − b2yuy − a1b2u = 0,

t(1− t)utt − xtuxt − ytuyt + (c3 − (a2 + b1 + 1)t)ut − a2xux − a2yuy − a2b1u = 0.

(2)

ì´íäà¡û: u = F
(4)
15 (a1, a2, a3, b1, b2; c1, c2, c3;x, y, z, t)

Æ³éåíi øåøiìií êåëåñi ò³ðäå içäåéìiç:

u = xαyβzγtδω (3)

ì´íäà w � áåëãiñiç ôóíêöèÿ, α, β, γ, δ � àíû©òàëóû ©àæåò ò´ðà©òûëàð. xαyβzγtδw-äû (2) òå-
äåóãå ©îé¡àíäà, äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñií àëàìûç:
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x(1− x)ωxx − 2xyωxy − xtωxt − z(x− 1)ωxz + tωxt − y2ωyy − yzωyz − ytωyt − ztωzt

+ [C1 − (A1 +B1 + 1)x]ωx + (A1 +B1 + 1)yωy − (B1 − αx−1)zωz +A1ωt

+ (α(α+ γ + c1 − 1)x−1 −A1B1)ω = 0,

y(1− y)ωyy − x2ωxx − 2xyωxy − xzωxz − xtωxt − yzωyz − ytωyt − ztωzt

+ [C2 − (A1 +B1 + 1)]yωy − (A1 +B1 + 1)xωx −B1zωz −A1ωt

+ (β(C2 + β − 1)y−1 −A1B1)ω = 0,

z(1− z)ωzz − x(z − 1)ωxz − yzωyz + [C1 − (A1 +B2 + 1)z]ωz − (B2 − γz−1)xωx −B2yωy

+ (γ(γ + α+ C1 − 1)z−1 −A1B2)ω = 0,

t(1− t)ωtt − xtωxt − ytωyt + [C3 − (A2 +B1 + 1)t]ωt −A2xωx −A2yωy

+ (δ(C3 + δ − 1)t−1 −B1A2)ω = 0.

(4)

Ì´íäà¡û:

α+ β + γ + a1 = A1, δ + a2 = A2,

α+ β + δ + b1 = B1, γ + b2 = B2,

c1 + 2α+ γ = C1, c1 + α+ 2γ = C1,

2β + c2 = C2, 2δ + c3 = C3,

A1B1 = (α+ β + γ + a1)(α+ β + δ + b1),

A1B2 = (α+ β + γ + a1)(γ + b2), B1A2 = (δ + a2)(α+ β + δ + b1).

(5)

(2) æºíå (4) æ³éåëåð êåëåñi øàðòòàð îðûíäàë¡àíäà áàëàìàëû áîëûï øû¡àäû:

α = 0, γ = 0,

α(c1 + α+ γ − 1) = 0,

β(c2 + β − 1) = 0,

γ(c1 + α+ γ − 1) = 0,

δ(c3 + δ − 1) = 0.

(6)

(6) æ³éåíi øåøiìäåði ò°ðò êîìáèíàöèÿ ò³ðiíäå æàçûëóû ì³ìêií:

1 2 3 4
α 0 0 0 0
β 0 1− c2 0 1− c2
γ 0 0 0 0
δ 0 0 1− c3 1− c3

(7)

Îñûëàéøà,(7) æ³éåíi øåøiìäåðií (3) æ³éåãå ©îþ àð©ûëû, åêiíøi ðåòòi ò°ðò àéíûìàëû-
ñû áàð äèôôåðåíöèàëäû© [9] òåäåóëåð æ³éåñiíi ñûçû©òû© òºóåëñiç øåøiìäåðií êåëåñi ò°ðò
ãèïåðãåîìåòðèÿëû© ôóíêöèÿ ò³ðiíäå àëàìûç:

u1(x, y, z, t) = F
(4)
15 (a1, a2, a3, b; c1, c2, c3;x, y, z, t) (8)

u2(x, y, z, t) = y1−c2F
(4)
15 (a1 + 1− c2, a2, a3, b+ 1− c2; c1, 2− c2, c3;x, y, z, t) (9)

u3(x, y, z, t) = t1−c3F
(4)
15 (a1, a2, a3 + 1− c3, b+ 1− c3; c1, c2, 2− c3;x, y, z, t) (10)
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u4(x, y, z, t) = y1−c2t1−c3F
(4)
15 (a1 + 1− c2, a2, a3 + 1− c3, b+ 2− c2 − c3; c1, 2− c2, 2− c3;x, y, z, t)

(11)

Êiëòòi ñ°çäåð: ê°ï àéíûìàëû ãèïåðãåîìåòðèÿëû© ôóíêöèÿëàð, äèôôåðåíöèàëäû© òåäåóëåð, åêiíøi ðåòòi

äèôôåðåíöèàëäû© òåäåó, ãèïåðãåîìåòðèÿëû© ©àòàð ºäiñi, àíàëèòèêàëû© øåøiìäåð, ðåêóððåíòòiê ©àòûíàñòàð,

ñûçû©òû© òºóåëñiç øåøiìäåð.
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Ëîêàë/áåéëîêàë îïåðàòîð ©àòûñ©àí
æàðòûëàéñûçû©òû æûëóòàðàëó òåäåóëåði ³øií

Ôóäæèòà òåêòåñ êðèòèêàëû© ê°ðñåòêiøòåð

Á.Ò. Ò�ÐÅÁÅÊ

1Ìàòåìàòèêà æºíå ìàòåìàòèêàëû© ìîäåëäåó èñòèòóòû, Àëìàòû, �àçà©ñòàí
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Á´ë æ´ìûñ
ut + La,bu = |u|p + f(x), t > 0, x ∈ Rd,

æàðòûëàé ñûçû©òû© æûëó òåäåóiíi f(x) = 0 æºíå f(x) ̸= 0 æà¡äàéëàðûíäà¡û Ôóäæèòà
òåêòåñ êðèòèêàëû© ê°ðñåòêiøòåðií çåðòòåéäi. Ì´íäà¡û La,b àðàëàñ ëîêàë-áåéëîêàë îïåðàòîðû

La,b = −a∆+ b(−∆)s, a, b ∈ R+, s ∈ (0, 1),

Ëàïëàñ îïåðàòîðûí ∆ æºíå á°ëøåê ðåòòi Ëàïëàñ îïåðàòîðûí (−∆)s ©àìòèäû. Åñåïòi ãëî-
áàë øåøiìäåðiíi áàð áîëóû íåìåñå áîëìàóûí çåðòòåó àð©ûëû Ôóäæèòà òåêòåñ êðèòèêàëû©
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ê°ðñåòêiøòi àíû©òàéìûç. Áið ©ûçû¡û, êðèòèêàëû© ê°ðñåòêiø îïåðàòîðäû áåéëîêàë á°ëiãiíi
äºðåæåñiíå òºóåëäi áîëàäû æºíå íºòèæåñiíäå á°ëøåê ðåòòi Ëàïëàñ ©àòûñ©àí åñåïòi êðèòèêà-
ëû© ê°ðñåòêiøiìåí ñºéêåñ êåëåäi.

f(x) = 0 æà¡äàéäà áiçäi íºòèæåëåðiìiç Áèàäæè æºíå ò.á. [Bull. London Math. Soc. 57
(2025), 265�284] æºíå Äåëü Ïåööî æºíå ò.á. [Nonlinear Analysis 255 (2025), 113761] æ´ìûñòàð-
äû íºòèæåëåðií æà©ñàðòàäû. f(x) ̸= 0 æà¡äàéäà, áiçäi íºòèæåëåð Âàíã æºíå ò.á. [J. Math.
Anal. Appl., 488 (1) (2020), 124067] æºíå Ìàäæäóá [La Matematica, 2 (2023), 340�361] æ´ìûñòà-
ðûí òîëû©òûðàäû.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � BR20281002) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: æûëóòàðàëó òåäåói, êðèòèêàëû© ê°ðñåòêiø, ëîêàë øåøiì, ãëîáàë øåøiì.

2010 Mathematics Subject Classi�cation: 35K58, 35B33, 35A01, 35B44

Êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè
ñïåêòðàëüíûõ çàäà÷ Òðèêîìè äëÿ îäíîãî êëàññà
ìíîãîìåðíûõ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé

Ñ.À. ÀËÄÀØÅÂ

1Èíñòèòèóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,ÊÍ ÌÍÂÎ ÐÊ,

aldash51@mail.com

Äâóìåðíûå ñïåêòðàëüíûå çàäà÷è äëÿ óðàâíåíèé ãèïåðáîëî-ýëëèïòè÷åñêîãî òèïà õîðîøî
èçó÷åíû, îäíàêî, èõ ìíîãîìåðíûå àíàëîãè ìàëî èññëåäîâàíû.

Â ðàáîòå óñòàíîâëåí êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ñïåêòðàëüíûõ çàäà÷ Òðèêîìè
äëÿ îäíîãî êëàññà ìíîãîìåðíûõ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé. Íàéäåíû ñîáñòâåííûå
çíà÷åíèÿ è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè ýòèõ çàäà÷.

Ïóñòü Ωε− êîíå÷íàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm), îãðàíè÷åí-
íàÿ ïðè t > 0 ñôåðè÷åñêîé ïîâåðõíîñòüþ Γ : |x|2 + t2 = 1, à ïðè t < 0 êîíóñàìè Kε : |x| =
−t+ ε, K1 : |x| = 1 + t, ε−1

2 ≤ t ≤ 0, ãäå |x|− äëèíà âåòîðà (x1, ..., xm, à 0 ≤ ε < 1.
Îáîçíà÷èì ÷åðåç Ω+ è Ω−

ε ÷àñòè îáëàñòè Ωε, ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0.
×àñòü êîíóñîâ Kε, K1, îãðàíè÷èâàþùèõ îáëàñòè Ω−

ε , îáîçíà÷èì ÷åðåç Sε, S1 ñîîòâåòñòâåííî.
Â îáëàñòè Ωε ðàññìîòðèì ìíîãîìåðíûå ãèïåðáîëî-ýëèïòè÷åñêêèå óðàâíåíèÿ ñî ñïåêòðàëü-

íûì äåéñòâèòåëüíûì ïàðàìåòðîì µ

∆xu+ (sgnt)utt +
m∑
i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u = µu, (1)

ãäå ∆x - îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.
Ðàññìîòðèì ñëåäóþùèå ñïåêòðàëüíûå çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ (1).
Çàäà÷à Tµ. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωε ïðè t ̸= 0 èç êëàññà C(Ωε)∩

∩C2(Ω+ ∪ Ω−
ε ) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Γ
= 0, u

∣∣∣
Sε

= 0 (2)

èëè
u
∣∣∣
Γ
= 0, u

∣∣∣
S1

= 0. (3)

Âäàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì
r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, ..., m− 1, θ = (θ1, ..., θm−1).

Ïóñòü ai(r, θ, t), b(r, θ, t), c(r, θ, t) ∈W l
2(Ω

+ ∪ Ω−
ε ), i = 1, ...,m, l ≥ m+ 1

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû
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Òåîðåìà 1. Ïðè ε = 0, çàäà÷à (1), (2) äëÿ êàæäîãî µ èìååò ñîáñòâåííûå ôóíêöèè.
Òåîðåìà 2. Åñëè ε > 0, òî ðåøåíèå çàäà÷è (1), (2) u(r, θ, t) ≡ 0 ⇔ µ ̸= −γ2s .
Ñëåäñòâèå. Çàäà÷à (1), (2) èìååò ñîáñòâåííûå çíà÷åíèÿ µ = −γ2s è ñîîòâåòñòâóþùèå èì

ñîáñòâåííûå ôóíêöèè.
Òåîðåìà 3. Äëÿ ëþáîãî ε ≥ 0, çàäà÷à (1), (3) èìååò òðèâèàëíîå ðåøåíèå ⇔ µ ̸= −γ2s .
Ñëåäñòâèå. Çàäà÷à (1), (3) èìååò ñîáñòâåííûå çíà÷åíèÿ µ = −γ2s è ñîîòâåòñòâóþùèå èì

ñîáñòâåííûå ôóíêöèè.
Çäåñü γs− ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà Js(z) öåëîãî ïîðÿäêà s ≥

m+1
2 .

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî

îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �BR20281002).

Ëèòåðàòóðà

[1] Êàëüìåíîâ Ò.Ø. Î ðåãóëÿðíûõ êðàåâûõ çàäà÷àõ è èõ ñïåêòðå äëÿ óðàâíåíèé ãèïåðáî-
ëè÷åñêîãî è ñìåøàííîãî òèïà, Àâòîðåô. äèññ. äîê. ôèç.-ìàò. íàóê, ÌÃÓ, Ìîñêâà (1982).

[2] Ìîèñååâ Å.È. Óðàâíåíèÿ ñìåøàííîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì, Èçä.-âî
ÌÃÓ, Ìîñêâà (1988).

[3] Áèöàäçå À.Â. Êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà, Ì.: Íà-
óêà (1966).

[4] Àëäàøåâ Ñ.À. Êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ñïåêòðàëüíûõ çàäà÷ Òðèêîìè äëÿ
ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå, Òåçèñû äîêëàäîâ ìåæä. àïðåëüñêîé ìàòåì.
êîíôåðåíöèè, Àëìàòû, ÈÌÌÌ ÊÍ ÌÍÂÎ ÐÊ (2023).

Î ðåøåíèè ãðàíè÷íîé çàäà÷è äëÿ íåîäíîðîäíîãî
óðàâíåíèÿ òðåòüåãî ïîðÿäêà â R3

Þ.Ï. ÀÏÀÊÎÂ1, À.À. ÕÀÌÈÒÎÂ2

1,2Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
1Èíñòèòóò ìàòåìàòèêè èì. Â.È.Ðîìàíîâñêîãî ÀÍ ÐÓç, Íàìàíãàí, Óçáåêèñòàí

1yusupjonapakov@gmail.com, 2azizbek.khamitov.93@mail.ru

Â îáëàñòè D = {(x, y, z) : 0 < x < p, 0 < y < q, 0 < z < r } ðàññìîòðèì óðàâíåíèå òðåòüåãî
ïîðÿäêà âèäà

L [u] ≡ uxxx − uyy − uzz = f (x, y, z) , (1)

ãäå p, q, r ∈ R+ è äëÿ íåãî èññëåäóåì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à A. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D èç êëàññà C3,2,2

x,y,z (D) ∩ C2,1,1
x,y,z

(
D
)
,

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u (x, 0, z) = u (x, q, z) = 0, u (x, y, 0) = u (x, y, r) = 0, (2)
au (0, y, z) + buxx (0, y, z) = ψ1 (y, z) ,
cu (p, y, z) + duxx (p, y, z) = ψ2 (y, z) ,
ux (p, y, z) = ψ3 (y, z) ,

(3)

ãäå a, b, c, d ∈ R\ {0}, à ψi (y, z) , i = 1, 3 � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì
ψi (0, z) = ψi (q, z) = 0,

∂2ψi (0, z)

∂y2
=
∂2ψi (q, z)

∂y2
= 0,

ψi (y, 0) = ψi (y, r) = 0,
∂2ψi (y, 0)

∂z2
=
∂2ψi (y, r)

∂z2
= 0,

f (x, 0, z) = f (x, q, z) = 0, f (x, y, 0) = f (x, y, r) = 0,

i = 1, 3. (4)

Îòìåòèì, ÷òî äëÿ óðàâíåíèÿ (1) â ïëîñêîñòè, ò.å. z = 0 ïðè b = d = 0 â ðàáîòàõ [1�2], à
ïðè a = c = 0 â ðàáîòå [3] èññëåäîâàíû êðàåâûå çàäà÷è.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Òåîðåìà 1. Åñëè çàäà÷à A èìååò ðåøåíèå, òî ïðè âûïîëíåíèè óñëîâèé ab > 0, cd < 0, îíî
åäèíñòâåííî.

Òåîðåìà 1 äîêàçàíà ìåòîäîì èíòåãðàëîâ ýíåðãèè.

Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1)
∂6ψi (y, z)

∂y3∂z3
∈ C (0 ≤ y ≤ q, 0 ≤ z ≤ r) , i = 1, 3;

2)
∂5f (x, y, z)

∂x∂y2∂z2
∈ C (0 ≤ x ≤ p, 0 ≤ y ≤ q, 0 ≤ z ≤ r) ,

è (4), òî ðåøåíèå çàäà÷è A ñóùåñòâóåò.

Òåîðåìà 2 äîêàçàíà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: Äèôôåðåíöèàëüíîå óðàâíåíèå, ÷àñòíûå ïðîèçâîäíûå, óðàâíåíèå òðåòüåãî ïîðÿäêà, êðà-
åâàÿ çàäà÷à, ñîáñòâåííîå çíà÷åíèå, ñîáñòâåííàÿ ôóíêöèÿ, ôóíêöèîíàëüíûé ðÿä, àáñîëþòíàÿ è ðàâíîìåðíàÿ
ñõîäèìîñòü.

2010 Mathematics Subject Classi�cation: 35G15, 39A14, 39A27
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[1] Àïàêîâ Þ.Ï. Ê òåîðèè óðàâíåíèé òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè,
Fan va texnologiya, Òàøêåíò (2019), 156 ñòð.

[2] Àïàêîâ Þ.Ï. Î ðåøåíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ êðàòíûìè
õàðàêòåðèñòèêàìè, Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë, 1:64 (2012), 1�11.

[3] ÀïàêîâÞ.Ï., Æóðàåâ À.Õ. Î ðåøåíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà
ñ ïîìîùüþ ôóíêöèè Ãðèíà, Óçáåêñêèé ìàòåìàòè÷åñêèé æóðíàë, 3 (2011), 36�42.

Àñèìïòîòè÷åñêàÿ ñõîäèìîñòü ðåøåíèÿ
èíòåãðàëüíîé êðàåâîé çàäà÷è äëÿ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Í.À. ÁÀÕÒÈßÐÎÂ

Êàçàõñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

bakhtiyarovnuradil@gmail.com

Ðàññìîòðèì ñëåäóþùåå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

Lεy ≡ εy(n) +A1(t)y
(n−1) + · · ·+An(t)y = F (t) +

� 1

0

m1+1∑
i=0

Hi(t, x)y
(i)(x, ε)dx (1.1)

ñ ãðàíè÷íûìè óñëîâèÿìè

hiy(t, ε) ≡
mi∑
j=0

αijy
(j)(0, ε) = ai, i = 1, p

hp+iy(t, ε) ≡
li∑
j=0

βijy
(j)(1, ε)−

� 1

0

m1+1∑
i=0

aik(x)y
(k)(x, ε)dx = bi, i = 1, q (1.2)

ãäå ε > 0 - ìàëûé ïàðàìåòð, αij , βij , ai, bi ∈ R - èçâåñòíûå êîíñòàíòû, íå çàâèñÿùèå îò ε.
Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. Ai(t), F (t), i = 1.i ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè ôóíêöèÿìè íà èíòåðâàëå [0, 1];
2. A1(t) ≥ γ = const > 0, 0 ≤ t ≤ 1;
3. Hi(t, x), i = 0, . . . ,m1 +1 îïðåäåëåíû è äîñòàòî÷íî ãëàäêè â îáëàñòè D = (0 ≤ t ≤ 1, 0 ≤ x ≤
1);
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4. α1,m1 ̸= 0, β1,li ̸= 0, n − 1 > m1 > m2 > . . . > mp, n − 1 > l1 > l2 > . . . > lq, p + q = n, i =
1, p , i = 1, q;

5. ∆ =

∣∣∣∣∣∣
h2y10(t) · · · h2yn−1,0(t)

· · · · · · · · ·
hny10(t) · · · hnyn−1,0(t)

∣∣∣∣∣∣ ̸= 0, ãäå yi0, i = 1, ..., n − 1 ÿâëÿåòñÿ ôóíäàìåíòàëüíîé

ñèñòåìîé ðåøåíèé ñëåäóþùåãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

L0y(t) ≡ A1(t)y
(n−1)(t) + ...+An(t)y(t) = 0.

Íåêîòîðûå äðóãèå óñëîâèÿ áóäóò óñòàíîâëåíû ïîçæå.
Áóäåì èñêàòü ðåøåíèå êðàåâîé çàäà÷è (1.1) è (1.2) â âèäå:

y(t, ε) = C1Φ1(t, ε) + . . .+ CnΦn(t, ε) +
1

ε

� t

0
K(t, s, ε)z(s, ε)ds,

ãäå K(t, s, ε) - ôóíêöèÿ Êîøè, Φi(t, ε), i = 1, . . . , n � ãðàíè÷íûå ôóíêöèè, Ci, i = 1, . . . , n �
íåèçâåñòíûå êîíñòàíòû, à z(t, ε) � íåèçâåñòíàÿ ôóíêöèÿ.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèèôåðåíöèàëüíûå óðàâíåíèÿ, èíòåãðàëüíûå êðàåâûå óñëîâèÿ, ãðàíè÷íàÿ

ôóíêöèÿ, ôóíêöèÿ Êîøè.
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Àñèìïòîòèêà ëèíåéíî íåçàâèñèìûõ ðåøåíèé
ëèíåéíîãî óðàâíåíèÿ ñ èíâîëþöèåé

À.Æ. ÁÅÉÑÅÁÀÅÂÀ1, Ý. Ì�ÑIÐÅÏÎÂÀ2

1,2Þæíî�Êàçàõñòàíñêèé óíèâåðñèòåò èìåíè Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí
1akbope_a@mail.ru, 2musrepova_elmira@mail.ru

Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïîâåäåíèÿ ðåøåíèé óðàâíåíèÿ

lαu ≡ −u′′(x) + αu′′(−x) + q(x)u(x) = ρ2u(x),−1 < x < 1.

Ïðè ýòîì, ìû ðàçâèâàåì ìåòîäû ðàáîòû [1] (ñì. òàêæå [2]). Ñëåäóÿ ðàáîòå [2; 53], ðàçîáüåì
âñþ êîìïëåêñíóþ αρ ïëîñêîñòü íà 4 ñåêòîðà Sν , ν = 0, 1, 2, 3, îïðåäåëÿåìûõ íåðàâåíñòâîì

νπ

2
≤ arg αρ ≤ (ν + 1)π

2
.

Òåîðåìà 1. Åñëè ôóíêöèÿ q(x) íåïðåðûâíà â èíòåðâàëå [−1, 1], òî â îáëàñòè Sν , ν =
0, 1, α1 ≥ α0, è Sν , ν = 2, 3, α0 ≥ α1 êîìïëåêñíîé ρ - ïëîñêîñòè óðàâíåíèå

u′′(x)− αu′′(−x)− q(x)u(x) + ρ2u(x) = 0

èìååò äâà ëèíåéíîíåçàâèñèìûõ ðåøåíèÿ u0, u1, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì

uk(x) =
(
eαk−1ρix + (−1)k+1 e−αk−1ρix

)[
1 +O

(
1

ρ

)]
, k = 1, 2,

∂

∂x
uk(x) = αk−1ρi

(
eαk−1ρix − (−1)ke−αk−1ρix

)[
1 +O

(
1

ρ

)]
, k = 1, 2,
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ãäå α0 =
√

1
1+α , α1 =

√
1

1−α , ρ ∈ Sν ïðè äîñòàòî÷íî áîëüøîì |ρ|.

Êëþ÷åâûå ñëîâà: Àñèìïòîòèêà, äèôôåðåíöèàëüíîå óðàâíåíèå, èíâîëþöèÿ.
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Ââåäåíèå. Î ñïåêòðàëüíîé çàäà÷å äëÿ îïåðàòîðà Ñòîêñà

Â ðÿäå ðàáîò àêàäåìèêà Î.À. Ëàäûæåíñêîé óêàçûâàëîñü íà âàæíîñòü ïîñòðîåíèÿ ôóíäà-
ìåíòàëüíîé ñèñòåìû â ïðîñòðàíñòâå ñîëåíîèäàëüíûõ ôóíêöèé äëÿ ïðîñòåéøèõ îáëàñòåé òèïà
êóáà, øàðà è äð.

Òåîðåòè÷åñêè, ñóùåñòâîâàíèå òàêîé ñèñòåìû íå òðåáóåò äîêàçàòåëüñòâà, ýòî îáùåèçâåñòíî.
Ïîñëåäíèé ôàêò àêòèâíî èñïîëüçóåòñÿ ñïåöèàëèñòàìè ïðè äîêàçàòåëüñòâå òåîðåì ñóùåñòâîâà-
íèÿ äëÿ 2-D è 3-D ñèñòåì Íàâüå-Ñòîêñà (êàê â ëèíåéíîì, òàê è â íåëèíåéíîì ñëó÷àÿõ) è äëÿ
äàëüíåéøåãî àíàëèçà êà÷åñòâåííûõ ñâîéñòâ ðåøåíèÿ, äîêàçàííîãî íà ñóùåñòâîâàíèå. Îäíàêî,
äëÿ ÷èñëåííîãî ðåøåíèÿ ãðàíè÷íûõ çàäà÷ äëÿ ñèñòåìû óðàâíåíèé êàê Ñòîêñà, òàê è Íàâüå-
Ñòîêñà âîçíèêàåò íåîáõîäèìîñòü â ïîñòðîåíèè âûøåóêàçàííîé ôóíäàìåíòàëüíîé ñèñòåìû.

Â ñâÿçè ñî ñêàçàííûì, ãëàâíàÿ öåëü ïðåäñòàâëåííîé ðàáîòû: ýòî ïîñòðîåíèå ôóíäàìåí-
òàëüíûõ ñèñòåì â ïðîñòðàíñòâå ñîëåíîèäàëüíûõ ôóíêöèé äëÿ êâàäðàòíîé îáëàñòè ïî ïðî-
ñòðàíñòâåííûì ïåðåìåííûì!

Çäåñü, âî-ïåðâûõ, ñ ïîìîùüþ îïåðàòîðà ðîòîð ìû ââîäèì ïîíÿòèå ôóíêöèè òîêà äëÿ 2-D
ñëó÷àÿ. Çäåñü ìû ïîëó÷àåì îáîáùåííóþ ñïåêòðàëüíóþ çàäà÷ó äëÿ äèôôåðåíöèàëüíîãî îïå-
ðàòîðà ÷åòâåðòîãî ïîðÿäêà, êîòîðàÿ íå ðàçðåøèìà â êâàäðàòóðàõ òàáóëèðîâàííûõ ôóíêöèé.

Âî-âòîðûõ, ìû ââîäèì âìåñòî ïîëó÷åííîãî îïåðàòîðà íîâûé äèôôåðåíöèàëüíûé îïåðà-
òîð ÷åòâåðòîãî ïîðÿäêà (èçìåíåííûé 2-D áèãàðìîíè÷åñêèé îïåðàòîð), äëÿ êîòîðîãî ïîñòðî-
åíà ôóíäàìåíòàëüíàÿ ñèñòåìà îáîáùåííûõ ñîáñòâåííûõ ôóíêöèé â ïðîñòðàíñòâå ñêàëÿðíûõ
ôóíêöèé òîêà è ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé.

Â-òðåòüèõ. Â 2-D ñëó÷àå, ïðèìåíÿÿ ôîðìóëû, ïî êîòîðûì ìû ââåëè ôóíêöèþ òîêà, ê
ïîñòðîåííîé ôóíäàìåíòàëüíîé ñèñòåìå, ïîëó÷àåì íåêîòîðóþ ñèñòåìó 2-D âåêòîð-ôóíêöèé.

Ìû ïîêàçûâàåì, ÷òî ýòà ñèñòåìà îêàæåòñÿ ôóíäàìåíòàëüíîé â ïðîñòðàíñòâå ñîëåíîèäàëü-
íûõ ôóíêöèé.

Â ðåçóëüòàòå, íàìè äàí îòâåò íà âîïðîñ Î.À. Ëàäûæåíñêîé äëÿ êâàäðàòíîé îáëàñòè.
Ëàäûæåíñêàÿ Î.À. ([1], p. 105) îòìå÷àåò: ¾Ìû íå âêëþ÷àåì â ïîíÿòèå ½Ôóíäàìåíòàëüíàÿ

ñèñòåìà� {φ⃗k}∞k=1 (íàïðèìåð, â ïðîñòðàíñòâå (
◦
W 1

2(Ω))
d , d ≥ 2) ñâîéñòâî ëèíåéíîé íåçàâèñè-

ìîñòè ýëåìåíòîâ ýòîé ñèñòåìû, îäíàêî òðåáóåì îò íåå òîëüêî ñëåäóþùåå: äëÿ ëþáîãî ÷èñëà

ε > 0 è ëþáîé ôóíêöèè φ⃗ ∈ (
◦
W 1

2(Ω))
d ñóùåñòâóåò òàêàÿ ñóììà φ⃗ ε =

Nε∑
k=1

akφ⃗k, Nε < ∞, ÷òî

Institute of Mathematics and Mathematical Modeling



102 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

èìååò ìåñòî íåðàâåíñòâî ∥∇(φ⃗−φ⃗ ε)∥L2(Ω) ≤ ε.¿ Ýòîãî îïðåäåëåíèÿ ôóíäàìåíòàëüíîé ñèñòåìû
ôóíêöèé ìû áóäåì ïðèäåðæèâàòüñÿ â íàñòîÿùåé ðàáîòå.

Îòìåòèì, ÷òî ñïåêòðàëüíûå çàäà÷è äëÿ îïåðàòîðà Ñòîêñà (íî ñ óñëîâèÿìè ïåðèîäè÷íîñòè)
â êóáè÷åñêîé îáëàñòè ðàññìàòðèâàëèñü òàêæå â ðàáîòàõ [2-4].

Ïðåæäå âñåãî, ìû äàäèì ïîñòàíîâêó ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà Ñòîêñà. Ïóñòü
x = (x1, ..., xd) ∈ Ω ⊂ Rd, d ≥ 2, � îòêðûòàÿ îãðàíè÷åííàÿ (îäíîñâÿçíàÿ) îáëàñòü ñ ãðàíèöåé
∂Ω. Íàéòè íåòðèâèàëüíûå ðåøåíèÿ {w⃗k(x), pk(x), x ∈ Ω, k ∈ N} è ñîîòâåòñòâóþùèå çíà÷åíèÿ
ïàðàìåòðà {λ2k, k ∈ N} äëÿ ñëåäóþùåé ãðàíè÷íîé çàäà÷è:

−∆w⃗(x) +∇p(x) = λ2w(x), x ∈ Ω,

div{w⃗(x)} = 0, x ∈ Ω,

w⃗(x) = 0, x ∈ ∂Ω.

(A)

Ââåäåì îñíîâíûå ïðîñòðàíñòâà, êîòîðûå íàìè áóäóò èñïîëüçîâàòüñÿ.
Ïóñòü x = (x1, ..., xd) ∈ Ω ⊂ Rd, d ≥ 2, � îòêðûòàÿ îãðàíè÷åííàÿ (îäíîñâÿçíàÿ) îáëàñòü ñ

äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω, m ≥ 0 � öåëîå ÷èñëî,

Wm
2 (Ω) =

{
v| ∂|α|x v ∈ L2(Ω), |α| ≤ m

}
, ãäå ∂|α|x = ∂α1

x1 ...∂
αd
xd
, |α| =

d∑
j=1

αj , ∂xj =
∂

∂xj
,

◦
W

m
2 (Ω) =

{
v| v ∈Wm

2 (Ω), ∂jn⃗v = 0, j = 0, 1, 2...,m− 1, n⃗ � âíåøíÿÿ íîðìàëü ê ∂Ω
}
.

1. Ïðÿìîóãîëüíàÿ îáëàñòü

Ïóñòü dimΩ1 = 2, Ω1 = {x0 < x < x1, y0 < y < y1} � çàäàííûé ïðÿìîóãîëüíèê,
x0, x1, y0, y1 � çàäàííûå âûëè÷èíû. Ââåäåì ñêàëÿðíóþ ôóíêöèþ òîêà U(x, y) ñîãëàñíî ôîðìóë

w1(x, y) = ∂yU(x, y), (x, y) ∈ Ω)1, (1)

w2(x, y) = −∂xU(x, y), (x, y) ∈ Ω1, (2)

∂xw1 + ∂yw2 = 0, (x, y) ∈ Ω1. (3)

Ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à: ïðè óñëîâèÿõ (1)�(3) íàéòè ñêàëÿðíóþ ôóíêöèþ U(x, y) äëÿ
çàäàííîé âåêòîð-ôóíêöèè w⃗(x, y) = {w1(x, y), w2(x, y)}.

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Äëÿ êàæäîé äâóìåðíîé âåêòîð-ôóíêöèè w⃗(x, y) ∈ (C1(Ω1))
2 ñóùåñòâóåò

ñêàëÿðíàÿ ôóíêöèÿ U(x, y) ∈ C2(Ω1), óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì (1)�(3). Ñïðàâåäëè-
âî è îáðàòíîå óòâåðæäåíèå: äëÿ êàæäîé ñêàëÿðíîé ôóíêöèè U(x, y) ∈ C2(Ω1) ñóùåñòâóåò
äâóìåðíàÿ âåêòîð-ôóíêöèÿ w⃗(x, y) ∈ (C1(Ω1))

2, óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì (1)�(3).

2. Êâàäðàòíàÿ îáëàñòü

Ïóñòü òåïåðü Ω = {0 < x, y < l}. Åñëè wj(x, y) ∈
◦
W1

2(Ω), j = 1, 2, òîãäà ìû áóäåì èìåòü

ôóíêöèþ òîêà U(x, y), ïðèíàäëåæàùóþ ïðîñòðàíñòâó
◦
W 2

2(Ω).

Ñïåêòðàëüíóþ çàäà÷ó (A) ñ ïîìîùüþ ôîðìóë (1)�(3) ìû ñâåäåì ê ñëåäóþùåé ñïåêòðàëü-
íîé çàäà÷å äëÿ áè-ãàðìîíè÷åñêîãî îïåðàòîðà â òåðìèíàõ ôóíêöèè òîêà:{

(−∆)2U(x, y) = λ2(−∆)U(x, y), (x, y) ∈ Ω,

U(x, y) = 0, ∂n⃗U(x, y) = 0, (x, y) ∈ ∂Ω,
(A1)

ãäå n⃗ � åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ãðàíèöå ∂Ω.
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Ñïåêòðàëüíàÿ çàäà÷à (A1), à òàêæå åå îáîáùåíèÿ äëÿ ïîëèãàðìîíè÷åñêèõ îïåðàòîðîâ,
èçó÷àëàñü ìíîãèìè àâòîðàìè. Îêàçàëîñü, ÷òî îíà ÿâíî íå ðàçðåøèìà äëÿ êâàäðàòíîé îáëàñòè.
Çäåñü ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ íå ðàáîòàåò. Èñêëþ÷åíèå ñîñòàâëÿþò òîëüêî êðóãîâàÿ è
ñôåðè÷åñêàÿ îáëàñòè [5-7].

Êðàòêàÿ ñõåìà íàøåãî èññëåäîâàíèÿ: çàìåíà áèãàðìîíè÷åñêîãî îïåðàòîðà â çàäà÷å (A1)
äðóãèì äèôôåðåíöèàëüíûì îïåðàòîðîì ÷åòâåðòîãî ïîðÿäêà, äëÿ êîòîðîãî ðàññìîòðèì ñî-
îòâåòñòâóþùóþ ñïåêòðàëüíóþ çàäà÷ó. Ñ ïîìîùüþ ðåøåíèÿ ïîñëåäíåé ìû õîòèì ïîñòðîèòü
ôóíäàìåíòàëüíóþ ñèñòåìó â ïðîñòðàíñòâå ñîëåíîèäàëüíûõ ôóíêöèé.

Èòàê, ìû ðàññìàòðèâàåì âèäîèçìåíåííóþ ñïåêòðàëüíóþ çàäà÷ó:

(∂4x + ∂4y)U = λ2(−∆)U, (x, y) ∈ Ω, (4)

ñ óñëîâèÿìè Äèðèõëå íà ãðàíèöå

U(x, y)|∂Ω = ∂n⃗U(x, y)|∂Ω = 0. (5)

Îêàçàëîñü, ÷òî çàäà÷à (4)�(5) ðàçðåøèìà. Äàäèì îïðåäåëåíèå ñëåäóþùèõ ïðîñòðàíñòâ.

Îïðåäåëåíèå 2. Îáîçíà÷èì ÷åðåç V1(Ω) è V2(Ω) ïðîñòðàíñòâà ñîîòâåòñòâåííî ñî ñêàëÿðíûìè
ïðîèçâåäåíèÿìè

(∇u,∇v)L2(Ω) ∀u, v ∈
◦
W

1
2(Ω),

((u, v))
def
=
(
∂2xu, ∂

2
xv
)
L2(Ω)

+
(
∂2yu, ∂

2
yv
)
L2(Ω)

∀u, v ∈
◦
W

2
2(Ω).

Òåïåðü ìû ìîæåì ñôîðìóëèðîâàòü ñëåäóþùèå òåîðåìû.

Òåîðåìà 3. Ñïåêòðàëüíàÿ çàäà÷à (4) è (5) èìååò ñëåäóþùåå ðåøåíèå

Un(x, y) = Xn(x)Yn(y), λ
2
n, n ∈ N, (6)

ãäå Xn(x) = Φn(ζ)|ζ=x, Yn(y) = Φn(ζ)|ζ=y:
Φ2n−1(ζ) = sin2 λ2n−1ζ

2 , λ22n−1 =
(
2(2n−1)π

l

)2
, n ∈ N,

Φ2n(ζ) = [λ2nl − sinλ2nl] sin
2 λ2nζ

2 − sin2 λ2nl2 [λ2nζ − sinλ2nζ] ,

λ22n =
(
2νn
l

)2
, n ∈ N,

(7)

è {νn, n ∈ N} ÿâëÿþòñÿ ïîëîæèòåëüíûìè êîðíÿìè óðàâíåíèÿ tan ν = ν.

Äàëåå, â ïðîñòðàíñòâå V1(Ω) (îïðåäåëåíèå 2) ñïåðâà, ìû ïîêàçûâàåì îðòîãîíàëüíîñòü ñè-
ñòåìû ñîáñòâåííûõ ôóíêöèé (6) è (7). È äàëåå, ïðîâîäèì íîðìèðîâêó ñèñòåìû (6) è (7) îïÿòü
æå â ïðîñòðàíñòâå V1(Ω) (îïðåäåëåíèå 2). Â ðåçóëüòàòå, óñòàíàâëèâàåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 4. Ñïåêòðàëüíàÿ çàäà÷à (4)�(5) èìååò ñëåäóþùåå ðåøåíèå

ū2n−1(x, y) =

√
l

(2n− 1)π

√
8

3l
sin2

λ2n−1x

2
sin2

λ2n−1y

2
, n ∈ N, (8)

ū2n(x, y) =

√
l

4
·

√
6(1 + ν2n)

2

ν4n
√

13ν4n + 18ν2n + 13
·
[
1

νn
sin

2νnx

l
− 2

l
x+ 2 sin2

νnx

l

]
· (9)

·
[
1

νn
sin

2νny

l
− 2

l
y + 2 sin2

νny

l

]
, n ∈ N, (10)

ãäå {νn, n ∈ N} ÿâëÿþòñÿ ïîëîæèòåëüíûìè êîðíÿìè óðàâíåíèÿ tan ν = ν, n ∈ N.
Ïðè ýòîì, ñèñòåìû ñîáñòâåííûõ ôóíêöèé (8)�(9) ïðèíàäëåæàò ïðîñòðàíñòâó V2(Ω)

(îïðåäåëåíèå 2) è ñîñòàâëÿþò îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå V1(Ω) (îïðåäåëåíèå
2).
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3. Ôóíäàìåíòàëüíîñòü ñèñòåìû ñîëåíîèäàëüíûõ ôóíêöèé (8)�(9)

Îïðåäåëåíèå 5. Îáîçíà÷èì ÷åðåç H(Ω) ïðîñòðàíñòâî:

H(Ω) = {w⃗| w⃗ ∈ L2(Ω), div w⃗ = 0, w⃗ · n⃗|∂Ω = 0}, L2(Ω) = (L2(Ω))2, (11)

ãäå w⃗ · n⃗ � íîðìàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà w⃗.

Òåîðåìà 6. Ñîâîêóïíîñòü âåêòîð-ôóíêöèé w⃗n(x, y) = {w1n(x, y), w2n(x, y)} :

{wjn(x, y)∈ V1(Ω), j = 1, 2, n ∈ N}

îáðàçóåò ôóíäàìåíòàëüíóþ ñèñòåìó â ïðîñòðàíñòâå ñîëåíîèäàëüíûõ ôóíêöèé H(Ω), ãäå
u⃗n(x, y) = {0, 0, ūn(x, y)},

w⃗n(x, y) = rot{u⃗n(x, y)}, (x, y) ∈ Ω, n ∈ N, (12)

div w⃗n(x, y) = 0, (x, y) ∈ Ω, n ∈ N, (13)

w⃗n(x, y) = 0, (x, y) ∈ ∂Ω, n ∈ N. (14)

Çàêëþ÷åíèå

Â ðàáîòå íàéäåíî ÿâíîå ïîñòðîåíèå ôóíäàìåíòàëüíûõ ñèñòåì â ïðîñòðàíñòâå ñîëåíîèäàëü-
íûõ ôóíêöèé äëÿ êâàäðàòà, êîòîðîå íåñëîæíî ïåðåôîðìóëèðîâàòü è äëÿ ïðÿìîóãîëüíèêà. Äà-
íî ïðåäñòàâëåíèå îðòîíîðìèðîâàííîãî âàðèàíòà ïîñòðîåííîé ôóíäàìåíòàëüíîé ñèñòåìû. Ýòè
ñèñòåìû ôóíêöèé ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðèáëèæåííîãî ðåøåíèÿ ãðàíè÷íûõ çàäà÷
äëÿ ñòàöèîíàðíûõ è ýâîëþöèîííûõ ñèñòåì óðàâíåíèé Ñòîêñà è Íàâüå-Ñòîêñà â êâàäðàòíîé
îáëàñòè, è ñîîòâåòñòâåííî â öèëèíäðàõ ñ ñå÷åíèÿìè â âèäå êâàäðàòà.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: îïåðàòîð Ñòîêñà, ñïåêòðàëüíàÿ çàäà÷à, êâàäðàòíàÿ îáëàñòü, ôóíäàìåíòàëüíàÿ ñîëåíîè-
äàëüíàÿ ñèñòåìà.

2010 Mathematics Subject Classi�cation: 35J05, 35Q30, 76D05, 76D07
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Óñëîâèÿ ðàçðåøèìîñòè êîýôôèöèåíòíûõ îáðàòíûõ
çàäà÷ äëÿ óðàâíåíèÿ Áþðãåðñà

Ì.Ã ÅÐÃÀËÈÅÂ

1Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

ergaliev@math.kz

Ðàññìîòðèì ñëåäóþùóþ íåëèíåéíî âûðîæäàþùóþñÿ îáëàñòü

Ω = {x, t | φ1(t) < x < φ2(t), 0 < t < T <∞},

ñ ñå÷åíèåì Ωt = {φ1(t) < x < φ2(t)} äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ âðåìåííîé ïåðåìåííîé
t ∈ (0, T ), è äëÿ êîòîðîé âûïîëíÿåòñÿ

φ1(0) = φ2(0).

Â îáëàñòè Ω ìû èññëåäóåì ñëåäóþùóþ îáðàòíóþ çàäà÷ó äëÿ óðàâíåíèÿ Áþðãåðñà

∂ tu(x, t) + u(x, t)∂xu(x, t)− ν∂2xu(x, t) = λ(t)u(x, t) + w(t)f(x, t),

ñ ðàçëè÷íûìè êîìáèíàöèÿìè íåèçâåñòíûõ è ãðàíè÷íûõ óñëîâèé.
Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå äîïîëíèòåëüíûõ óñëîâèé, ïðè êîòîðûõ ýòè

îáðàòíûå çàäà÷è áóäóò îäíîçíà÷íî ðàçðåøèìû.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Áþðãåðñà, îáðàòíàÿ çàäà÷à, âûðîæäàþùàÿñÿ îáëàñòü, ìåòîä Ãàëåðêèíà.
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[3] Jenaliyev M.T., Yergaliyev M.G. On initial-boundary value problem for the Burgers equation
in nonlinearly degenerating domain, Applicable Analysis, 103:11 (2024), 2003�2014.

Î ñâîéñòâàõ áàçèñíîñòè ñèñòåì ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà äèôôåðåíöèðîâàíèÿ ïðè

èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ ñî
ñïåêòðàëüíûì ïàðàìåòðîì

Í.Ñ. ÈÌÀÍÁÀÅÂ1, Ì.À. ÑÀÄÛÁÅÊÎÂ2

1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
1Þæíî-Êàçàõñòàíñêèé ïåä. óíèâåðñèòåò èì. Î. Æàíèáåêîâà, Øûìêåíò, Êàçàõñòàí

1imanbaevnur@mail.ru, 2sadybekov@math.kz

Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ îïåðàòîðà äèôôåðåíöèðîâàíèÿ ñî ñïåêòðàëü-
íûì ïàðàìåòðîì â êðàåâûõ óñëîâèÿõ ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ

l(u) ≡ u′(x) = λu(x), 0 < x < 1, (1)
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U1(u) ≡ u(0)− αu(1) + λ{u(0)− βu(1)} =

1�

0

p(x)u(x)dx. (2)

Çäåñü α è β ̸= 0 � çàäàííûå êîìïëåêñíûå ÷èñëà, p(x) ∈ L2(0, 1).
Õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì èñõîäíîé ¾íåâîçìóùåííîé¿ çàäà÷è ïðè p(x) ≡ 0 áó-

äåò ∆0(λ) = λ[βeλ − 1] + [αeλ − 1] = 0, êîòîðîå îòäåëüíûì ñîáñòâåííûì çíà÷åíèåì λ̃0 è ñå-
ðèåé ñîáñòâåííûõ çíà÷åíèé, èìåþùèõ àñèìïòîòèêó, ÿâëÿþòñÿ λ0k = − lnβ + 2kπi + δk, k ∈ Z,

δk = O
(
1
k

)
, ñîîòâåòñòâóþùàÿ ñèñòåìà ñîáñòâåííûõ ôóíêöèé èìååò âèä ũ0(x) = eλ̃

0x, u0k(x) =

eλ
0
kx ≡ β−xeδkxe2kπix, k ∈ Z.

Ëåììà 1. Ñèñòåìà
{
u0k(x), k ∈ Z

}
îáðàçóåò áàçèñ Ðèññà ïðîñòðàíñòâà L2(0, 1).

Ëåììà 2. Áèîðòîãîíàëüíîé ê
{
u0k(x), k ∈ Z

}
ÿâëÿåòñÿ ñèñòåìà

{
v0k(x), k ∈ Z

}
, âûðàæàåìàÿ

ïî ôîðìóëå v0k(x) = e−λ
0
kx ≡ β

x
e−δkxe−2kπix, k ∈ Z. Ïðè ýòîì ñèñòåìà

{
v0k(x), k ∈ Z

}
îáðàçóåò

áàçèñ Ðèññà ïðîñòðàíñòâà L2(0, 1).

Òåîðåìà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ¾âîçìóùåííîé¿ ñïåêòðàëüíîé çàäà÷è (1)-(2)

èìååò âèä ∆1(λ) = ∆0(λ) +
∞∑
−∞

pk
e(λ−λ0k)−1
λ−λ0k

, ãäå ∆0(λ) - õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü

íåâîçìóùåííîé (òî åñòü, ïðè p(x) ≡ 0) çàäà÷è, à pk� êîýôôèöèåíòû Ôóðüå ðàçëîæåíèÿ

ôóíêöèè p(x) =
∞∑
−∞

pkv
0
k(x) ïî ñèñòåìå

{
v0k(x), k ∈ Z

}
, ÿâëÿþùåéñÿ áèîðòîãîíàëüíîé ê ñè-

ñòåìå
{
u0k(x), k ∈ Z

}
.

Òåîðåìà 2. Ìíîæåñòâî ôóíêöèé p(x), ïðè êîòîðûõ ñèñòåìà êîðíåâûõ âåêòîðîâ ¾âîçìó-
ùåííîé¿ çàäà÷è (1)-(2) îáðàçóåò áàçèñ Ðèññà â L2(0, 1), ÿâëÿåòñÿ ïëîòíûì ìíîæåñòâîì â
L2(0, 1).

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � 23485279).

Êëþ÷åâûå ñëîâà: îïåðàòîð äèôôåðåíöèðîâàíèÿ, ñîáñòâåííûå ôóíêöèè, áàçèñíîñòü, èíòåãðàëüíîå âîçìóùå-
íèå, ñïåêòðàëüíûé ïàðàìåòð.

2010 Mathematics Subject Classi�cation: 34B05, 34B09, 34L10, 34L15

Êðàåâàÿ çàäà÷à äëÿ îäíîãî âûðîæäàþùåãîñÿ
óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé

Á.È ÈÐÃÀØÅÂ

1Íàìàíãàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íàìàíãàí, Óçáåêèñòàí
1Èíñòèòóò ìàòåìàòèêè èì.Â.È.Ðîìàíîâñêîãî ÀÍ ÐÓç., Òàøêåíò, Óçáåêèñòàí

bahromirgasev@gmail.com

Â îáëàñòè Ω = Ωx × Ωy, Ωx = {x : 0 < x < 1} , Ωy = {y : 0 < y < 1} , ðàññìîòðèì óðàâíå-
íèå

K (y) l (u (x, y)) + qCD
α
0xu = f (x, y) , 0 ̸= q ∈ R, (1)

ãäå

l(u) = (−1)s
∂2su (x, y)

∂y2s
+

∂s−1

∂ys−1

(
(−1)s−1ps−1 (y)

∂s−1u (x, y)

∂ys−1

)
+ ...

+
∂

∂y

(
−p1 (y)

∂u (x, y)

∂y

)
+ p0 (y)u (x, y) ,
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0 ≤ pj (y) ∈ Cj
(
Ωy
)
, j = 0, 1, ..., s− 1, s ∈ N,

K (y) > 0, y ∈ (0, 1) ,K(0) = K (1) = 0,

K(i) (y) = O
(
ym−i) , y → 0 + 0, 0 ≤ m < s,

K(i) (y) = O
(
(1− y)n−i

)
, y → 1− 0, 0 ≤ n < s, i = 0, 1, ...,

K (y) ∈ C2s (0, 1) ; 1 < α < 2,

CD
α
0xu (x, y) =

1
Γ(2−α)

x�
0

∂2u(t,y)

∂t2
dt

(x−t)α−1 − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî, ôóíêöèÿ f(x, y) ÿâ-

ëÿåòñÿ äîñòàòî÷íî ãëàäêîé â Ω.
Äëÿ óðàâíåíèÿ (1) èññëåäóåì ñëåäóþùóþ çàäà÷ó.

Çàäà÷à R. Íàéòè ðåøåíèå óðàâíåíèÿ (1) ñ óñëîâèÿìè:

l(u),CD
α
0xu ∈ C (Ω) ,

ux (x, y) ∈ C
(
Ω̄
)
,
∂2s−1u (x, y)

∂y2s−1
∈ C

(
Ω̄
)
,
∂2su (x, y)

∂y2s
∈ C (Ω) ,

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

∂ju (x, 0)

∂yj
=
∂ju (x, 1)

∂yj
= 0, 0 ≤ x ≤ 1, j = 0, 1, ..., s− 1,

a0u (0, y) + b0ux (0, y) = φ0 (y) , a1u (1, y) + b1ux (1, y) = φ1 (y) ,

ãäå ôóíêöèè φ0 (y) , φ1 (x) äîñòàòî÷íî ãëàäêèå, b0b1 ̸= 0.
Â äàííîé ðàáîòå èçó÷åíà êðàåâàÿ çàäà÷à òèïà Ðîáåíà äëÿ óðàâíåíèÿ (1) íà îäíîçíà÷íóþ

ðàçðåøèìîñòü. Ðàññìîòðåíû îòäåëüíî ñëó÷àè q > 0 è q < 0. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè.

Îá îäíîé êðàåâîé çàäà÷å ñ ðàçðûâíûìè óñëîâèÿìè
ñêëåèâàíèÿ äëÿ íàãðóæåííîãî óðàâíåíèÿ

ñìåøàííîãî òèïà òðåòüåãî ïîðÿäêà â áåñêîíå÷íîé
òð¼õìåðíîé îáëàñòè

Á.È ÈÑËÎÌÎÂ1, E.Ê. ÀËÈÊÓËÎÂ2
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî è ïàðàáî-ëî-
ãèïåðáîëè÷åñêîãî òèïîâ âòîðîãî ïîðÿäêà â òð¼õìåðíîé îáëàñòè áûëè èññëåäîâàíû â ðàáîòàõ
À.Â. Áèöàäçå [1-4].

Íàñêîëüêî íàì èçâåñòíî, êðàåâûå çàäà÷è äëÿ íàãðóæåííûõ óðàâíåíèé ïàðàáîëî-ãèïåðáî-
ëè÷åñêîãî òèïîâ â áåñêîíå÷íûõ ïðèçìàòè÷åñêèõ îáëàñòÿõ ìàëî èçó÷åíû. Îòìåòèì ðàáîòû [5-7].

Èñõîäÿ èç ýòîãî, íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòàíîâêå è èññëåäîâàíèþ àíàëîãà çàäà÷è
Òðèêîìè ñ ðàçðûâíûìè óñëîâèÿìè ñêëåèâàíèÿ äëÿ íàãðóæåííîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà
ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà â òðåõìåðíîé îáëàñòè.

Ðàññìîòðèì óðàâíåíèå

0 =
∂

∂x

{
Uy − Uxx − Uzz − µU(x, 0, z) â Ω1,
Uyy − Uxx − Uzz − µU(x, 0, z) â Ω2.

(1)
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Ïóñòü Ω - îáëàñòü òð¼õìåðíîãî ïðîñòðàíñòâà (x, y, z), îãðàíè÷åííàÿ ïîâåðõíîñòÿìè

Γ0 : x = 0, 0 ≤ y ≤ h, z ∈ R = (−∞,+∞), Γ1 : x = 1, 0 ≤ y ≤ h, z ∈ R,

Γ2 : y = h, 0 ≤ x ≤ 1, z ∈ R,S1 : x+ y = 0, y ≤ 0, 0 ≤ x ≤ 0, 5, z ∈ R,

S2 : x− y = 1, y ≤ 0, 0, 5 ≤ x ≤ 1, z ∈ R, Ω = Ω1 ∪ Ω2 ∪
(
Ω̄1 ∩ Ω̄2

)
.

µ = const < 0. (2)

Ââåä¼ì îáîçíà÷åíèÿ: A(0, 0, z) = Γ0 ∩ S̄1, C
(
1
2 , 0, z

)
= S̄1 ∩ S̄2, B(1, 0, z) = Γ̄1 ∩ S̄2, Ω1 =

Ω ∩ {(x, y, z) : x > 0, y > 0, z ∈ R} , Ω2 = ∆ABC, I = {(x, y, z) : 0 < x < 1, y = 0, z ∈ R},
D = Ω ∩ {z = 0} , D j = Ω j ∩ {z = 0} , σj = Sj ∩ {z = 0} , (j = 1, 2), J = I

⋂
{z = 0} .

Îïðåäåëåíèå 1. L (−∞,+∞)−ìíîæåñòâî ôóíêöèé H(x, y, z), îïðåäåëåííûõ â Ω è àáñîëþòíî
èíòåãðèðóåìûõ ïî ïåðåìåííîìó z â èíòåðâàëå (−∞,+∞).

Îïðåäåëåíèå 2. Ôóíêöèÿ U(x, y, z) íàçûâàåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1), åñëè
îíà óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) U(x, y, z) ∈ C(Ω̄1 ∪ Ω̄2) ∩ L(−∞,+∞);
2) Ux(x, y, z), Uy(x, y, z), Uz(x, y, z) ∈C(Ω̄1 ∪ Ω̄2) ∩ L(−∞,+∞),
3)Uxxx, Uxzz ∈ C(Ω1 ∪ Ω2) ∩ L(−∞,+∞), Uxy ∈ C(Ω1) ∩ L(−∞,+∞),
Uxyy ∈ C(Ω2) ∩ L(−∞,+∞) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ωj (j = 1, 2).

Â îáëàñòè Ω äëÿ óðàâíåíèÿ (1) èññëåäóåì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à Tp. Òðåáóåòñÿ íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå U(x, y, z) óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå óñëîâèÿì

U |Γ0
= Φ0(y, z), U |Γ1

= Φ1(y, z), Ux|Γ0
= Φ2 (y, z) , 0 ≤ y ≤ h, z ∈ R,

U |S1
= Ψ1(x, z),

∂U

∂n

∣∣∣∣
S1

= Ψ2(x, z), 0 ≤ x ≤ 1

2
, z ∈ R,

lim
y→−0

U(x, y, z) = A1(x, z) lim
y→+0

U(x, y, z) +B1(x, z), (x, 0, z) ∈ I, z ∈ R,

lim
y→−0

Uy(x, y, z) = A2(x, z) lim
y→+0

Uy(x, y, z) +B2(x, z), (x, 0, z) ∈ I, z ∈ R,

lim
|z|→∞

U(x, y, z) = lim
|z|→∞

Ux(x, y, z) = lim
|z|→∞

Uy(x, y, z) = lim
|z|→∞

Uz(x, y, z) = 0,

ãäå n � âíóòðåííÿÿ íîðìàëü, Φk(y, z) (k = 0, 2), Ψj(x, z), Aj(x, z), Bj(y, z) (j = 1, 2) �
çàäàííûå ôóíêöèè, ïðè÷åì

Ψ1 (0, z) = Φ0 (0, z) = 0,Ψ2(0, z) = Φ′
0(0, z) + (

√
2− 1)Φ2(0, z), (3)

Φj(y, z),Φjy(y, z) ∈ C ([0;h]×R) ∩ L(−∞,+∞), (j = 0, 1), (4)

Φ2(y, z) ∈ C ([0, h]×R) ∩ C1 ((0, h)×R) ∩ L(−∞,+∞), (5)

Ψ1(x, z) ∈ C2 ([0; 0, 5]×R) ∩ C3 ((0; 0, 5)×R) ∩ L(−∞,+∞), (6)

Ψ2(x, z) ∈ C1 ([0; 0, 5]×R) ∩ C3 ((0, [0; 0, 5)×R) ∩ L(−∞,+∞), (7)

A1(x, z), B1(x, z) ∈ C1 ([0, 1]×R) ∩ C2 ((0, 1)×R) ∩ L(−∞,+∞), (8)

A2(x, z), B2(x, z) ∈ C ([0, 1]×R) ∩ C2 ((0, 1)×R) ∩ L(−∞,+∞), (9)

lim
|z|→∞

Φi(y, z) = 0, ∀y ∈ [0, h] , (i = 0, 2), lim
|z|→∞

Ψj(x, z) = 0,∀x ∈ [0; 0, 5] , (j = 1, 2), (10)
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lim
|z|→∞

Aj(x, z) = 0, ∀x ∈ [0, 1] , lim
|z|→∞

Bj(x, z) = 0, ∀x ∈ [0, 1] , (j = 1, 2). (11)

Ðåøåíèå çàäà÷è Tp áóäåì èñêàòü â êëàññå ôóíêöèé, ïðåäñòàâèìûõ èíòåãðàëîì Ôóðüå:

U(x, y, z) =
1√
2π

+∞�

−∞

u(x, y;λ)e−iλzdλ. (12)

Íà îñíîâàíèè (12), óðàâíåíèÿ (1) ñâåäåì ê ñëåäóþùåìó óðàâíåíèþ

0 =
∂

∂x

{
uy − uxx + λ2u− µ u(x, 0, λ), (x, y) ∈ D1, λ ∈ R,
uyy − uxx + λ2u− µ u(x, 0, λ), (x, y) ∈ D2

(13)

Â ñèëó (12), çàäà÷à Tp ýêâèâàëåíòíî ñâîäèòñÿ ê ñëåäóþùåé çàäà÷å.
Çàäà÷à T λp . Îïðåäåëèòü ôóíêöèþ u(x, y, λ) òàêóþ, ÷òî

1) u(x, y, λ) ∈ C(D̄1 ∪ D̄2) ∩ ∩C 1 (D1 ∪D2 ∪ J ∪ σ1 ∪ γ0) , ïðè÷åì uy(x, y, λ) ìîæåò îáðà-
ùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå åäèíèöû â êîíöàõ èíòåðâàëà J ; 2) u(x, y, λ) ÿâëÿåòñÿ
ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (13) â îáëàñòÿõ Dj , (j = 1, 2); 3) u(x, y, λ) óäîâëåòâîðÿåò
óñëîâèÿì

u|γ0 = φ0(y, λ), u|γ1 = φ1(y, λ), ux|γ0 = φ2(y, λ), 0 ≤ y ≤ h, λ ∈ R,

u|σ1 = ψ1(x, λ), un|σ1 = ψ2(x, λ), 0 ≤ x ≤ 0, 5, λ ∈ R,

lim
y→−0

u(x, y, λ) = a1(x, λ) lim
y→+0

u(x, y, λ) + b1(x, λ), (x, 0) ∈ J̄ , λ ∈ R,

lim
y→−0

uy(x, y, λ) = a2(x, λ) lim
y→+0

uy(x, y, λ) + b2(x, λ), (x, 0) ∈ J, λ ∈ R;

ãäå φ0(y, λ), φj(y, λ), ψj(x, λ), aj(x, λ), bj(x, λ) (j = 1, 2) � çàäàííûå ôóíêöèè, ïðè÷åì

φi(y, λ) =
1√
2π

� +∞

−∞
Φi(y, z)e

iλzdz, (i = 0, 2), ψj(x, λ) =
1√
2π

� +∞

−∞
Ψj(x, z)e

iλzdz,

aj(y, λ) =
1√
2π

� +∞

−∞
Aj(x, z)e

iλzdz, bj(x, λ) =
1√
2π

� +∞

−∞
Bj(x, z)e

iλzdz, (j = 1, 2),

φ0(0, λ) = ψ1(0, λ), ψ2(0, λ) = φ′
0(0, λ) + (

√
2− 1)φ2(0, λ),

φi(y, λ) ∈ C [0;h] ∩ C1(0, h), (i = 0, 2), (14)

ψ1(x, λ) ∈ C2

[
0,

1

2

]
∩ C3

(
0,

1

2

)
, ψ2(x, λ) ∈ C1

[
0,

1

2

]
∩ C2

(
0,

1

2

)
, (15)

a1(E, λ), β1(E, λ) ∈ C1(J) ∩ C2(J), a2(E, λ), b2(E, λ) ∈ C(J) ∩ C2(J). (16)

Äîêàçàíû ñëåäóþùèå òåîðåìû.

Òåîðåìà 3. Åñëè âûïîëíåíû óñëîâèÿ (2), (14), (15), (16), òî ðåøåíèå çàäà÷è T λp äëÿ óðàâíåíèÿ
(12) â îáëàñòè D ñóùåñòâóåò è åäèíñòâåííî.

Òåîðåìà 4. Åñëè âûïîëíåíû óñëîâèÿ (2), (14),(15), (16), òî ðåøåíèå çàäà÷è T λp äëÿ óðàâíåíèÿ
(13) â îáëàñòè D ñóùåñòâóåò, åäèíñòâåííî è äàåòñÿ ôîðìóëîé

u(x, y;λ) = 1√
2π

+∞�
−∞

U(x, y, z)eiλzdz, ïðè÷åì ïðè áîëüøèõ çíà÷åíèÿõ |λ| äîïóñêàåò îöåíêó

u (x, y, λ) = O
(
1
/
|λ|δ
)
, δ > 3, òî ïðè âûïîëíåíèè óñëîâèÿ(2)-(11) â îáëàñòè Ω ðåøåíèå

çàäà÷è Tp äëÿ óðàâíåíèÿ (1) ñóùåñòâóåò, åäèíñòâåííî è íàõîäèòñÿ ôîðìóëîé (12).
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Äîêàçàòåëüñòâî òåîðåìû 3-4 ñëåäóþò èç ïðèíöèïà ýêñòðåìóìà äëÿ íàãðóæåííûõ óðàâíå-
íèé òðåòüåãî ïîðÿäêà è ìåòîäà èíòåãðàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå òðåòüåãî ïîðÿäêà, íàãðóæåííîå óðàâíåíèå, ïðåîáðàçîâàíèå
Ôóðüå, ðåãóëÿðíîå ðåøåíèå, ïðèíöèï ýêñòðåìóìà, îöåíêà ðåøåíèÿ.
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Îá îäíîé íåëîêàëüíîé çàäà÷å äëÿ óðàâíåíèÿ
ñìåøàííîãî òèïà ÷åòâ¼ðòîãî ïîðÿäêà ñî

ñòåïåííûì âûðîæäåíèåì

Á.Æ. ÊÀÄÈÐÊÓËÎÂ1, Ä.Å. ÓÇÀÊÁÀÅÂÀ2
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1b.kadirkulov@afu.uz, 2uzaqbaevadilfuza1606@gmail.com

Â ïðÿìîóãîëüíîé îáëàñòè Ω = {(x, t) |0 < x < 1,−α < t < β } ðàññìîòðèì óðàâíåíèå ñìå-
øàííîãî òèïà ÷åòâ¼ðòîãî ïîðÿäêà ñî ñòåïåííûì âûðîæäåíèåì âèäà

Lu ≡

{
tnuxxxx + ut = 0, t > 0;

(−t)muxxxx + utt = 0, t < 0,
(1)

ãäå n > 0, m > 0, α > 0, β > 0 - çàäàííûå äåéñòâèòåëüíûå ÷èñëà. Îáîçíà÷èì Ω1 = Ω ∩ {t > 0},
Ω2 = Ω ∩ {t < 0}.

Çàäà÷à S. Íàéòè â îáëàñòè Ω ðåøåíèå u (x, t) óðàâíåíèå (1) èç êëàññà

u(x, t) ∈ C3,1
x,t (Ω̄) ∩ C2

t (Ω2) ∩ C4
x(Ω1 ∪ Ω2), (2)

óäîâëåòâîðÿþùåå óñëîâèÿì

u(1, t) = 0, ux(0, t) + ux(1, t) = 0, uxx(0, t) = 0, uxxx(0, t) + uxxx(1, t) = 0,−α ≤ t ≤ β. (3)

u(x,−α) = h · u(x, β) + φ(x), 0 ≤ x ≤ 1 (4)

çäåñü φ(x) -çàäàííàÿ ôóíêöèÿ, h-äåéñòâèòåëüíîå ÷èñëî.
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Â äàííîé ðàáîòå äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ ñìåøàííîãî òèïà ÷åòâ¼ðòîãî ïîðÿäêà
â ïðÿìîóãîëüíèêå èçó÷àåòñÿ êðàåâàÿ çàäà÷à ñ íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì, ñâÿçûâàþ-
ùèì çíà÷åíèÿ èñêîìîãî ðåøåíèÿ íà íèæíåì è âåðõíåì îñíîâàíèÿõ äàííîãî ïðÿìîóãîëüíèêà,
êîòîðûå ïðèíàäëåæàò ðàçíûì òèïàì èçó÷àåìîãî óðàâíåíèÿ. Ìåòîäîì ñïåêòðàëüíîãî àíàëè-
çà äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ ïîñòàâëåííîé çàäà÷è, ïðè
ýòîì ðåøåíèå ïîñòðîåíî â âèäå ñóììû ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñîîòâåòñòâóþùåé îä-
íîìåðíîé ñïåêòðàëüíîé çàäà÷è. Â ðàáîòå òàêæå èçó÷åíû ñïåêòðàëüíûå ñâîéñòâà çàäà÷è òèïà
Ñàìàðñêîãî-Èîíêèíà äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâ¼ðòîãî ïîðÿäêà,
ïîëó÷åííàÿ ñ ïðèìåíåíèåì ìåòîäà Ôóðüå, íàéäåíû ñîáñòâåííûå ÷èñëà, à òàêæå ñîîòâåòñòâóþ-
ùèå ñîáñòâåííûå ôóíêöèè, äîêàçàíà èõ ïîëíîòà è áàçèñíîñòü, òàêæå èññëåäîâàíà ñîïðÿæåííàÿ
çàäà÷à.

Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è, â ñëó÷àå âûðîæäàþùèõñÿ óðàâíåíèé ñìåøàííîãî òèïà
âòîðîãî ïîðÿäêà èçó÷åíû â ðàáîòàõ [1], [2].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåð-
ñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488086).

Êëþ÷åâûå ñëîâà: âûðîæäàþùèéñÿ óðàâíåíèÿ, óðàâíåíèå ñìåøàííîãî òèïà, çàäà÷à òèïà Èîíêèíà-Ñàìàðñêîãî,
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Îá îäíîé íåëîêàëüíîé çàäà÷å òèïà
Áèöàäçå�Ñàìàðñêîãî äëÿ ýëëèïòè÷åñêîãî

óðàâíåíèÿ ñ âûðîæäåíèåì
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Äëÿ óðàâíåíèÿ
Lu ≡ ymuxx + uyy = 0, (1)

ãäå
m = const > 0,

â âåðòèêàëüíîé ïîëóïîëîñå Ω = {(x, y) : 0 < x < 1, y > 0} ðàññìîòðèì ñëåäóþùóþ íåëîêàëü-
íóþ çàäà÷ó.

Çàäà÷à 1. Íàéòè ôóíêöèþ u(x, y) ñî ñâîéñòâàìè:
1) u (x, t) ∈ C

(
Ω̄
)
∩ C2 (Ω);

2) â îáëàñòè Ω óäîâëåòâîðÿåò óðàâíåíèþ (1);
3) óäîâëåòâîðÿåò óñëîâèÿì

lim
y→+∞

u(x, y) = 0 ðàâíîìåðíî ïî x ∈ [0, 1], (2)

ux (0, y) = φ1(y), u (1, y)− u (x0, y) = φ2(y), y ≥ 0, (3)

u(x; 0) = τ(x), 0 ≤ x ≤ 1, (4)
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ãäå φ1(y), φ2(y), τ(x) � çàäàííûå ôóíêöèè.
Â äàííîé ðàáîòå äëÿ âûðîæäàþùåãîñÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ â âåðòèêàëüíîé ïî-

ëóïîëîñå èññëåäîâàíà íåëîêàëüíàÿ çàäà÷à òèïà Áèöàäçå-Ñàìàðñêîãî, ñâÿçèâàþùåå çíà÷åíèå
èñêîìîé ôóíêöèè íà ïðàâîé ãðàíèöå ñî çíà÷åíèåì ôóíêöèè âî âíóòðåííîé òî÷êå îáëàñòè.
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçàíà ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà, à ñóùåñòâîâà-
íèå ðåøåíèÿ çàäà÷è óñòàíîâëåíà ìåòîäàìè ðàçäåëåíèÿ ïåðåìåííûõ è èíòåãðàëüíûõ óðàâíå-
íèé. Â ðàáîòå òàêæå èçó÷åíû ñïåêòðàëüíûå ñâîéñòâà çàäà÷è òèïà Áèöàäçå-Ñàìàðñêîãî äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ïîëó÷åííàÿ ñ ïðèìåíåíèåì
ñïåêòðàëüíîãî ìåòîäà, íàéäåíû ñîáñòâåííûå ÷èñëà, à òàêæå ñîîòâåòñòâóþùèå ñîáñòâåííûå
ôóíêöèè, äîêàçàíà èõ ïîëíîòà è áàçèñíîñòü, à òàêæå èññëåäîâàíà ñîïðÿæåííàÿ çàäà÷à.

Àíàëîãè÷íûå çàäà÷è, èññëåäóåìûìè ñïåêòðàëüíûì ìåòîäîì, ðàññìàòðèâàëèñü â ïóáëèêà-
öèÿõ [1],[2].

Êëþ÷åâûå ñëîâà: âûðîæäàþùèåñÿ óðàâíåíèÿ, ïîëóïîëîñà, çàäà÷à òèïà Áèöàäçå-Ñàìàðñêîãî, ñîáñòâåííûå
÷èñëà, êîðíåâûå ôóíêöèè, ïîëíîòà, áàçèñíîñòü, áàçèñ Ðèññà.

2020 Mathematics Subject Classi�cation: 34L10, 35J25, 35J70

Ëèòåðàòóðà
[1] Ìîèñååâ Å. È. Î ðåøåíèè ñïåêòðàëüíûì ìåòîäîì îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è, Äèôôåðåíö.

óðàâíåíèÿ, 35:8 (1999), 1087�1093.
[2] Ðåïèí Î. À. Çàäà÷à Òðèêîìè äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà â îáëàñòè, ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé

� ïîëóïîëîñà, Äèôôåðåíö. óðàâíåíèÿ, 32:4 (1996), 565�567.

Î ïîëíîòå ïîòåíöèàëà ïðîñòîãî ñëîÿ â ÿäðå
îïåðàòîðà Ëàïëàñà

Ò.Ø. ÊÀËÜÌÅÍÎÂ1, Ó.À. ÈÑÊÀÊÎÂÀ2, À. ÊÀÄÈÐÁÅÊ3

1,2,3Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

kalmenov.t@gmail.ru

Ïóñòü Ω ⊂ Rn - îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω. Îïðåäåëèì ∆0 êàê çàìûêàíèå
îïåðàòîðà Ëàïëàñà ∆ â L2(Ω) íà ïîäìíîæåñòâå ôóíêöèé u ∈ C2(Ω) óñëîâèåì:

u|∂Ω =
∂u

∂n

∣∣∣∣
∂Ω

= 0,

è íàçîâåì åãî ìèíèìàëüíûì îïåðàòîðîì ∆, ãäå ∂/∂n - âíåøíÿÿ íîðìàëüíàÿ ïðîèçâîäíàÿ.
Êðîìå òîãî, êàê îïèñàíî Äåçèíûì [1], ìû îáîçíà÷àåì ∆∗

0 êàê ñîïðÿæåííûé îïåðàòîð ∆0,
êîòîðûé íàçûâàåòñÿ ìàêñèìàëüíûì îïåðàòîðîì, áåç êàêèõ-ëèáî óñëîâèé íà ∂Ω.

Ïóñòü uµ ïîòåíöèàëîì ïðîñòîãî ñëîÿ îïåðàòîðà Ëàïëàñà ñëåäóþùèì îáðàçîì:

uµ(x) =

�
∂Ω
ε(x− y)µ(y)dSy, x ∈ Ω, (1)

ãäå

ε(x) =


−1

2
|x|, n = 1,

1

2π
ln |x|, n = 2,

− 1

(n− 2)ωn
|x|2−n, n ≥ 3,

ôóäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà è µ ∈ W
1/2
2 (∂Ω) ïëîòíîñòü ïîòåíöèàëà ïðî-

ñòîãî ñëîÿ.
Òàê êàê ∆∗

0uµ = 0, òî âîçíèêàåò âîïðîñ: {uµ}µ ⊂ W 2
2 (Ω) ïëîòíà ëè ñèñòåìà â ker(∆∗

0)? òî
åñòü: ìîæåì ëè ìû îïèñàòü âñå ðåøåíèÿ u(x) ∈W 2

2 (Ω) óðàâíåíèÿ
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∆∗
0u = 0

÷åðåç ïîòåíöèàëîâ ïðîñòîãî ñëîÿ (1)?
Èìååò ìåñòî

Òåîðåìà 1. Ïîòåíöèàë ïðîñòîãî ñëîÿ uµ ñîâïàäàåò ñ êîíñòàíòîé òîãäà è òîëüêî òîãäà,
êîãäà µ ≡ 0.Òàêèì îáðàçîì, ÿäðî ker{∆∗

0} ðàçëàãàåòñÿ â ëèíåéíóþ ïðÿìóþ ñóììó â L2(Ω)

ker(∆∗
0) = {uµ}µ+̇{c},

ãäå {uµ}µ - çàìûêàíèå ëèíåéíûõ êîìáèíàöèé {uµ}µ â L2(Ω). Êðîìå òîãî, åñëè

�
∂Ω
µ(y)

�
Ω

dx

|x− y|n−2
dSy = 0,

òîãäà ÿäðî ker(∆∗
0) ðàçëàãàåòñÿ íà îðòîãîíàëüíóþ ñóììó â L2(Ω)

ker(∆∗
0) = {uµ}µ ⊕ {c}.

Â äâóìåðíîì ñëó÷àå ïîòåíöèàë ïðîñòîãî ñëîÿ uµ îïðåäåëÿåòñÿ êàê

uµ(x) =
1

2π

�
∂Ω

ln |x− y|µ(y)dSy.

Ïî ñðàâíåíèþ ñî ñëó÷àÿìè n ≥ 3 ëîãàðèôìè÷åñêîå ÿäðî íå ñòðåìèòñÿ ê íóëþ êîãäà |x| →
∞, Ïî ýòîé ïðè÷èíå äëÿ µ íåîáõîäèìî äîïîëíèòåëüíîå óñëîâèå.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî �
∂Ω
µ(y)dSy = 0,

òîãäà ïîòåíöèàë ïðîñòîãî ñëîÿ uµ ñîâïàäàåò ñ êîíñòàíòîé òîãäà è òîëüêî òîãäà, êîãäà
µ ≡ 0. Òàêèì îáðàçîì, ÿäðî ker(∆∗) ðàçëàãàåòñÿ â ëèíåéíóþ ïðÿìóþ ñóììó â L2(Ω)

ker(∆∗
0) = {uµ}µ+̇{c}.

Êðîìå òîãî, åñëè

�
∂Ω
µ(y)

�
Ω
ln |x− y|dSy = 0,

òîãäà ÿäðî ker(∆∗
0) ðàçëàãàåòñÿ íà îðòîãîíàëüíóþ ñóììó â L2(Ω)

ker(∆∗) = {uµ}µ ⊕ {c}.

Â ñëó÷àå n = 1 íåïîñðåäñòâåííûì âû÷èñëåíèåì ïîëó÷èì â òîì ÷òî

{uµ}µ = ker{∆∗}.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488701).

Êëþ÷åâûå ñëîâà: ïîòåíöèàë ïðîñòîãî ñëîÿ, ìàêñèìàëüíûé îïåðàòîð, ìèíèìàëüíûé îïåðà-
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Ðàçðåøèìîñòü êðàåâûõ çàäà÷ ñ îáùèìè óñëîâèÿìè
äëÿ òðèãàðìîíè÷åñêîãî óðàâíåíèÿ â øàðå

Á.Ä. ÊÎØÀÍÎÂ1, Ã.Ä. ÑÌÀÒÎÂÀ2, Í.Ì. ØÛÍÛÁÀÅÂÀ3

1,3Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2Ñàòïàåâ óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí

1koshanov@math.kz, 2smatova1977@mail.ru, 3shynybayeva001@mail.ru

Îäíèì èç ýôôåêòèâíûõ ìåòîäîâ ïðåäñòàâëåíèÿ ðåøåíèé êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä, îñíîâàííûé íà ïîñòðîåíèè ôóíêöèè Ãðèíà çàäà÷è. Ìíîãî
ðàáîò ïîñâÿùåíî ïîñòðîåíèþ ôóíêöèè Ãðèíà â ÿâíîì âèäå äëÿ ðàçëè÷íûõ êëàññè÷åñêèõ êðà-
åâûõ çàäà÷. ßâíûé âèä ôóíêöèè Ãðèíà çàäà÷è Äèðèõëå äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ
â åäèíè÷íîì øàðå ïîñòðîåí ðàçëè÷íûìè ñïîñîáàìè â ðàáîòàõ [1�5]. Â [6,7] èññëåäîâàíû ðàç-
ðåøèìîñòü è ïîñòðîåíû ôóíêöèè Ãðèíà äëÿ íåñêîëüêèõ ëîêàëüíûõ è íåëîêàëüíûõ êðàåâûõ
çàäà÷ ñ èíâîëþöèåé äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ. Óñëîâèÿ ðàçðåøèìîñòè íåêîòîðûõ âà-
ðèàíòîâ êðàåâûõ çàäà÷ äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â øàðå ïîëó÷åíû òàêæå â [8]. Â [9]
íàéäåíû ðåøåíèÿ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ îäíîðîäíîãî ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ
áåç èñïîëüçîâàíèÿ ôóíêöèè Ãðèíà. Â [10] ïðèâåäåíû ôóíêöèè Ãðèíà çàäà÷ Íàâüå [11] è Ðèêüå-
Íåéìàíà äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â øàðå, à â [12] ïîñòðîåíû ôóíêöèè Ãðèíà òàêèõ
çàäà÷ äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ. Â [13,14] íàéäåíû óñëîâèè ðàçðåøèìîñòè íåêîòî-
ðûõ êðàåâûõ çàäà÷ äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ è ïðèâåäåíû ïðèìåðû äëÿ áèãàðìîíè-
÷åñêîãî è òðèãàðìîíè÷åñêîãî óðàâíåíèÿ. Â [15,16] èññëåäîâàíû ôðåäãîëüìîâà ðàçðåøèìîñòü
è âû÷èñëåíû ôîðìóëû èíäåêñà îáîáùåííîé çàäà÷è Íåéìàíà äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé
âûñîêîãî ïîðÿäêà, ñîäåðæàùåé ñòåïåíè íîðìàëüíûõ ïðîèçâîäíûõ â ãðàíè÷íûõ óñëîâèÿõ.

Â äàííîé ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à ñ îáùèìè óñëîâèÿìè äëÿ òðèãàð-
ìîíè÷åñêîãî óðàâíåíèÿ â åäèíè÷íîì øàðå S = {x ∈ Rn : |x| < 1}

∆3u(x) = 0, x ∈ S, (1)
a00u+ a01

∂
∂νu+ a02∆u+ a03

∂
∂ν∆u+ a04∆

2u = φ1(x), x ∈ ∂S,

a11
∂
∂νu+ a12∆u+ a13

∂
∂ν∆u+ a14∆

2u+ a15
∂
∂ν∆

2u = φ2(x), x ∈ ∂S,

a21
∂
∂νu+ a22∆u+ a23

∂
∂ν∆u+ a24∆

2u+ a25
∂
∂ν∆

2u = φ3(x), x ∈ ∂S,

(2)

ãäå ∂
∂ν � âíåøíÿÿ íîðìàëüíàÿ ïðîèçâîäíàÿ ê ∂S, aij � íåêîòîðûå ïîñòîÿííûå (i = 0, j =

0, 4, i = 1, 2, j = 1, 5).
Ýòà çàäà÷à îáîáùàåò çàäà÷ó Äèðèõëå (a00 ̸= 0, a11 ̸= 0, a22 ̸= 0, aij = 0 äëÿ îñòàëüíûõ

i, j), çàäà÷ó Ðèêüå (a00 ̸= 0, a12 ̸= 0, a23 ̸= 0, aij = 0 äëÿ îñòàëüíûõ i, j), íî íå îáîáùàåò
çàäà÷ó Íåéìàíà.

Òåîðåìà 1. a) Ðåøåíèå çàäà÷è (1)�(2) èç êëàññà C3(S) ïðè ïðîèçâîëüíûõ ôóíêöèÿõ
φ1(x) ∈ C2(∂S), φ2(x) ∈ C1(∂S), φ3(x) ∈ C1(∂S) ñóùåñòâóåò è åäèíñòâåííî òîãäà è òîëüêî
òîãäà, êîãäà ïîëèíîì

detP (λ) =∣∣∣∣∣∣
a00 + λa01 2[a01 + 2(2λ+ n)(a02 + λa03)] 8[a02 + a03 + (2 + 2λ+ n)(2λ+ n)a04]
λa11 2[a11 + 2(2λ+ n)(a12 + λa13)] a∗12
λa21 2[a21 + 2(2λ+ n)(a22 + λa23)] a∗22

∣∣∣∣∣∣ , (3)

a∗i2 = 8
[
ai2 + ai3 + (2 + 2λ+ n)(2λ+ n)(ai4 + λai5)

]
, i = 1, 2,

íå èìååò öåëî÷èñëåííûõ êîðíåé â N0 = N ∪ {0}.
b) Åñëè P (m) = 0, òî îäíîðîäíàÿ çàäà÷à (1)�(2) èìååò ðåøåíèå

u(x) =
[
C1 − C2 + (C2 − C3) |x|2 + (C3 − C2) |x|4

]
Hm(x), (4)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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ãäå Hm(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè m [17], à êîíñòàíòû C1, C2, C3

íàõîäÿòñÿ èç ñèñòåìû óðàâíåíèé

P (m)
−→
C = 0.

Ôèíàíñèðîâàíèå: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ BR20281002 è AP19678182 Ìèíèñòåðñòâà íàóêè
è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí.
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Ñïåêòðàëüíûå ñâîéñòâà ëèíåéíîãî îïåðàòîðà òèïà
Êîðòåâåãà-äå Ôðèçà

Ì.Á. ÌÓÐÀÒÁÅÊÎÂ1, À.Î. ÑÓËÅÉÌÁÅÊÎÂÀ2
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1musahan_m@mail.ru, 2suleimbekovaa@mail.ru

Êàê èçâåñòíî, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà ÿâëÿþòüñÿ îäíèì èç
îñíîâíûõ óðàâíåíèé òåîðèé âîëí. Íàïðèìåð, â ÷àñòíîñòè, ëèíåàðèçîâàííûå óðàâíåíèÿ òèïà
Êîðòåâåãà-äå Ôðèçà ñ ïåðåìåííûìè êîýôôèöèåíòàìè ìîäåëèðóåò èîííî-àêóñòè÷åñêèå âîëíû
â ïëàçìåííûå è àêóñòè÷åñêèå âîëíû íà êðèñòàëè÷åñêîé ðåøåòêå.

Â ïîñëåäíåå âðåìÿ èíòåðåñ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ
òðåòüåãî ïîðÿäêà âîçðîñ áëàãîäàðÿ íîâûìè ïðèëîæåíèÿìè â ôèçèêå, ìåõàíèêå è áèîëîãèè.

Èç îáçîðà ëèòåðàòóðíûõ èñòî÷íèêîâ ñëåäóåò, ÷òî ðàíåå â îñíîâíîì èçó÷åíû âîïðîñû î
ñóùåñòâîâàíèè è ãëàäêîñòè ðåøåíèé äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèç-
âîäíûìè òðåòüåãî ïîðÿäêà â ñëó÷àå ñ ïîñòîÿííûìè è îãðàíè÷åííûìè êîýôôèöèåíòàìè.

Â îòëè÷èå îò ýòèõ èíòåðåñíûõ ðàáîò, â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ ïðîáëåìû ñó-
ùåñòâîâàíèå, êîìïàêòíîñòü è îöåíêè ñîáñòâåííûõ è s-÷èñåë, à òàêæå ïîëíîòà êîðíåâûõ âåêòî-
ðîâ ðåçîëüâåíòû îäíîãî êëàññà ëèíåéíûõ ñèíãóëÿðíûõ îïåðàòîðîâ òèïà Êîðòåâåãà-äå Ôðèçà
â ñëó÷àå íåîãðàíè÷åííîé îáëàñòè ñ ñèëüíî ðàñòóùèìè êîýôôèöèåíòàìè.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19676466).

Êëþ÷åâûå ñëîâà: ðåçîëüâåíòà, ðàçäåëèìîñòü, îïðèîðíàÿ îöåíêà, ëèíåéíûé îïåðàòîð, äèôôåðåíöèàëüíûå
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, óðàâíåíèå Êîðòåâåãà-äå Ôðèçà.
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Ïîñòðîåíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ
âîëíîâîãî óðàâíåíèÿ ñ ïåðèîäè÷åñêèìè êðàåâûìè

óñëîâèÿìè

À.Í. ÎÌÀÐÁÀÅÂÀ1, Ì.À. ÑÀÄÛÁÅÊÎÂ2

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
1arai-79@mail.ru, 2sadybekov@math.kz

Â îáëàñòè
Ω = {(x, t) : 0 < x < 1, 0 < t < T}

ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

utt(x, t)− a2uxx(x, t) = 0,

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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ñ êëàññè÷åñêèìè íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = τ(x), ut(x, 0) = ν(x), 0 ≤ x ≤ 1,

è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé

u(0, t) = u(1, t), ux(0, t) = ux(1, t), 0 ≤ t ≤ T.

Çäåñü τ(x) è ν(x) çàäàííûå ôóíêöèè.
Õîðîøî èçâåñòíî, ÷òî êëàññè÷åñêîå ðåøåíèå ýòîé íà÷àëüíî-êðàåâîé çàäà÷è ñóùåñòâóåò,

åäèíñòâåííî è ìîæåò áûòü ïîñòðîåíî ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ Ôóðüå. Ýòîò ìåòîä
ïðåäñòàâëÿåò ðåøåíèå çàäà÷è â âèäå ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è,
âîçíèêàþùåé â õîäå èñïîëüçîâàíèÿ ìåòîäà Ôóðüå. Äëÿ ðàâíîìåðíîé ñõîäèìîñòè ïîëó÷åííûõ
ðÿäîâ è âòîðûõ ïðîèçâîäíûõ îò íèõ íåîáõîäèìî òðåáîâàòü ïîâûøåííóþ ãëàäêîñòü îò íà÷àëü-
íûõ äàííûõ çàäà÷è.

Â ðàáîòå Â.È. Êîðçþê [1] äëÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ
áûë ïðåäëîæåí ìåòîä õàðàêòåðèñòèê, êîòîðûé ïîçâîëÿåò çàïèñàòü ðåøåíèå çàäà÷è â ÿâíîì
àíàëèòè÷åñêîì âèäå. Ïðåäñòàâëåíèå ðåøåíèÿ ïîëó÷àåòñÿ â ïðîèçâîëüíîé òî÷êå îáëàñòè ïî
ôîðìóëå, àíàëîãè÷íîé ôîðìóëå Äàëàìáåðà. Â [2] ýòîò ðåçóëüòàò áûë èì ðàñïðîñòðàíåí íà
ñëó÷àé âòîðîé íà÷àëüíî-êðàåâîé çàäà÷è.

Ðàññìîòðåíèå íà÷àëüíî-êðàåâûõ çàäà÷ ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè ÿâëÿåòñÿ ãî-
ðàçäî áîëåå ñëîæíûì. Â íàñòîÿùåì äîêëàäå ðåàëèçîâàí àíàëîã ìåòîäà õàðàêòåðèñòèê è êëàñ-
ñè÷åñêîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ñ êëàññè÷åñêèìè íà÷àëü-
íûìè óñëîâèÿìè è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé
ïîñòðîåíî â ÿâíîì âèäå.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ïðîåêòà ãðàíòîâîãî ôèíàíñèðîâàíèÿ Êîìèòåòà
íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP26194859).

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, íåëîêàëüíûå êðàåâûå óñëîâèÿ, ìåòîä õàðàêòåðèñòèê, êëàññè÷åñêîå
ðåøåíèå.
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(2018), 35�42.

Óñëîâèÿ ìàêñèìàëüíîé ðåãóëÿðíîñòè ðåøåíèÿ
îäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà
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1,2,3Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
1kordan.ospanov@gmail.com, 2raya_84@mail.ru, 3aidosaibubi@gmail.com

Äîêëàä ïîñâÿùåí âîïðîñàì êîððåêòíîñòè è ìàêñèìàëüíîé ðåãóëÿðíîñòè îáîáùåííîãî ðå-
øåíèÿ ñëåäóþùåãî óðàâíåíèÿ

−(ρ(x)y′)′ + r(x)y′ + q(x)y = f(x), (1)

ãäå ρ, r è q ãëàäêèå, íî âîîáùå ãîâîðÿ, íåîãðàíè÷åííûå ôóíêöèè ρ(x) > 0, r(x) ≥ 1, à f ∈ Lp =
Lp(−∞,+∞), 1 < p <∞.
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Ðàññìîòðèì îïåðàòîð l0y = −(ρ(x)y′)′ + r(x)y′ + q(x)y ñ D(l0) = C
(2)
0 (−∞,+∞).

Ïóñòü l � åãî çàìûêàíèå â Lp. Ôóíêöèþ y ∈ D(l) òàêóþ, ÷òî ly = f , íàçîâåì ðåøåíèåì
óðàâíåíèÿ (1).

Óðàâíåíèå (1), â îñíîâíîì, èçó÷àëîñü â ñëó÷àå r = 0 è q ≥ δ > 0 è p = 2 [1]. Êîãäà r
ðàñòåò íà áåñêîíå÷íîñòè è ρ = 1, îíî ðàññìîòðåíî â [2]. Ê óðàâíåíèþ (1) ïðèâîäÿò çàäà÷è èç
ñòîõàñòè÷åñêîãî àíàëèçà è áèîëîãèè [3].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � ÀÐ23488049).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, íåîãðàíè÷åííûé êîýôôèöèåíò, êîððåêò-
íîñòü, îöåíêà ïðîèçâîäíîé, ìàêñèìàëüíàÿ ðåãóëÿðíîñòü ðåøåíèÿ.
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Îöåíêà ðåøåíèé îäíîãî êëàññà êîíå÷íîìåðíûõ
íåëèíåéíûõ óðàâíåíèé

Ì. ÎÒÅËÁÀÅÂ1, Á.Ä. ÊÎØÀÍÎÂ2
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Â ýòîé ñòàòüå ìû ïîëó÷àåì äâå òåîðåìû îá àïðèîðíûõ îöåíêàõ ðåøåíèé íåëèíåéíûõ
óðàâíåíèé â êîíå÷íîìåðíîì ïðîñòðàíñòâå. Ýòè òåîðåìû äîêàçàíû ïðè âûïîëíåíèè íåêîòîðûõ
óñëîâèé, êîòîðûå çàèìñòâîâàíû èç óñëîâèé êîòîðûì óäîâëåòâîðÿþò êîíå÷íîìåðíûå àïïðîê-
ñèìàöèè îäíîãî êëàññà íåëèíåéíûõ íà÷àëüíî-êðàåâûõ çàäà÷.

1. Ââåäåíèå è î ïðîèñõîæäåíèè çàäà÷è

Ìíîãèå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè áëàãîäàðÿ çàêîíó ñîõðàíåíèÿ ýíåðãèè ïîçâîëÿþò
äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ, êîòîðîå óäîâëåòâîðÿåò ýíåðãåòè÷åñêîé îöåíêå. Ýíåðãåòè÷å-
ñêàÿ îöåíêà â ñëó÷àå, êîãäà êîëè÷åñòâî ïðîñòðàíñòâåííûõ ïåðåìåííûõ n íå ìåíüøå ÷åì 3,
îáû÷íî íå ïîçâîëÿåò èñïîëüçîâàòü òåîðèþ âîçìóùåíèé.

Ðåøåíèÿ, êîòîðûå íå ïîçâîëÿþò (òî÷íåå, íå ìîãóò ïîçâîëèòü) èñïîëüçîâàòü òåîðèþ âîçìó-
ùåíèé, íàçûâàþòñÿ (îáû÷íî) ½ñëàáûìè� ðåøåíèÿìè. Âîçìîæíîñòü èñïîëüçîâàòü òåîðèþ âîç-
ìóùåíèé î÷åíü âàæíà â çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè. Ïîýòîìó â òåîðèè äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñèëüíî èíòåðåñóþòñÿ âîïðîñàìè ñóùåñòâîâàíèÿ ðåøåíèÿ, ïîçâîëÿþùåãî èñ-
ïîëüçîâàòü òåîðèþ âîçìóùåíèé. Ðåøåíèå óðàâíåíèÿ, êîòîðîå ïîçâîëÿåò èñïîëüçîâàòü òåîðèþ
âîçìóùåíèé, ìàòåìàòè÷åñêè íàçûâàþò ½ñèëüíûì� ðåøåíèåì (íå âñåãäà).

Ìíîãèå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè ìîãóò áûòü çàïèñàíû â ½îãðàíè÷åííîé çàïèñè� (â
âèäå èíòåãðàëüíîãî óðàâíåíèÿ) îáû÷íî ñëåäóþùåãî âèäà

f(u) = u+ L(u) = g, (1)

ãäå L(u) � íåëèíåéíàÿ ÷àñòü. Ýòî óðàâíåíèå èçó÷àåòñÿ ÷àñòî â ìåòðèêå íåêîòîðîãî Áàíàõîâà
èëè Ãèëüáåðòîâà ïðîñòðàíñòâà H.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Ïðè ïåðåõîäå ê ½îãðàíè÷åííîé çàïèñè� ýíåðãåòè÷åñêàÿ îöåíêà, îáû÷íî âûïîëíÿþùàÿñÿ
äëÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, ïåðåéäåò â àïðèîðíóþ îöåíêó ñëåäóþùåãî âèäà

∥G(u)∥ ≤ C · ∥u+ L(u)∥ = C∥g∥, (2)

ãäå C � ïîñòîÿííîå ÷èñëî, íå çàâèñÿùåå îò u ∈ H, à G � âïîëíå íåïðåðûâíûé îïåðàòîð â H.
Àïðèîðíàÿ îöåíêà (2) îáû÷íî íå ïîçâîëÿåò èñïîëüçîâàòü òåîðèþ âîçìóùåíèé. Ïîýòîìó

âîçíèêàåò íåîáõîäèìîñòü ïîëó÷èòü îöåíêó ñëåäóþùåãî âèäà

∥u∥ ≤ φ (∥f(u)∥), (3)

ãäå φ(·) � íåïðåðûâíàÿ íà [0,∞) ôóíêöèÿ.
Íàëè÷èå îöåíêè âèäà (3), êàê ïðàâèëî, îòêðûâàåò âîçìîæíîñòü èñïîëüçîâàíèÿ òåîðèè

âîçìóùåíèé (ïðè ïîäõîäÿùåì âûáîðå ïðîñòðàíñòâà H).
Âåñüìà âàæíîé ïðîáëåìîé ÿâëÿåòñÿ ïðîáëåìà ñóùåñòâîâàíèÿ ïîñëåäîâàòåëüíîñòè êîíå÷-

íîìåðíûõ àïïðîêñèìàöèé çàäà÷è (1) (òî÷íåå, àïïðîêñèìàöèé îïåðàöèè u+ L(u)):

f1(·), f2(·), ... , fn(·), ... (4)

ðàññìàòðèâàåìûõ â ïðîñòðàíñòâàõ

H1, H2, ... , Hn, ... , dim Hn = n, (5)

òàêèõ, ÷òî âûïîëíÿþòñÿ àïðèîðíûå îöåíêè âèäà (2) è âîçìîæíî ïîëó÷èòü àíàëîãè÷íóþ (3)
îöåíêó.

Ïðè ýòîì ïîäðàçóìåâàåòñÿ, ÷òî Hn (n = 1, 2, ...) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì H è ìåòðèêà
Hn � åñòü ìåòðèêà, èíäóöèðîâàííàÿ èç ìåòðèêè H.

Çàäà÷à îïèñàíèÿ äèíàìèêè íåñæèìàåìîé æèäêîñòè, â ñèëó ñâîåé òåîðåòè÷åñêîé è ïðè-
êëàäíîé âàæíîñòè, ïðèâëåêàåò âíèìàíèå ìíîãèõ èññëåäîâàòåëåé.

Äàííàÿ ðàáîòà ïîñâÿùåíà ê ïðîáëåìå î ñóùåñòâîâàíèè è ãëàäêîñòè ðåøåíèé óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè [1]. Â ðàáîòàõ [2-4] ïðèâåäåíû äîñòàòî÷íî ïîëíûé àíàëèç ñîâðåìåííî-
ãî ñîñòîÿíèÿ ïðîáëåìû è îáçîð èìåþùåéñÿ ëèòåðàòóðû, ïðåäëîæåíû ìåòîäû ðåøåíèÿ çàäà÷è.
Ðàáîòû [5-13] ïîñâÿùåíû ê èññëåäîâàíèþ ðàçðåøèìîñòè â öåëîì óðàâíåíèé ìàòåìàòè÷åñêîé
ôèçèêè, íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ, à òàêæå ãëàäêîñòè
ðåøåíèÿ.

Ýòà ðàáîòà âîçíèêëà â ðåçóëüòàòå ìíîãî÷èñëåííûõ ïîïûòîê àâòîðîâ ðåøèòü ïðîáëåìó
ñóùåñòâîâàíèÿ ñèëüíîãî ðåøåíèÿ óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè.

Â ýòîé ðàáîòå ìû ïîëó÷àåì äâå òåîðåìû îá àïðèîðíûõ îöåíêàõ ðåøåíèé íåëèíåéíûõ
óðàâíåíèé â êîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Ðàáîòà ñîñòîèò èç ÷åòûðåõ ïóíêòîâ.
Ïåðâûé ïóíêò ïîñâÿùåí ââåäåíèþ è ïðîèñõîæäåíèþ çàäà÷è. Âî âòîðîì ïóíêòå ïðèâîäÿòñÿ èñ-
ïîëüçóåìûå îáîçíà÷åíèÿ è ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ. Â òðåòüåì ïóíêòå ïðèâåäåíî
äîêàçàòåëüñòâî òåîðåìû 1, êîòîðîå â ïðåäåëå äàåò ñëàáóþ ðàçðåøèìîñòü ìíîãèõ çàäà÷ ìàòåìà-
òè÷åñêîé ôèçèêè. Â ÷åòâåðòîì ïóíêòå äîêàçûâàåòñÿ òåîðåìà 2, êîòîðûé â ïðåäåëå ïîçâîëÿåò
óñòàíîâèòü ñèëüíóþ ðàçðåøèìîñòü íåêîòîðûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, äîïóñêàþùèõ
òåîðèþ âîçìóùåíèé. Óñëîâèÿ òåîðåì òàêîâà, ÷òî ìîæíî èñïîëüçîâàòü ïðè èçó÷åíèè íåêîòî-
ðîãî êëàññà íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ïîëó÷åíèÿ ñèëüíûõ àïðèîðíûõ îöåíîê ïðè íàëè÷èè
ñëàáûõ àïðèîðíûõ îöåíîê.

2. Èñïîëüçóåìûå óñëîâèÿ è ôîðìóëèðîâêà ðåçóëüòàòîâ

Çàéìåìñÿ âûâîäîì ðàâíîìåðíûõ îöåíîê äëÿ íåëèíåéíûõ çàäà÷ â êîíå÷íîìåðíîì ïðî-
ñòðàíñòâå. Ðàññìàòðèâàåìûå óðàâíåíèÿ ÿâëÿþòñÿ (êàê ïðàâèëî) àíàëîãàìè êîíå÷íîìåðíûõ
ïðèáëèæåíèé óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, çàïèñàííûõ â ½îãðàíè÷åííîé çàïèñè�.

Âñþäó â ýòîì ðàçäåëå H � êîíå÷íîìåðíîå äåéñòâèòåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî ñî
ñêàëÿðíûì ïðîèçâåäåíèåì ⟨ · , · ⟩ è íîðìîé ∥ · ∥.
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Íàñ áóäåò èíòåðåñîâàòü óðàâíåíèå ñëåäóþùåãî âèäà

u+ L(u) = g ∈ H, (6)

ãäå L(·) � íåëèíåéíîå íåïðåðûâíîå ïðåîáðàçîâàíèå, g � ýëåìåíò ïðîñòðàíñòâà H. Ðåøåíèå u
çàäà÷è (6) èùåòñÿ â H.

Ìû íàöåëåíû íà òàêèå êîíå÷íîìåðíûå óðàâíåíèÿ âèäà (6), êîòîðûå åñòü êîíå÷íîìåðíûå
àïïðîêñèìàöèè áåñêîíå÷íîìåðíûõ çàäà÷ âèäà (6) â áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàí-
ñòâå. Ïðè ýòîì îêàæåòñÿ âåñüìà âàæíûì ïîëó÷åíèå íå çàâèñÿùèõ îò íîìåðà àïïðîêñèìàöèè
îöåíîê, ïîçâîëÿþùèõ ïåðåõîäèòü ê ïðåäåëó , è ïîëó÷èòü â ïðåäåëå àïðèîðíóþ îöåíêó äëÿ
ðåøåíèÿ áåñêîíå÷íîìåðíîé çàäà÷è. Áåñêîíå÷íîìåðíûå çàäà÷è âèäà (6), íà êîòîðûå ìû íàöå-
ëåíû â äàëüíåéøåì, ÿâëÿþòñÿ, êàê ïðàâèëî, çàäà÷àìè ìàòåìàòè÷åñêîé ôèçèêè, çàïèñàííûìè
â îãðàíè÷åííîé ôîðìå.

Çäåñü è âñþäó äàëåå f(u) áóäåò îçíà÷àòü îïåðàöèþ âèäà

f(u) := u+ L(u). (7)

Åñëè ξ ∈ [0,+∞) � ïàðàìåòð è âåêòîð u(ξ) åñòü âåêòîð-ôóíêöèÿ, íåïðåðûâíî äèôôåðåí-
öèðóåìàÿ ïî ïàðàìåòðó ξ, òî áóäåì ïðåäïîëàãàòü, ÷òî òàêæå íåïðåðûâíî äèôôåðåíöèðóåìà è
âåêòîð-ôóíêöèÿ L(u(ξ)), à òàêæå âîçíèêàþùèå â äàëüíåéøåì èç L(u) è f(u) âûðàæåíèÿ.

Ââåäåì îáîçíà÷åíèÿ Lu:
(L(u(ξ)))ξ = Lu(ξ)uξ(ξ). (8)

Î÷åâèäíî, ÷òî Lu (ïðè êàæäîì u ∈ H) áóäåò ëèíåéíûì îïåðàòîðîì

Luv = (L(u(ξ)))|uξ=v. (9)

Èìååì
(f(u(ξ)))ξ = uξ + Luuξ = (E + Lu)uξ.

Â äàëüíåéøåì, åñëè u0, v0 ∈ H, òî âåêòîð Lu0v0 � ïîíèìàåì ñëåäóþùèì îáðàçîì: áåðåì
íåïðåðûâíî äèôôåðåíöèðóåìóþ âåêòîð-ôóíêöèþ u(ξ) òàêóþ, ÷òî

u|ξ=0 = u0, uξ(ξ)|ξ=0 = v0

è çà Lu0v0 ïðèíèìàåì âåêòîð
Lu0v0 = (L(u(ξ))ξ

∣∣
ξ=0

.

Çäåñü è âñþäó â äàëüíåéøåì E � åäèíè÷íîå ïðåîáðàçîâàíèå. Îáîçíà÷èì

Du = E + Lu, D∗
u = E + L∗

u, (10)

D∗
uf(u) = (E + L∗

u)f(u). (11)

Mua =
(
D∗
u(ξ)f(u(ξ))

)
ξ

∣∣∣∣ u(ξ) = u
uξ(ξ) = a

=Muuξ
∣∣
uξ=a

=Mua. (12)

Ïðèâåäåì èñïîëüçóåìûå óñëîâèÿ.
Óñëîâèå Ó1: Äëÿ îïåðàòîðîâ L(·), Lu, L∗

u, Du, D
∗
u âûïîëíåíû óñëîâèÿ

∥Mu −Mv∥H→H + ∥L(u)− L(v)∥+ ∥Lu − Lv∥H→H+

+∥L∗
u − L∗

v∥H→H ≤ ψ (∥u∥)ψ (∥v∥) ∥u− v∥,

∥Mvu∥+ ∥D∗
vu∥+ ∥Dvu∥ ≤ ψ (∥v∥) ∥u∥,

(13)
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ãäå ∥ · ∥ = ∥ · ∥H , ψ(·) � íåóáûâàþùàÿ íà [0,∞), ïîëîæèòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ.

Óñëîâèå Ó2: Ñóùåñòâóþò ëèíåéíûå îáðàòèìûå îïåðàòîðû T è Q òàêèå, ÷òî

∥T∥ ≤ CT , ∥Q∥ ≤ CT , ∥T−1∥ <∞, ∥Q−1∥ <∞, (14)

è äëÿ ëþáîãî u ∈ H âûïîëíåíû íåðàâåíñòâà

⟨Tu,L(u)⟩ ≥ 0, ⟨Tu, u⟩ ≥ ∥Qu∥2. (15)

Â (14) CT � íåêîòîðîå ôèêñèðîâàííîå ïîñòîÿííîå ÷èñëî.

Â äàëüíåéøåì ÷åðåç C èëè c (ïðîïèñíûå èëè ñòðî÷íûå, ñ èíäåêñàìè èëè áåç èíäåêñîâ)
áóäåì îáîçíà÷àòü ïîñòîÿííûå ÷èñëà (âîîáùå ãîâîðÿ, ðàçíûå â ðàçíûõ ìåñòàõ), íå çàâèñÿùèå
îò ðÿäîì ñòîÿùèõ ìíîæèòåëåé.

Ñïðàâåäëèâà
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèå Ó1 è óñëîâèå Ó2. Òîãäà äëÿ ëþáîãî g ∈ H çàäà÷à

f(u) = g (16)

èìååò ðåøåíèå u ∈ H, óäîâëåòâîðÿþùåå îöåíêå

∥Qu∥2 ≤ CT ∥g∥2, (17)

ãäå Q � îïåðàòîð èç óñëîâèÿ Ó2, à CT � êîíñòàíòà èç óñëîâèÿ Ó2.
Îáîçíà÷åíèÿìè ïðåîáðàçîâàíèé f(u), L(u), îïåðàòîðîâ Lu·, Du·, Mu· (îïðåäåëåííûõ ïðè

êàæäîì u ∈ H, (ñì. (6) - (11)) è èõ ñîïðÿæåííûõ L∗
u, D

∗
u èMu áóäåì ïîëüçîâàòüñÿ áåç îãîâîðîê.

Ââåäåì òàêæå îáîçíà÷åíèÿ:

J(u) = ∥u∥2 exp
{
−∥f(u)∥2

}
, (18)

N(u) = D∗
uf(u)− γ(u)u . (19)

×àñòî áåç îãîâîðîê èñïîëüçóåì îáîçíà÷åíèÿ (18) è (19), à òàêæå îáîçíà÷åíèÿ, âîçíèêøèå
â ôîðìóëèðîâêàõ óñëîâèé Ó1 è Ó2, è îáîçíà÷åíèÿ, êîòîðûå âîçíèêíóò â ôîðìóëèðîâêàõ íèæå
ïðèâåäåííûõ óñëîâèé Ó3 è Ó4.

Óñëîâèå Ó3: Ñóùåñòâóåò îáðàòèìûé îïåðàòîð G, òàêîé, ÷òî

∥G∥H→H ≤ C0 <∞, ∥G−1∥ <∞ (20)

è äëÿ ëþáîãî u ∈ H âûïîëíåíî íåðàâåíñòâî

∥Gu∥2 ≤ d0 ∥f(u)∥2, (21)

ãäå d0 > 0 � ïîñòîÿííîå ÷èñëî.
Óñëîâèå Ó4: Åñëè 0 ̸= u0 ∈ H, γ(u) > ∥u∥−2 è N(u) = 0, òî âûïîëíåíû ñòðîãèå

íåðàâåíñòâà

inf
{a}

⟨MuPua, Pua⟩ − γ(u)∥Pua∥2

∥Pua∥2
< 0 < sup

{a}

⟨MuPua, Pua⟩ − γ(u)∥Pua∥2

∥Pua∥2
. (22)

Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ Ó1, Ó3 è Ó4, òî äëÿ ëþáîãî u ∈ H âûïîëíåíà
àïðèîðíàÿ îöåíêà:

∥u∥2 ≤ C exp
{
∥f(u)∥2

}
. (23)

Îöåíêà (23) âûïîëíÿåòñÿ, åñëè ñîáëþäàþòñÿ óñëîâèÿ Ó1, Ó3 è íèæå ñëåäóþùåå
Óñëîâèå Ó5: Ñóùåñòâóþò ïîñòîÿííûå ÷èñëà c0, c1, m è ñàìîñîïðÿæåííûé îïåðàòîð

T, òàêèå, ÷òî åñëè ∥u∥ ≥ 1, òî âûïîëíÿþòñÿ íåðàâåíñòâà

∥L(u)∥ ≥ c0 ∥Tu∥m, ∥u∥ ≤ c1 ∥u∥m. (24)
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Çàìå÷àíèå 1. Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1, òî âûïîëíÿåòñÿ óñëîâèå Ó3. Ýòî
âûòåêàåò èç òåîðåìû 1.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Ïóòè äîêàçàòåëüñòâà òåîðåì, ñîäåðæàíèÿ êîòîðûõ ïîäîáíû óòâåðæäåíèþ òåîðåìû 1, õîðî-
øî èçâåñòíû, è ìû ìîãëè áû îãðàíè÷èòüñÿ ññûëêîé íà íèõ. Îäíàêî ðàäè ïîëíîòû èçëàãàåìûõ
ðåçóëüòàòîâ ìû ñíàáæàåì òåîðåìó 1 äîêàçàòåëüñòâîì.

Äëÿ äîêàçàòåëüñòâà èñïîëüçóåì îäèí îáùåèçâåñòíûé ïðèåì (â óäîáíîé äëÿ íàñ ôîðìå).
Ïóñòü g ∈ H. Îáîçíà÷èì ÷åðåç M(g) ìíîæåñòâî âåêòîðîâ

M(g) = {u ∈ H : ⟨Tu, u⟩ ≤ 16 ⟨Tg, g⟩}, (25)

ãäå T � îïåðàòîð èç óñëîâèÿ Ó2.
Ïðåäïîëîæèì, ÷òî óðàâíåíèå u + L(u) = g íå èìååò ðåøåíèÿ u ∈ M(g). Îïðåäåëèì ïðå-

îáðàçîâàíèå

F (u) = − u+ L(u)− g√
⟨T (u+ L(u)− g), u+ L(u)− g⟩

4
√

⟨Tg, g⟩. (26)

Òàê êàê óðàâíåíèå u + L(u) = g íå èìååò ðåøåíèÿ, òî â ñèëó óñëîâèÿ Ó2 (ñì. (15)),
ïðåîáðàçîâàíèå F (·) íåïðåðûâíî. Ëåãêî âèäåòü, ÷òî ýòî ïðåîáðàçîâàíèå ïåðåâîäèò ìíîæåñòâî
M(g) â ñåáÿ. Ïîýòîìó, â ñèëó òåîðåìû Áðàóäåðà î íåïîäâèæíîé òî÷êå è êîíå÷íîìåðíîñòè H,
ïðåîáðàçîâàíèå F (·) èìååò íåïîäâèæíóþ òî÷êó u0 ∈M(g), òî åñòü

F (u0) = u0. (27)

Ïîäåéñòâóåì íà (27) îïåðàòîðîì T , à çàòåì ïîëó÷åííîå ðàâåíñòâî ñêàëÿðíî óìíîæèì íà
u0 + L(u0)− g. Òîãäà, èñïîëüçóÿ (26), ïîëó÷àåì

−A :≡ −4
√
⟨Tg, g⟩

√
⟨T (u0 + L(u0)− g), u0 + L(u0)− g⟩ =

= ⟨Tu0, u0 + L(u0)− g0⟩ ≥ ⟨Tu0, u0⟩ − ⟨Tu0, g⟩ =

= ⟨Tu0, u0⟩ − 1
2 (⟨Tu0, g⟩+ ⟨u0, T ∗g⟩) .

(28)

Ïðè âûâîäå (28) â ïðåäïîñëåäíåì ïåðåõîäå èñïîëüçîâàíî (15) èç óñëîâèÿ Ó2.
Òàê êàê ñîãëàñíî óñëîâèþ Ó2 íåðàâåíñòâî ⟨Tv, v⟩ ≥ ∥Qv∥2 âûïîëíåíî äëÿ ëþáîãî v ∈ H

è îïåðàòîð Q îáðàòèì, òî âåëè÷èíó ⟨Tu0, u0⟩ ìîæíî ïðèíÿòü çà êâàäðàò íîðìû âåêòîðà u0, à
âåëè÷èíó 1

2 (⟨Tu0, g⟩+ ⟨u0, T ∗g⟩) � çà (ñîãëàñîâàííîå ñ ýòîé íîðìîé) ñêàëÿðíîå ïðîèçâåäåíèå
âåêòîðîâ u0 è g â íåêîòîðîì äåéñòâèòåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Ïîýòîìó ìîæíî
èñïîëüçîâàòü èçâåñòíîå íåðàâåíñòâî Êîøè è ïîëó÷èì íåðàâåíñòâî

−A ≥ ⟨Tu0, u0⟩ − (ε−1⟨Tu0, u0⟩+ ε⟨Tg, g⟩) = ⟨Tu0, u0⟩(1− ε−1)− ε⟨Tg, g⟩. (29)

Èç (27) è (26) èìååì
⟨Tu0, u0⟩ = ⟨TF (u0), F (u0)⟩ = 16 ⟨Tg, g⟩.

Îòñþäà è èç (29) ïîëó÷àåì
−A ≥ [(1− ε−1)16− ε] ⟨Tg, g⟩.

Âûáðàâ çäåñü ε = 2, ïîëó÷àåì −A ≥ 6 ⟨Tg, g⟩.
Òàê êàê ëåâàÿ ÷àñòü íåðàâåíñòâà åñòü îòðèöàòåëüíàÿ âåëè÷èíà, òî îíî ïðîòèâîðå÷èò íåðà-

âåíñòâó (15) èç óñëîâèÿ Ó2. Ýòî äîêàçûâàåò, ÷òî óðàâíåíèå u+Tu = g èìååò ðåøåíèå u ∈M(g).
Äëÿ ðåøåíèÿ óðàâíåíèÿ u+ L(u) = g, óìíîæàÿ åãî ñêàëÿðíî íà Tu, èìååì

⟨Tu, u⟩+ ⟨Tu,L(u)⟩ = ⟨Tu, g⟩ = 1

2
(⟨Tu, g⟩+ ⟨u, T ∗g⟩) .
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Çäåñü ñïðàâà ñòîèò ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ Tu è g â íåêîòîðîì ãèëüáåðòîâîì ïðî-
ñòðàíñòâå. Ïðèìåíÿÿ èçâåñòíîå íåðàâåíñòâî Êîøè è ó÷èòûâàÿ ïåðâîå íåðàâåíñòâî èç (15)
óñëîâèÿ Ó2, ïîëó÷àåì:

⟨Tu, u⟩ ≤ (⟨Tu, u⟩)1/2 (⟨Tg, g⟩)1/2 .

Îòñþäà
⟨Tu, u⟩ ≤ ⟨Tg, g⟩ ≤ ∥Tg∥∥g∥ ≤ CT ∥g∥2,

ãäå CT � êîíñòàíòà èç óñëîâèÿ Ó2.
Òåïåðü èç âòîðîãî íåðàâåíñòâà (15) óñëîâèÿ Ó2 ïîëó÷àåì òðåáóåìîå:

∥Qu∥2 ≤ CT ∥g∥2.

Çàìå÷àíèå 2. Òåîðåìà 1 ïîçâîëÿåò äîêàçàòü ñóùåñòâîâàíèÿ ½ñëàáîãî� ðåøåíèÿ íåêîòî-
ðûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ½ñèëüíîãî� ðåøåíèÿ,
ïîçâîëÿþùåãî èñïîëüçîâàòü òåîðèþ âîçìóùåíèé äëÿ íåêîòîðûõ çàäà÷ ìàòåìàòè÷åñêîé ôè-
çèêè, íàì íóæíà åù¼ îäíà êîíå÷íîìåðíàÿ òåîðåìà, êîòîðàÿ áóäåò äîêàçàíà ïðè âûïîëíåíèè
óñëîâèé Ó1, Ó3 è Ó4.

Ïîäðîáíîå äîêàçàòåëüñòâî òåîðåìû 2 ïðèâåäåíî â íàøåé ñòàòüå â Êàçàõñêîì Ìàòåìàòè-
÷åñêîì Æóðíàëå [14].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè, Ãèëüáåðòîâà ïðî-
ñòðàíñòâà, ñëàáîå ðåøåíèå, ñèëüíîå ðåøåíèå, ïîñëåäîâàòåëüíîñòü êîíå÷íîìåðíûõ àïïðîêñèìàöèé çàäà÷è.
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Ê ðåøåíèþ çàäà÷è òåïëîïðîâîäíîñòè ñ
êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì è

ãðàíè÷íûìè óñëîâèÿìè òèïà Ñàìàðñêîãî-Èîíêèíà

È.Í. ÏÀÍÊÐÀÒÎÂÀ1, Ì.À. ÑÀÄÛÁÅÊÎÂ2, Ó.Ê. ÊÎÉËÛØÎÂ3

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
1pankratova@math.kz, 2sadybekov@math.kz, 3koylyshov@math.kz

Â îáëàñòè Ω = {(x, t) : 0 < x < 1, 0 < t < T} ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì òåïëîïðîâîäíîñòè k(x)

ut(x, t)− k21uxx(x, t) = f(x, t), 0 < x < 1/2, 0 < t < T,

ut(x, t)− k22uxx(x, t) = f(x, t), 1/2 < x < 1, 0 < t < T,

ñ êëàññè÷åñêèì íà÷àëüíûì óñëîâèåì

u(x, 0) = φ(x), 0 ≤ x ≤ 1,

ñ åñòåñòâåííûìè óñëîâèÿìè ñîïðÿæåíèÿ

u(1/2− 0, t) = u(1/2 + 0, t), 0 ≤ t ≤ T,

k1ux(1/2− 0, t) = k2ux(1/2 + 0, t), 0 ≤ t ≤ T,

è êðàåâûìè óñëîâèÿìè òèïà Ñàìàðñêîãî-Èîíêèíà

u(0, t) = 0, k1ux(0, t) = k2ux(1, t), 0 ≤ t ≤ T.

Çäåñü k1, k2 � êîíñòàíòû, φ(x), f(x, t) � çàäàííûå âåùåñòâåííûå ôóíêöèè.
Ïóòåì ââåäåíèÿ ñïåöèàëüíî ïîäîáðàííîé ôóíêöèè v(x, t) ðåøåíèå íåëîêàëüíîé íà÷àëüíî-

êðàåâîé çàäà÷è ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ äâóõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ ëî-
êàëüíûìè è ñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè äëÿ ôóíêöèé c(x, t) è s(x, t). Çäåñü

2c(x, t) = u(x, t) + v(x, t), 2s(x, t) = u(x, t)− v(x, t).

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ïîñòðîåíà ðàçíîñòíàÿ ñõåìà, àïïðîêñèìèðóþùàÿ äèô-
ôåðåíöèàëüíóþ çàäà÷ó â çàäàííîé îáëàñòè. Èññëåäîâàíû âîïðîñû êîððåêòíîñòè ïîñòàíîâêè
äèôôåðåíöèàëüíîé çàäà÷è, êîððåêòíîñòè è óñòîé÷èâîñòè àäàïòèðîâàííîãî äëÿ ðàçíîñòíûõ
ñõåì àëãîðèòìà ñâåäåíèÿ íåëîêàëüíîé ðàçíîñòíîé ñõåìû ê ïîñëåäîâàòåëüíîìó ðåøåíèþ äâóõ
ëîêàëüíûõ ðàçíîñòíûõ ñõåì, à òàêæå âîïðîñû óñòîé÷èâîñòè ðàçíîñòíûõ ñõåì.

Â ñëó÷àå k1 = k2 â [1] áûëà ïîñòðîåíà ðàçíîñòíàÿ ñõåìà, àïïðîêñèìèðóþùàÿ äèôôåðåí-
öèàëüíóþ çàäà÷ó è îáîñíîâàíà åå óñòîé÷èâîñòü.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19679487).

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, ðàçðûâíûé êîýôôèöèåíò òåïëîïðîâîäíîñòè, íåëîêàëüíûå
êðàåâûå óñëîâèÿ, ÷èñëåííûå ìåòîäû, ðàçíîñòíûå îïåðàòîðû.
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Îá èíòåãðàëüíûõ ïðåäñòàâëåíèÿõ ðåøåíèé
ðåãóëÿðíûõ êðàåâûõ çàäà÷ äëÿ âûðîæäàþùåãîñÿ

ýëëèïòè÷åñêîãî óðàâíåíèÿ Ãåëëåðñòåäòà

À.Â. ÐÎÃÎÂÎÉ1, Ò.Ø. ÊÀËÜÌÅÍÎÂ2

1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
1Óíèâåðñèòåò Ìèðàñ, Øûìêåíò, Êàçàõñòàí
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Â êîíå÷íîé îáëàñòè Ω ⊂ R2, îãðàíè÷åííîé ïðè y > 0 ãëàäêîé êðèâîé σ è îòðåçêîì AB
îñè y = 0 ðàññìîòðèì âûðîæäàþùååñÿ ýëëèïòè÷åñêîå óðàâíåíèå Ãåëëåðñòåäòà

Lu ≡ ymuxx + uyy = f(x, y). (1)

Ôóíäàìåíòàëüíîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (1) èìååò âèä [1]:

ε(x, y, ξ, η) = k ·
(
r21
)−β

(1− σ)1−2βF (1− β, 1− β; 2− 2β; 1− σ), (2)

ãäå

β =
1

2(m+ 2)
, k =

(
4

m+ 2

)4β−2

· Γ(β)

Γ(1− β) · Γ(2β)
, σ =

r2

r21
,

r2 = (x− ξ)2 +
4

(m+ 2)2

(
y

m+2
2 − η

m+2
2

)2
,

r21 = (x− ξ)2 +
4

(m+ 2)2

(
y

m+2
2 + η

m+2
2

)2
,

F (a, b; c; z) � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ; Γ(z) � ãàììà-ôóíêöèÿ.
Ïóñòü q̃ (ξ1, η1, ξ, η) � ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ Ãåëëåðñòåäòà(

ηm
∂2

∂ξ2
+

∂2

∂η2

)
q̃ (ξ1, η1, ξ, η) = 0

è

q(x, y, ξ, η) =

�

∂Ω

ε(x, y, ξ1, η1)q̃ (ξ1, η1, ξ, η) dξ1dη1.

Òîãäà îïåðàòîð

u(x, y) = L−1
Q f =

�

Ω

(ε(x, y, ξ, η)− q(x, y, ξ, η)) f(ξ, η)dξη (3)

ÿâëÿåòñÿ ðåøåíèåì ðåãóëÿðíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ãåëëåðñòåäòà, îïðåäåëÿåìîé
ïðîèçâîëüíîé ôóíêöèåé q(x, y, ξ, η).

Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [2] è ïîëüçóÿñü ìåòîäèêîé ðàáîòû [3], äîêàçàíà ñëåäóþùàÿ
òåîðåìà.
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Òåîðåìà 1. Èíòåãðàëüíûé îïåðàòîð (3) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ðåãóëÿðíîé êðà-
åâîé çàäà÷è äëÿ óðàâíåíèÿ (1) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå

−u(x)
2

+

�

∂Ω

(
∂ε

∂ny
+

∂q

∂ny

)
u(y)dSy −

�

∂Ω

(ε+ q)
∂u

∂ny
(y)dSξ = 0, x ∈ ∂Ω. (4)

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488701).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ãåëëåðñòåäòà, èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ, ðåãóëÿðíàÿ êðàåâàÿ çàäà÷à,
ýëëèïòè÷åñêîå óðàâíåíèå, ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ.

2010 Mathematics Subject Classi�cation: 35L80, 35M10, 35N30, 33C05

Ëèòåðàòóðà

[1] Gellerstedt S. Sur un probleme aux limites pour une equation lineaire aux derivees partielles
du second ordre de type mixte, These, Uppsala (1935).

[2] Êàëüìåíîâ Ò.Ø., Îòåëáàåâ Ì. Êðèòåðèé ãðàíè÷íîñòè èíòåãðàëüíûõ îïåðàòîðîâ, Äî-
êëàäû Àêàäåìèè íàóê. � Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå ó÷ðåæäåíèå "Ðîññèéñêàÿ
àêàäåìèÿ íàóê", 466:4 (2016), 395�395.

[3] Kalmenov T.Sh. Boundary criterion for integral operators and its applications, in: Abstracts
of the VII World Congress of Turkic World Mathematicians (TWMS Congress-2023), Turkestan
(2023), 123�124.

Ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíîãî
îïåðàòîðà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì

ïàðàìåòðîì â êðàåâîì óñëîâèè

Í.Í. ÑÀÉÐÀÌ1, Ì.À. ÑÀÄÛÁÅÊÎÂ2

1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
1Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

1nurgul.sairam02@mail.ru, 2sadybekov@math.kz

Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ îïåðàòîðà, çàäàííîãî îïåðàöèåé äèôôåðåíöè-
ðîâàíèÿ âòîðîãî ïîðÿäêà

Ly = −y′′(x) = λy(x), 0 < x < 1, (1)

ñ êðàåâûìè óñëîâèÿìè ñ ëèíåéíûì âõîæäåíèåì ñïåêòðàëüíîãî ïàðàìåòðà

y(0) = 0, (2)

U0(y) + λU1(y) = 0. (3)

Çäåñü Uj(y) � ëèíåéíûå ôîðìû âèäà Uj(y) = aj1y
′(0) + aj2y

′(1) + aj3y(0) + aj4y(1).
Ñïåêòðàëüíûå ñâîéñòâà êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà â êðàåâûõ óñëî-

âèÿõ îòñóòñòâóåò ñïåêòðàëüíûé ïàðàìåòð, ïîëíîñòüþ èññëåäîâàíû è ýòè ðåçóëüòàòû õîðîøî
èçâåñòíû. Íàèáîëåå ïîëíî âñå ñëó÷àè ðàçîáðàíû â [1].

Â íàñòîÿùåé ðàáîòå èññëåäîâàíû ñïåêòðàëüíûå ñâîéñòâà çàäà÷è (1)-(3) ñ ëèíåéíûì âõîæ-
äåíèåì ñïåêòðàëüíîãî ïàðàìåòðà â îäíî êðàåâîå óñëîâèå. Â òåðìèíàõ êîýôôèöèåíòîâ êðàåâîãî
óñëîâèÿ (3) âûäåëåíû ðåãóëÿðíûå è íåðåãóëÿðíûå êðàåâûå óñëîâèÿ. Âûäåëåíû è îïèñàíû âñå
ñëó÷àè ïîâåäåíèÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ïðîåêòà ãðàíòîâîãî ôèíàíñèðîâàíèÿ Êîìèòåòà
íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23485279).

Êëþ÷åâûå ñëîâà: îáûêíîâåííûé äèôôåðåíöèàëüíûé îïåðàòîð, íåëîêàëüíûå êðàåâûå óñëîâèÿ, ñïåêòðàëüíûé
ïàðàìåòð â êðàåâîì óñëîâèè, ñïåêòðàëüíûå ñâîéñòâà.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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2020 Mathematics Subject Classi�cation: 34L05, 34L10,34L15

Ëèòåðàòóðà

[1] Lang P., Locker J. Spectral theory of two-point di�erential operators determined by −D2,
J. Math. Anal. And Appl., 146:1 (1990), 148�191.

Ðàçðåøèìîñòü êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ
óðàâíåíèé ñ èíâîëþöèåé

À.À. ÑÀÐÑÅÍÁÈ1, À.Ì. ÑÀÐÑÅÍÁÈ2

1ÞÊÓ èì.Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí
2ÞÊÓ èì.Ì.Àóýçîâà,Øûìêåíò, Êàçàõñòàí

abzhahan@gmail.com

Ðàññìîòðèì íåëèíåéíîå óðàâíåíèå ñ èíâîëþöèåé

y′′ (x) + αy′′ (−x) = F (x, y (x) , y (−x)) , x ∈ (−1, 1) , (1)

êðàåâûìè óñëîâèÿìè

y (−1) = y1, y (1) = y2, (2)

ãäå F : [0, 1] × R2 → R çàäàííàÿ ôóíêöèÿ,α ̸= ±1. Êðàåâàÿ çàäà÷à (1), (2) ýêâèâàëåíòíà
èíòåãðàëüíîìó óðàâíåíèþ

y (x) =
1

2
(y2 + y1) +

1

2
(y2 − y1)x+

1�

−1

G (x, t)F (t, y (t) , y (−t)) dt,

ãäå G (x, t) åñòü ôóíêöèÿ Ãðèíà ñîîòâåòñòâóþùåãî (1) îäíîðîðîäíîãî óðàâíåíèÿ ñ îäíîðîäíû-
ìè êðàåâûìè óñëîâèÿìè (2) y1 = y2 = 0. Îäèí èç ïîëó÷åííûõ ðåçóëüòàòîâ ìîæíî ñôîðìóëè-
ðîâàòü â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïóñòü α ̸= ±1. Ïóñòü ôóíêöèÿ F (x, ς, ξ) íåïðåðûâíà è óäîâëåòâîðÿåò óñëîâèþ

Ëèïøèöà
∣∣∣F (x, ς, ξ)− F

(
x, ς̃, ξ̃

)∣∣∣ ≤ l1 |ς − ς̃| + l2

∣∣∣ξ − ξ̃
∣∣∣ äëÿ ëþáîãî (x, ς, ξ) ,

(
x, ς̃, ξ̃

)
∈ Ω, è

ïîëîæèòåëüíûå ÷èñëà l1, l2 òàêîâû,÷òî 9(l1+l2)
16|1−|α|| < 1. Òîãäà êðàåâàÿ çàäà÷à (1), (2)èìååò

åäèíñòâåííîå ðåøåíèå.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19674587).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå ñ èíâîëþöèåé, ôóíêöèÿ Ãðèíà, íåëèíåéíîå óðàâíåíèå, êðà-
åâàÿ çàäà÷à, òåîðåìà Øàóäåðà.

2010 Mathematics Subject Classi�cation: 34A34, 34B27, 34K10

Ëèòåðàòóðà

[1] Sarsenbi A.A., Sarsenbi A.M. Boundary value problems for a second-order di�erential
equation with involution in the second derivative and their solvability, AIMSMathematics, 8(11):2023,
26275-26289. doi: 10.3934/math.20231340
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Ìåòîä ïîãàøåíèÿ âëèÿíèÿ ìàëûõ äåëèòåëåé â
íåëèíåéíûõ âîçìóù¼ííûõ êâàçèïåðèîäè÷åñêèõ

êîëåáàíèÿõ ñ äèîôàíòîâûìè ÷àñòîòàìè

Æ.À. ÑÀÐÒÀÁÀÍÎÂ

Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, Àêòîáå, Êàçàêñòàí

sartabanov42@mail.ru

Ïðåäëàãàåìûé ìåòîä îïèøåì íà ïðèìåðå íåëèíåéíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, êîòîðîå
÷àñòî âñòðå÷àåòñÿ â òåîðèè íåëèíåéíûõ êîëåáàíèé[1]:

ẍ+ x = βx2 + f(τ) (1)

ñ êâàçèïåðèîäè÷åñêèì âîçìóùåíèåì, ïðåäñòàâëÿåìûì àáñîëþòíî ñõîäÿùèì ðÿäîì

f(τ) =
∑
p∈Z2

fpe2πi(p1ν1+p2ν2) ≡
∞∑
j=0

∑
|p|=j

fpe2πi(p1ν1+p2ν2) ≡

≡ {λp = 2π(p1ν1 + p2ν2), f
p} ≡ {fp}, p = (p1, p2) ∈ Z × Z = Z2, (2)

è ìàëûì ïàðàìåòðîì β > 0, ãäå Z � ìíîæåñòâî öåëûõ ÷èñåë, (ν1, ν2) = ν � ÷àñòîòíûé áàçèñ
êîëåáàíèé îáëàäàåò ñâîéñòâîì ñèëüíîé íåñîèçìåðèìîñòè [2]:

|p1ν1 + p2ν2| ≥ c|p|3, |p| = |p1|+ |p2| > 0, p ∈ Z2, (3)

Áàçèñ ÷àñòîò (ν1, ν2), îáëàäàþùèé ñâîéñòâîì (3) íàçûâàåòñÿ äèîôàíòîâûì.
Ìàëûå äåëèòåëè p1ν1+p2ν2 , p ∈ Z2, êîòîðûå ïîÿâëÿþòñÿ â ïðåäñòàâëåíèÿõ ðåøåíèé óðàâ-

íåíèé ðÿäîì Ôóðüå è ñîçäàþò íåïðåîäîëèìóþ òðóäíîñòü ïðè ïîñòðîåíèè èõ ìåòîäîì ìàëûõ
ïàðàìåòðîâ è ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Â äàííîì èññëåäîâàíèè ìåòîäîì ðàñøèðåííûõ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ óðàâíå-
íèå (1) ïðèâîäèòñÿ ê óðàâíåíèþ

z̈ + z = βz2 + ψ(τ), (4)

ψ(τ) =

∞∑
j=0

∑
|p|=j

fpe2πi(1+|p|)3(p1ν1+p2ν2)τ =

= {µp = 2π(1 + |p|)3(p1ν1 + p2ν2), f
p}, |p| = |p1|+ |p2| > 0, (5)

ãäå µp = 2π(1 + |p|)3λp, p ∈ Z2.
Òåîðåìà 1 äàííîãî èññëåäîâàíèÿ ãëàñèò î ïðèâîäèìîñòè çàäàííîãî óðàâíåíèÿ (1) ñ âîç-

ìóùåíèåì (2) ñ îöåíêîé âëèÿíèÿ ìàëûõ äåëèòåëåé (3) ê óðàâíåíèþ (4) ñ âîçìóùåíèåì (5) ñ
ïîãàùåííûì âëèÿíèåì ìàëûõ äåëèòåëåé íà îñíîâå ìåòîäà ðàñøèðåííûõ îïåðàòîðîâ äèôôå-
ðåíöèðîâàíèÿ.

Äîêàçàíà òåîðåìà 2, êîòîðàÿ óòâåðæäàåò ñóùåñòâîâàíèå åäèíñòâåííîãî êâàçèïåðèîäè÷å-
ñêèå ðåøåíèå ëèíåéíîãî óðàâíåíèÿ, ïîëó÷åííîãî èç óðàâíåíèÿ (4) ïðè β = 0 ñ òåì æå ÷àñòîò-
íûì áàçèñîì (ν1, ν2) = ν, ÷òî ó óðàâíåíèÿ (1).

Òåîðåìîé 3 íà îñíîâå ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé óñòàíàâëèâàåòñÿ ñóùåñòâî-
âàíèå åäèíñòâåííîãî êâàçèïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (4) ñ âîçìóùåíèåì (5) ïðè äî-
ñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà β > 0.

Â çàêëþ÷èòåëüíîé òåîðåìå 4 ïðèâîäèòñÿ àëãîðèòì ïðåäñòàâëåíèÿ êâàçèïåðèîäè÷åñêîãî
ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ (1) ñî ñâîéñòâàìè (2) è (3) â âèäå ðÿäà Ôóðüå.

Èññëåäîâàíèå çàâåðøàåòñÿ ïðèìåíåíèåì îïèñàííîãî ìåòîäà äëÿ óñòàíîâëåíèÿ åäèíñòâåí-
íîãî êâàçèïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ Äóôôèíãà ñ ïîëèãàðìîíè÷åñêèì âîçìóùåíèåì
è äèîôàíòîâûì ÷àñòîòíûì áàçèñîì ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19676629).

Êëþ÷åâûå ñëîâà: ìåòîä ïîãàøåíèÿ; âëèÿíèå ìàëûõ äåëèòåëåé; êâàçèïåðèîäè÷åñêèå êîëåáà-
íèÿ; äèîôàíòîâûå ÷àñòîòû; ðàñøèðåííûé îïåðàòîð; êîýôôèöèåíòû; ïîêàçàòåëè; ðÿäû Ôóðüå.

2010 Mathematics Subject Classi�cation: 34C25, 42A16, 34C10

Ëèòåðàòóðà

[1] Ñòîêåð Ä.Æ Íåëèíåéíûå êîëåáàíèÿ â ìåõàíè÷åñêèõ è ýëåêòðè÷åñêèõ ñèñòåìàõ, Ì.:
ÈË, 1953ã. -256ñ.

[2] Àðíîëüä Â.È. Äîïîëíèòåëüíûå ãëàâû òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, Ì.: Íàóêà, 1978ã. -304ñ.

Ïðèìåíåíèå ìåòîäà ðàñøèðåíèÿ îïåðàòîðîâ
äèôôåðåíöèðîâàíèÿ ê îáûêíîâåííûì

äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ îòêëîíÿþùèìñÿ
àðãóìåíòîì

Æ.À. ÑÀÐÒÀÁÀÍÎÂ1, Ã.Ì. ÀÉÒÅÍÎÂÀ2, À.À. ÊÓËÜÆÓÌÈÅÂÀ3

1Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê. Æóáàíîâà, Àêòîáå, Êàçàõñòàí
2,3Çàïàäíî-Êàçàõñòàíñêèé óíèâåðñèòåò èìåíè Ì. Óòåìèñîâà, Óðàëüñê, Êàçàõñòàí

1sartabanov42@mail.ru, 2gulsezim-88@mail.ru

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñêàëÿðíîãî óðàâíåíèÿ

dx(t)

dt
= λx(t) + µϕ(t, x(t− ε)) + f(t, x(t))ϕ(τ, x(t− ε)) (1)

x = x0(t) ∈ C1
t [−ε, 0]

ñ ïîñòîÿííûì îòêëîíåíèåì ε > 0, ïîñòîÿííûìè êîýôôèöèåíòàìè λ, µ ̸= 0 è ãëàäêèìè ôóíêöè-
ÿìè ϕ(τ, y) ∈ C

(2,2)
τ,y (R×R), ∂ϕ∂y ̸= 0 è f(τ, x) ∈ C2,2

τ,x(R×R), ïðè÷åì f(τ, x) îáðàòèì îòíîñèòåëüíî
x. Ñëåäîâàòåëüíî,

∂ϕ(t, y)

∂y
̸= 0; f(t, x) + µ = 0 =⇒ x = ψ(t) ∈ C(R). (2)

Ñóòü ìåòîäà èçó÷åíèÿ ýòîé çàäà÷è (1)-(2) çàêëþ÷àåòñÿ â ââåäåíèè íîâîé íåçàâèñèìîé
ïåðåìåííîé τ è ñâåäåíèè çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ê çàäà÷å
äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïî t è τ .

×òîáû ââåñòè íîâóþ íåçàâèñèìóþ ïåðåìåííóþ τ áóäåì ïîëüçîâàòüñÿ ïðîñòûì ñîîáðàæå-
íèåì î òîì, ÷òî ïîñòîÿííîå îòêëîíåíèå ε > 0, íàõîäÿùååñÿ â àðãóìåíòàõ ôóíêöèé, áóäåì
ñ÷èòàòü ÷àñòíûì çíà÷åíèåì ýòîé ïåðåìåííîé τ .

Òîãäà óðàâíåíèå (2) ìîæíî ïðåäñòàâèòü â âèäå

∂x(t)

∂t
= λx(t) + µϕ(t, x(t− τ)) + f(t, x(t))ϕ(t, x(t− τ)). (3)

Ñäâèãàÿ t íà τ èìååì óðàâíåíèå

∂x(t+ τ)

∂t
= λx(t+ τ) + µϕ(t+ τ, x(t)) + f(t+ τ, x(t+ τ))ϕ(t+ τ, x(t)), (4)

êîòîðîå ýêâèâàëåíòíî óðàâíåíèþ (3).
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×òîáû ïîëó÷èòü ðàñøèðåííóþ ñèñòåìó óðàâíåíèè â ÷àñòíûõ ïðîèçâîäíûõ äîñòàòî÷íî
äèôôåðåíöèðîâàòü óðàâíåíèÿ (3) è (4) ïî ïàðàìåòðó τ :

[f(t, x(t)) + µ]∂ϕ(t,x(t−τ))∂y
∂x(t−τ)
∂τ = 0

∂2x(t+τ)
∂τ∂t = λ∂x(t+τ)∂τ + µ∂ϕ(t+τ,x(t))∂τ +

[
∂f(t+τ,x(t+τ))

∂t + ∂f(t+τ,x(t+τ))
∂x

]
ϕ(t+ τ, x(t))+

+f(t+ τ, x(t+ τ))∂ϕ(t+τ,x(t))∂t .

(5)

Òîãäà â ñèëó (2) ñèñòåìà (5) ýêâèâàëåíòíà óðàâíåíèþ

∂2x(t+ τ)

∂τ∂t
− λ

∂x(t+ τ)

∂τ
= g(t, τ, x(t+ τ)) (6)

ãäå g(t, τ, x(t+ τ)) îïðåäåëÿåòñÿ ñîîòíîøåíèåì

g(t, τ, x(t+ τ)) = [ft(t+ τ, x(t+ τ)) + fx(t+ τ, x(t+ τ))]ϕ(t+ τ, ψ(t))+

+ [f(t+ τ, x(t+ τ)) + µ]ϕt(t+ τ, ψ(t)). (7)

Îáîçíà÷èâ x(t+ τ) = u(τ, t) óðàâíåíèå (6)-(7) ïðåäñòàâèì â âèäå

∂2u

∂τ∂t
− λ

∂u

∂t
= g(τ, t, u) (8)

ñ íà÷àëüíûì óñëîâèåì
u(τ, τ) = x0(τ), τ ∈ [−ε/2, 0], (80)

∂u(τ, τ)

∂τ
+
∂u(τ, τ)

∂t
= x0τ (τ), τ ∈ [−ε/2, 0].

Äàëåå, â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ óðàâíåíèå (1), à ñëåäîâàòåëüíî, óðàâíåíèÿ (8) èñ-
ñëåäóåòñÿ ðàçðåøèìîñòü çàäà÷è (8)-(80).

Òàêæå èññëåäóåòñÿ óðàâíåíèÿ, èçâåñòíûå èç [1], ê êîòîðûì ïðèìåíèì âûøåèçëîæåííûé
ïðèåì.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (Ãðàíò � AP19676629).

Êëþ÷åâûå ñëîâà: ìåòîäà ðàñøèðåíèÿ, îïåðàòîð äèôôåðåíöèðîâàíèÿ, äèôôåðåíöèàëüíîå óðàâíåíèå, îòêëî-
íåíèå, ðàçðåøèìîñòü.
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Èññëåäóåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ñèñòåì âèäà

Dx = Bx+ f(τ, t, x), D =
∂

∂τ
+

m∑
j=1

Aj
∂

∂tj
, (1)
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ãäå èñêîìàÿ âåêòîð-ôóíêöèÿ ïåðåìåííûõ τ ∈ (−∞,+∞) = R, t = (t1, ..., tm) ∈ R×...×R = Rm,
Aj � ïîñòîÿííûå 2 × 2-ìàòðèöû ãèïåðáîëè÷åñêîãî òèïà, òî åñòü ñîáñòâåííûå çíà÷åíèÿ λjl =
λjl(Aj) íåíóëåâûå è äåéñòâèòåëüíûå:

0 ̸= λjl = λjl(Aj) ∈ R, j = 1,m, l = 1, 2, (2)

B � ïîñòîÿííàÿ 2 × 2-ìàòðèöà, f = f(f1, f2) � âåêòîð-ôóíêöèÿ, (θ, ω)-ïåðèîäè÷åñêàÿ è äîñòà-
òî÷íî ãëàäêàÿ ïî (τ, t) è ïî x ïîðÿäêà (1, 1) = (ẽ):

f(τ + θ, t+ ω, x) = f(τ, t, x) ∈ C0,e,ẽ
τ,t,x (R×Rm ×R2), (3)

θ = ω0, ω1, ..., ωm � íåñîèçìåðèìûå ïîëîæèòåëüíûå ïîñòîÿííûå, ω = (omega1, ..., ωm).
Èçó÷àþòñÿ äâà âîïðîñà: 1) ìåòîäîì ñóæåíèÿ ìàòðè÷íûé îïåðàòîð äèôôåðåíöèðîâàíèÿ D

ñâîäèòñÿ ê îïåðàòîðó îáûêíîâåííîãî äèôôåðåíöèðîâàíèÿ d/dτ , êîòîðûé ñëåäóåò îïðåäåëèòü è
2) îáîáùåíèåì ìåòîäîâ äëÿ óçêîãèïåðáîëè÷åñêèõ ñèñòåì ðàçðàáàòûâàåòñÿ ìåòîä óñòàíîâëåíèÿ
ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ãèïåðáîëè÷åñêîé ñèñòåìû (1) ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ê
(2) è (3) óñëîâèÿõ, êîòîðûå ñëåäóåò îïðåäåëèòü.

Äàííûå èññëåäîâàíèÿ ÿâëÿþòñÿ îáîáùåíèåì ðåçóëüòàòîâ [1] íà îáùèé ãèïåðáîëè÷åñêèé
ñëó÷àé íà ïðèìåðå ñèñòåì âòîðîãî ïîðÿäêà.

Ïî ðåøåíèþ ïåðâîãî âîïðîñà ñíà÷àëà ðàññìîòðèì ñóæåííûé îïåðàòîð äèôôåðåíöèðî-
âàíèÿ D1x = ∂x

∂τ + A1
∂x
∂t è ïðèâîäèì åãî ê îïåðàòîðó d/dτ . Äëÿ ýòîãî ëèíåéíîé çàìåíîé

x = B1y ïðèâîäèì ýòîò îïåðàòîð ê êàíîíè÷åñêîìó âèäó D1y = ∂y
∂τ + J1

∂y
∂t . Ìàòðèöà J1 ìîæåò

áûòü äèàãîíàëüíîé: J1 = diag(λ1, λ2). Òîãäà, D1y(τ, t) = dz(τ)/dτ ãäå z(τ) = y(τ, h(τ, ξ, η)) ≡
(y1(τ, h11), y2(τ, h12)), h1j = ηj + λ1j(τ, ξ, ηj). Ñëåäîâàòåëüíî, èìååì

D1y = dz(τ)/dτ, z(τ) = (y1(τ, h11(τ, ξ, η1), y2(τ, h12(τ, ξ, η1)). (4)

Åñëè J! èìååò òðåóãîëüíûé âèä J1 =

(
λ 0
0 λ

)
, òî òîãäà D1y =

(
1 0

−λ−1 1

)
dz(τ)/dτ , ãäå

z(τ) = y(τ, h(τ, ξ, η) ≡ (y1(τ, h1, y2(τ, h1)), h = η + λ(τ − ξ). Â ýòîì êðàòíîì ñëó÷àå ïîÿâëÿåòñÿ
ìàòðèöà ïåðåõîäà

Π1 =

(
1 0

−λ−1 1

)
= J−1

1

è èìååì ôîðìóëó

D1y(τ, t1) = Π1dz(τ)/dτ, z(τ) = (y1(τ, h1(τ, ξ, η1), y2(τ, h1(τ, ξ, η1)). (5)

Òàêèì îáðàçîì, â ñëó÷àå ïðîñòûõ ýëåìåíòàðíûõ äåëèòåëåé ìàòðèöà ïåðåõîäà Π1 = E � åäè-
íè÷íàÿ ìàòðèöà, à ïðè êàðòíîì ýëåìåíòàðíîì äåëèòåëå ìàòðèöà ïåðåõîäà Π1 = J−1. Ñ ó÷¼òîì
ýòîãî, ëèíåéíîé çàìåíîé u(τ) = Π1z(τ), îáúåäèíèâ ôîðìóëû (4) è (5) ïåðåõîäà, çàïèøåì

D1y(τ, t1) = du(τ)/dτ. (6)

Çàìåòèì, ÷òî ýòè ïðîöåññû (4)-(6) îáðàòèìûå, òî åñòü ðàñøèðèâ îïåðàòîð d/dτ ïîëó÷èì D1 �
îïåðàòîð äèôôåðåíöèðîâàíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Äàëåå, åñëè ðàññìîòðèì áîëåå øèðîêèé
îïåðàòîð äèôôåðåíöèðîâàíèÿ D2:

D2x =
∂

∂τ
+A1

∂x

∂t1
+A2

∂x

∂t2
,

òî íà îñíîâå (6) çàïèøåì åãî â âèäå

D2x =
∂u(τ, t2)

∂τ
+B−1

1 A2B1
∂u(τ, t2)

∂t
= D1u(τ, t2)

è ïî òîé æå ìåòîäèêå, îïèñàííîé ñîîòíîøåíèÿìè (4)-(6) ïðèâîäèì åãî ê âèäó

D1u(τ, t2) = dv(τ)/dτ. (7)
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Ïðè âûâîäå (7) áóäåì ïîëüçîâàòüñÿ õàðàêòåðèñòèêàìè ìàòðèöû A2, òàê êàê A2 è ïîäîáíàÿ
ìàòðèöà B−1

1 A2B1 èìåþò îáùèå õàðàêòåðèñòèêè: (h21 = η21+λ21(τ−ξ1), h22 = η22+λ22(τ−ξ1)),
ëèáî (h2 = η2 + λ2(τ − ξ), h22 = η22 + λ22(τ − ξ)) � îáùàÿ õàðàêòåðèñòèêà â êðàòíîì ñëó÷àå
ýëåìåíòàðíûõ äåëèòåëåé ìàòðèöû A2. Ìàòðèöà ïåðåõîäà îïðåäåëÿåòñÿ ñîîòíîøåíèåì

Π2 =


E, â ñëó÷àå ïðîñòûõ ýëåìåíòàðíûõ äåëèòåëåé,(

1 0

−λ−1
2 1

)
= J−1

2 , â ñëó÷àå êðàòíûõ ýëåìåíòàðíûõ äåëèòåëåé.

Òàêèì îáðàçîì, ïðîäîëæèâ ýòîò ìåòîä ñóæåíèÿ, îïåðàòîð äèôôåðåíöèðîâàíèå ïðèâîäèì
ê âèäó

Dx = dw/dτ.

Äàëåå, â ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äðóãèõ ïðåãðàä íå áóäåò. Ñè-
ñòåìà (1) ïðèîáðåòàåò âèä

dw(τ)/dτ = (B1, ...Bm)
−1B(B1, ...Bm)w + (B1, ..., Bm)

−1f(τ, h,B1, ...Bm, w), (8)

êîòîðàÿ ÿâëÿåòñÿ êâàçèïåðèîäè÷åñêîé ïî τ è ξ, ω-ïåðèîäè÷åñêîé ïî η = (η1, ..., η). Îòñþäà íà
îñíîâå ïåðâûõ èíòåãðàëîâ õàðàêòåðèñòè÷åñêèõ ñèñòåì çàïèøåì å¼ ñ ðàññìîòðåííûì îïåðàòî-
ðîì D∗ = ∂

∂τ +
∑k

l=1
∂
∂τl

+
∑m

j=1
∂
∂tj
, 1 ≤ k ≤ 2m, ñîãëàñíî ìåòîäó Â. Õàðàñàõàëà â âèäå

D∗w∗ = B∗w∗ + f∗(τ, τ1, ..., τk, t1, ..., tm, w
∗), (9)

ãäå B∗ = (B1, ...Bm)
−1B(B1, ...Bm), f∗(τ, τ , t, w∗ � ôóíêöèÿ, ïîñòðîåííàÿ ïî òåîðåìå Áîðà íà

îñíîâå êâàçèïåðèîäè÷åñêîé ôóíêöèè (B1, ...Bm)
−1f(τ, h,B1, ..., Bm, w) ñ çàìåíîé w íà w∗, ãäå

ñðåäè hj1 è hj2 ìîãóò áûòü ðàâíûå hj1 = hj2 â çàâèñèìîñòè îò êðàòíîñòè. ×èñëî k îïðåäåëÿåòñÿ
êîëè÷åñòâîì ñîáñòâåííûõ ÷èñåë, íå ñîèçìåðèìûõ ìåæäó ñîáîé. Åñëè âñå λ11, λ12, ..., λm1, λm2

� ñîèçìåðèìûå, íî íåñîèçìåðèìûå ñ θ, òî k = 1, à åñëè âñå íå ñîèçìåðèìûå, òî k = 2m.
Îïðåäåëèâ íåñîèçìåðèìûå ÷àñòîòû 2πν1, ..., 2πνm ñîáñòâåííûõ êîëåáàíèé èìååì ïåðèîäû θ1 =
ν−1
1 , ..., θk = ν−1

k .
Èçó÷èâ ìíîãîïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (9) ïåðèîäîâ (θ1, ..., θk, ω1, ..., ωm), èñõîäÿ

èç ýòîãî óñòàíàâëèâàåì ìíîãîïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ (1). Î÷åâèäíî, ÷òî ó ìàòðèöû
B âñå ñîáñòâåííûå çíà÷åíèÿ èìåþò Reµ ̸= 0, òî ñèñòåìà (1) èìååò åäèíñòâåííîå ìíîãîïåðèî-
äè÷åñêîå ðåøåíèå ïðè äîñòàòî÷íî ìàëîé êîíñòàíòå Ëèïøèöà ôóíêöèè f ïî x.

Ýòî åñòü ðåçóëüòàò èññëåäîâàíèÿ ïî âòîðîìó âîïðîñó.
Â çàêëþ÷åíèè ñëåäóåò îòìåòèòü, ÷òî èäåÿ ìåòîäà ïî ïðîâåäåíèþ îïåðàòîðà D ê âèäó

ïðèíàäëåæèò ïðîôåññîðó Ñàðòàáàíîâó Æ.À. [1]. Çäåñü ñîîòíîøåíèÿìè (4)-(6) îíà íàïèñàíà â
áîëåå ïðîñòîé äîñòóïíîé ôîðìå.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19676629).

Êëþ÷åâûå ñëîâà: ñèñòåìà âòîðîãî ïîðÿäêà, ìàòðè÷íûé îïåðàòîð äèôôåðåíöèàðîâàíèÿ, ìíîãîïåðèîäè÷íîñòü,
ãèïåðáîëè÷íîñòü, îïåðàòîð ñóæåíèÿ.
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Îáðàòíàÿ çàäà÷à äëÿ ïñåäîïàðàáîëè÷åñêîãî
óðàâíåíèÿ äðîáíîãî ïîðÿäêà
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Â äàííîé ðàáîòå èçó÷àåòñÿ îáðàòíàÿ çàäà÷à äëÿ íåëîêàëüíîãî ïñåâäîïàðàáîëè÷åñêîãî
óðàâíåíèÿ. Èññëåäóåòñÿ óðàâíåíèå

Dα
t (u (x, t) + uxxxx (x, t)) + uxxxx (x, t) = f (x) , (t, x) ∈ Ω, (1)

ñ ãðàíè÷íûìè óñëîâèÿìè

u (1, t) = 0, ux (−1, t) = ux (1, t) , uxx (−1, t) = 0, uxxx (−1, t) = uxxx (−1, t) , t ∈ [0, T ] , (2)

è íà÷àëüíûå óñëîâèÿ

u (x, 0) = φ (x) , u (x, T ) = ψ (x) , x ∈ [−1, 1] , (3)

ãäå φ(x) è ψ(x) èçâåñòíûå äîñòàòî÷íî ãëàäêèå ôóíêöèè è Ω = {0 < t < T <∞, −1 < x < 1} è
0 < α < 1. Dα

t ÿâëÿåòñÿ ïðîèçâîäíîé Êàïóòî (ñì. [1]) ãäå 0 < α < 1 è Dα
t = ∂t ïðè α = 1.

Â ýòîé çàìåòêå ìû â îñíîâíîì èñïîëüçóåì ïðèåìû èç ðàáîòû [2].

Òåîðåìà 1. Ïóñòü f ∈ C2 [−1, 1] è f i (−1, t) = f (i) (1, t) = 0, i = 0, 1, φ, ψ ∈ C5 [−1, 1] è
φ(j) (−1) = φ(j) (1) = ψ(j) (−1) = ψ(j) (1) = 0, j = 0, 1, 2, 3, 4. Òîãäà ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå u (x, t) ∈ C3,1

x,t

(
Ω̄
)
∩ C4,1

x,t (Ω) è åå ìîæíî çàïèñàòü êàê

u (x, t) = φ (x) +
∞∑
k=0

1− Eα,1

(
− λk1

1+λk1
tα
)(

ψ
(5)
k1 − φ

(5)
k1

)
(
1− E

(
− λk1

1+λk1
Tα
))

(πk)5
Xk1 (x)

+
∞∑
k=1

1− Eα,1

(
− λk2

1+λk2
tα
)(

ψ
(5)
k2 − φ

(5)
k2

)
(
1− E

(
− λk2

1+λk2
Tα
))

(πk)5
Xk2 (x),

è

f (x) = φIV (x) +
∞∑
k=0

ψ
(5)
k1 − φ

(5)
k1(

1− E
(
− λk1

1+λk1
Tα
))

πk
Xk1 (x) +

∞∑
k=1

ψ
(5)
k2 − φ

(5)
k2(

1− E
(
− λk2

1+λk2
Tα
))

πk
Xk2 (x),

äëÿ (x, t) ∈ Ω̄ ãäå

φ
(5)
k1 =

1�

−1

φV (x) sin (πkx) dx, φ
(5)
k2 =

1�

−1

φV (x)

(
cos (πkx) + (−1)k

eπkx − e−πkx

eπk − e−πk

)
dx,

ψ
(5)
k1 =

1�

−1

ψV (x) sin (πkx) dx, ψ
(5)
k2 =

1�

−1

ψV (x)

(
cos (πkx) + (−1)k

eπkx − e−πkx

eπk − e−πk

)
dx.

Ôèíàíñèðîâàíèå: íåò.

Êëþ÷åâûå ñëîâà: ïñåäîïàðàáîëè÷åñêèå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà; îáðàòíàÿ çàäà÷à; ñîáñòâåííàÿ ôóíê-
öèÿ; áàçèñ Ðèññà; ìåòîä Ôóðüå.
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Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé
çàäà÷è äëÿ óðàâíåíèÿ ñóáäèôôóçèè ñ
íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè
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1Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì. Õ.À. ßñàâè, Òóðêåñòàí, Êàçàõñòàí
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2Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Åêàòåðèíáóðã, Ðîññèÿ
3Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

1murat.sultanov@ayu.edu.kz, 2v.e.misilov@urfu.ru, 3sadybekov@math.kz

Â ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå

Dα
t u(x, t)− uxx(x, t) = f(x, t), (1)

ñ íà÷àëüíûì óñëîâèåì
u(x, 0) = 0, 0 ≤ x ≤ 1, (2)

è ñëåäóþùèìè íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè{
ux(0, t)− ux(1, t)− au(1, t) = 0,

u(0, t) = 0,
0 ≤ t ≤ T, (3)

ãäå a > 0. Äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α ðàññìàòðèâàåòñÿ â ñìûñëå Êàïóòî.
Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1)�(3) ïðèìåíÿåòñÿ ìåòîä [1]. Ïîäõîä çàêëþ÷àåòñÿ â

ñâåäåíèè çàäà÷è ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè ê ðåøåíèþ äâóõ çàäà÷ äëÿ ôóíêöèé
C(x, t) è S(x, t) (òàêèõ, ÷òî u(x, t) = C(x, t) + S(x, t)) ñ ëîêàëüíûìè êðàåâûìè óñëîâèÿìè

Dα
t C(x, t)− Cxx(x, t) = f0(x, t),

{
Cx(0, t)− aC(0, t) = 0,
Cx(1, t)− aC(1, t) = 0,

(4)

Dα
t C(x, t)− Sxx(x, t) = f1(x, t),

{
S(0, t) = −C(0, 1),
S(1, t) = −C(1, t), (5)

Çàäà÷à (4) èìååò êðàåâûå óñëîâèÿ òðåòüåãî ðîäà, à çàäà÷à (5) � óñëîâèÿ Äèðèõëå.
Äëÿ ðåøåíèÿ çàäà÷ (4) è (5) ïîñòðîåíû íåÿâíûå ðàçíîñòíûå ñõåìû íà îñíîâå

L1-àïïðîêñèìàöèè äðîáíîé ïðîèçâîäíîé Êàïóòî è öåíòðàëüíî-ðàçíîñòíîé ñõåìû äëÿ ïðî-
ñòðàíñòâåííûõ ïðîèçâîäíûõ. Èññëåäîâàíà óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíûõ ñõåì. Äëÿ
ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé èñïîëüçóåòñÿ ìåòîä ïðîãîíêè. Ïðîâåäå-
íû ÷èñëåííûå ýêñïåðèìåíòû äëÿ èññëåäîâàíèÿ ïîñòðîåííîãî àëãîðèòìà. Ðåçóëüòàòû ýêñïåðè-
ìåíòîâ ïîäòâåðæäàþò òåîðåòè÷åñêèé ïîðÿäîê ñõîäèìîñòè O(τ2−α + h2).

Ôèíàíñèðîâàíèå: Ðàáîòà ïîääåðæàíà Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí
(ïðîåêò � AP19676663).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, äðîáíàÿ ïðîèçâîäíàÿ, óðàâíåíèå ñóáäèôôóçèè, íåëîêàëü-
íûå çàäà÷è, íå óñèëåííî ðåãóëÿðíûå êðàåâûå óñëîâèÿ, íà÷àëüíî-êðàåâàÿ çàäà÷à, ÷èñëåííûå àëãîðèòìû.

2010 Mathematics Subject Classi�cation: 35K20, 35R11, 65M06
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Î çàäà÷å Ãåëüìãîëüöà ñ âûðîæäàþùåéñÿ
äèôôóçèåé â êëàññå äèôôåðåíöèàëüíûõ óðàâíåíèé

ýêâèâàëåíòíûõ â ñðåäíåì êâàäðàòè÷åñêîì

Ì.È. ÒËÅÓÁÅÐÃÅÍÎÂ1, Ã.Ê. ÂÀÑÈËÈÍÀ2, Ã.Ò. ÈÁÐÀÅÂÀ3,
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3Âîåííûé èíñòèòóò Ñèë âîçäóøíîé îáîðîíû èìåíè

äâàæäû Ãåðîÿ Ñîâåòñêîãî Ñîþçà Ò.ß.Áåãåëüäèíîâà, Àêòîáå, Êàçàõñòàí
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4darkhan70@gmail.com

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ ïîñòàíîâêà çàäà÷è Ãåëüìãîëüöà äëÿ îáùèõ ñèñòåì ñòîõàñòè-
÷åñêèõ óðàâíåíèé, à èìåííî ñèñòåì ñòîõàñòè÷åñêèõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ âûðîæäàþ-
ùåéñÿ äèôôóçèåé{

ẋi = Aij(t)xj +Bik(t)yk, i = 1, n1,

ẏi = Alj(t)xj +Blk(t)yk + Tlr ξ̇
j , k = 1, n2, n1 ≥ 0, n2 ≥ 0, n1 + n2 = n.

(1)

Ïîñòàíîâêà çàäà÷è. Ïî çàäàííîé ëèíåéíîé ñèñòåìå ñòîõàñòè÷åñêèõ óðàâíåíèé ïåðâî-
ãî ïîðÿäêà ñ âûðîæäàþùåéñÿ äèôôóçèåé (1) òðåáóåòñÿ ïîñòðîèòü ýêâèâàëåíòíûå çàäàííûì
ñòîõàñòè÷åñêèì óðàâíåíèÿì óðàâíåíèÿ ãàìèëüòîíîâîé ñòðóêòóðû â ïðîñòðàíñòâå ìîìåíòíûõ
ôóíêöèé âòîðîãî ïîðÿäêà (â Θ-ïðîñòðàíñòâå).

Çàìå÷àíèå 1. ×àñòíûì ñëó÷àåì ñèñòåìû ñòîõàñòè÷åñêèõ óðàâíåíèé (1) ÿâëÿåòñÿ ñèñòåìà
óðàâíåíèé âèäà {

ẋi = yi,

ẏi = Fi(x, y, t) + σij(x, y, t)ξ̇
j , i = 1, n, n1 ≡ n2 ≡ n/2,

(2)

ê êîòîðîé ñâîäèòñÿ ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

ẍi = Fi(x, ẋ, t) + σij(x, ẋ, t)ξ̇
j , i = 1, n/2, (3)

è ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé (2) åñòü ñèñòåìà óðàâíåíèé ïåðâî-
ãî ïîðÿäêà ñ äèôôóçèåé âûðîæäàþùåéñÿ ðîâíî ïî ïîëîâèíå íåçàâèñèìûõ ïåðåìåííûõ xi, i =
1, n/2.

Ïðåäâàðèòåëüíî, ââåäÿ îáîçíà÷åíèÿ a =

(
x
y

)
, D =

(
A1 B1

A2 B2

)
, η =

(
0
ξ

)
, G(t) =(

0n1×r
Tn2×r

)
, ãäå ìàòðèöû A1, A2, B1, B2 èìåþò ðàçìåðíîñòè: A1 � (n1 × n1), A2 � (n2 × n1), B1

� (n1 × n2), B2 � (n2 × n2), ïåðåïèøåì óðàâíåíèå (1) â âèäå ȧ = D(t) +G(t)η̇.

Ñëåäîâàòåëüíî, âåêòîð-ôóíêöèè a0 = a −Ma è a0T óäîâëåòâîðÿþò ñîîòâåòñòâåííî óðàâ-
íåíèÿì

ȧ0 = D(t)a0 +G(t)η̇ è ȧ0T = a0TDT (t) + η̇TGT (t).
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Ââåäåì, äàëåå, ìàòðèöó êîððåëÿöèîííûõ ìîìåíòîâ Θ(t) =M [a0(t)a0T (t)], êîòîðîå, ñëåäóÿ
[1], óäîâëåòâîðÿåò óðàâíåíèþ

Θ̇ = D(t)Θ + ΘDT (t) +G(t)GT (t) (4)

èëè θ̇kl = dkjθjl+ dljθjk+ gkjgjl. Ïåðåíóìåðóåì ýëåìåíòû ìàòðèöû Θ � (n×n) è ââåäåì âåêòîð
λ = (λ1, ..., λN )

T , ãäå N = n2, òîãäà óðàâíåíèå (4) ïðèìåò âèä

λ̇k = rklλl + ϕk, k = 1, N, (5)

ãäå ôóíêöèè rkl(t) çàâèñÿò îò ýëåìåíòîâ ìàòðèö A1, A2, B1, B2, à ôóíêöèè ϕk � îò ôóíêöèé
σij(t). Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ââåäåì, ñëåäóÿ ìåòîäó Ëèóâèëëÿ, äîïîëíèòåëüíûå
ïåðåìåííûå κi, i = 1, n1 è νk, k = 1, n2 à òàêæå ôóíêöèþ Ãàìèëüòîíà ðàñøèðåííîé ñèñòåìû
â âèäå

H = −(Xi(x, y, t)κi + Yk(x, y, t)νk), (6)

ãäå Xi = Aij(t)xj +Bik(t)yk, i = 1, n1, Yk = Alj(t)xj +Blk(t)yk, k = 1, n2, n1 + n2 = n.
Òîãäà Xi = − ∂H

∂κi
, Yk = − ∂H

∂ak
, è ñîîòâåòñòâóþùèå óðàâíåíèÿ ðàñøèðåííîé ñèñòåìû çàïè-

øóòñÿ â âèäå 

κ̇i =
∂H

∂xi
, i = 1, n1, n1 ≥ 0 (7a)

ẋi =
∂H

∂κi
, (7b)

ν̇k =
∂H

∂yk
, k = 1, n2, n2 ≥ 0 (7c)

ẏk =
∂H

∂ak
+ σkj ξ̇

j , n1 + n2 = n, (7d)

(7)

ãäå óðàâíåíèÿ (7b) è (7d) ñîâïàäàþò ñ èñõîäíûìè óðàâíåíèÿìè (4), à óðàâíåíèÿ (7a) è (7c)
ñëóæàò äëÿ îïðåäåëåíèÿ âñïîìîãàòåëüíûõ ïåðåìåííûõ κi, i = 1, n1 è νk, k = 1, n2.

Òåîðåìà 2. Íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ïðåäñòàâëåíèÿ óðàâíåíèÿ Èòî ïåð-
âîãî ïîðÿäêà (1) â âèäå óðàâíåíèé êàíîíè÷åñêîé ñòðóêòóðû (7) ÿâëÿåòñÿ ïðåäñòàâëåíèå
ôóíêöèè Ãàìèëüòîíà â âèäå (6) ñ ïîìîùüþ äîïîëíèòåëüíûõ ïåðåìåííûõ κi, i = 1, n1 è
νk, k = 1, n2, êîòîðûå îïðåäåëÿþòñÿ èç óðàâíåíèé (7a) è (7ñ).

Òàêèì îáðàçîì, ìåòîäîì ìîìåíòíûõ ôóíêöèé â ñî÷åòàíèè ñ ìåòîäîì äîïîëíèòåëüíûõ
ïåðåìåííûõ ðåøåíà çàäà÷à Ãåëüìãîëüöà â êëàññå äèôôåðåíöèàëüíûõ óðàâíåíèé ýêâèâàëåíò-
íûõ â ñðåäíåì êâàäðàòè÷åñêîì. Ïîëó÷åííûé ðåçóëüòàò îáîáùàåò îäèí èç ðàíåå ïîëó÷åííûõ
ðåçóëüòàòîâ [2-5] íà áîëåå îáùèé êëàññ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Èòî, çàäà÷à Ãåëüìãîëüöà, ôóíêöèÿ Ãàìèëüòîíà, ìåòîä ìîìåíòíûõ ôóíêöèé.

2010 Mathematics Subject Classi�cation: 34Cxx, 60G07, 60H10
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íåëîêàëüíîãî óðàâíåíèÿ ïóàññîíà
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Ïóñòü S1, S2, ..., Sm ñèììåòðè÷íûå êîììóòàòèâíûå ìàòðèöû ðàçìåðíîñòè n× n è S2
i = E,

E-åäèíè÷íàÿ ìàòðèöà. Åñëè i íåêîòîðûé èíäåêñ è i = (in...i2i1)2 åãî äâîè÷íûé çàïèñü, òî ìû
ìîæåì ðàññìîòðåòü îòîáðàæåíèÿ âèäà Sinn ...S

i2
2 S

i1
1 x.

Ïóñòü Ω è ∂Ω ñîîòâåòñòâåííî åäèíè÷íûé øàð è åäèíè÷íàÿ ñôåðà â Rn, n ≥ 2, ∆ - îïåðàòîð
Ëàïëàñà è ai, bi, i = 0, 1, ..., 2m − 1 íåêîòîðûé íàáîð äåéñòâèòåëüíûõ ÷èñåë. Ââåäåì îïåðàòîðû

ℓbu(x) =

2m−1∑
i=0

biu(S
in
n ...S

i1
1 x), Lau(x) ≡ ℓa [∆u] (x).

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè ôóíêöèþ u(x) ∈ C2 (Ω) ∩ C
(
Ω̄
)
óäîâëåòâîðÿþùóþ óðàâíåíèþ

Lau(x) = f(x), x ∈ Ω (1)

è ãðàíè÷íîìó óñëîâèþ

ℓb[u](x) = g(x), x ∈ ∂Ω.

Çàäà÷à 2. Íàéòè ôóíêöèþ u(x) ∈ C2 (Ω) ∩ C1
(
Ω̄
)
óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) è

ãðàíè÷íîìó óñëîâèþ

ℓb [∂νu] (x) = g(x), x ∈ ∂Ω,

ãäå ∂νu(x) = ∂u
∂ν , ν � âåêòîð íîðìàëè.

Îòìåòèì,÷òî çàäà÷è 1 è 2 â ñëó÷àå bj = 1, 2, ..., 2m − 1 èçó÷åíû â ðàáîòå [1].

Â íàñòîÿùåé ðàáîòå äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷
1 è 2. Èçó÷åíû òàêæå ñïåêòðàëüíûå çàäà÷è äëÿ îïåðàòîðà La. Èñïîëüçóÿ ñâîéñòâà ñîáñòâåí-
íûõ ôóíêöèé è ñîáñòâåííûõ çíà÷åíèé êëàññè÷åñêèõ çàäà÷ Äèðèõëå è Íåéìàíà â ÿâíîì âèäå
íàéäåíû ñèñòåìû ñîáñòâåííûõ ôóíêöèé è ñîáñòâåííûå çíà÷åíèÿ îñíîâíûõ çàäà÷. Äîêàçàíû
òåîðåìû î ïîëíîòå ñèñòåì ñîáñòâåííûõ ôóíêöèé ðàññìàòðèâàåìûõ çàäà÷.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19677926).

Êëþ÷åâûå ñëîâà: èíâîëþöèÿ, íåëîêàëüíûé îïåðàòîð, óðàâíåíèå Ïóàññîíà, íåëîêàëüíàÿ çàäà÷à, ñïåêòðàëü-
íàÿ çàäà÷à.

2010 Mathematics Subject Classi�cation: 34K06,34K10,35J05, 35J25

Ëèòåðàòóðà
[1] Òóðìåòîâ Á.Õ., Êàðà÷èê Â.Â. Î ðàçðåøèìîñòè êðàåâûõ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèÿ Ïóàñ-

ñîíà ñ ìíîæåñòâåííîé èíâîëþöèåé, Âåñòíèê Óäìóðòñêîãî óíèâåðñèòåòà. Ìàòåìàòèêà. Ìåõàíèêà. Êîìïüþ-

òåðíûå íàóêè, 31:4 (2021), 651� 667.
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Ñèíãóëÿðíî âîçìóùåííàÿ çàäà÷à Äèðèõëå ñ
áèïîãðàíè÷íûì ñëîåì
Ä.À. ÒÓÐÑÓÍÎÂ1, Ê.Ê. ØÀÊÈÐÎÂ2

1,2Îøñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Îø, Êûðãûçñòàí
1dtursunov@oshsu.kg, 2kshakirov@oshsu.kg

Èññëåäóåì ñëåäóþùóþ çàäà÷ó Äèðèõëå äëÿ êîëüöà

ε4∆uε(ρ, φ) + (ρ− a)2p(ρ, φ)
∂uε(ρ, φ)

∂ρ
−

− ((ρ− a)2q(ρ, φ) + εr(ρ, φ))uε(ρ, φ) = f(ρ, φ), (ρ, φ) ∈ D, (1)

uε(a, φ) = 0, uε(b, φ) = 0, φ ∈ [0, 2π], (2)

ãäå ε � ìàëûé ïàðàìåòð, ∆ = ∂2

∂ρ2
+ 1

ρ
∂
∂ρ + 1

ρ2
∂2

∂φ2 � îïåðàòîð Ëàïëàñà â ïîëÿðíîé ñèñòåìå

êîîðäèíàò, a, b � çàäàííûå, èçâåñòíûå ïîñòîÿííûå ÷èñëà, p, q, r, f ∈ C∞(D),
(ρ, φ) ∈ D : 0 < p(ρ, φ), 0 < q(ρ, φ), 0 < r(ρ, φ), f(a, φ) ̸= 0, φ ∈ [0, 2π],
D = {(ρ, φ)|a < ρ < b, 0 ≤ φ ≤ 2π}, D = {(ρ, φ)|a ≤ ρ ≤ b, 0 ≤ φ ≤ 2π},
uε(ρ, φ) � èñêîìàÿ ôóíêöèÿ, çàâèñÿùàÿ îò ìàëîãî ïàðàìåòðà ε.

Íåòðóäíî çàìåòèòü, ÷òî ïðåäåëüíîå óðàâíåíèå, ε = 0 :

(ρ− a)2p(ρ, φ)
∂u0(ρ, φ)

∂ρ
− (ρ− a)2q(ρ, φ)u0(ρ, φ) = f(ρ, φ), (ρ, φ) ∈ D,

èìååò îñîáóþ ëèíèþ (îêðóæíîñòü ρ = a), ñîîòâåòñòâåííî îíî áóäåò âëèÿòü íà âíåøíåå ðåøåíèå
çàäà÷è (1)-(2). Òàêîå ÿâëåíèå ñâîéñòâåííî áèñèíãóëÿðíûì çàäà÷àì [1], [3]-[5].

Íàìè äîêàçûâàåòñÿ, ÷òî â îêðåñòíîñòè ãðàíè÷íîé îêðóæíîñòè ρ = a, êðîìå êëàññè÷åñêî-
ãî ïîãðàíè÷íîãî ñëîÿ, ïîÿâëÿåòñÿ åùå îäèí ïðîìåæóòî÷íûé ñëîè, ò.å. â îêðåñòíîñòè ρ = a
ïîÿâëÿåòñÿ áèïîãðàíè÷íûé (äâîéíîé) ñëîé.

Òåîðåìà Äëÿ ðåøåíèÿ çàäà÷è Äèðèõëå (1), (2) â êîëüöå D ïðè ε→ 0, ñïðàâåäëèâî àñèìï-
òîòè÷åñêîå ðàçëîæåíèå:

uε =
( s∑
j=0

εjvj +
1

µ

(s+1)∑
j=0

µjwj +
1

λ2

2(s+1)∑
j=0

λjπj

)
e

ρ�

b

q(s,φ)
p(s,φ)

ds

+O(εs).

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Îøñêèì ãîñóäàðñòâåííûì óíèâåðñèòåòîì (ãðàíò �01-
25).

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, çàäà÷à Äèðèõëå, áèñèíãóëÿðíàÿ çàäà÷à, ïðîìåæóòî÷íûé ïîãðà-
íè÷íûé ñëîé, áèïîãðàíè÷íûé ñëîé, àñèìïòîòè÷åñêîå ðåøåíèå.

2010 Mathematics Subject Classification: 35C20, 35O25

Ëèòåðàòóðà

[1] Il’in A.M. Matching of Asymptotic Expansions of Solutions of Boundary Value Problems,
Nauka, Moscow (1992).

[2] Tursunov D.A., Omaralieva G.A. An intermediate boundary layer in singularly perturbed
first-order equations, Trudy Inst. Mat. i Mekh. UrO RAN., 28:2 (2022), 193–200.

[3] Tursunov D.A., Kozhobekov K.G., Shakirov K.K. Asymptotics of the solution of a singularly
perturbed problem with a singular line, Lobachevskii J. Math., 46:1 (2025), 536–546.
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Î ïðèìåíåíèè ìåòîäà ïàðàìåòðèçàöèè ê
èññëåäîâàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé

äðîáíîãî ïîðÿäêà

Ê.È. ÓÑÌÀÍÎÂ1, Ê.Æ. ÍÀÇÀÐÎÂÀ2, Ì.À. ÌÓÐÀÒÁÅÊÎÂÀ3

1,2,3Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò, Òóðêåñòàí, Êàçàõñòàí
1kairat.usmanov@ayu.edu.kz, 2kulzina.nazarova@ayu.edu.kz,

3moldir.muratbekova@ayu.edu.kz

Äðîáíîå èñ÷èñëåíèå ÿâëÿåòñÿ ðàñøèðåíèåì êëàññè÷åñêîãî äèôôåðåíöèàëüíîãî è èíòå-
ãðàëüíîãî èñ÷èñëåíèÿ äëÿ ïðîèçâîëüíûõ ïîðÿäêîâ äèôôåðåíöèðîâàíèÿ. Â ïîñëåäíèå äåñÿ-
òèëåòèÿ èíòåðåñ â äàííîé îáëàñòè çíà÷èòåëüíî âîçðîñ èç-çà øèðîêîãî ñïåêòðà ïðèëîæåíèé,
âêëþ÷àÿ ìîäåëèðîâàíèå ïðîöåññîâ ñ ïàìÿòüþ, àíîìàëüíóþ äèôôóçèþ è äèíàìèêó ñëîæíûõ
ñèñòåì.

Âïåðâûå èäåÿ äðîáíûõ ïðîèçâîäíûõ áûëà ïðåäëîæåíà Ëåéáíèöåì â 1695 ãîäó, à ìàòå-
ìàòè÷åñêèå îñíîâû ðàçðàáîòàíû Ëèóâèëëåì è Ðèìàíîì â XIX âåêå. Ñòðîãèå ìàòåìàòè÷åñêèå
îñíîâû äðîáíîãî äèôôåðåíöèðîâàíèÿ áûëè âïåðâûå ðàçðàáîòàíû Ëèóâèëëåì â 1832 ãîäó [1],
à çàòåì ðàñøèðåíû Ðèìàíîì â 1847 ãîäó [2], ÷òî ïðèâåëî ê ïîÿâëåíèþ èíòåãðàëà Ðèìàíà �
Ëèóâèëëÿ, ñòàâøåãî êëàññè÷åñêèì èíñòðóìåíòîì â äðîáíîì èñ÷èñëåíèè.

Íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ ëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

CD
αx (t) = A (t)x+ f (t) , t ∈ [0, T ] , x ∈ Rn, (1)

Bx (0) + Cx (T ) = d, d ∈ Rn, (2)

ãäå ìàòðèöà A (t), âåêòîð-ôóíêöèÿ f (t) íåïðåðûâíû íà [0, T ], A (t) = max
i=1,n

n∑
j=1

|aij (t)| ≤ a, a �

const.
Ðåøåíèåì çàäà÷è (1), (2) íà îòðåçêå [0, T ] ÿâëÿåòñÿ âåêòîð-ôóíêöèÿ x (t), êîòîðàÿ íåïðå-

ðûâíî äèôôåðåíöèðóåìàÿ íà [0, T ], îïðåäåëåíà äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî íà ðàññìàòðèâàå-

ìîì îòðåçêå CDαx (t) = 1
Γ(1−α)

t�
0

(t− ξ)−α x
′
r (ξ) dξ, óäîâëåòâîðÿåò ñèñòåìå äèôôåðåíöèàëüíûõ

óðàâíåíèé (1), èìåþùàÿ â òî÷êàõ t = 0, t = T çíà÷åíèÿ x (0) , x (T ), äëÿ êîòîðûõ ñïðàâåäëèâî
ðàâåíñòâî (2). Â äàííîé ðàáîòå ïðåäëàãàåòñÿ îäèí èç âàðèàíòîâ èññëåäîâàíèÿ ðàçðåøèìîñòè
êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà, ò.å. ïðèìåíåíèå ìåòîäà
ïàðàìåòðèçàöèè ïðåäëîæåííûé ïðîôåññîðîì Ä.Äæóìàáàåâûì [3].

Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè áûë ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ, à òàêæå
óñòàíîâëåíà ñõîäèìîñòü äàííîãî àëãîðèòìà.

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðîì ðàçáèåíèè h > 0 : Nh = T ìàòðèöà Qh : Rn(N+1) →
Rn(N+1) îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà:
à) [Qh]

−1 ≤ γ (h),

á) q (h) = a2γ(h)
Γ2(α+1)

Eα (aΓ(α)h
α)h2α < 1.

Òîãäà ïîñëåäîâàòåëüíîñòü ïàð
(
λ(k), u(k) [t]

)
ïðè k → ∞ ñõîäèòñÿ ê

(
λ(∗), u(∗) [t]

)
.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488086).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ äðîáíîãî ïîðÿäêà, ìåòîä ïàðàìåòðèçàöèè, êðàåâûå çàäà÷è,
ðàçðåøèìîñòü, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî.

2010 Mathematics Subject Classi�cation: 34B99, 34B05, 34Á60

Ëèòåðàòóðà [1] Liouville J. Sur le calcul des differentielles indices quelconques (in french),
Gesammelte Werke, 71 (1832).
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[2] Riemann B. Versuch einer allgemeinen Auffassung der Integration und Differentiation ,
Ecole Polytechnique, 62:1876 (1876).

[2] Dzhumabayev D.S. Criteria for the unique solvability of a linear boundary-value problem
for an ordinary differential equation , Comput. Maths. Math. Phys., 29:34 (1989), 34–46.

Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ ñ èíâîëþöèåé

Ä.Ä ØÀÐÀÔÈÄÈÍÎÂ1, Á.Õ. ÒÓÐÌÅÒÎÂ2

1,2Óíèâåðñèòåò Àõìåäà ßñàâè, Òóðêåñòàí, Êàçàõñòàí
2Óíèâåðñèòåò Àëüôðàãàíóñ,Òàøêåíò,Óçáåêèñòàí

1dimabekeev@mail.ru, 2batirkhan.turmetov@ayu.edu.kz

Ïóñòü QT öèëèíäðè÷åñêàÿ îáëàñòü QT = (0, T ) × Ω , ãäå Ω åäèíè÷íûé øàð â Rn, n ≥ 2,
∂Ω � åäèíè÷íàÿ ñôåðà, S � îðòîãîíàëüíàÿ ìàòðèöà: S · ST = E è S2 = E, ãäå E åäèíè÷íàÿ
ìàòðèöà. Ïðèìåðîì òàêîé ìàòðèöû ÿâëÿåòñÿ ìàòðèöà îòîáðàæåíèÿ Sx = −x. Ðàññìîòðèì â
îáëàñòè QT ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:

∂2u(t, x)

∂t2
− a0∆u(t, x)− a1∆u(t, Sx) = h(t, x), (t, x) ∈ QT , (1)

u(0, x) = τ(x), ut(0, x) = ρ(x), x ∈ Ω̄, (2)

u(t, x) = 0, [0, T ]× ∂Ω, (3)

ãäå a0, a1 � íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà, h(t, x), τ(x) è ρ(x) çàäàííûå ôóíêöèè.
Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1) - (3) íàçîâåì ôóíêöèþ u(t, x) èç êëàññà C2,2

t,x (QT ) ∩
C1,0
t,x

(
Q̄T
)
è óäîâëåòâîðÿþùóþ óñëîâèÿì (1) - (3) â îáû÷íîì ñìûñëå.

Íàðÿäó ñ ýòîé çàäà÷åé ìû áóäåì èññëåäîâàòü òàêæå íà÷àëüíî-êðàåâóþ çàäà÷ó ñ óñëîâèÿìè
(1),(2) è ãðàíè÷íûì óñëîâèåì Íåéìàíà ∂νu(t, x) = 0, [0, T ]×∂Ω, ãäå ∂ν = ∂

∂ν � ïðîèçâîäíàÿ ïî
íàïðàâëåíèþ âåêòîðà íîðìàëè ê ñôåðå ∂Ω.

Â ýòîì ñëó÷àå ðåøåíèå áóäåì èñêàòü â êëàññå ôóíêöèè u(t, x) ∈ C2,2
t,x (QT ) ∩ C1,1

t,x

(
Q̄T
)
.

Îòìåòèì, ÷òî îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ (1) â ñëó÷àå n = 1 èçó÷åíî â ðàáîòàõ [1,2].
Ðàññìàòðèâàåìûå çàäà÷è ðåøàþòñÿ ñâåäåíèåì èõ ê ýêâèâàëåíòíûì çàäà÷àì äëÿ êëàññè÷å-

ñêîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Èñïîëüçóÿ èçâåñòíûå óòâåðæäåíèÿ äëÿ íà÷àëüíî-êðàåâûõ
çàäà÷ äëÿ êëàññè÷åñêîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè è
åäèíñòâåííîñòè ðåøåíèÿ. Ïîêàçàíî, ÷òî êîððåêòíîñòü ðàññìàòðèâàåìûõ çàäà÷ ñóùåñòâåííî
çàâèñèò îò êîýôôèöèåíòîâ ó÷àñòâóþùèõ â îïðåäåëåíèè íåëîêàëüíîãî îïåðàòîðà Ëàïëàñà. Ðå-
øåíèÿ ðàññìàòðèâàåìûõ çàäà÷ ïîñòðîåíû â âèäå ðÿäà.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19677926).

Êëþ÷åâûå ñëîâà: èíâîëþöèÿ, íåëîêàëüíûé îïåðàòîð, ãèïåðáîëè÷åñêîå óðàâíåíèå, íà÷àëüíî-êðàåâàÿ çàäà÷à,
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Multipoint boundary value problems in
differential-algebraic equations
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We consider a differential-boundary equation with algebraic terms on a finite interval 0 < x < 1

l(y) ≡ d

dx

(
dy(x)

dx
+

k∑
i=1

hi(x)Ui(y) +
s∑
j=1

λjqj(x)

)
+ r1(x)

dy(x)

dx
+ r0(x)y(x) = f(x), (1)

A distinctive feature of these equations is that, alongside the function being sought, a certain
number of unknown values must also be determined. This leads to the critical question of unique
solvability: how many and what type of conditions need to be imposed on equation (1) to ensure
that the resulting problem has a unique solution in a given space?

This kind of equations are classified as differential operator equations in [1]. Such equations,
consisting of both differential and algebraic parts, are called differential-algebraic equations [2].

Keywords: differential-algebraic equation, hybrid operator, restriction, inhomogeneous operator
equation.
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Space-dependent source identification problem for the
subdiffusion equation
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An inverse problem of determining the right-hand side of the abstract subdiffusion equation
with a fractional Riemann-Liouville derivative is considered in a Hilbert space H. For the forward
problem, the non-local in-time condition u(0) = u(T ) is taken instead of the Cauchy condition.
The right-hand side of the equation has the form g(t)f with a given function g(t) and an unknown

element f ∈ H. As an over-determination condition, we adopt the integral condition
T�
0

u(t)dt = ψ.

Here ψ ∈ H is a given element. For a sign-preserving function g(t), the existence and uniqueness
of a solution are proved. If the function g(t) changes sign, then necessary and sufficient conditions
for the existence of a solution are found. All the presented results are new for diffusion equations
as well.
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Multipoint problem for higher order hyperbolic equations
with impulse discrete memory
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We consider on restangular domain Ω = [0, T ] × [0, ω] multipoint problem for higher order
hyperbolic equations with impulse discrete memory

∂m+1z

∂xm∂t
=

m∑
i=1

ai(t, x)
∂iz(t, x)

∂xi
+

m∑
i=1

bi(t, x)
∂iz(t, x)

∂xi−1∂t
+ c(t, x)z(t, x) + f(t, x)+

+
m∑
i=1

a0i(t, x)
∂iz(γ(t), x)

∂xi
+

m∑
i=1

b0i(t, x)
∂iz(γ(t), x)

∂xi−1∂t
+ c0(t, x)z(γ(t), x), (1)

t ̸= θj , j = 1, N − 1,

N∑
k=1

{ m∑
i=1

pki(x)
∂iz(tk, x)

∂xi
+

m∑
i=1

ski(x)
∂iz(t, x)

∂xi−1∂t

∣∣∣
t=tk

+qk(x)z(tk, x)

}
= φ0(x), x ∈ [0, ω], (2)

lim
t→θj+0

z(t, x)− lim
t→θj−0

z(t, x) = φj(x), x ∈ [0, ω], j = 1, N − 1, (3)

∂pz(t, x)

∂xp

∣∣∣
x=0

= ψp(t), p = 0,m− 1, t ∈ [0, T ], (4)

where u(t, x) is unknown function, functions ai(t, x), bi(t, x), a0i(t, x), b0i(t, x), i = 1,m, c(t, x),
c0(t, x), and f(t, x) are continuous on Ω,

γ(t) = ζj , t ∈ [θj , θj+1), j = 0, N − 1; θj ≤ ζj ≤ θj+1 for all j = 0, 1, ..., N − 1;
0 = θ0 < θ1 < ... < θN−1 < θN = T ;

functions pki(x), ski(x), qk(x), k = 1, N , i = 1,m, and φ0(x) are continuous on [0, ω];
0 = t0 < t1 < ... < tN−1 < tN = T , tk ̸= θj , k, j = 1, N − 1;

functions φj(x) m are m times continuously differentiable on [0, ω], functions ψp(t), p = 0,m− 1,
continuously differentiable on [0, T ].

Recently, a modification of Dzhumabaev’s parametrization method [1] was proposed which
proved to be a constructive method for solving nonlocal problems for hyperbolic equations with
integral condition [2], with impulsive actions [3], [4], with delayed argument [5] and with discrete
memory [6]. Note that multipoint problem for higher order partial differential equations was
considered in [7].

The method is based on the introduction of functional parameters that are set as the values of
the desired solution along the lines of the domain partition with respect to the time variable. With
the aid of the functional parameters and new unknown functions, the considered problem is reduced
to an equivalent problem for a system of hyperbolic equations with data on the interior partition
lines and functional relations with respect to the introduced parameters. We have developed a two-
stage procedure to approximately solve the latter problem: firstly, we solve an initial-value problem
for a system of differential equations in functional parameters; then, we solve a problem for a system
of hyperbolic equations in new unknown functions with data on the interior partition lines. We
have obtained some conditions for the convergence of approximate solutions to the exact solution
of the problem under study in terms of input data and proved that these conditions guarantee the
existence of a unique solution of the equivalent problem. Finally, we have established coefficient
conditions for the unique solvability of the multipoint problem (1)–(4).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).
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Optimal control task in HJB PDEs for Transaction costs
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This research investigates optimal control problems arising in financial models with transaction
costs, formulated through Hamilton-Jacobi-Bellman (HJB) partial differential equations. The pres-
ence of transaction costs introduces nonlinearities that complicate the solution structure, requiring
advanced mathematical and numerical techniques. We explore different approaches to solving these
HJB equations, including viscosity solutions and discrete approximations. The study also focuses
on control strategies that optimize trading decisions under various cost structures, balancing prof-
itability and risk. Computational methods are implemented to analyze the impact of transaction
costs on optimal strategies, providing insights into efficient numerical schemes for practical appli-
cations. The results contribute to the understanding of dynamic optimization in financial markets,
offering a rigorous framework for incorporating transaction costs into decision-making processes.

Funding: This research is supported by SDU University to advance the mathematical modeling and numerical
analysis of optimal control problems in financial markets with transaction costs.
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control.
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[2] Çetin, U., Jarrow, R. A., Protter, P. Liquidity risk and arbitrage pricing theory. (2004)
[3] Crandall, M. G., Ishii, H., Lions, P. L. User’s guide to viscosity solutions of second order

partial differential equations., Bulletin of the American Mathematical Society ,(1992)

Institute of Mathematics and Mathematical Modeling



144 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

Well-posed solvability of a boundary value problem for
delay integro-differential equations

E.A. BAKIROVA 1, S.G. KARAKENOVA2
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2Kh.Dosmukhamedov Atyrau University, Atyrau, Kazakhstan
1bakirova1974@mail.ru, 2sayakhat.karakenova05@gmail.com

In the present paper we consider a linear boundary value problem for delay integro-differential
equations

dx

dt
= A(t)x+ B(t)x(t− τ) +

T�

0

K(t, s)x(s)ds+ f(t), t ∈ [0, T ], (1)

x(t) = diag[x(0)]φ(t), t ∈ [−τ, 0], (2)

Cx(0) +Dx(T ) = d, d ∈ Rn, (3)

where the matrices A(t), B(t), and vector-function f(t) are continuous on [0, T ], the matrix K(t, s)
is continuous on [0, T ]× [0, T ], φ : [−τ, 0] → Rn is a continuously differentiable vector-function such
that φi(0) = 1, i = 1, n; τ is a constant delay; the matrices C, D and the vector d are constant.

We divide the interval [0, T ] into parts with h > 0 : mh = T and approximate problem (1)-(3)
by the boundary value problem for delay loaded differential equations

dy

dt
= A(t)y + B(t)y(t− τ) +

m∑
i=1

ih�

(i−1)h

K(t, s)y[(i− 1)h]ds+ f(t), t ∈ [0, T ],

y(t) = diag[y(0)]φ(t), t ∈ [−τ, 0],

Cy(0) +Dy(T ) = d, d ∈ Rn,

By using parametrization method [1] and an approximation of the delay integro-differential
equation by delay loaded differential equation, we establish coefficient tests for the well-posedness
of the considered problem (1)-(3) and suggest an algorithm for finding the solution.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant no. AP23486114). [2] Keywords: delay integro-differential equation, delay loaded

differential equation, boundary value problem, correct solvability, relationship.
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Parabolic systems with conormal boundary condition

B. BEKMAGANBETOV
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Let d ≥ 1 and n ≥ 1 be integers. Let Rd+ = {x = (x′, xd) : x
′ ∈ Rd−1, xd > 0} be the upper

half-space. For T ∈ (−∞,∞] we denote ΩT = (−∞, T )× Rd+. Let α ∈ (−1,∞) be fixed.
We study second order parabolic systems

xαda0(xd)ut −Di(x
α
dAijDju) + λxαdC0u = −Di(x

α
dFi) +

√
λxαdf in ΩT (1)

with the conormal boundary condition

lim
xd→0+

xαd (AdjDju− Fd) = 0 on (−∞, T )× Rd−1. (2)

Here Di =
∂
∂xi

, the coefficients (Aij , C0) = (Aij , C0)(t, x) ∈ Rn×n and a0 = a0(xd) ∈ Rn×n are

matrix-valued functions defined for (t, x) ∈ R × Rd+, (u, Fi, f) = (u, Fi, f)(t, x) ∈ Rn are vector-
valued functions on ΩT , and λ ≥ 0 is a parameter.

We assume that the coefficients Aij are bounded, measurable, and strongly elliptic, a0 = aT0
is symmetric, and that a0 and C0 are bounded, measurable, and positive definite: there exists
κ ∈ (0, 1] such that |Aij | ≤ κ−1, |a0| ≤ κ−1, |c0| ≤ κ−1, and for all ξ = (ξiα)

1≤i≤d
1≤α≤n, η ∈ Rn holds

κ|ξ|2 ≤
d∑

i,j=1

n∑
α,β=1

Aαβij ξ
i
αξ

j
β, κ|η|2 ≤

n∑
α,β=1

aαβ0 ηαηβ, κ|η|2 ≤
n∑

α,β=1

Cαβ0 ηαηβ.

For z0 = (t0, x0) ∈ R × Rd+ and r > 0, denote Q+
r (z0) = Q′

r(z
′
0) × (max(0, x0d − r), x0d + r),

where Q′
r(z

′
0) = (t0− r2, t0)×B′

r(x
′
0), B

′
r(x

′
0) is the ball in Rd−1 of radius r centered at x′0. Denote

dµ(z) = xαddxdt, dµ(x) = xαddx. We impose the following partial BMO condition on Aij and C0.

Assumption 1 (γ0, R0). For any r ∈ (0, R0] and z0 = (t0, x0) ∈ R× Rd+, we have

max
i,j

 
Q+

r (z0)
|Aij(t, x)− [Aij ]r,z0(xd)|dµ(z) +

 
Q+

r (z0)
|C0(t, x)− [C0]r,z0(xd)|dµ(z) ≤ γ0,

where [Aij ]r,z0(xd) =
�
Q′

r(z
′
0)
Aij(t, x

′, xd)dx
′dt is the average of aij with respect to (t, x′) over Q′

r(z
′
0).

For p, q ∈ (1,∞) and Muckenhoupt weights w0 = w0(t) ∈ Aq(R), w1 = w1(x) ∈ Ap(Rd+, µ), we
denote w = w0(t)w1(x) and

∥f∥Lq,p(ΩT ,wdµ) =

� T

−∞

(�
Rd
+

|f(t, x)|pw1(x)dµ(x)

)q/p
w0(t)dt

1/q

.

We say that u ∈W 0,1
q,p (ΩT , wdµ) if u,Dxu ∈ Lq,p(ΩT , wdµ).

Theorem 2. Let α ∈ (−1,∞), p, q,K ∈ (1,∞), κ ∈ (0, 1], R0 ∈ (0,∞), w = w0(t)w1(x), where
w0 ∈ Aq(R) and w1 ∈ Ap(Rd+, µ) with [w0]Aq(R) ≤ K and [w1]Ap(Rd

+,µ)
≤ K. Then, there exist

γ0 = γ0(d, n, α, p, q, κ,K) ∈ (0, 1) and λ0 = λ0(d, n, α, p, q, κ,K) ≥ 0 such that the following
assertions hold. Suppose that Assumption (γ0, R0) is satisfied. If u ∈ W 0,1

q,p (ΩT , wdµ) is a weak
solution to (1)-(2) for some λ ≥ λ0R

−2
0 , f ∈ Lq,p(ΩT , wdµ), and F ∈ Lq,p(ΩT , wdµ)

d, then we have

∥Du∥Lq,p(ΩT ,wdµ) +
√
λ∥u∥Lq,p(ΩT ,wdµ) ≤ N∥F∥Lq,p(ΩT ,wdµ) +N∥f∥Lq,p(ΩT ,wdµ),

where N = N(d, n, α, p, q, κ,K) > 0. Moreover, for any λ > λ0R
−2
0 , f ∈ Lq,p(ΩT , wdµ), and

F ∈ Lq,p(ΩT , wdµ)
d, there exists a unique weak solution u ∈W 0,1

q,p (ΩT , wdµ) to (1)-(2).
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We also consider more general equations with singular lower-order terms of the form

xαda0(xd)ut −Di(x
α
dAijDju+ xα−1

d Biu) + xα−1
d B̂iDii+ xα−2

d Cu+ λxαdC0u

= −Di(x
α
dFi) + xα−1

d F0 +
√
λxαdf,

for which we obtain similar results under certain smallness assumptions on Bi, B̂i, and C, and
certain structural conditions on the weight w1(x). Our results extend those in [1], which were
established for scalar equations, to systems of equations with singular lower-order terms.

Joint work with Hongjie Dong.
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Asymptotic spectral analysis of the biharmonic Steklov
problem on a thin domain
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In this work, we analyze the asymptotic behavior of eigenvalues and eigenfunctions in the gen-
eralized biharmonic Steklov problem within a thin domain. We examine the problem separately in
both two-dimensional and higher-dimensional settings. Our findings demonstrate that as the do-
main becomes increasingly thin, the eigenvalues in both cases converge to zero. Notably, the results
obtained for the multidimensional case also encompass those for the two-dimensional scenario.

Inverse problems of the determining right-hand side for
mixed type equations with the Gerasimov–Caputo

fractional derivative

U.Kh. DUSANOVA

Institute of Mathematics, Uzbekistan Academy of Science, Tashkent

umidakhon8996@gmail.com

Let 0 < ρ ≤ 1. In the rectangular domain D = {(x, t)| 0 < x < 1, −α < t < β} we consider
an equation of a mixed-type:

Lu = F (x, t), (1)

here

Lu =

{
Dρ

0tu− uxx, 0 < t < β,

utt − uxx, −α < t < 0,
F (x, t) =

{
f1(x, t), 0 < t < β,

f2(x, t), −α < t < 0.

We take the Dirichlet condition as the boundary condition

u(0, t) = u(1, t) = 0, 0 < x < 1, −α ≤ t ≤ β. (2)

Let the initial condition be of the following form

u(x,−α) = φ(x), 0 < x < 1. (3)
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We take the gluing conditions in the form

u(x,+0) = u(x,−0), lim
t→+0

Dρ
0tu(x, t) = ut(x,−0), 0 < x < 1, (4)

where φ(x) and F (x, t) are given sufficiently smooth functions, α > 0, β > 0 are given real numbers.

Problem (1)–(4) is also called the forward problem.

We introduce the following designations: D+ = (0, 1)× (0, β), D− = (0, 1)× (−α, 0).

Definition 1. A function u(x, t) ∈ C(D) and u(x, t) ∈ AC([0, 1]× [0, β]) with the properties

1. u(x, t) ∈ C2
x,t(D−),

2. Dρ
t u(x, t) ∈ C(D+),

3. u(x, t) ∈ C2
x(D+),

4. u(x, t) ∈ C1
t (D−),

and satisfying equation (1) and conditions (2)-(4) is called the (classical) solution of the forward
problem.

Let for all k ∈ N

∆α(k) = cos
√
λkα+

√
λk sin

√
λkα =

√
1 + λk sin

(√
λkα+ θk

)
̸= 0, (5)

where in k → ∞ , θk = arcsin( 1√
1+λk

) → 0.

Lemma 2. If α is an arbitrary natural number, then there exists a constant C0 such that, for all
k ∈ N,

|∆α(k)| ≥ C0 = 1. (6)

Lemma 3. There exists an infinite set M of irrational algebraic numbers α > 0 of degree two:

M = {α| α =
√
d+ p, p ∈ Z,

√
d > −p, d = 2, 3, 5, 6, 7, 8},

for which holds the inequality

|∆α(k)| = |
√
1 + πk|| sin(πkα+ θk)| > C0, k ∈ N, (7)

where C0 is a positive number depending on α.

Proof of Lemma 2 and Lemma 3 can be found in [1] and [2] respectively.

Theorem 4. Let

f1(x, t) ∈ C(D+) ∩ C3,0
x,t (D+), f1(0, t) = f1(1, t) = 0, f

′′
1 (0, t) = f

′′
1 (1, t) = 0, (8)

for 0 ≤ t ≤ β and

f2(x, t) ∈ C(D−) ∩ C3,0
x,t (D−), f2(0, t) = f2(1, t) = 0, f

′′
2 (0, t) = f

′′
2 (1, t) = 0, (9)

for −α ≤ t ≤ 0 and let

φ(x) ∈ C4[0, 1], φ(0) = φ(1) = φ
′′′
1 (0) = φ

′′′
(1) = 0, (10)
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and conditions of Lemma 2 or Lemma 3 hold. Then there exists a unique solution to the forward
problem (1)–(4) and it can be represented as the series

u(x, t) =

∞∑
k=1

(
ωk

∆α(k)
(cosπkt− πk sinπkt) +

f1k(0)

πk
sinπkt

)
sinπkx+

+
∞∑
k=1

 1

πk

t�

0

f2k(τ) sinπk (t− τ) dτ

 sinπkx, t < 0, (11)

u(x, t) =
∞∑
k=1

 ωk
∆α(k)

Eρ,1
(
−(πk)2tρ

)
+

t�

0

τρ−1Eρ,ρ (−πkτρ) f1k(t− τ) dτ

 sinπkx, t > 0.

(12)
where

ωk = φk +
f1k(0) sinπkα

πk
− 1

πk

0�

−α

f2k (τ) sinπk (α+ τ) dτ.

Following K. Sabitov [1] let us formulate three inverse problems.
Inverse problem 1. Let

F (x, t) =

{
f1(x)ϕ1(t), 0 < t < β,

f2(x, t), −α < t < 0.
(13)

Find a pair of functions {u(x, t), ϕ1(t)}, where u(x, t) is a solution of the forward problem and
ϕ1(t) ∈ C[0, β], satisfying equation (1), conditions (2)-(4) and the over-determination condition

u(x0, t) = h1(t), 0 < x < 1, 0 ≤ t ≤ β. (14)

Here the functions f1(x), f2(x, t), h1(t)− are given sufficiently smooth functions, x0 is a given
point from the interval (0, 1).

Inverse problem 2. Let

F (x, t) =

{
f1(x, t), 0 < t < β,

f2(x)ϕ2(t), −α < t < 0.
(15)

Find a pair of functions {u(x, t), ϕ2(t)}, where u(x, t) is a solution of the forward problem and
ϕ2(t) ∈ C[−α, 0], satisfying equation (1), conditions (2)-(4) and the over-determination condition

u(x0, t) = h2(t), x ∈ Ω, −α ≤ t ≤ 0. (16)

Here the functions f1(x, t), f2(x), h2(t)− are given sufficiently smooth functions.
Inverse problem 3. Let

F (x, t) =

{
f1(x)ϕ1(t), 0 < t < β,

f2(x)ϕ2(t), −α < t < 0.
(17)

Find a pair of functions {u(x, t), ϕ1(t), ϕ2(t)}, where u(x, t) is a solution of the forward problem
and ϕ1(t) ∈ C[0, β], ϕ2(t) ∈ C[−α, 0] satisfying equation (1), conditions (2)–(4) and the over-
determination conditions (14), (16).

Here the functions f1(x) f2(x) are given sufficiently smooth functions.
Based on the overdetermination conditions (14) and (16), natural conditions are imposed on

the functions f1 and f2:
f1(x0) ̸= 0, f2(x0) ̸= 0.
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When solving inverse problems using the classical Fourier method, to determine unknown functions
gi(t) we obtain integral Volterra of the first kind. In order to reduce these equations to the Volterra
equation of the second kind we apply fractional differentiation.

In this connection, the following conditions on functions from the overdetermination conditions
arise:

Dρ
0th1(t) ∈ C[0, β], h2(t) ∈ C[−α, 0].

In each of the three inverse problems, by solving the Volterra integral equations of the second
kind, the existence and uniqueness of solutions of all three inverse problems are proven.
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2École normale supérieure de Lyon & CNRS, Lyon, France

1amin.esfahani@nu.edu.kz, 2contact@duongdinh.com

In this work, we investigate a system of inhomogeneous nonlinear Schrödinger equations that
arise in optical media. Specifically, we consider the system{

i∂tu+ 1
2∆u+ |x|−αuv = 0,

i∂tv +
κ
2∆v − γv + 1

2 |x|
−αu2 = 0,

(1)

where the unknown functions u, v : Rt × Rdx → C represent wave amplitudes. The parameters
satisfy d ≥ 1, α > 0, κ > 0, and γ ∈ R. This system models the interaction of two waves in a
quadratic medium, specifically a degenerate (type-I) process involving the fundamental-frequency
(FF) and second-harmonic (SH) components, under the influence of a spatially singular modulation
of the χ(2) nonlinearity. The real parameter γ quantifies the phase mismatch between the FF and
SH components, and through an appropriate rescaling, it can be taken as 0,±1. For a detailed
derivation of this model from the underlying physical principles, we refer to [2,3,4].

By applying the abstract argument (see [1]), we show that system (1) is locally well-posed in
H1 := H1(Rd)×H1(Rd). More precisely, we have the following local wellposedness result.

Theorem 1. Let 1 ≤ d ≤ 5, κ > 0, γ ∈ R, 0 < α < min {2, d}, and α < 6−d
2 if 3 ≤ d ≤ 5. For any

(u0, v0) ∈ H1, there exists a unique maximal solution

(u, v) ∈ C((−T∗, T ∗),H1) ∩ C1((−T∗, T ∗),H−1)

to (1) with initial data (u, v)|t=0 = (u0, v0), where H−1 := H−1(Rd) ×H−1(Rd) is the dual space
of H1. The maximal time satisfies the blow-up alternative: if T ∗ <∞ (resp. T∗ <∞), then

lim
t↗T ∗

∥(u(t), v(t))∥H1 = ∞
(
resp. lim

t↘−T∗
∥(u(t), v(t))∥H1 = ∞

)
.
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In addition, there are conservation laws of mass and energy, i.e.,

M(u(t), v(t)) = ∥u(t)∥2L2 + 2∥v(t)∥2L2 = M(u0, v0),

E(u(t), v(t)) =
1

2
∥∇u(t)∥2L2 +

κ

2
∥∇v(t)∥2L2 + γ∥v(t)∥2L2 −ℜ⟨|x|−αu2(t), v(t)⟩ = E(u0, v0),

for all t ∈ (−T∗, T ∗).

We also find the conditions under which the local solution is global (see [2]). Once global
solutions exist, we study the long time behavior of these solutions. We have the following energy
scattering for global solutions in the mass-supercritical regime.

Theorem 2. Let 3 ≤ d ≤ 5, 0 < α < min
{
2, d2
}
, 4−d

2 < α < 6−d
2 , κ > 0, and γ ∈ R. Let

(u0, v0) ∈ H1 satisfy

H(u0, v0) (M(u0, v0))
σ < E0(φ,ψ) (M(φ,ψ))σ , (2)

K(u0, v0) (M(u0, v0))
σ < K(φ,ψ) (M(φ,ψ))σ , σ =

6− d− 2α

d+ 2α− 4
. (3)

where H(u, v) :=

{
E(u, v) if γ ≥ 0,

E(u, v) + |γ|
2 M(u, v) if γ < 0.

E0(φ,ψ) := 1
2K(φ,ψ) − P(φ,ψ), K(u, v) :=

∥∇u∥2L2 +κ∥∇v∥2L2, and P(u, v) := ℜ⟨|x|−αu2, v⟩L2 . Then the corresponding solution to (1) scatters
in H1 in both directions in the sense that there exist (u±, v±) ∈ H1 such that

lim
t→±∞

∥(u(t), v(t))− (S1(t)u±,S2(t)v±)∥H1 = 0,

where (S1(t),S2(t)) =
(
eit

1
2
∆, eit(

κ
2
∆−γ)

)
is the linear propagator.
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Idempotent mathematics is developed using a new set of basic associative operations: addition
⊕ and multiplication ⊙, such that all semifield or semiring axioms hold. Additionally, the new
addition is idempotent, meaning that for every element x of the corresponding semiring, the equality
x⊕ x = x holds (see, for example, [1, 2, 3, 7, 8, 10, 13]).

One of the most extensively studied examples is the semifield Rmax = R ∪ −∞, known as
the Max-Plus algebra. This semifield consists of all real numbers along with an additional element
0 = −∞. The element 0 serves as the zero element in Rmax, and the basic operations are defined
as follows: x ⊕ y = maxx, y and x ⊙ y = x + y. The identity element 1 corresponds to the usual
zero 0.

There are several studies on idempotent linear operators and their analogies with Markov chains
([1, 7, 8, 10, 13]). This theory of idempotent measures emerges as a new branch of mathematical
analysis aimed at studying deterministic control problems and first-order nonlinear partial differ-
ential equations (such as Hamilton-Jacobi equations) with discontinuous initial data and low-lying
eigenfunctions of the Schrodinger operator.

The n-dimensional simplex of idempotent measures is defined as follows: Define simplex In of
idempotent measures on {1, 2, . . . , n}, as

In = {(x1, ..., xn) ∈ Rn
max : max

1≤i≤n
xi = 0} = {(x1, ..., xn) ∈ Rn

max : x1 ⊕ ...⊕ xn = 1}.

In [2, 3], an idempotent analogue of the Markov chain was introduced, where the linearity of
the evolution operator is defined by the new operations ⊕ and ⊙. In [11], all linear operators
that map the n-dimensional simplex of idempotent measures to itself are fully described. These
operators serve as ”idempotent” analogues of Markov chains, where the state of the Markov chain
is represented as an idempotent measure, but the linearity of the evolution operator is defined by
conventional operations + and ·. Furthermore, in [11], dynamical systems generated by linear maps
on the set of idempotent measures are studied.

In this paper, we consider some quadratic operators that map In to itself and study the
dynamical systems generated by these operators.

Volterra Quadratic Operators

Consider a cubic matrix P = (pij,k)
n
i,j,k=1 with pij,k ∈ Rmax.

Definition 1. The quadratic map

Q : x = (x1, ..., xn) ∈ Rn
max → x′ = Q(x) = (x′1, ..., x

′
n) ∈ Rn

max

is defined as follows:

x′k =

n∑
i,j=1

pij,kxixj , k = 1, 2, ..., n. (1)

where pij,k ∈ Rmax.

Let us denote the set

Mn = {x = (x1, ..., xn) ∈ Rn
max : xi ≤ 0,

n∑
k=1

xk = −1}.
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Proposition 2. Any quadratic map given by equation (1) with pij,k ≤ 0 and

n∑
k=1

pij,k = −1 (2)

maps Mn to itself.

Remark A quadratic stochastic operator (QSO) (see, e.g., [6], [9], [12]) is typically defined
using equation (1) with the conditions

pij,k ≥ 0,

n∑
k=1

pij,k = 1.

Such a QSO maps the simplex

Sn−1 = {x = (x1, ..., xn) ∈ Rn : xi ≥ 0,

n∑
k=1

xk = 1}

to itself. to itself. Consequently, the results established for QSOs can be reformulated for the
quadratic maps described in Proposition 2 by appropriately substituting positive values (of both
parameters and variables) with negative ones. Additionally, we examine the dynamics of quadratic
maps on the complement set Rn

max \Mn.

Definition 3. A quadratic operator (1) associated with a cubic matrix P = (pij,k)
n
i,j,k=1, with

pij,k ≤ 0 for all indices, is termed a quadratic Volterra operator if it satisfies the condition:

pij,k = 0, k /∈ {i, j} . (3)

According to this definition, it follows that a Volterra operator (denoted as V) has the form:

V : x′k = xk

n∑
i=1

(pik,k + pki,k)xi, k = 1, 2, ..., n. (4)

Theorem 4. [14] A quadratic operator V given by cubic matrix P = (pij,k)
n
i,j,k=1 with pij,k ≤ 0

maps In to itself, if and only if it satisfies one of following conditions:

i) Each k-th matrix of the cubic matrix P contains exactly one non-zero row and exactly one
non-zero column.

ii) Cubic matrix P has at least one zero matrix, i.e., ∃m ≤ n such that all elements of m-th
matrix Pm = (pij,m)

n
i,j=1 consists of only zeroes.

Condition (3) implies that the Volterra operator satisfies the first condition of Theorem 4.

Theorem 5. A quadratic Volterra operator maps the simplex In to itself.

For any I ⊂ E = {1, ..., n} define face ΓI of In as folloows

ΓI = {x ∈ In : xi = 0 for any i ∈ I}.

Proposition 6. If V is a Volterra QSO, then every face of In is an invariant set with respect to
V .

Definition 7. A quadratic Volterra operator (4) that satisfies condition (2) is called a quadratic
absolute stochastic Volterra operator (QASVO).

It follows from condition (2) that, for a QASVO, we have pii,i = −1 for any i = 1, . . . , n.
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Definition 8. A solution x to the equation V (x) = x is called a fixed point. The set of all fixed
points denoted by Fix(V ).

Proposition 9. If x = (x1, . . . , xn) is a fixed point of a quadratic map (1) with pij,k ≤ 0 and (2)
then

n∑
i=1

xi ∈ {−1, 0}.

Assume that,
pik,k + pki,k = −1, ∀i, k = 1, . . . , n (5)

In this case from (4) we get

V0 : x′k = −xk
n∑
i=1

xi, k = 1, 2, ..., n. (6)

Proposition 10. If (2), (3) and pij,i + pji,i = −1.
Then the set of all fixed points for the QASVO V0 : In → In is

Fix(V0) = {(0, 0, ..., 0)} ∪ Jn,

where

Jn = {(x1, x2, ..., xn) ∈ In :
n∑
i=1

xi = −1}.

Let x(0) ∈ In be an initial point, define its trajectory (dynamical system) as x(m+1) =
V0(x

(m)), m = 0, 1, 2, .... Our aim is to study limit points of the trajectory for any initial point
x(0).

Denote
D

{n}
n−1 = {x ∈ In : −1 < x1 + x2 + ...+ xn−1 ≤ 0}.

Theorem 11. For any initial point x(0) ∈ In the following equality holds1

lim
m→∞

V m
0 (x(0)) =


x(0), if x(0) ∈ Fix(V0)

(0, 0, . . . , 0), if x(0) ∈ D
{n}
n−1

(−∞, ...,−∞, 0), if x(0) =
(
x
(0)
1 , ..., x

(0)
n−1, 0

)
∈ In \

(
Fix(V0) ∪D{n}

n−1

)
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Integral problem for functional-partial differential
equations of hyperbolic type
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In this communication, we consider the integral problem for a system of functional partial
differential equations of hyperbolic type

∂2z

∂t∂x
= A(t, x)

∂z

∂x
+B(t, x)

∂z

∂t
+ C(t, x)z(t, x) + f(t, x)

+A0(t, x)
∂z(α(t), x)

∂x
+B0(t, x)

∂z(α(t), x)

∂t
+ C0(t, x)z(α(t), x), (t, x) ∈ Ω, (1)
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P2(x)
∂z(0, x)

∂x
+ P1(x)

∂z(t, x)

∂t

∣∣∣
t=0

+P0(x)z(0, x)

+

T�

0

{
K2(τ, x)

∂z(τ, x)

∂x
+K1(τ, x)

∂z(τ, x)

∂τ
+K0(τ, x)z(τ, x)

}
dτ

+ S2(x)
∂z(T, x)

∂x
+ S1(x)

∂z(t, x)

∂t

∣∣∣
t=T

+S0(x)z(T, x) = φ(x), x ∈ [0, X], (2)

z(t, 0) = ψ(t), t ∈ [0, T ], (3)

where Ω = [0, T ] × [0, X], the vector function z(t, x) = (z1(t, x), z2(t, x), . . . , zn(t, x))
′ is unknown,

n × n matrices A(t, x), B(t, x), C(t, x), A0(t, x), B0(t, x), C0(t, x), and n-vector function f(t, x)
are continuous on Ω; n × n matrices Pi(x), Si(x), i = 0, 1, 2, and n-vector function φ(x) are
continuous on [0, ω]; n×n matrices Ki(t, x), i = 0, 1, 2, are continuous on Ω, n-vector function ψ(t)
is continuously differentiable on [0, T ]. The generalized piecewise constant argument α(t) is defined
as follows: α(t) = ζr−1 if t ∈ [tr−1, tr) r = 1, 2, . . . ,M , where tr are some points in the interval
[0, T ]: 0 = t0 < t1 < ... < tM−1 < tM = T , and ζr are some constants such that tr−1 ≤ ζr−1 < tr.

For solving the integral problem is applied method of introducing new functions [1] and Dzhum-
abaev’s parametrization method [2]. Conditions for the existence and uniqueness of the integral
problem for the system of functional - partial differential equations of hyperbolic type are es-
tablished in the term of special matrix. An algorithm for determining approximate solution the
integral problem is proposed and its convergence to an exact solution is showed. We are also applied
methods and results in [3].
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Properties of a nonlocal problem for hyperbolic equations
with impulse discrete memory
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On the domain Ω = [0, T ] × [0, ω] we consider the nonlocal problem for an impulsive system
of hyperbolic equations with discrete memory in the following form

∂2u

∂t∂x
= A(t, x)

∂u(t, x)

∂x
+B(t, x)

∂u(t, x)

∂t
+ C(t, x)u(t, x) + f(t, x) +A0(t, x)

∂u(γ(t), x)

∂x
+

+B0(t, x)
∂u(γ(t), x)

∂t
+ C0(t, x)u(γ(t), x), t ̸= θj , j = 1, . . . , N − 1.

(1)
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P (x)u(0, x) + S(x)u(T, x) = φ(x), x ∈ [0, ω]. (2)

lim
t→θp+0

u(t, x)− lim
t→θp−0

u(t, x) = φp(x), x ∈ [0, ω], p = 1, . . . , N − 1. (3)

u(t, 0) = ψ(t), t ∈ [0, T ]. (4)

where u(t, x) = colon(u1(t, x), u2(t, x), ..., un(t, x)) is an unknown vector function, the n ×
n matrices A(t, x), B(t, x), C(t, x), A0(t, x), B0(t, x), C0(t, x) and the n vector function f(t, x) are
continuous on Ω.

Theorem 1. Assume that the nN × nN matrix Q1(∆N (ω), x) is invertible for all x ∈ [0, ω], and
the following conditions are valid:

1)∥[Q∗(∆N (ω), x)]
−1∥ ≤ γ∗(∆N (ω), x),

2)q∗(∆N (ω), x) = γ∗(∆N (ω), x)max (∥P (x)∥+ ∥S(x)∥, 2)×

×α(x)θ
[
eα(x)θ − 1 + θα0(x)e

α(x)θ
]
≤ χ < 1,

where γ∗(∆N (ω), x) is positive continuous on [0, ω] function, χ is positive constant.

Theorem 2. Assume that the nN × nN matrix Q1(∆N (ω), x) is invertible for all x ∈ [0, ω] and
inequalities 1), 2) of Theorem 1 are satisfied. Then, nonlocal problem (1)–(4) has a unique solution.

Keywords and phrases: impulsive system of hyperbolic equations, discrete memory, nonlocal problem, algorithm,
solvability.
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About an algorithm for solving a two-point boundary value
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On the interval [0, T ], we consider a linear two-point boundary value problem with impulsive
effects at fixed moments in time:

dx

dt
= A(t)x+ f(t), t ∈ [0, T ]\{θ1, θ2, . . . , θm}, θi ∈ (0, T ), i = 1,m, x ∈ Rn, (1)

Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

Bix(θi − 0)− Cix(θi + 0) = pi, pi ∈ Rn, i = 1,m, (3)
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where the matrix A(t), and the vector-function f(t) are piecewise continuous on [0, T ], with possible
first-order discontinuities at the points t = θi, i = 1,m+ 1. The matrices B, C, Bi, and Ci
(i = 1,m) are constant matrices.

Linear two-point boundary value problems with impulsive effects are an important area in the
theory of differential equations. They describe the dynamics of systems that experience sudden,
instantaneous changes at fixed moments in time. Such models have widespread applications in
physics, engineering, biology, economics, and other sciences, where processes may undergo abrupt
changes due to external factors. Two-point boundary value problems with impulsive effects have
been extensively studied by numerous researchers, as seen in works [1]-[5]. These studies have
provided valuable insights into the behavior of systems subjected to sudden changes at specific
moments, offering a deeper understanding of their dynamics and applications in various fields.

This work proposes a new two-parameter algorithm for the approximate solution of the two-
point boundary value problem with impulsive effects for linear systems of ordinary differential
equations. Sufficient conditions for the existence and convergence of the proposed algorithm to a
unique solution are established, along with an estimate of the difference between the exact and the
approximate solutions.

Financing: This research is financed by grant financing of projects by the Ministry of Education and Science of the
Republic of Kazakhstan (grant � AP23488811).

Keywords: Ordinary differential equations, Linear systems, Two-point boundary value problems, Impulsive effect,
Approximate solution algorithms.
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We consider the following boundary value problem for impulsive differential equations with
loadings subject to integral boundary condition

dx

dt
= A0(t)x+

m1∑
j=1

Aj(t) lim
t→ζj+0

x(t) + f(t), t ∈ [0, T ] \ {θ1, θ2, ..., θm2}, (1)

lim
t→θi−0

x(t)− lim
t→θi+0

x(t) = φi, x ∈ Rn, φi ∈ Rn, i = 1,m2, (2)
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Bx(0) + Cx(T ) +

T�

0

D(τ)x(τ)dτ = d, d ∈ Rn, (3)

where (n×n)-matrices Ak(t), D(t) (k = 0,m1) and n-vector-function f(t) are piecewise continuous
on [0, T ] with possible discontinuities of the first kind at the points t = ζj (j = 1,m1). B and C
are constant (n× n)-matrices, and φi, (i = 1,m2) and d are constant n vectors, θi ̸= ζj , i = 1,m2,
j = 1,m1.

A solution to problem (1) – (3) is a piecewise continuously differentiable vector function x(t) on
[0, T ], which satisfies the differential equation system with loadings (1) on [0, T ] except the points
t = θi (i = 1,m2), conditions of impulse effects at the fixed time points (2) and the boundary
condition (3).

Boundary-value problems involving loaded equations [1] and integral conditions frequently arise
in mathematical physics and mathematical biology. The analysis of loaded differential equations
that incorporate impulse effects, together with the methods to solve them, is addressed in [2]. Such
problems are encountered in modeling various natural science processes.

In the present paper, the Dzhumabaev parameterization method [3] is used to solve a linear
boundary value problem for impulsive differential equations with loadings subject to the integral
boundary condition (1)–(3). A numerical algorithm is offered to solve the problem (1)–(3).
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Consider the following integral operator

u(x) = (−1)m · 1
2

� 1

−1

1

(2m− 1)!
|x− y|2m−1f(y)dy, x ∈ (−1, 1).

where u(x) is a particular solution of the following equation

Lu = (−1)m
d2m

dx2m
u(x) = f(x), x ∈ (−1, 1).

Now, for the eigenvalue problem

(−1)m · 1
2

� 1

−1

1

(2m− 1)!
|x− y|2m−1u(y)dy =

u(x)

λ
, x ∈ (−1, 1) (1)

we have the following
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Theorem 1. Let m = 1, 4. Then the eigenvalue problem (1) has only m negative eigenvalues.

Particularly, for m = 1, the eigenvalue problem (1) becomes

−1

2

� 1

−1
|x− y|u(y)dy =

u(x)

λ
, x ∈ (−1, 1).

In this case, there is only one negative eigenvalue, which is in the following form λ = −µ2

4 , where
µ is the root of the following equation tanh(µ) = 1

µ .
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In a non-cylindrical domain G:

G = {(x, y; t)
∣∣√x2 + y2 ≤ t; t > 0}

we consider a boundary value problem, two-dimensional in the spatial variable for the frac-
tionally loaded heat conduction equation:

ut = a2∆u+ λ{RLDβ
otu(x, y; t)}+ f(x, y; t) (1)

with the following condition on the boundedness of a solution:

lim√
x2+y2→+∞

u(x, y; t) = 0; (2)

and with the condition on the lateral surface of the cone:

u(x, y; t)

∣∣∣∣√
x2+y2=t

= g(t), (3)

where λ is a complex parameter, RLD
β
otu(x, y; t) is the Riemann-Liouville derivative of an order

β, 0 < β < 1.

Definition 1. The Riemann-Liouville derivative of fractional order is defined by the following
formula:

RLD
β
otu(x, y; t) =

1

Γ(1− β)

d

dt

� t

0

u(x, y; τ)

(t− τ)
dτ (4)
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Theorem 2. The solution of the boundary value problem (2) with conditions (3) and (4) can be
represented in the following form:

w(r, t) = g(0) + λg(0)t1−βE1−β,2−β(λt1−β) + λ

� t

0
f1(τ)dτ+

λ2
� t

0
(t− τ)1−βE1−β,2−β(λ(t− τ)1−β)f1(τ)dτ + f(r, t) (5)
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Solution of nonlocal problem for loaded parabolic equations

S. KUANYSH

1Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
1Al-Farabi Kazakh National University, Almaty, Kazakhstan

saule270898@gmail.com

We consider a nonlocal problem for loaded parabolic equation in the domain (t, x) ∈ Ω =
(0, T )× (0, l) :

∂u

∂t
= p(t, x)

∂2u

∂x2
+ q(t, x)u(t, x) +

m∑
j=1

kj(t, x)u(θj , x) + f(t, x), (1)

B(x)u(0, x) + C(x)
∂u(0, x)

∂x
+D(x)u(T, x) + E(x)

∂u(T, x)

∂x
= ψ(x), x ∈ [0, l], (2)

u(t, 0) = φ0(t), u(t, l) = φ1(t), t ∈ [0, T ], (3)

where p(t, x) ≤ γ > 0, q(t, x) ≤ 0, kj(t, x), j = 1,m, and f(t, x) be functions that are continuous in
t and satisfy Holder continuity in x; T and l are positive numbers; θj ∈ (0, T ), j = 1,m, are loading
points; B(x), C(x), D(x), E(x), are continuous functions on the interval (0, l). It is assumed that
the functions ψ(x), φ0(t) and φ1(t) are fully smooth and fulfill the matching conditions:

B(0)φ0(0) + C(0)φ0(0) +D(0)φ0(T ) + E(0)φ0(T ) = ψ(0),
B(l)φ1(0) + C(l)φ1(0) +D(l)φ1(T ) + E(l)φ1(T ) = ψ(l).
A solution to problem (1)–(3) is a function u(t, x), continuous on Ω̄ = [0, T ] × [0, l] that has

a continuous first-order partial derivative with respect to t and a continuous second-order partial
derivative with respect to x. It satisfies the loaded parabolic equation (1) as well as conditions (2)
and (3).

Loaded parabolic equations belong to a complex yet important class of differential equations
and are widely applied in various scientific and engineering problems, as well as in ecology, epidemic
propagation modeling, and biological systems [1].

In the present paper, the nonlocal problem for the loaded parabolic equation (1)–(3) is con-
sidered. Discretizing with respect to the spatial variable x reduces the problem to a two-point
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boundary value problem for a system of loaded ordinary differential equations [2]. To solve this
problem, the Dzhumabaev parametrization method is employed [3], [4]. A theorem on the conver-
gence of the discretized problem’s solution to the nonlocal problem (1)-(3) is proposed.
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We investigate, the existence and stability of unpredictable solutions of symmetrical impulsive
Hopfield type neural networks of the form

y′i(t) = ai(t)yi(t) +

p∑
j=1

bij(t)fj(yj(t)) + ci(t), t ̸= θk,

∆yi|t=θk = αikyi(θk) +

p∑
j=1

βijkgj(yj(θk)) + γik, (1)

where t, yi, i = 1, . . . p, are from the real axis, yi(t) and y′i(t), i = 1, . . . p, denote the membrane
potentials of neuron i, and their rates of change; and p is the total number of neurons in the network.
Moreover, ai, i = 1, . . . , p, are the rates of self-regulation or reset potentials for neurons i = 1, . . . , p,
when they are isolated; fj , j = 1, 2, . . . , p, are the activation functions for neurons j, j = 1, . . . , p,
which determine how the membrane potential influences other neurons; bij , i, j = 1, 2, . . . , p are
weights of the connection between neurons j, and i, i, j = 1, 2, . . . , p; ci(t), i = 1, 2, . . . , p, are
input functions representing external stimuli or inputs to neurons i, i = 1, 2, . . . , p. The sequence
θk, k ∈ Z of discontinuity moments is increasing such that |θk| → ∞ as k → ∞.

Similarly to the differential part of the model, the coefficients αik, i = 1, 2, . . . , p, k ∈ Z, in the
impulsive equation are constants of self-regulation for the units or reset of potentials, when the units
are isolating, the constants βijk, i, j = 1, 2, . . . , p, k ∈ Z, denote the weights for connection between
units j and i, gj , j = 1, 2, . . . , p, are activation vectors, the sequences γik, i = 1, 2, . . . , p, k ∈ Z, are
external impulses for the network. One can see that the impulsive part of the model admits the
same structure as the differential part. This is why we call the model symmetrical one.
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Consider sequences of real numbers tn, θk, indices n ∈ N, k ∈ Z. They are assumed to be
strictly increasing with regard to the indices. Sequence θk, k ∈ Z is unbounded in both directions.
Moreover, it satisfies θ ≤ θk+1 − θk ≤ θ with positive numbers θ, θ.

Definition 1. [1] A couple (tn, θk) of sequences tn, θk, n ∈ N, k ∈ Z, is called a Poisson couple
if there exists a sequence ln, n ∈ N, which diverges to infinity, such that

θk+ln − tn − θk → 0 as n→ ∞, (2)

uniformly on each bounded interval of integers k.

Definition 2. [1] An element v(t) of D with discontinuity moments θk, k ∈ Z, is said to be
discontinuous Poisson stable function, if there exist a sequence tn → ∞ of real numbers such that
(tn, θk), n ∈ N, k ∈ Z, is a Poisson couple and v(t+ tn) → v(t) as n→ ∞ on each bounded intervals
of real numbers in B-topology [2].

Denote by ̂[ξ, ζ], ξ, ζ ∈ R, the interval [ξ, ζ], if ξ ≤ ζ and interval [ζ, ξ], if ζ < ξ.

Definition 3. [1] A discontinuous Poisson stable function v(t) of D with discontinuity moments
θk, k ∈ Z and convergence sequence tn is said to be discontinuous unpredictable, provided that
(tn, θk), n ∈ N, k ∈ Z, is a Poisson couple, and there exist positive numbers ϵ0, δ and sequences
sn of real numbers and mn of integers both of which diverge to infinity such that interval [sn −
δ, sn + δ] ⊆ [ ̂θmn , (θmn+ln − tn)] does not contain discontinuity points of v(t) and v(t + tn), and
∥v(t+ tn)− v(t)∥ ≥ ϵ0 on the interval.

We present the symmetric discontinuous Hopfield type neural networks (1) in the following
vector form:

y′ = A(t)y + B(t)F (y) + C(t), t ̸= θk,

∆y
∣∣
t=θk

= Aky +BkG(y) + Γk, (3)

where y = colon(y1, . . . , yp) ∈ Rp, t ∈ R, k ∈ Z, A(t) = (a1(t), . . . , ap(t)), Ak = (α1k, . . . , αpk) are
diagonal matrices, B(t) = {bij(t)}p×p, t ∈ R, Bk = {βijk}p×p, k ∈ Z are matrices. In addition,
F (y) = colon(f1(y1), . . . , fp(yp), C(t) = colon(c1(t), . . . , cp(t)), G(y) = colon(g1(y1), . . . , gp(yp)),
and Γk = colon(γ1k, . . . , γpk), t ∈ R, k ∈ Z, are vector functions and vector sequence, respectively.

The symbols introduced are:

mB = sup
t∈R

∥B(t)∥, mF = sup
∥u∥<H

∥F (u)∥, mC = sup
t∈R

∥C(t)∥,

mB = sup
k∈Z

∥Bk∥, mG = sup
∥u∥<H

∥G(u)∥, mΓ = sup
k∈Z

∥Γk∥.

The following conditions are needed:

(C1) ∥Y (t, s)∥ ≤ Keλ(t−s) with constants K ≥ 1 and λ < 0, where Y (t, s) is the transition matrix,
of the system associated with (3);

(C2) the coefficients of matrices A(t),B(t), and the input C(t), are continuous Poisson stable [1],
and the sequence of convergence tn, n ∈ N, is common for all their coordinates;

(C3) the sequences {Ak}, {Bk}, {Γk}, k ∈ Z are Poisson stable [1], with a common convergence
sequence ln, n→ ∞;

(C4) there exist numbers lF > 0 and lG > 0 such that ∥F (x)−F (y)∥ ≤ lF ∥x−y∥, ∥G(x)−G(y)∥ ≤
lG∥x− y∥, for all x, y ∈ Rp;
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(C5) K

(
1

−λ

(
mBmF +mC

)
+

1

1− eλθ

(
mBmG +mΓ

))
< H;

(C6) K

(
lFmB
−λ

+
lGmB

1− eλθ

)
< 1;

(C7) KlFmB + 1
θ ln(1 +KlGmB) < −λ;

(C8) the function C(t) in (3) satisfies condition C(2), and there exist numbers ϵ0 > 0, δ > 0 and
sequence sn, sn → ∞, such that ∥C(t+ tn)−C(t)∥ ≥ ϵ0 for each t ∈ [sn− δ, sn+ δ] and n ∈ N.

Theorem 4. If conditions (C1)-(C8) are valid, then system (3) has a unique exponentially stable
unpredictable solution.
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Let φ(x) be continuous on the R and φ(x) > 0 function. In the non-cylindrical domain
Ω = [0, ω]× [0, φ(ω)] consider next third-order partial differential equation:

∂3u

∂x∂t2
= a0

∂2u

∂x∂t
+ a1

∂u

∂x
+ a2

∂u

∂t
+ a3u+ f(x, t), (x, t) ∈ Ω, (1)

u(0, t) = 0 (2)

u(x, 0) = u(x, φ(ω)), x ∈ [0, ω], (3)

∂u(x, 0)

∂t
=
∂u(x, φ(ω))

∂t
, x ∈ [0, ω]. (4)

We assume that ai = ai(x, t) (i = 0, 3), f(x, t) are continuous on Ω.
Theorem. Let the function a1(x, t) ≥ σ > 0 in equation (1). Then the problem (1)-(4) has a
unique solution u(x, t) for all (x, t) ∈ Ω and the following estimates hold:

∥u(x, ·)∥ ≤
� x

0
γ(ξ)

∥∥∥∥ f(ξ, ·)
φ(ξ)a1(ξ, ·)

∥∥∥∥ dξ,∥∥∥∥∂u(x, ·)∂t

∥∥∥∥ ≤ α0

� x

0
γ(ξ)

∥∥∥∥ f(ξ, ·)
φ(ξ)a1(ξ, ·)

∥∥∥∥ dξ,
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∥∥∥∥∂u(x, ·)∂x

∥∥∥∥ ≤ β(x)

� x

0
γ(ξ)

∥∥∥∥ f(ξ, ·)
φ(ξ)a1(ξ, ·)

∥∥∥∥
0

dξ +

∥∥∥∥ f(x, ·)
φ(x)a1(x, ·)

∥∥∥∥
Where, ∥ u(x, ·) ∥= max

t∈[0,φ(ω)]
∥u(x, t)∥, α0 = max( max

(x,t)∈Ω
|a0(x, t) + a1(x, t)| , 1)

β(x) = max
t∈[0,φ(ω)]

{
α0

∣∣∣∣a2(x, t)a1(x, t)

∣∣∣∣+ ∣∣∣∣a3(x, t)a1(x, t)

∣∣∣∣
}
,

γ(x) = exp

[� x

0
β(η)dη

]
, (0 ≤ x ≤ ω)

Keywords:third-order partial differential equation with variable coefficient, non-cylindrical domain.
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On a solution to a semi-periodic boundary value problem
for a hyperbolic equation with a fractional derivative
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On Ω = [0, X]× [0, T ], a semi-periodic boundary value problem for a hyperbolic equation with
a fractional derivative is considered:

∂2w(x, t)

∂x∂t
= A(x, t)

∂w(x, t)

∂x
+ µ

[
Dβ
t w(x, t)

]
+ f(x, t), 0 ≤ β < 1, (x, t) ∈ Ω, (1)

w(0, t) = φ(t), w(x, 0) = w(x, T ), t ∈ [0, T ], x ∈ [0, X]. (2)

Here, A(x, t), f(x, t) are continuous on Ω, φ(t) is continuously differentiable on [0, T ] and satisfies

the compatibility condition φ(0) = φ(T ), Dβ
t u(x, t) is the Riemann-Liouville fractional derivative

of order β.

Theorem 1. Assume the following conditions hold:
1. The function A(x, t) is continuous on Ω = [0, X]× [0, T ] and bounded: |A(x, t)| ≤ C1, (x, t) ∈ Ω.
2. The function f(x, t) is continuous on Ω and satisfies the condition: |f(x, t)| ≤ C2, (x, t) ∈ Ω.
3. The function φ(t) is continuously differentiable on [0, T ], and its derivative is bounded: |φ′(t)| ≤
C3, t ∈ [0, T ].
4. The parameter β satisfies the condition 0 ≤ β < 1.
5. The initial and boundary conditions are compatible: φ(0) = φ(T ).

Then the solution w(x, t) to problem (1), (2) exists, is unique in the class of continuous func-
tions, and has the form:

w(x, t) =

x�

0

u(ξ, t) dξ + φ(t),

u(x, t) = λ(x) +

� t

0
G(t− τ)

A(x, τ)λ(x) + µ

Dβ
τ

x�

0

λ(ξ) dξ

+ µ
[
Dβ
τ φ(τ)

]
+ f(x, τ)

 dτ,
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λ(x) = −M−1(x)F (x), F (x) =

� T

0
G(T − τ)f(x, τ)dτ,

M(x) =

� T

0
G(T − τ)

A(x, τ)λ(x) + µ

Dβ
τ

x�

0

λ(ξ) dξ

+ µ
[
Dβ
τ φ(τ)

] dτ,

G(t− τ) is Green’s function: G(t− τ) = (t− τ)β−1Eβ,β
(
µ(t− τ)β

)
,

Eβ,β(z) is Mittag-Leffler function: Eα,β(z) =
∑∞

k=0
zk

Γ(αk+β) .
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Solvability of a multiperiodic problem for the quasilinear
system of integro-differential equations with limited

hereditarity
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The quasilinear integro-differential equation is considered

Dcu(τ, t) = A(τ, t)u(τ, t) +

τ+θ�

τ

K(ξ, τ, t, β(ξ, τ, t))u(ξ, β(ξ, τ, t))dξ + f(τ, t, u(τ, t), ε). (1)

Here Dc = ∂
∂τ + ⟨c, ∂∂t⟩ is the differential operator; β(ξ, τ, t) is the periodic characteristic of the

operator Dc; A(τ, t) ∈ C
(0,e)
τ,t (R × Rm) and K(ξ, τ, t, β) ∈ C

(0,0,e,ẽ)
ξ,τ,t,β are the n× n-matrices; e and ẽ

- unit m-vectors; f(τ, t, u(τ, t), ε) ∈ C
(0,e,ẽ)
τ,t,u (R×Rm ×Rn); ε - is the positive parameter.

We assume that condition (N), holds if:

A(τ + θ, t+ ω) = A(τ, t);

K(ξ + θ, τ, t, β(ξ + θ, τ, t)) = K(ξ, τ, t, β(ξ, τ, t));

K(ξ, τ + θ, t+ ω, β(ξ, τ + θ, t+ ω)) = K(ξ, τ, t, β(ξ, τ, t));

f(τ + θ, t+ ω, u, ε) = f(τ, t, u, ε).

Many problems from hydrodynamics, acoustics, transport theory, and other sections of con-
tinuum mechanics, as well as some phenomena of substance transport in biological systems, lead
to systems of type (1) [1-3].

Problem. Find sufficient conditions for the existence of a unique multiperiodic solution of the
quasilinear system (1) satisfying the initial condition

u|τ=τ0 = Ψ(t) ∈ C
(e/ω)
t (Rm). (2)
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Theorem 1. Let conditions (N) and a(k1+k2δ)
α < δ. Then the quasilinear system of integro-

differential equations (1) has a unique (θ, ω)-periodic solution u∗(τ, t) from H
(θ,ω)
δ , bounded in

norm by the number δ > 0.
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Multiperiodic solution of a nonlinear Van der Pol-type
equation with a polyharmonic perturbation of a
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We consider the equation

D2x+ x = ε

[
Dx+

1

3
(Dx)3

]
+

1

2

[
a1e

2πiν1τ + a1e
−2πiν1τ + a2e

2πiν2τ + a2e
−2πiν2τ

]
,

D =
∂

∂τ
+
∂

∂t
,

(1)

which describes multiperiodic fluctuations with periods ω1 = ν−1
1 and ω2 = ν−1

2 in τ and t, re-
spectively. When the partial differential differentiation operator D is narrowed to the ordinary
derivative d

dτ , the equation takes a special form of the Van der Pol equation with a polyharmonic
perturbation of the frequency basis (ν1, ν2) = ν with low viscosity ε, as shown in

ẍ+ x = ε

[
ẋ+

1

3
ẋ3
]
+ a1 cos ν1τ + a2 cos ν2t,

dt

dτ
= 1, (2)

where ε > 0 is a parameter, a1 and a2 are real constants, nonzero, τ ∈ (−∞,+∞) = R, the
frequency basis (ν1, ν2) is Diophantine. Therefore, it satisfies the condition of strong incommensu-
rability [1], as shown in (3), where Z is an integer set. Under condition

|p1ν1 + p2ν2| ≥ c |p|−3 , |p| = |p1|+ |p2| > 0, p = (p1, p2) ∈ Z × Z = Z2, (3)

the frequency basis, which estimates the effect of small dividers, is called Diophantine [2].
The small divisors δp = p1ν1 + p2ν2 ̸= 0, p ∈ Z2 for any multiplicities p = (p1, p2) are pairs

(ν1, ν2) with the modulus |p| = |p1|+ |p2| > 0 and they appear when integrating both equation (1)
and (2).

Classical methods of studying problems in differential equations involve transitioning from the
original problem to the equivalent problem for integral equations, which is then studied using the
method of operators’ compression. This approach is based on a modified Newton’s method, which
it cannot overcome the difficulties posed of small divisors.

This method has a linear convergence rate of approximations, and to overcome the unpleasant
effect of small divisors, quadratic convergence of approximations is necessary, which is characteristic
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of Newton’s tangent method. This method has a linear convergence rate for approximations, but
to overcome the undesirable effects of small divisors, quadratic convergence is necessary, which is
characteristic of Newton’s tangent method. The KAM theory is based on quadratic convergence [2],
where the influence of small divisors is suppressed by the method developed by A.N. Kolmogorov
[1]. In the case of linear convergence of approximations, the problem remained unresolved.

In this study, a new offset method is proposed to suppress the influence of small divisors, where
an integer increase in frequencies accelerates the convergence of approximations depending on the
multiplicity modules |p| = |p1| + |p2|. The idea of the method is suggested by condition (3) on
Diophantine frequencies.

As a rule, oscillation problems are investigated in terms of Fourier series. Consequently, the
convergence of approximations is determined by the coefficients, and the acceleration of conver-
gence is achieved by Fourier exponents, which modify the Fourier coefficients when integrating the
equations. Therefore, a integer change in the Fourier exponents by modules yields positive effects
that cancel out the influence of the corresponding small divisors.

This study was conducted according to the following scheme by the recommendation of Prof.
Sartabanov Zh., using this idea:

1. From the problem for equation (1) under condition (3) we pass to the problem for equation

D2z + z = ε

[
Dz +

1

3
(Dz)3

]
+
[
a1e

4πiν1τ + a1e
−4πiν1τ + a2e

4πiν2τ + a2e
−4πiν2τ

]
(4)

and the solution of this problem is sought in the form

z =

∞∑
j=0

∑
|p|=j

zpe2πi(1+|p|)3(p1ν1+p2ν2) (5)

for sufficiently small values of the parameter ε > 0.
The transition from the problem for equation (1) to the problem for equation (4) is realized

by the method of extended differentiation operator, which also belongs to the author of the idea of
the new method.

2. The problem of oscillatory solutions (5) for equation (4) is solved by the method of successive
approximations with linear convergence.

3. By replacing the exponents µp = (1 + |p|)3 λp with the exponent λp = 2π (p1ν1 + p2ν2) in
solution (5) without changing the Fourier coefficients, we obtain the solution

x =

∞∑
j=0

∑
|p|=j

zpe2π(p1ν1+p2ν2)

of the problem for equation (1) with the same Fourier exponents, but the Fourier coefficients of
solution (5).

In conclusion, we note that the results of this study can be generalized to the case of quasiperi-
odic perturbations with absolutely convergent Fourier series.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP19676629).

Keywords: diffusion equation, homogeneous body, initial state, local inhomogeneity, transparent boundary condi-
tions.

2010 Mathematics Subject Classification: 35B05, 35B10, 35C10

References
[1] Arnold V.I. Additional chapters of the theory of ordinary differential equations, Nauka,

Moscow (1978) (in russian).
[2] de la Llave R. Introduction to KAM Theory, Institute of Computer Science, Izhevsk (2003)

(in russian).

Institute of Mathematics and Mathematical Modeling



168 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

On inverse problem for a fractional-order loaded
pseudo-parabolic equation with involution perturbation
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In this work, the problem of solving an inverse problem for a nonlocal pseudo-parabolic equa-
tion is studied. The nonlocal pseudo-parabolic equation is introduced using transformations that
possess the property of involution. In the problem under consideration, along with the solution of
the equation, a function that appears on the right-hand side and depends on the spatial variable
is determined. The proposed problem is solved using the Fourier method.

Definition 1. The fractional derivatives cD
α
at of order 0 < α ≤ 1 on [a, b] defined as

cD
α
atu(t) = Dα

at[u(t)− u(a)]

is called the left-sided Caputo fractional derivatives of order α [1], where

Dα
atu(t) =

1

Γ(1− α)

∂

∂t

t�

a

(t− s)−αu(s)ds, 0 < α ≤ 1.

Consider the heat equation

CD
α
0t [u(x, t)− La(u)]− La(u) + b1u(x, t0) + b2u(−x, t0) = f(x), (x, t) ∈ Ω, (1)

where, CD
α
0t is Caputo derivative and La(u) = a1uxx(x, t)+a2uxx(−x, t), α, ai, bi (i = 1, 2) are real

numbers such that, 0 < α ≤ 1, a1±a2 > 0 and Ω is a rectangular domain given by Ω = {−p < x <
p, 0 < t < T}, t0 is any fixed number, and that t0 ∈ (0, T ) Our aim is to find a regular solution
to the following four inverse problems:

Problem IPP : Find a pair of functions u(x, t) and f(x) in the domain Ω satisfying equation
(1) and the conditions

u(x, 0) = φ(x), u(x, T ) = ψ(x), x ∈ [−p, p] (2)

and the Periodic boundary conditions

u(−p, t) = u(p, t), ux(−p, t) = ux(p, t), t ∈ [0, T ], (3)

where φ(x) and ψ(x) are given, sufficiently smooth functions.

Definition 2. By a regular solution of problem IPP we mean a pair of functions u(x, t) and f(x)
of the class u ∈ C(Ω), CD

α
0tu, CD

α
0tuxx ∈ C(Ω), f(x) ∈ C[−p, p].
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This study investigates boundary value problems for systems of ordinary differential equations
on a finite time interval and their corresponding formulations for families of dynamic equations
on time scales. The theory of dynamic equations on time scales began its intensive development
following the work of S. Hilger [1], where the concept of the derivative on a time scale (∆-derivative)
was introduced. This allowed for a unified approach to discrete and continuous analysis. A com-
prehensive exposition of results in the field of dynamic equations can be found in the monographs
[2,3].

We begin by introducing some basic notations from the theory of time scales [2]. A time scale T
is a non-empty closed subset of R. For a given set A ⊂ R, we define AT := A∩T. The forward jump
operator σ : T → T is given by σ(t) := inf{s ∈ T : s > t}. Similarly, the backward jump operator
ρ : T → T is defined as ρ(t) := sup{s ∈ T : s < t}. Here we adopt the convention inf ∅ := supT,
sup∅ := inf T. A point t ∈ T is called left-dense (LD), left-scattered (LS), right-dense (RD), or
right-scattered (RS) if ρ(t) = t, ρ(t) < t, σ(t) = t or σ(t) > t, respectively. If T has a left-scattered
maximum M , then we define Tκ = T \ {M}; otherwise, we set Tκ = T. The graininess function
µ(t) := σ(t) − t characterizes the density of the time scale. A function f : T → Rd is called
∆-differentiable at t ∈ Tκ if the limit

f∆(t) = lim
s→t

f(σ(t))− f(s)

σ(t)− s
.

exists in Rd, and the number f∆(t) is called the ∆-derivative at the point.
In this direction, the theory of optimal control on time scales has been actively developing. In-

teresting results have been obtained for dynamic equations on time scales with complex topological
structures (e.g., Cantor sets). Many studies have examined the preservation of various properties
of solutions when transitioning between ordinary differential equations and dynamic equations,
and vice versa. Research has also explored the relationship between globally bounded solutions of
ordinary and dynamic equations, as well as the interdependence of oscillatory properties of solu-
tions. However, the behavior of solutions to boundary value problems during the transition from
differential equations to dynamic equations, and vice versa, has not been previously studied.

We consider the system of ordinary differential equations on [0, T ]:{
dx
dt = X(t, x),

F (x(0), x(T )) = 0,
(1)

where x ∈ D ⊂ Rd, X : [0, T ] × D → Rd, and F : Rd × Rd → Rd. For a family of time scales
Tλ parameterized by λ, where 0 and T belong to all time scales, we consider the corresponding
dynamic system {

x∆λ = X(t, xλ),

F (xλ(0), xλ(T )) = 0,
(2)

where x∆ is the ∆-derivative on the time scale Tλ. Let µλ(t) : Tλ → [0,∞) be the graininess
function. Define µ := sup

t∈T
µλ(t). If µλ → 0 as λ → 0, then the [0, T ]λ approaches [0, T ], and the

boundary value problem on the family of time scales (2) transitions to the boundary value problem
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(1). This raises the question of the relationship between the solutions of these problems. We prove
that, under certain conditions, the existence of solutions to problem (2) for sufficiently small λ
implies the existence of a solution to problem (1), and vice versa. Furthermore, we establish that
as λ → 0, the solution xλ(t) of problem (2) converges to the solution x(t) of problem (1). This
result is particularly important for approximating solutions of boundary value problems (1) using
difference schemes with a variable step size.
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We consider the boundary value problem with impulsive action on [t1, t2]

dx

dt
= f(t, x), (1)

x(θ)− x(θ − 0) = p, (2)

g(x(t1), x(t2)) = 0, (3)

where x ∈ Rn is unknown vector function, t ∈ [t1, t2] \ {θ}, θ is a fixed point, θ ∈ (t1, t2), f :
(t1, t2) \ {θ} → Rn is piecewise continuous and bounded function, g : Rn × Rn → Rn is continuous
function, p ∈ Rn is a given constant vector.

Let PC([t1, t2] \ {θ},Rn) be a space of piecewise continuous functions with the norm

∥x∥1 = max

{
sup

t∈[t1,θ)
∥x(t)∥, sup

t∈(θ,t2]
∥x(t)∥

}
.

A solution to the problem (1)-(3) is a piecewise continuously differentiable function x∗(t) ∈
PC([t1, t2] \ {θ},Rn) on the interval (t1, t2) \ {θ}, which satisfies the differential equation (1), the
impulsive condition (2) at the point t = θ, and the boundary condition (3). Note that at the points
t = t1 and t = t2, the equation (1) holds for the one-sided derivatives ẋ∗+(t1) and ẋ

∗
−(t2).

Problem (1)-(3) is studied via a parametrization method with modified algorithms. Conditions
for the existence of an isolated solution to the considered boundary value problem with impulsive
action are established. This modifications of algorithms of Dzhumabaev’s parametrization method
will enable the investigation and solution of boundary value problems with impulses at non-fixed
time moments for nonlinear differential equations.
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This report is devoted to the existence and nonexistence of global weak solutions to the inho-
mogeneous semilinear heat equations with forcing terms on exterior domains{

ut +∆2u = |u|p + f(x), in Dc × (0,∞),
u(x, 0) = u0(x), in Dc,

(1)

where p > 1 is a constant, ∆ is the Laplace operator, and D = B1 is the closed unit ball, and Dc

is its complement in RN .
We investigate the critical behavior of solutions to the semilinear biharmonic heat equation

with forcing term f(x), under six homogeneous boundary conditions. By employing a method of
test function, we derive the critical exponents pCrit in the sense of Fujita. Moreover, we show that
pCrit = ∞ if N = 2, 3, 4 and pCrit =

N
N−4 if N ≥ 5. The impact of the forcing term on the critical

behavior of the problem is also of interest, and thus a second critical exponent in the sense of
Lee-Ni, depending on the forcing term is introduced. We also discuss the case f ≡ 0, and present
the finite-time blow-up results for the subcritical and critical cases.

Keywords: Exterior problem, Fujita critical exponent, nonexistence, existence
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On the solvability of a singular boundary value problem for
a Fredholm integro-differential equation

R. UTESHOVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

r.uteshova@math.kz

We consider the boundary value problem for a singular Fredholm integro-differential equation
of the second kind on the positive semi-axis:

dx

dt
= A(t)x+

� ∞

0
K(t, s)x(s) ds+ f(t), x ∈ Rn, t ∈ (0,∞), (1)
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with the boundary conditions x(0) = α, limt→∞ x(t) = β.

We investigate the unique solvability of this problem and construct its solution. Using the
parameterization method introduced by Dzhumabaev [1], we derive necessary and sufficient condi-
tions for the unique solvability of the given boundary value problem and construct approximating
regular boundary value problems.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

Keywords: Fredholm integro-differential equation, singular boundary value problem, parameterization method.
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Solvability of boundary value problems for
differential-algebraic equations via the Kronecker canonical
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This work examines the solvability of the boundary value problem for linear differential-
algebraic equations with constant coefficients:

Eẋ(t) = Ax(t) + f(t), t ∈ (0, T ), (1)

Bx(0) + Cx(T ) = d. (2)

Here E,A ∈ Rm×n, B,C ∈ Rl×n, d ∈ Rl, T > 0.

By a solution of the boundary value problem (1), (2) we mean a function x ∈ C1([0, T ],Rn)
that satisfies equation (1) and the boundary condition (2).

Differential-algebraic equations (DAEs) have become an essential tool for modeling and simu-
lating dynamical systems with constraints across various fields. Boundary value problems for DAEs
arise in numerous engineering applications, including electrical circuits and multi-body dynamics.
The development of this theory has been closely linked to adapting classical numerical methods,
such as modified shooting and collocation techniques, originally designed for ordinary differential
equations. For a comprehensive overview of this evolution, we refer to [1,2].

In [3], we investigated the boundary value problem (1), (2) under the assumption that the
matrix pair (E,A) is regular, meaning that m = n and det(λE − A) is not identically zero. By
employing the parameterization method [4], we introduced a parameter representing the solution’s
value at the left endpoint of the interval. Utilizing the Weierstrass canonical form for the matrix
pair, we established a solvability criterion ensuring the uniqueness of the solution.

In this study, we extend our analysis to the general case, where the matrix pair (E,A) in (1) is
not necessarily regular. Our approach relies on the Kronecker canonical form of (E,A) combined
with the parameterization method to derive a solvability criterion for the problem. Applying this
method transforms the boundary value problem into a system of algebraic equations for the intro-
duced parameters. Since the resulting system’s matrix is generally neither square nor invertible, we
utilize the concept of a generalized inverse, which provides a systematic framework for representing
and analyzing solutions to such systems.
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On the stability of non-autonomous automatic control
systems in the vicinity of a program manifold
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In the space Rn, we choose a simply connected closed region G (R):

G (R) = {(t, x) : t ∈ I ∧ ∥ω (t, x)∥ ≤ ρ <∞} . (1)

In this region, we consider the problem of constructing the following system of differential equations

ẋ = f (t, x) , (2)

and the automatic control systems for a given smooth program manifold Ω(t) ≡ ω(t, x) = 0, in the
following form [1]:

ẋ(t) = f(t, x)−B1(t)ξ, ξ = φ(t, σ), σ = P T (t)ω, t ∈ I = [0,∞), (3)

where x ∈ Rn is the vector of the object’s state, f ∈ Rn is the vector function satisfying the
conditions for the existence of a solution x(t) = 0, and B1(t) ∈ Ξn×r, P (t) ∈ Ξn×r are matrices,
ω ∈ Rs(s ≤ n) is a vector, ξ ∈ Rr is a σdifferentiable vector function satisfying the local quadratic
relation

φ(t, 0) = 0 ∧ 0 < σTφ(t, σ) ≤ σTK(t)σ, ∀σ ̸= 0,

K1(t) ≤
∂φ(t, σ)

∂σ
≤ K2(t), {K(t) = KT (t) > 0,Ki(t) = KT

i (t) > 0} ∈ Ξr×r.
(4)

Here Ξ - is the class of continuously-differentiable on time t and bounded in the norm matrices.
Vector function φ(t, σ) is essentially a program deviation control function, since on the program

manifold Ω(t) the function ξ = φ(t, σ) vanishes and equation (3) takes the form (2). Hence, Ω(t)
is an integral manifold also for (3).

Due to the fact that the program manifold Ω(t) is integral for the system (2), (3) takes place

ω̇ =
∂ω

∂ t
+Hf (t, x) = F (t, x, ω), (5)

where F (t, x, 0) ≡ 0 is a vector function of Yerugin [1-3].
Choosing the function F (t, x, ω)linear with respect to ω, we reduce our problem to investigation

of quality properties of the following system with respect to vector-function ω [2, 3]:

ω̇ = −A(t)ω −B(t)ξ, t ∈ I = [0, ∞) ,

ξ̇ = φ (σ) , σ = P T (t)ω,
(6)
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Here nonlinearity satisfies also to generalized conditions (4), and F (t, x, ω) = −A(t)ω, A(t) ∈

Ξs×s, H(t) =
∂ω

∂x
, B(t) = H(t)B1(t).

Statement of the Problem. Obtain conditions of absolute stability of nonautonomous
control systems (6) in the vicinity of a program manifold Ω(t), if the conditions (4) are met..

For system (1), we construct the Lyapunov function in the following form

V (ω) = ωTLω + β

t�

0

S(τ)dτ, (7)

. where L(t) = LT (t) >> 0 β(t) = diag(β1(t), ..., βr) >> 0 and

S(t) = σT (K(t)σ(t)− φ(σ, t)) ≥ 0.

Using the function (7) are obtained.sufficient conditions for the absolute stability of nonau-
tonomous control systems (6) in the vicinity of a program manifold Ω(t).

In the works (see [3]-[12]) are given different problems dedicated to the construction various
of autonomous and non-autonomous basic and inedirectautomatic control systems on the given
program manifold possessing of quality properties and to solving of different inverse problems of
dynamics.
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Stability of a program manifold of indirect control systems
with various feedback on an infinite time interval

S.S. ZHUMATOV
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Consider the problem of construction of the control systems with various feedback, i.e. the
presence of both rigid and tachometric feedbacks, by given (n− s)-dimensional program manifold
Ω (t) ≡ ω(t, x) = 0, in the following form [1]:

ẋ = f (t, x)−B1ξ −D1φ(σ), t ∈ I = [0, ∞) ,

ξ̇ = φ (σ) , σ = P Tω −Gξ −Nφ(σ),
(1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions of
existence of a solution x(t) = 0, and B1 ∈ Rn×r, D1 ∈ Rn×r, P ∈ Rs×r are constant matrices,G ∈
Rs×r, N ∈ Rr×r are constant matrices of rigid and tachometric feedback, N is diagonal matrix, ξ
is function differentiable with respect to σ, satisfies the following conditions

φ(0) = 0 ∧ 0 < φT (σ)σ < σTKσ ∀σ ̸= 0,

−K1 ≤
dφ

dσ
≤ K2.

(2)

Here K,K1,K2− (r×r)-positive definite matrices. For the manifold Ω(t) to be integral and for the
system (1) - (2) on the manifold ω = 0 it is necessary a condition ξ = 0. This condition is satisfied
for G ̸= 0.

This problem reduce to investigation of stability properties of the following system with respect
to vector-function ω [2, 3]:

ω̇ = −Aω −Bξ −Dφ(σ), t ∈ I = [0, ∞) ,

ξ̇ = φ (σ) , σ = P Tω −Gξ −Nφ(σ),
(3)

Here nonlinearity satisfies also to generalized conditions (2), and F (t, x, ω) = −Aω, A ∈ Rs×s, H =
∂ω

∂x
, B = HB1, D = HD1.

Statement of the Problem. To get the condition of absolute stability of a program manifold
Ω(t) of the indirect control systems with rigid and tachometric feedbacks in relation to the given
vector-function ω.

Using a non-singular transformation, the system (3) is reduced to the canonical form.
For this system is constructed the Lyapunov function of the following type:

V = ωTLω + ξTQξ +

σ�

0

φT (σ)βκ(σ)dσ, (4)

where L =
∥∥∥ lilj
ρi + ρj

∥∥∥s
1
-definitely positive matrix, li, lj is are positive numbers and Q > 0, κ(σ) are

defined in terms of the coefficients of the system under study.

Q = G+ P TD; κ(σ) = E +N
∂φ

∂σ
.

Thus sufficient conditions for the absolute stability of the program manifold of indirect control
systems with rigid and tachometric feedbacks, relatively to the vector function ω are obtained.

The reviews of the works devoted to the construction various of autonomous and non-autonomous
basic and indirect automatic control systems on the given program manifold possessing of quality
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properties and to solving of different inverse problems of dynamics were shown (see [3]-[12]).The
works contain articles published 2024 years.
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Íàâüå-Ñòîêñòû ñûçû©òàíäûðûë¡àí åñåái

À.À. Æ�ÌÀØ1, Ç.�. �ÒÊIÐ�ÛÇÛ2

1,2�ë-Ôàðàáè àòûíäà¡û �àçà© ´ëòòû© óíèâåðñèòåòi, Àëìàòû, �àçà©ñòàí
1zhumash_ayazhan@live.kaznu.kz

Åãåð u(x,y), v(x,y) æºíå p(x,y) ôóíêöèÿëàðû ñºéêåñ îðíû©©àí ñû¡ûëìàéòûí ñ´éû© æàçû©
ïàðàëëåëü ©îç¡àëûñûíû æûëäàìäû© âåêòîðëàðû æºíå ©ûñûìû áîëñà, îíäà îëàðäû Íàâüå-
Ñòîêñ ñûçû©òû© äåðáåñ òóûíäûëû

uxx + uyy = kpx, vxx + vyy = kpy, k − const, ux + vy = 0. (1)

òåäåóëåð æ³éåñií ©àíà¡àòòàíäûðàòûíû áåëãiëi [1]. Àéòàëû©, G ≡ {|z| < 1} - ñ´éû© à¡ûíû
îðíàëàñ©àí àéìà©, àë Ã = {|z| = 1} - îíû øåêàðàñû áîëñûí, u, v ∈ C3(G), p ∈ C2(G) äåãåí
´é¡àðûìäà (1) æ³éå êåëåñi æ³éåãå ýêâèâàëåíòòi:

(
∂2

∂x2
+

∂2

∂y2
)(
∂u

∂y
− ∂v

∂x
) = 0 (2)

æºíå (2) òåäåóií êåëåñi ò³ðäå

∂2

∂z∂z̄
(uy − vx) = 0,

∂z

∂z
=

1

2
(
∂

∂x
− i

∂

∂y
),

∂

∂z̄
=

1

2
(
∂

∂x
+ i

∂

∂y
), z = x+ iy

æàçó àð©ûëû
uy − vx = −2i(zφ(z))′ + 2i(zφ(z))′,

åêåíií òàáàìûç, ì´íäà φ(z) - êåç-êåëãåí àíàëèòèêàëû© ôóíêöèÿ.
Ñîíäà (1) òåäåóëåð æ³éåñi

ux + vy = 0, uy − vx = −2i(zφ(z))′ + 2i(zφ(z))′ (3)

ò³ðiíå ê°øåäi. Á´¡àí ω = u+ iv äåï áåëãiëåóií åíãiçiï, (3)-òi

∂ω

∂z
= −(zφ)′ + (zφ)′

ò³ðiíäå æàçûï, îäàí
ω(z) = (|z|2 − 1)φ′ + z(φ− φ) + ψ, (4)

àëàìûç [2]. Ì´íäà¡û ψ(z) - êåç-êåëãåí àíàëèòèêàëû© ôóíêöèÿ.
Êåëåñi ò³ðäåãi øåêàðàëû© åñåïòi ©àðàñòûðàìûç: Γ øåêàðàñûíäà

u = f,
∂v

∂n
= g (5)

øàðòòàðûí ©àíà¡àòòàíäûðàòûí G àéìà¡ûíäà (1) òåäåóëåð æ³éåñiíi ðåãóëÿðëû© øåøiìií
òàáó êåðåê, ì´íäà¡û n - Γ øåêàðàñûíà íîðìàëü, àë f, g - áåðiëãåí æåòêiëiêòi æàòû© ôóíê-
öèÿëàð. (4) °ðíåê ê°ìåãiìåí (5)-øi åñåï φ æºíå ψ ôóíêöèÿëàðûí àíû©òàéòûí Øâàðö åñåáiíå
ê°øåäi:

Re(
1− t2

t
φ+ ψ) = f(t), t ∈ Γ,

Re(−i[−(1 + t2)φ′ − 1 + t2

t
φ+ tψ′]) = g(t), t ∈ Γ.

Á´äàí
1− z2

z
φ+ ψ = iα+ Sf,
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1 + z2

z
φ+ (1 + z2)φ′ − zψ′ = β − iSg,

ì´íäà¡û S � Øâàðö îïåðàòîðû [3]. φ , ψ ôóíêöèÿëàðûí àíû©òàé îòûðûï æºíå (4)-êå ©îéûï,
åñåï øåøiìií òàáàìûç:

ω(z) = (|z|2 − 1)
F (z)

z
+ z Im

(
1

z
F (z)

)
− iα+ Sf +

z2 − 1

2z

� z

0
F (z) dz,

ì´íäà¡û
F (z) = −β + iSg + z(Sf)′.

Êiëòòi ñ°çäåð: Íàâüå Ñòîêñ òåäåói, ñ´éû© æàçû© ïàðàëëåëü ©îç¡àëûñû, àíàëèòèêàëû© ôóíêöèÿ, øåêàðàëû©
åñåï.
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Áåéëîêàë äèôôóçèÿ òåäåói ³øií áàñòàï©û-øåòòiê
åñåái
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Àéòàëû© Ω îáëûñû Ω = {(x, t) : 0 < x < 1, 0 < t < T} áîëñûí, êåëåñi ò³ðäåãi òåäåóäi

Dβ
0+u(x, t)− Iα0+[Lxu](x, t) = 0, (1)

áàñòàï©û æºíå øåòòiê øàðòòàðûìåí áåðiëãåí

u(x, 0) = φ(x) on x ∈ [0, 1], (2)

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ T, (3)

(1)-(3) åñåáií ©àðàñòûðàìûç. Ì´íäà¡û 0 < α < β ≤ 1 æºíå φ(x) ³çiëiññiç ôóíêöèÿ.
Ì´íäà¡û Iα0+ Ðèìàí-Ëèóâèëë ìà¡ûíàñûíäà¡û á°ëøåê α > 0 ðåòòi èíòåãðàëäàó îïåðàòîðû

Iα0+u(x, t) =
1

Γ (α)

t�

0

(t− s)α−1u (x, s) ds, t ∈ (0, T ],

æºíå Dβ
0+ îïåðàòîðû Êàïóòî ìà¡ûíàñûíäà¡û β ∈ (0, 1) ðåòòi òóûíäûñû

Dβ
0+u(x, t) = I1−β

0+

[
∂

∂t
u(x, t)

]
=

1

Γ (1− β)

t�

0

(t− s)−β
∂

∂s
u (x, s) ds.
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Êåëåñiäåé èíâîëþöèÿëû îïåðàòîðäû åíãiçåìiç

Lxu(x, t) =
∂2

∂x2
u(x, t) + ε

∂2

∂x2
u(1− x, t),

ì´íäà¡û ε ≥ 0.

Òåîðåìà 1. Àéòàëû© φ(x) ∈ C[0, 1], φ′(x) ∈ L2(0, 1) áîëñûí, îíäà (1) − (3) åñåáiíi u(x, t) ∈
C(Ω) æàë¡ûç øåøiìi êåëåñiäåé àíû©òàëàäû

�îðûòûíäû 2. Á´ë æ´ìûñòà íåãiçãi íºòèæåëåðãå á°ëøåê îïåðàòîðëàðìåí áàéëàíûñòû
áåëãiëi ©àñèåòòåði æºíå êëàññèêàëû© øåøiìií ©´ðó ìºñåëåñi êiðåäi. Íåãiçãi ò´æûðûìäàð
øåøiìíi íà©òû ôîðìàñûí áåðåòií òåîðåìàíû ê°ìåãiìåí æèíà©òàëàäû. Øåøiì åêi ïàðà-
ìåòðëi Ìèòòàã-Ëåôôëåð Ôóíêöèÿñû ©àìòèòûí ©àòàð ò³ðiíäå °ðíåêòåëåäi.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP23483960) ©àðæûëàíäûðàäû.
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�èñû© ñûçû©òû êîîðäèíàòàëàðäà¡û Íàâüå-Ñòîêñ
òåäåóëåðiìåí êàòàëèòèêàëû© íåéòðàëèçàòîðäû
ìàòåìàòèêàëû© æºíå êîìïüþòåðëiê ìîäåëüäåó

Í.Ì. ÒÅÌÈÐÁÅÊÎÂ1, À. �ÅÐIÌÀ�ÛÍ2

1�ë-Ôàðàáè àòûíäà¡û �àçà© ´ëòòû© óíèâåðñèòåòi, Àëìàòû ©., �àçà©ñòàí
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Ìàòåìàòèêàëû© ìîäåëü
Êàòàëèòèêàëû© íåéòðàëèçàòîðäû øåêàðàñû òåãiñ, ©èñû© ñûçû©òû îáëûñòàðäà ñòàöè-

îíàðëû åìåñ à¡ûíäû ñèïàòòàó ³øií öèëèíäðëiê êîîðäèíàòàëàðäà¡û Íàâüå-Ñòîêñ òåäåóëåð
æ³éåñií êåëåñi ò³ðäå æàçó¡à áîëàäû[1].

Òåäåóëåð æ³éåñi òîê ôóíêöèÿñû, æûëäàìäû© èiðiìi àéíûìàëûëàðûíäà áîë¡àíäû©òàí,
³çiëiññiçäiê òåäåói àâòîìàòòû ò³ðäå îðûíäàëàäû:

∂ω

∂t
+ u

∂ω

∂x
+ υ

∂ω

∂r
=

1

Re

(
∆ω +

∂

∂r

(ω
r

))
− div

(
kP
r

gradψ

)
− Gr

Re2
∂θ

∂x
, (1)

div

(
1

r
gradψ

)
= ω, (2)

∂φi
∂t

+
∂(uφi)

∂x
+
∂(υφi)

∂r
= div

(
Di

r
gradφi

)
, (3)

∂θ

∂t
+ u

∂θ

∂x
+ υ

∂θ

∂r
=

1

PePr

(
∂2θ

∂x2
+
∂2θ

∂r2
+

∂

∂r

(
θ

r

))
+

NuF

PePr
(T − θ), (4)
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∂T

∂t
+

1

PePr

1

r

∂

∂x

(
kT r

∂T

∂x

)
+

∂

∂r

(
kT r

∂T

∂r

)
=

NuF

PePr
(T − θ), (5)

ì´íäà¡û

u =
1

r

∂ψ

∂r
, υ = −1

r

∂ψ

∂x
, ω =

∂u

∂r
− ∂υ

∂x
, (6)

kP =

 0, åãåð (x, r) ∈ Ω1 ∪ Ω3,

k0(x, r), åãåð (x, r) ∈ Ω2.
(7)

Ðèñ. 1: Çåðòòåó îáëûñû
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Íîðìàëèçîâàííûé ïîòîê Ðè÷÷è íà ïðîñòðàíñòâàõ
Øòèôåëÿ

Í.À. ÀÁÈÅÂ

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÊÐ, Áèøêåê, Êûðãûçñòàí

abievn@mail.ru

Ïóñòü G/H � ïðîñòðàíñòâî Øòèôåëÿ SO(n)/ SO(n − 2) ñ ñîîòâåòñòâóþùèìè àëãåáðàìè
Ëè g, h è ðàçëîæåíèåì g = h ⊕ p, ãäå p = p1 ⊕ p2 ⊕ p3 � îðòîãîíàëüíîå äîïîëíåíèå ê h â g
îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ ⟨·, ·⟩ = −B(·, ·), îïðåäåëåííîãî íà g ñ ïîìîùüþ ôîðìû
Êèëëèíãà B. Â ðàáîòå [3] äîêàçàíî, ÷òî âñÿêàÿ èíâàðèàíòíàÿ ìåòðèêà íà G/H ìîæåò áûòü
îïðåäåëåíà â âèäå ñóììû

(·, ·) = x1⟨·, ·⟩|p1 + x2⟨·, ·⟩|p2 + x3⟨·, ·⟩|p3 , (1)

ãäå x1, x2, x3 > 0. Òåíçîð Ðè÷÷è è ñêàëÿðíàÿ êðèâèçíà òàêîé ìåòðèêè èìåþò âèä Ricg(·, ·) =
x1r1⟨·, ·⟩|p1 + x2r2⟨·, ·⟩|p2 + x3r3⟨·, ·⟩|p3 è Sg = d1r1 + d2r2 + d3r3, ãäå ri � ãëàâíûå çíà÷åíèÿ
êðèâèçíû Ðè÷÷è, d1 = dim p1 = n − 2 = dim p2 = d2 è d3 = dim p3 = 1 ñ d = 2n − 3 (äåòàëè
â [2, 4]). Ïóñòü R+ ìíîæåñòâî ìåòðèê (1), èìåþùèõ ïîëîæèòåëüíóþ êðèâèçíó Ðè÷÷è. Â [1]
äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. Â ïðîñòðàíñòâàõ Øòèôåëÿ SO(n)/ SO(n − 2), n ≥ 3, íîðìàëèçîâàííûé ïîòîê
Ðè÷÷è ġ(t) = −2Ricg +2d−1g(t)Sg ñîõðàíÿåò ìåòðèêè èç R+ â R+; áîëåå òîãî, ëþáóþ ìåòðè-
êó (1), íå ïðèíàäëåæàùóþ R+, ïåðåíîñèò â R+ çà êîíå÷íîå âðåìÿ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Øòèôåëÿ, ðèìàíîâà ìåòðèêà, íîðìàëèçîâàííûé ïîòîê Ðè÷÷è, êðèâèçíà Ðè÷-
÷è.
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Òåíçîð Ãðèíà âèáðîòðàíñïîðòíûõ óðàâíåíèé
Ìàêñâåëëà è åãî ñâîéñòâà ïðè äîñâåòîâûõ

ñêîðîñòÿõ

Ë.À. ÀËÅÊÑÅÅÂÀ1, È.À. ÊÀÍÛÌÃÀÇÈÅÂÀ2

1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

1alexeeva47@mail.ru, 2kanymgazy1@gmail.com

Óðàâíåíèÿ Ìàêñâåëëà èãðàþò âàæíóþ ðîëü â ýëåêòðîäèíàìèêå è îïèñàíèè ïðîöåññîâ
ðàñïðîñòðàíåíèÿ ýëåêòðîìàãíèòíûõ âîëí â ðàçëè÷íûõ ñðåäàõ, ïîðîæäàåìûõ ýëåêòðè÷åñêè-
ìè òîêàìè è çàðÿäàìè. Ñðåäè èñòî÷íèêîâ ÝÌ âîëí âåñüìà ðàñïðîñòðàí¼ííûìè ÿâëÿþòñÿ ïî-
äâèæíûå, ïîýòîìó ïîñòðîåíèå ðåøåíèé ýòèõ óðàâíåíèé ïðè äåéñòâèè ïîäâèæíûõ èñòî÷íèêîâ
èçëó÷åíèÿ ÿâëÿåòñÿ àêòóàëüíîé íàó÷íî-òåõíè÷åñêîé çàäà÷åé. Ïðè àíàëèçå ðåøåíèé ýòèõ óðàâ-
íåíèé ó÷èòûâàåòñÿ âëèÿíèå ÷àñòîò êîëåáàíèé (äëèí ÝÌ âîëí) è ñêîðîñòè äâèæåíèÿ èñòî÷-
íèêîâ èçëó÷åíèÿ íà ñòðóêòóðó ýëåêòðîìàãíèòíûõ ïîëåé è èçìåíåíèÿ, êîòîðûå ïðîèñõîäÿò â
çàâèñèìîñòè îò îòíîøåíèÿ ñêîðîñòè äâèæåíèÿ ê ñêîðîñòè ñâåòà.

Àâòîðàìè ïîñòðîåíû òðàíñïîðòíûå ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà âî âñ¼ì äèàïàçîíå ñêî-
ðîñòåé îò äîñâåòîâûõ äî ñâåðõñâåòîâûõ [1,2]. Çäåñü ðàññìàòðèâàåòñÿ ñèñòåìà âèáðîòðàíñïîðò-
íûõ óðàâíåíèé Ìàêñâåëëà ïðè äåéñòâèè äâèæóùèõñÿ â íàïðàâëåíèè îñè x3 ñ ïîñòîÿííîé ñêî-
ðîñòüþ V çàðÿäîâ è òîêîâ âèäà:

(jE(x, t), jH(x, t)) = (jE(x1, x2, x3 − V t), jH(x1, x2, x3 − V t))eiωt
△
= J(x1, x2, x3 − V t)eiωt,

ρE(x, t) = εdivE(x, t), ρH(x, t) = µdivH(x, t) (1)

ñ ÷àñòîòîé èçëó÷åíèÿ ω. Ñîîòâåòñòâåííî, ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà ñòðîÿòñÿ â ïîäîáíîì
âèäå:

(E(x, t), H(x, t)) = (E(x1, x2, x3 − V t), H(x1, x2, x3 − V t))eiωt
△
= u(x1, x2, x3 − V t)eiωt,

ãäå E(x, t), H(x, t) - âåêòîðû ýëåêòðè÷åñêîé è ìàãíèòíîé íàïðÿæ¼ííîñòè ÝÌ ïîëÿ, jE(x, t),
jH(x, t) - âåêòîðû ïëîòíîñòè ýëåêòðè÷åñêèõ è 'ìàãíèòíûõ' òîêîâ, c = 1/

√
εµ- ñêîðîñòü ðàñ-

ïðîñòðàíåíèÿ ÝÌ â ñðåäå. Â ïîäâèæíîé ñèñòåìå êîîðäèíàò x1, x2, z = x3 − V t óðàâíåíèÿ
Ìàêñâåëëà äëÿ êîìïëåêñíûõ àìïëèòóä òîêîâ ïðèìóò âèä:

∂Ez
∂y

− ∂Ey
∂z

− (
V ∂

∂z
− iω)µHx = jmx ,

∂Ex
∂z

− ∂Ez
∂x

− (
V ∂

∂z
− iω)µHy = jmy ,

∂Ey
∂x

− ∂Ex
∂y

− (
V ∂

∂z
− iω)µHz = jmz (2)
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∂Hz

∂y
− ∂Hy

∂z
− (

V ∂

∂z
− iω)εEx = jex,

∂Hx

∂z
− ∂Hz

∂x
− (

V ∂

∂z
− iω)εEy = jey,

∂Hy

∂x
− ∂Hx

∂y
− (

V ∂

∂z
− iω)εEz = jez (3)

Ýòà ñèñòåìà óðàâíåíèé äîñòàòî÷íà äëÿ îïðåäåëåíèÿ ÝÌ ïîëÿ ïðè çàäàííûõ òîêàõ. Ñîîò-
âåñòâóþùèå çàðÿäû îïðåäåëÿþòñÿ óðàâíåíèÿìè Ìàêñâåëà äëÿ çàðÿäîâ (1). Èñïîëüçóÿ ïðåîá-
ðàçîâàíèå Ôóðüå ïîñòðîåí òåíçîð Ãðèíà U(x1, x2, z) óðàâíåíèé (2),(3) �� ìàòðèöà ôóíäàìåí-
òàëüíûõ ðåøåíèé (2), (3) ïðè J(x1, x2, z) = δ(x1)δ(x2)δ(z)(δij)6×6, óäîâëåòâîðÿþùàÿ óñëîâèÿì
èçëó÷åíèÿ íà áåñêîíå÷íîñòè. Îíà óäîâëåòâîðÿåò ìàòðè÷íîìó óðàâíåíèþ:

MV ω(∂1, ∂2, ∂z)×U(x1, x2, z) = δ(x1)δ(x2)δ(z)(δij)6×6 (4)

Çäåñü MV ω(∂1, ∂2, ∂z) - äèôôåðåíöèàëüíûé îïåðàòîð óðàâíåíèé (2), (3) δ(x1)δ(x2)δ(z) - ñèí-
ãóëÿðíàÿ äåëüòà-ôóíêöèÿ, (δij)6×6 - ñèìâîë Êðîíåêåðà. Åå êîìïîíåíòû ïî ñòîëáöàì èìåþò
ñëåäóþùèé âèä:

(Um.1) =



0
−∂zf(x, z)
∂2f(x, z)

D(∂1, ∂2, ∂z)f1(x, z)(iε)
−1

∂1, ∂2f1(x, z)(iε)
−1

∂1, ∂zf1(x, z)(iε)
−1

 , (Um.2) =



∂zf(x, z)
0

−∂1f(x, z)
∂1, ∂2f1(x, z)(iε)

−1

D(∂1, ∂2, ∂z)f1(x, z)(iε)
−1

∂2, ∂zf1(x, z)(iε)
−1

 , (5)

(Um.3) =



−∂2f(x, z)
∂1f(x, z)

0
∂1, ∂zf1(x, z)(iε)

−1

∂2, ∂zf1(x, z)(iε)
−1

D(∂1, ∂2, ∂z)f1(x, z)(iε)
−1

 , (Um.4) =



−D(∂1, ∂2, ∂z)f1(x, z)(iµ)
−1

−∂1, ∂2f1(x, z)(iµ)−1

−∂1, ∂zf1(x, z)(iµ)−1

0
−∂zf(x, z)
∂2f(x, z)

 ,

(Um.5) =



−∂1, ∂2f1(x, z)(iµ)−1

−D(∂1, ∂2, ∂z)f1(x, z)(iµ)
−1

−∂2, ∂zf1(x, z)(iµ)−1

∂zf(x, z)
0

−∂2f(x, z)

 , (Um.6) =



−∂1, ∂zf1(x, z)(iµ)−1

−∂2, ∂zf1(x, z)(iµ)−1

−D(∂1, ∂2, ∂z)f1(x, z)(iµ)
−1

−∂2f(x, z)
∂1f(x, z)

0

 .

Çäåñü ââåäåíû îáîçíà÷åíèÿ:

∂j =
∂

∂xj
, D(∂1, ∂2, ∂z) = (1−M)∂z

22wMi∂z + w2, w =
ω

c
,

f(x, z) =
exp(−iwm−2Mz)

4π
√
z2 +m2r2

exp(
iw

m2
)
√
z2 +m2r2, f1(x, z) = 0.5sgn(z)

� z

0
f(x, z − ζ)dζ.

Ïðè ïîñòðîåíèè ðåøåíèé èñïîëüçîâàëèñü âèáðîòðàíñïîðòíûå ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ,
ïîñòðîåííûå â [3].

Èñïîëüçóÿ ñâîéñòâî òåíçîðà Ãðèíà ïîñòðîåíû âèáðîòðàíñïîðòíûå ðåøåíèÿ óðàâíåíèé
Ìàêñâåëëà, óäîâëåòâîðÿþùèå óñëîâèÿì èçëó÷åíèÿ íà áåñêîíå÷íîñòè. Îíè èìåþò âèä òåíçîðíî-
ôóíêöèîíàëüíûõ ñâ¼ðòîê âèäà:

u(x1, x2, z) = U(x1, x2, z) ∗ J(x1, x2, z) (6)
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Äëÿ ðåãóëÿðíûõ J(x1, x2, z) ýòó ôîðìóëó ìîæíî ïðåäñòàâèòü â èíòåãðàëüíîì âèäå:

u(x1, x2, z) =

�
R3

U(x1 − y1, x2 − y2, z − y3)× J(y1, y2, y3)dy1dy2dy3.

Äëÿ ñèíãóëÿðíûõ ôóíêöèé, îïèñûâàþùèõ ñîñðåäîòî÷åííûå íà ïîâåðõíîñòÿõ è ëèíèÿõ çà-
ðÿäû è òîêè ñëåäóåò áðàòü ñâ¼ðòêè ñîãëàñíî ïðàâèëàì ñâ¼ðòîê, â ïðîñòðàíñòâå îáîáù¼ííûõ
ôóíêöèé [4]. Ïîñòðîåííûå ðåøåíèÿ ìîæíî èñïîëüçîâàòü ïðè ðàñ÷¼òàõ ÝÌ ïîëåé ýëåêòðîìàã-
íèòíûõ èçëó÷àòåëåé â äèàïàçîíå äîñâåòîâûõ ñêîðîñòåé: V < c.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19674789).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ìàêñâåëëà, òåíçîð Ãðèíà, âèáðîòðàíñïîðòíîå óðàâíåíèå, äîñâåòîâàÿ ñêîðîñòü.
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Â ñëåäóþùåì ãîäó èñïîëíèòñÿ 200-ëåò ïîÿâëåíèþ íååâêëèäîâîé ãåîìåòðèè.
Âïåðâûå ïîÿâèâøàÿñÿ íååâêëèäîâà ãåîìåòðèÿ íàçûâàåòñÿ ãåîìåòðèåé Ëîáà÷åâñêîãî, â

÷åñòü èìåíè åãî ñîçäàòåëÿ Í.È. Ëîáà÷åâñêîãî. Ýòà ãåîìåòðèÿ äàëà áóðíîå ðàçâèòèå ðàçëè÷íûì
íååâêëèäîâûì ãåîìåòðèÿì. Ðàçíîîáðàçèÿ íååâêëèäîâûõ ãåîìåòðèè èçëîæåíà â ìîíîãðàôèè
�Íååâêëèäîâà ïðîñòðàíñòâà� Áàðèñà Àáðàìîâè÷à Ðîçåíôåëüäà [1]. Îäíèì èç î÷åíü ðàçâèòîé è
ìíîãî ïðèìåíÿåìîé ãåîìåòðèåé ÿâëÿåòñÿ ãåîìåòðèÿ ïðîñòðàíñòâà Ëîðåíöà, òî åñòü ãåîìåòðèÿ
ïðîñòðàíñòâà Ìèíêîâñêîãî [2].

Îñíîâû òåîðèè íååâêëèäîâûõ ïðîñòðàíñòâ Á.À. Ðîçåíôåëüäîì ñòðîèëñÿ íà ïñåâäîðèìà-
íîâîì ïðîñòðàíñòâå.

Êîíöå XX âåêà ïîÿâèëñÿ ïîíÿòèå �ïñåâäîìíîãîáðàçèÿ�- ðàññìàòðèâàåìàÿ êàê îáúåêò ïñåâ-
äîåâêëèäîâà ïðîñòðàíñòâà [3].

Íàïîìíèì îïðåäåëåíèå ïñåâäîåâêëèäîâà ïðîñòðàíñòâà
Ïóñòü An � àôôèííîå n-ìåðíîå ïðîñòðàíñòâî ñ àôôèííîé ñèñòåìîé êîîðäèíàò O{e1, e2,

e3, . . . en}.
Äàíà âåêòîðû X̄ {x1, x2, . . . , xn}, Ȳ {y1, y2, . . . , yn} ñ àôôèííûìè êîîðäèíàòàìè.

Îïðåäåëåíèå 1. Àôôèííîå ïðîñòðàíñòâî An, ãäå ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ îïðåäå-
ëåíà ïî ôîðìóëå: (

X̄, Ȳ
)
= −x1y1 − x2y2 − . . .− xlyl + xl+1yl+1 + . . .+ xnyn (1)

íàçûâàåòñÿ ïñåâäîåâêëèäîâûì ïðîñòðàíñòâîì lRn.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 185

Íîðìà âåêòîðà îïðåäåëÿåòñÿ êàê êîðåíü îò ñêàëÿðíîãî êâàäðàòà âåêòîðà è ðàññòîÿíèÿ
ìåæäó òî÷êàìè ïðîñòðàíñòâà îïðåäåëÿåòñÿ êàê íîðìà âåêòîðà ñîåäèíÿþùèå ýòè òî÷êè. Î÷å-
âèäíî ðàññòîÿíèå íå ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííûì [1].

Â ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå ñóùåñòâóþò ïîäïðîñòðàíñòâà, ãäå ôîðìóëà ðàññòîÿíèÿ
âûðîæäàåòñÿ, òî åñòü ïðè îïðåäåëåíèè ðàññòîÿíèÿ íå ó÷àñòâóåò âñå êîîðäèíàòû òî÷åê ïðî-
ñòðàíñòâà. Ýòî î÷åâèäíî ñâÿçàíî ñ âûðîæäåíèåì ñêàëÿðíîãî ïðîèçâåäåíèè (1).

Äåéñòâèòåëüíî â ïîäïðîñòðàíñòâå:

M (x1, x1 . . . , xl, x1 + x2 + . . .+ xl, xl+1 + . . .+ xl+k) ∈ lR2l+k.

Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ X̄ è Ȳ ∈ lR2l+k èìååò âûðîæäåííûé âèä:(
X̄, Ȳ

)
= xl+1yl+1 + . . .+ x2l+ky2l+k (2)

Ýòî ñêàëÿðíîå ïðîèçâåäåíèå k-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà Rk[1]. Ðàññòîÿíèå, îïðå-
äåëÿåìîå ôîðìóëîé (2) � òàêæå âûðîæäåííîå.

Ïðè÷åì êîãäà ýòî ðàññòîÿíèå ðàâíî íóëþ, òî÷êè ìîãóò áûòü ðàçëè÷èìûìè.
Ïðè÷åì ðàññòîÿíèå ìåæäó íèìè çàâèñèò îò êîîðäèíàò {x1, x2, . . . , xl}.
Òàêèì îáðàçîì, ïîÿâëÿåòñÿ íà ïîäïðîñòðàíñòâî M �� ãåîìåòðèÿ íàçâàííîé ïîëóåâêëèäî-

âûì ïðîñòðàíñòâîì mRl+m.
Ñ íà÷àëà XXI âåêà ðàçâèâàþòñÿ ãåîìåòðèè ðàçëè÷íûõ ïîëóåâêëèäîâûõ ïðîñòðàíñòâ.
Èçëîæåíèå îñíîâ ïîëóåâêëèäîâîé ãåîìåòðèè è ïîëó÷åííûõ íîâûõ ðåçóëüòàòîâ ïî ýòîé

òåîðèè ïðèâåäåíî â ìîíîãðàôèÿõ [4].
Ðåøåíèå îäíîé çàäà÷è ãåîìåòðèè "â öåëîì"â ïîëóåâêëèäîâûõ ïðîñòðàíñòâ èçëîæåíà â

ðàáîòå [5].

Êëþ÷åâûå ñëîâà:ïñåâäîåâêëèäîâî ïðîñòðàíñòâî, ïîëóåâêëèäîâûõ ïðîñòðàíñòâ, ãàëèëååâî ïðîñòðàíñòâî, èçî-
òðîïíîå ïðîñòðàíñòâî.

2010 Mathematics Subject Classi�cation: 53A35;
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×èñëåííîå ðåøåíèå îáðàòíîé çàäà÷è ìîäåëè
êîíêóðåíöèè äâóõ ôèðì ìåòîäîì ãðàäèåíòíîãî
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Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä ãðàäèåíòíîãî ñïóñêà. Îñíîâíàÿ èäåÿ ìå-
òîäà ñîñòîèò â ïîñëåäîâàòåëüíîì óìåíüøåíèè çíà÷åíèÿ ôóíêöèîíàëà íåâÿçêè, êîòîðûé îïðå-
äåëÿåòñÿ êàê:

J(θ) =
1

2

n∑
i=1

(yi − f(xi, θ))
2,
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ãäå f(xi, θ) � ðåøåíèå ïðÿìîé çàäà÷è äëÿ òåêóùåãî çíà÷åíèÿ ïàðàìåòðà θ, à yi � "èçìåðåííûå
äàííûå".

Äëÿ âû÷èñëåíèÿ ãðàäèåíòà ôóíêöèîíàëà J(θ) èñïîëüçóåòñÿ ÷èñëåííûé ìåòîä, ïîñêîëüêó
àíàëèòè÷åñêîå âûðàæåíèå ïðîèçâîäíîé ïîëó÷èòü çàòðóäíèòåëüíî. ×èñëåííûé ãðàäèåíò ïðè-
áëèæ¼ííî ðàññ÷èòûâàåòñÿ ñëåäóþùèì îáðàçîì:

∂J

∂θ
≈ J(θ + ε)− J(θ)

ε
,

ãäå ε � ìàëûé øàã, îáåñïå÷èâàþùèé òî÷íîñòü ïðèáëèæåíèÿ. Èòåðàöèîííûé ïðîöåññ îáíîâëå-
íèÿ ïàðàìåòðà θ îïèñûâàåòñÿ ôîðìóëîé:

θk+1 = θk − α
∂J

∂θ
,

ãäå α � øàã ìåòîäà, îïðåäåëÿþùèé ñêîðîñòü ñõîäèìîñòè. Ïðîöåññ ïðîäîëæàåòñÿ äî òåõ ïîð,
ïîêà àáñîëþòíîå çíà÷åíèå ãðàäèåíòà íå ñòàíåò ìåíüøå çàäàííîé òî÷íîñòè δ, ÷òî ñâèäåòåëü-
ñòâóåò î äîñòèæåíèè ìèíèìóìà ôóíêöèîíàëà J(θ).

Â ðåçóëüòàòå ÷èñëåííîãî àíàëèçà áûëà ðåøåíà îáðàòíàÿ çàäà÷à äëÿ îïðåäåëåíèÿ íåèçâåñò-
íîãî ïàðàìåòðà ìåòîäîì ãðàäèåíòíîãî ñïóñêà ñ òî÷íîñòüþ δ. ×èñëåííûå ðàñ÷¼òû âûïîëíåíû
ñ èñïîëüçîâàíèåì ñðåäû MATLAB. Àëãîðèòì ïðîäåìîíñòðèðîâàë âûñîêóþ ýôôåêòèâíîñòü è
òî÷íîñòü. Ñõîäèìîñòü áûëà äîñòèãíóòà íà 12-é èòåðàöèè, ÷òî ñâèäåòåëüñòâóåò î áûñòðîòå è
ýôôåêòèâíîñòè ìåòîäà. Íàéäåííîå çíà÷åíèå ïàðàìåòðà θ ñîâïàëî ñ èñòèííûì çíà÷åíèåì, ÷òî
ïîäòâåðæäàåò êîððåêòíîñòü ðàáîòû àëãîðèòìà.

Ïîñòðîåííûé àëãîðèòì ïîêàçàë ñâîþ ýôôåêòèâíîñòü è ìîæåò áûòü èñïîëüçîâàí äëÿ ðåøå-
íèÿ áîëåå ñëîæíûõ çàäà÷. Íà ñëåäóþùåì ýòàïå ðàññìîòðèì èññëåäîâàíèå ìåòîäîâ äëÿ ìîäåëåé
ñ íåñêîëüêèìè ïàðàìåòðàìè, à òàêæå èçó÷åíèå çàäà÷ ñ íàëè÷èåì øóìà â äàííûõ äëÿ ïðîâåðêè
óñòîé÷èâîñòè ìåòîäà.

Êëþ÷åâûå ñëîâà: ìîäåëü êîíêóðåíöèè, îáðàòíàÿ çàäà÷à, ìåòîä ãðàäèåíòíîãî ñïóñêà, ôóíêöèîíàë íåâÿçêè,
ìèíèìèçàöèÿ ôóíêöèîíàëà.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà

[1] Serovajsky S. �Mathematical Modelling�. CRC Press, 2022. 435 p.
[2] Hairer, E., Norsett, S. P., & Wanner, G. �Solving ordinary di�erential equations I: Nonsti�

problems�. Springer-Verlag. 1993.
[3] Jerry J. Liu, Dah Ming Chiu. �Mathematical Modeling of Competition in Sponsored Search

Market�. NetEcon, 2010.

Êîíå÷íî-ðàçíîñòíûé ìåòîä ðåøåíèÿ òðåõìåðíîé
îáðàòíîé çàäà÷è àêóñòèêè

Ã.Á. ÁÀÊÀÍÎÂ1, È. ÎÐÀÇÎÂ2, Á.Ò. ÑÀÐÑÅÍÎÂ3

1,2,3Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì. Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí
1galitdin.bakanov@ayu.edu.kz, 2isabek.orazov@ayu.edu.kz,

3bakytbek.sarsenov@ayu.edu.kz

Â ðàáîòå ðàññìàòðèâàåòñÿ òðåõìåðíàÿ îáðàòíàÿ çàäà÷à àêóñòèêè, êîãäà íåèçâåñòíûå ïàðà-
ìåòðû ñðåäû çàâèñÿò íå òîëüêî îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ, íî è îò âðåìåíè. Ïîëüçóÿñü
ìåòîäèêîé, ïðåäëîæåííûõ â [1], [2], ðàçðàáîòàí êîíå÷íî-ðàçíîñòíûé ìåòîä ÷èñëåííîãî ðåøåíèÿ
îáðàòíîé çàäà÷è àêóñòèêè.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19678469).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à àêóñòèêè, ïàðàìåòðû ñðåäû, ïðîñòðàíñòâåííûå è âðåìåííûå ïåðåìåííûå,
êîíå÷íî-ðàçíîñòíûé ìåòîä.

2010 Mathematics Subject Classi�cation: 35R30, 65N06

Ëèòåðàòóðà

[1] Êàáàíèõèí Ñ.È. Ïðîåêöèîííî-ðàçíîñòíûå ìåòîäû îïðåäåëåíèÿ êîýôôèöèåíòîâ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé, Íàóêà. Ñèáèðñêîå îòäåëåíèå, Íîâîñèáèðñê (1988).

[2] Kabanikhin S.I., Shishlenin M.A. Theory and numerical methods for solving inverse and
ill-posed problems, Journal of Inverse and Ill-Posed Problems, 27:3 (2019), 453�456.

Èòåðàöèîííûé ìåòîä ßêîáè ðåøåíèÿ òðåõìåðíîé
îáðàòíîé çàäà÷è àêóñòèêè

Ã.Á. ÁÀÊÀÍÎÂ1, Ì.À. ÑÓËÒÀÍÎÂ2, Ð.Æ. ÒÓÐÅÁÅÊÎÂ3

1,2,3Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì. Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí
1galitdin.bakanov@ayu.edu.kz, 2murat.sultanov@ayu.edu.kz,

3rauan.turebekov@ayu.edu.kz

Â ðàáîòå ðàññìàòðèâàåòñÿ òðåõìåðíàÿ îáðàòíàÿ çàäà÷à àêóñòèêè, êîãäà íåèçâåñòíûå ïàðà-
ìåòðû ñðåäû çàâèñÿò íå òîëüêî îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ, íî è îò âðåìåíè. Ïîëüçóÿñü
ìåòîäèêîé, ïðåäëîæåííûõ â [1], [2], ðàçðàáîòàí àëãîðèòì èòåðàöèîííîãî ìåòîäà ßêîáè äëÿ
÷èñëåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è àêóñòèêè.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19678469).

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à àêóñòèêè, ïàðàìåòðû ñðåäû, ïðîñòðàíñòâåííûå è âðåìåííûå ïåðåìåííûå,
èòåðàöèîííûé ìåòîä ßêîáè.

2010 Mathematics Subject Classi�cation: 35R30, 65N06

Ëèòåðàòóðà

[1] Êàáàíèõèí Ñ.È. Ïðîåêöèîííî-ðàçíîñòíûå ìåòîäû îïðåäåëåíèÿ êîýôôèöèåíòîâ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé, Íàóêà. Ñèáèðñêîå îòäåëåíèå, Íîâîñèáèðñê (1988).

[2] Kabanikhin S.I., Shishlenin M.A. Theory and numerical methods for solving inverse and
ill-posed problems, Journal of Inverse and Ill-Posed Problems, 27:3 (2019), 453�456.

Îá îäíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ÷åòâåðòîãî
ïîðÿäêà ñîñòàâíîãî òèïà

Ê.Ñ. ÃÀÇÈÅÂ

Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ôåðãàíà, Óçáåêèñòàí

goziyevqobiljon@gmail.com

Â îäíîñâÿçíîé îáëàñòè D ⊂ R2, îãðàíè÷åííîé ãëàäêèì æîðäàíîâûì êîíòóðîì Γ ðàññìîò-
ðèì óðàâíåíèå (

α
∂

∂x
+ β

∂

∂y

)2

(uxx + uyy) + c(x, y)u(x, y) = 0, (1)

ãäå α, β = const, ïðè÷åì α2 + β2 ̸= 0.
Ñ÷èòàåì, ÷òî Γ îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
à) õàðàêòåðèñòèêè βx − αy = l, ãäå −∞ < l1 < l < l2 < +∞ ïåðåñåêàþò êîíòóð Γ

â äâóõ òî÷êàõ, ïðè÷åì ýòè õàðàêòåðèñòèêè íå êàñàþòñÿ Γ; õàðàêòåðèñòèêè βx − αy = l1 è

Institute of Mathematics and Mathematical Modeling



188 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

βx−αy = l2 èìåþò ñ êîíòóðîì Γ åäèíñòâåííûå îáùèå òî÷êè (êàñàíèÿ) - N1(x1, y1) è N2(x2, y2)
ñîîòâåòñòâåííî, à õàðàêòåðèñòèêè βx− αy = l ïðè l < l1 è l > l2 îáùèõ òî÷åê ñ Γ íå èìåþò.

á) ôóíêöèè x = x(s), y = y(s) îïðåäåëÿþùèå ïàðàìåòðè÷åñêîå óðàâíåíèå êðèâîé Γ, íåïðå-
ðûâíû âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî, ïðè÷åì x′2 (s) +
y′2 (s) ̸= 0.

×åðåç Γ1 îáîçíà÷èì òó ÷àñòü Γ êîòîðàÿ ïîëó÷àåòñÿ ïðè äâèæåíèè îò òî÷êè N1 ê òî÷êå N2

â ïîëîæèòåëüíîì íàïðàâëåíèè (ò.å. ïðîòèâ ÷àñîâîé ñòðåëêè), à ÷åðåç Γ2 = Γ\Γ1

Çàäà÷à N. Íàéòè ðåøåíèå u (x, y) ∈ C4 (D)
⋂
C2
(
D̄
)
óðàâíåíèÿ (1) óäîâëåòâîðÿþùåå

êðàåâûì óñëîâèÿì

u (x, y) = f1 (x, y) ,
∂2u (x, y)

∂n2
= f2 (x, y) , (x, y) ∈ Γ (2)

çäåñü f1(x, y), f2(x, y), c(x, y) - çàäàííûå ôóíêöèè, n-âíåøíÿÿ íîðìàëü ê Γ.
Îòìåòèì, ÷òî ðàçëè÷íûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ (1) ïðè β = 0 áûëè èçó÷åí â

ðàáîòå [1] è ïðè β ̸= 0, c(x, y) = 0 ðàññìîòðåíî â ðàáîòå [2].
Äîêàçàíî òåîðåìà åäèíñòâåííîñòè ìåòîäîì èíòåãðàëîâ ýíåðãèè, à ñóùåñòâîâàíèÿ ðåøåíèÿ

äîêàçûâàåòñÿ ñ èñïîëüçîâàíèåì ìåòîäîâ èíòåãðàëüíûõ óðàâíåíèè.

Êëþ÷åâûå ñëîâà: ìåòîä èíòåãðàëîâ ýíåðãèè, ìåòîä èíòåãðàëüíûõ óðàâíåíèé.

2010 Mathematics Subject Classi�cation: 35J40

Ëèòåðàòóðà

[1] Äæóðàåâ Ò.Ä. Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ è ñìåøàííîãî è ñìåøàííî ñîñòàâíîãî
òèïîâ. Òàøêåíò: Ôàí, 1979.

[2] Ãàçèåâ Ê.Ñ. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñîñòàâíîãî òèïà //ÄÀÍ
ÐÓ. 1995. � 11-12. Ñ. 4�7.

Ýôôåêòèâíàÿ ïðîâîäèìîñòü äèñïåðñíûõ
âîëîêíèñòûõ êîìïîçèòîâ

Æ.Õ. ÆÓÍÓÑÎÂÀ1, Â.Â. ÌÈÒÞØÅÂ2

1Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÍÂÎ, ÐÊ

2Êðàêîâñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò, Êðàêîâ, Ïîëüøà
1zhunusova@math.kz, 2wladimir.mitiuszew@pk.edu.pl

Îäíîé èç îñíîâíûõ ïðîáëåì â ïðîèçâîäñòâå êîìïîçèòíûõ ìàòåðèàëîâ ÿâëÿåòñÿ îïðåäå-
ëåíèå ãåîìåòðè÷åñêèõ ïàðàìåòðîâ êîìïîçèòíûõ ñòðóêòóð èç-çà èõ ñóùåñòâåííîãî âëèÿíèÿ íà
ýôôåêòèâíûå ñâîéñòâà ìàòåðèàëà [1,2]. Êà÷åñòâåííûå îïèñàíèÿ ñòðóêòóð, êîòîðûå ÷àùå âñå-
ãî èñïîëüçóþòñÿ äëÿ ýòîé öåëè, íåäîñòàòî÷íû, îñîáåííî â êîíòåêñòå îïòèìèçàöèè ïðîöåññà
èçãîòîâëåíèÿ. Îäíàêî íåò âîçìîæíîñòè ïðîâåñòè èõ ñðàâíåíèå â ïàðàìåòðèçîâàííîì âèäå.
Ýòî ëèøü ïðîöåäóðà êîëè÷åñòâåííîãî àíàëèçà êîìïîçèòíûõ ñòðóêòóð íà îñíîâå àíàëèòè÷å-
ñêîé òåîðèè RVE [3], êîòîðàÿ ïîçâîëÿåò îïðåäåëèòü ïàðàìåòðû, õàðàêòåðèçóþùèå èçìåíåíèÿ
â ñòðóêòóðå êîìïîçèòíîãî ìàòåðèàëà, ïðîèçîøåäøèå â ðåçóëüòàòå òåõíîëîãè÷åñêîãî ïðîöåññà.
Ðàçðàáîòàííàÿ ìåòîäèêà ïîçâîëÿåò ïðîâîäèòü êîëè÷åñòâåííûé àíàëèç ñòðóêòóðû êîìïîçè-
òà ñ îöåíêîé ýôôåêòîâ â ðåçóëüòàòå ïðèìåíåííîãî òåõíîëîãè÷åñêîãî ïðîöåññà êàê â ïåðâîì
ïðèáëèæåíèè íà óðîâíå êîíöåíòðàöèè àðìèðóþùåé ôàçû, òàê è â áîëåå âûñîêèõ ïîðÿäêàõ
ïðèáëèæåíèÿ, íàïðèìåð, äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà àíèçîòðîïèè, âêëþ÷àÿ ýôôåêòû â
ìèêðî- è ìàêðîìàñøòàáàõ.

Â íàñòîÿùåé ðàáîòå ìû ðàñøèðÿåì àíàëèòè÷åñêèé ìåòîä RVE è âû÷èñëÿåì ÷ëåíû âûñî-
êîãî ïîðÿäêà ýôôåêòèâíîé ïðîâîäèìîñòè.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 189

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23486576).

Êëþ÷åâûå ñëîâà: ýôôåêòèâíàÿ ïðîâîäèìîñòü, âîëîêíèñòûå ìàòåðèàëû, ôóíêöèÿ Ýéçåíøòåéíà, êîìïîçèòû,
ñëó÷àéíûå ñðåäû, ñòàöèîíàðíàÿ òåïëîïðîâîäíîñòü, äèýëåêòðè÷åñêàÿ ïðîâîäèìîñòü.

2010 Mathematics Subject Classi�cation: 93A30, 00A72

Ëèòåðàòóðà

[1] Andrianov I.V., Awrejcewicz J., Starushenko G.A. Approximate models of mechanics of
composites: an asymptotic approach, CRC Press, London (2023).

[2] Andrianov I.V., Awrejcewicz J. Asymptotic methods for engineers, CRC Press, London
(2024).

[3] Gluzman S., Mityushev V., Nawalaniec W. Computational analysis of structured media,
Academic Press, London (2017).

Ìåòîäû è àëãîðèòìû ñòàáèëèçàöèè äâèæåíèÿ:
çàäà÷è, ïîäõîäû è ðåøåíèÿ

Ë.Õ. ÆÓÍÓÑÎÂÀ1, Ò.�. ÕÀÔÈÇ2

2Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò èì.Ê.Ñàòïàåâà

Àëìàòû, Êàçàõñòàí
1,2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

1Êàçàõñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì.Àáàÿ, Àëìàòû, Êàçàõñòàí
1trrkhfz@gmail.com, 2zhunusova@abaiuniversity.edu.kz

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ ñèñòåìó

dx

dt
= A(t)x+B(t)u, x(t0) = x0, t ∈ [t0, T ) (1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðíîñòè n × n è n × r, ñîîòâåòñòâåííî, ýëåìåíòàìè êîòîðîé
ÿâëÿþòñÿ êóñî÷íî-íåïðåðûâíûå äåéñòâèòåëüíûå ôóíêöèè âðåìåíè. Â ÷àñòíîñòè, A è B ìîãóò
áûòü ïîñòîÿííûìè ìàòðèöàìè èëè A(t)x íå èìååò îñîáóþ òî÷êó (t, x) = (T, x(T ) = 0)S 0

0 òèïà.
Ìíîæåñòâî U ∈ En, ò.å. îãðàíè÷åíèÿ íà óïðàâëåíèÿ îòñóòñòâóåò. Ïóñòü Φ(t) ôóíäàìåíòàëüíàÿ
ìàòðèöà ðåøåíèé ñèñòåìû:

dx

dt
= A(t)x. (2)

Òîãäà ìàòðèöà Φ(t) ìîæíî îïðåäåëèòü èç ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Φ(t) = A(t)Φ(t),Φ(t0) = En. (3)

Ñîñòàâëÿåì ìàòðèöó Φ(t, τ) = Φ(t)Φ−1(τ), îïðåäåëÿåìóþ èç ìàòðè÷íîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âèäà:

d

dt
Φ(t, τ) = A(t)Φ(t, τ),Φ(t, τ) = En (4)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Óïðàâëåíèå âèäà:

u0(t, x) = −B∗K(t)x, t ∈ [t0, T ), (5)

K(t) =W−1(t, x), t ∈ [t0, T ), (6)

W (t, T ) =

� T

t
Φ(t, τ)B(τ)B∗(τ)Φ∗(t, τ)dτ, (7)

Φ(t, τ) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (4), W (t0, T ) - ïîëîæèòåëüíî-îïðåäåëåííàÿ ìàòðèöà,
îñóùåñòâëÿåò ñòàáèëèçàöèþ äâèæåíèÿ ñèñòåìû (1) íà êîíå÷íîì îòðåçêå âðåìåíè.
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Çàìåòèì, ÷òî ìàòðèöó W (t, T ) ìîæíî îïðåäåëèòü êàê ðåøåíèå ìàòðè÷íîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ âèäà

dW (t, T )

dt
= A(t)W (t, T ) +W (t, T )A∗(t)−B(t)B∗(t),W (t, T ) = 0. (8)

Èíòåãðèðîâàíèå ýòîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîçâîëÿåò íàéòè ìàòðèöó W (t, T ) áåç
ïðåäâàðèòåëüíîãî îïðåäåëåíèÿ ôóíäàìåíòàëüíîé ìàòðèöû Φ(t) ðåøåíèé îäíîðîäíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ (2). Óïðàâëåíèå (5) ñ äðóãîé ñòîðîíû ñîâïàäàåò ñ ïðîãðàììíûì
óïðàâëåíèåì:

u(t) = −Q∗(t)R−1(t0, T )x0, Q(t) = Φ−1(t)B(t)R(t, T ) =

� T

t
Q(τ)Q∗(τ)dτ,R(t0, T ) > 0 (9)

Ïðè ýòîì x(t) = Φ(t)R(t, T )R−1(t0, T )x0, x(T ) = 0. Âûáèðàÿ T è x ìîæíî ïîëîæèòü îãðà-
íè÷åíèå íà óïðàâëåíèå (5) Òîãäà óïðàâëåíèå òèïà (5) òàêæå ðåøàåò çàäà÷ó î ñòàáèëèçàöèè
äâèæåíèÿ ñèñòåìû (1) ïðè îãðàíè÷åííîì óïðàâëåíèè. Ðàññìîòðåíèå òàêèõ ñèñòåì âîçíèêëî èç
íåîáõîäèìîñòè ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ èç îáëàñòè áèîëîãèè, ãåíåòèêè,
õèìèè è ìåäèöèíû.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23486576).

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, óïðàâëåíèå, ñòàáèëèçàöèÿ äâèæåíèÿ,íåñòàöèîíàðíûå ñè-
ñòåìû, ðåøåíèå.
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Ôóíêöèÿ Ãðèíà óðàâíåíèÿ Êëåéíà � Ãîðäîíà ïðè
äîñâåòîâûõ ñêîðîñòÿõ äâèæåíèÿ èñòî÷íèêà
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Èçó÷åíèå âîëíîâûõ ïðîöåññîâ â ôèçè÷åñêèõ ïîëÿõ è ñðåäàõ ïðèâîäèò ê ðåøåíèþ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ è êðàåâûõ çàäà÷ äëÿ íèõ. Ñðåäè äåéñòâó-
þùèõ èñòî÷íèêîâ âîçìóùåíèé îñîáîå ìåñòî çàíèìàþò òðàíñïîðòíûå, äâèæóùèåñÿ â ñðåäå ñ
îïðåäåëåííîé ñêîðîñòüþ, ôîðìà êîòîðûõ íå ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè. Ïðè ýòîì ñêîðîñòü
äâèæåíèÿ èñòî÷íèêà èçëó÷åíèÿ ñóùåñòâåííî âëèÿåò íà òèï äèôôåðåíöèàëüíûõ óðàâíåíèé,
ïàðàìåòðè÷åñêè çàâèñÿùèõ îò îòíîøåíèÿ ñêîðîñòè äâèæåíèÿ ê çâóêîâîé ñêîðîñòè.

Çäåñü ïðåäñòàâëåíî ïîñòðîåíèå è èññëåäîâàíèå ôóíêöèè Ãðèíà � ôóíäàìåíòàëüíûõ ðå-
øåíèé óðàâíåíèÿ Êëåéíà-Ãîðäîíà â ïðîñòðàíñòâàõ ðàçìåðíîñòè N = 1, 2, 3 ïðè äåéñòâèè èñ-
òî÷íèêà èçëó÷åíèÿ, äâèæóùåãîñÿ ñ äîñâåòîâîé ñêîðîñòüþ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ
ðàñ÷åòîâ ïîëó÷åííûõ ðåøåíèé.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Óðàâíåíèå Êëåéíà � Ãîðäîíà [1-3] � óðàâíåíèå êâàíòîâîé ìåõàíèêè, ÿâëÿþùååñÿ îáîáùå-
íèåì âîëíîâîãî óðàâíåíèÿ, èìååò âèä

∆u(x, t)− 1

c2
∂2u(x, t)

∂t2
+ p2u(x, t) = G(x, t), x ∈ RN , t ∈ R1 (1)

Ðàññìàòðèâàåòñÿ êëàññ ðåøåíèé â ïðåäïîëîæåíèè, ÷òî èçëó÷àòåëü âîëí äâèæåòñÿ ñ ïîñòîÿííîé
ñêîðîñòüþ v âäîëü îñè x3 â ïðîòèâîïîëîæíîì íàïðàâëåíèè è åãî ôîðìà íå çàâèñèò îò âðåìåíè:
G(x, t) = G(x1, x2, x3+vt). Â ïîäâèæíîé ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ èñòî÷íèêîì, ñ ó÷åòîì
îáîçíà÷åíèé z = x3 + vt, M = v/c, óðàâíåíèå (1) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

∂2u(x, z)

∂x21
+
∂2u(x, z)

∂x22
+ (1−M2)

∂2u(x, z)

∂z2
+ p2u(x, z) = G(x, z), x ∈ RN−1, z ∈ R1 (2)

Òèï óðàâíåíèÿ (2) ýëëèïòè÷åñêèé ïðè äîñâåòîâûõ ñêîðîñòÿõ äâèæåíèÿ èñòî÷íèêà èçëó÷åíèÿ
(M < 1), ãèïåðáîëè÷åñêèé � ïðè ñâåðõñâåòîâûõ (M > 1). Ïðè ñâåòîâûõ ñêîðîñòÿõ M = 1,
óðàâíåíèå ñòàíîâèòñÿ ïàðàáîëè÷åñêèì. Ïîñëåäíåå âëèÿåò íà ïîñòàíîâêó ìîäåëüíûõ êðàåâûõ
çàäà÷ è ìåòîäû èõ ðåøåíèÿ. Äëÿ âîëíîâîãî óðàâíåíèÿ ýòî ïîêàçàíî â [4].

Â ðàáîòå èñïîëüçîâàíèåì îáîáùåííîãî ïðåîáðàçîâàíèÿ Ôóðüå ïîñòðîåíû ôóíêöèè Ãðè-
íà � ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà â ïðîñòðàíñòâàõ ðàçìåðíîñòè
N = 1, 2, 3 è èññëåäîâàíû èõ ñâîéñòâà ïðè äåéñòâèè èñòî÷íèêà èçëó÷åíèÿ, äâèæóùåãîñÿ ñ äî-
ñâåòîâîé ñêîðîñòüþ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïîëó÷åííûõ ðåøåíèé. Ïðåä-
ñòàâëåíû ãðàôèêè ôóíêöèè Ãðèíà â ïðîñòðàíñòâàõ ðàçìåðíîñòè N = 1, 2, 3 ïðè äåéñòâèè
èñòî÷íèêà èçëó÷åíèÿ, äâèæóùåãîñÿ ñ ðàçëè÷íîé äîñâåòîâîé ñêîðîñòüþ.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP19674789).
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Êðàåâûå çàäà÷è íà ïðîñòðàíñòâåííûõ ñåòÿõ (ãåîìåòðè÷åñêèõ ãðàôàõ) âîçíèêàþò ïðè èçó-
÷åíèè ïðîöåññîâ è ÿâëåíèé â ñàìûõ ðàçëè÷íûõ ðàçäåëàõ åñòåñòâîçíàíèÿ. Íàèáîëåå íàãëÿä-
íîé ðåàëèçàöèåé òàêèõ çàäà÷ ÿâëÿþòñÿ óïðóãèå äåôîðìàöèè ñåòêè, ñâÿçàííîé èç íàòÿíóòûõ
ñòðóí. Ïðèìåðîì òàêîé ñåòè ìîãóò ñëóæèòü ìåìáðàííûå ìàòåðèàëû Gore-Tex, ñâÿçàííûå ñ
òåõíîëîãèåé ðàñòÿæåíèÿ ïîëèòåòðàôòîðýòèëåíà, èëè òåôëîíà, êîòîðûå èñïîëüçóþòñÿ â îäåæ-
äå è îáóâè. Íàãðåòóþ çàãîòîâêó èç òåôëîíà ðàñòÿãèâàþò äî ñîñòîÿíèÿ ïë¼íêè òîëùèíîé 0,01
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ìì. Å¼ ñòðóêòóðà íàïîìèíàåò ðûáîëîâíóþ ñåòü, îáðàçîâàííóþ ìèëëèîíàìè óçåëêîâ ïîëèìåðà,
ñîåäèí¼ííûõ è ïåðåïëåò¼ííûõ ìåæäó ñîáîé òîí÷àéøèìè âîëîêíàìè.

Ïóñòü èìååòñÿ íàãðóæåííàÿ ðåçèíîïîäîáíàÿ ìåìáðàíà, çàïîëíÿþùàÿ îáëàñòü Ω, êîòîðàÿ
îïèñûâàåòñÿ çàäà÷åé Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

σ∆u = −f(x, y), (1)

u|∂Ω = 0, (2)

ãäå ∆ � äâóìåðíûé îïåðàòîð Ëàïëàñà, σ > 0 � ïîñòîÿííîå íàïðÿæåíèå, à f(x, y) � âíåøíÿÿ
ñèëà.

Ïóñòü ïðîñòðàíñòâî R2 çàòÿíóòî êîîðäèíàòíîé ñåòêîé Rh, îáðàçîâàííîé ïðÿìûìè, ïàðàë-
ëåëüíûìè îñÿì êîîðäèíàò, ñ óçëàìè vij = (ih, jh), ãäå h � øàã ñåòêè, à i, j � öåëûå ÷èñëà.
Îáîçíà÷èì ÷åðåç Γh ïåðåñå÷åíèå ñåòêè Rh ñ èñõîäíîé îáëàñòüþ Ω. Ìíîæåñòâî Γh ÿâëÿåòñÿ
ãåîìåòðè÷åñêèì ãðàôîì. Óçëû Γh, ïîïàâøèå âíóòðü Ω, áóäåì íàçûâàòü âíóòðåííèìè âåðøè-
íàìè ãðàôà è îáîçíà÷èì èõ ÷åðåç I(Γh). Ãðàíè÷íûìè âåðøèíàìè ýòîãî ãðàôà ÿâëÿþòñÿ òî÷êè
ïåðåñå÷åíèÿ ëèíèé êîîðäèíàòíîé ñåòêè ñ ∂Ω è ýòî íåîáÿçàòåëüíî òî÷êè èç Rh. Âíóòðåííèå
óçëû áóäåì êëàññèôèöèðîâàòü êàê ðåãóëÿðíûå è íåðåãóëÿðíûå, êàê ýòî îïèñàíî â [1]. Òàê æå
áóäåì ïðåäïîëàãàòü, ÷òî ñåòêà Γh ÿâëÿåòñÿ ñâÿçíîé, ò.å. ëþáûå äâà âíóòðåííèõ óçëà ìîæíî
ñîåäèíèòü ëîìàííîé, çâåíüÿ êîòîðîé ïàðàëëåëüíû êîîðäèíàòíûì îñÿì, à âåðøèíû ÿâëÿþòñÿ
âíóòðåííèìè âåðøèíàìè ãðàôà.

Íà ñåòêå èç ñòðóí Γh ⊂ Ω, çàêðåïë¼ííîé íà ãðàíèöå, çàäà÷à Äèðèõëå èìååò ñëåäóþùèé
âèä:

Thu
′′(x) = −f̂h(x), x ∈ γ, (3)∑

γ∈R(vij)

Thu
′
γ(vij) = −f̂h(vij), vij ∈ I(Γh) (4)

u|∂Γh
= 0, (5)

Çäåñü äèôôåðåíöèðîâàíèå ïðîèçâîäèòñÿ ïî íàòóðàëüíîìó ïàðàìåòðó íà êàæäîì ðåáðå. Â
óðàâíåíèè (4) ïîä u′γ(vij) ïîíèìàåòñÿ ïðîèçâîäíàÿ ïî íàïðàâëåíèþ ¾îò âåðøèíû¿ vij . ×åðåç
R(vij) îáîçíà÷àåòñÿ ìíîæåñòâî íîìåðîâ ðåáåð, ïðèìûêàþùèõ ê âåðøèíå vij . Êîýôôèöèåíò Th
� íàòÿæåíèå ñòðóíû, îí ïðåäïîëàãàåòñÿ ïîñòîÿííûì è íà âñåõ ñòðóíàõ îäèíàêîâûì. Ôóíêöèÿ
f̂h(x) � ýòî âíåøíÿÿ ñèëà, äåéñòâóþùàÿ íà ñòðóíû, è ñîñðåäîòî÷åííàÿ ñèëà âî âíóòðåííèõ
âåðøèíàõ â çàâèñèìîñòè îò ðàñïîëîæåíèÿ òî÷êè x. Ðàññìàòðèâàåìûå ôóíêöèè u : Γh → R
íåïðåðûâíû âî âñåõ âíóòðåííèõ óçëàõ.

Äëÿ Γh ïðè íåêîòîðûõ ôèçè÷åñêèõ õàðàêòåðèñòèêàõ ýòèõ ñòðóí è íàãðóçêè íà ýòè ñòðóíû,
è äîñòàòî÷íî ìàëîì h ìîæíî ñòàâèòü âîïðîñ î ñõîäñòâå äàííûõ óïðóãèõ ñèñòåì, ò.å. ìîæíî
ñ÷èòàòü, ÷òî ëèáî óïðóãàÿ ñåòêà àïïðîêñèìèðóåò íåïðåðûâíî çàïîëíÿþùóþ âñå Ω íàãðóæåí-
íóþ ìåìáðàíó, ëèáî ìåìáðàíà ÿâëÿåòñÿ íåêèì óñðåäíåíèåì óïðóãîé ñåòêè Γh, íàòÿíóòîé íà
ãðàíèöó ∂Ω.

Ðàíåå ñ ïðèìåíåíèåì ïîäîáíîé èäåîëîãèè ðàññìàòðèâàëñÿ âîïðîñ î ñõîäñòâå ÷àñòîòíûõ
ñïåêòðîâ äâóõ ìåõàíè÷åñêèõ ñèñòåì, îäíà èç êîòîðûõ ïðåäñòàâëÿëà èç ñåáÿ ïðîñòðàíñòâåí-
íóþ ñåòü, çàêðåïë¼ííóþ íà ãðàíèöå, à âòîðàÿ � ðåçèíîïîäîáíîãî êîíòèíóìà. Áûëè ïîëó÷åíû
ðåçóëüòàòû êàê äëÿ ñåòîê èç ñòðóí, ãäå è ôèãóðèðóåò íàçâàíèå äàííûõ ñåòåé ¾òêàíûìè¿ ìåì-
áðàíàìè (ñì [2] � [3]).

Èç ôèçè÷åñêèõ ñîîáðàæåíèé ïðåäïîëàãàåòñÿ, ÷òî ñèëà, ñîñðåäîòî÷åííàÿ íà êðåñòå ýëå-
ìåíòàðíîé ÿ÷åéêè (ýòî ñèëà íà ñòðóíàõ è òî÷å÷íàÿ ñèëà íà ïåðåêðåñòüå, ò.å. â âåðøèíå vij)
äîëæíà áûòü ðàâíà (èëè ïî÷òè ðàâíà) ñèëå íà êâàäðàòíîì ó÷àñòêå ìåìáðàíû ωhij ñ òî÷êîé
ïåðåñå÷åíèÿ äèàãîíàëåé vij è ñîäåðæàùèì ðàññìàòðèâàåìûå âûøå êðåñò. Ñ÷èòàÿ, ÷òî ðàçìåð
ñòîðîíû ωhij ðàâåí h, ïîëó÷àåì ðàâåíñòâî

f̂h(vij) +

�

Γh∩ωh
ij

f̂h(x)dl =

�

ωh
ij

f(x, y)dxdy. (6)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Äàëåå ÷åòûðå ñèëû Th íàòÿæåíèÿ ñòðóí, ïðèëîæåííûå ê êîíöàì êðåñòà, ðàâíîìåðíî ðàñ-
ïðåäåëèì ïî ïåðèôåðèè ó÷àñòêà ìåìáðàíû ωhij . Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùåå ðàâåíñòâî

Th = σh. (7)

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Äëÿ çàäà÷è (1) � (2) ìîæíî ïîñòðîèòü ïîñëåäîâàòåëüíîñòü ¾òêàíûõ¿ ìåìáðàí,
ñ ôèçè÷åñêèìè ïàðàìåòðàìè, óäîâëåòâîðÿþùèìè óñëîâèÿì (6) � (7), ðåøåíèé çàäà÷è (3) �
(5), êîòîðûå áóäóò ñõîäèòüñÿ ê ðåøåíèþ çàäà÷è (1) � (2) ïðè h→ 0.
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Ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ äðîáíîé
äèôôóçèè ñ ïðàâîñòîðîííèì îïåðàòîðîì Ëèóâèëëÿ

â òðåóãîëüíîé îáëàñòè
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Â îáëàñòè:
Q = {(x, t), 0 < x < t, t > 0},

ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ äðîáíî-äèôôóçèîííîãî óðàâíåíèÿ

Dα
∞tu(x, t)−

∂2u(x, t)

∂x2
= f(x, t), α ∈ (0, 1),

u(x, t)|x=0 = u(x, t)|t=0 = 0,

ãäå

Dα
∞tu(x, t) = − ∂

∂t

1

Γ(1− α)

� ∞

t

u(x, τ)

(τ − t)α
dτ

ÿâëÿåòñÿ ïðàâîñòîðîííåé ïðîèçâîäíîé äðîáíîãî ïîðÿäêà Ëèóâèëëÿ ñ íà÷àëîì â òî÷êå ∞.
Ïðèíöèï ïðè÷èííîñòè ïðåäïîëàãàåò, ÷òî ñîñòîÿíèå ïðîöåññà â òåêóùèé ìîìåíò âðåìå-

íè t, íà÷àâøåãîñÿ â ìîìåíò τ = a, îïðåäåëÿåòñÿ âñåì íàáîðîì ïðåäûäóùèõ çíà÷åíèé f(τ)
ïðè a ≤ τ < t. Â ñèëó îòñóòñòâèÿ îñíîâàíèé äëÿ èñïîëüçîâàíèÿ áóäóùèõ çíà÷åíèé ïðîöåññà
îáû÷íî ðàññìàòðèâàþòñÿ òîëüêî ëåâîñòîðîííèå äðîáíûå ïðîèçâîäíûå. Òåì íå ìåíåå, íåëüçÿ
èñêëþ÷àòü, ÷òî â áóäóùåì ïðàâîñòîðîííèå ïðîèçâîäíûå íàéäóò ôèçè÷åñêóþ èíòåðïðåòàöèþ
ïðè àíàëèçå äèíàìè÷åñêèõ ïðîöåññîâ.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23488729, 2024-2026).

Êëþ÷åâûå ñëîâà: äðîáíàÿ äèôôóçèÿ, ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ Ëèóâèëëÿ, êðàåâàÿ çàäà÷à, òðåóãîëüíàÿ
îáëàñòü, óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ.
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øàãîâûõ ðàçíîñòíûõ óðàâíåíèé íà îñíîâå
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1,2Ñàìàðêàíäñêèé ôèëèàë Òàøêåíòñêîãî óíèâåðñèòåòà èíôîðìàöèîííûõ òåõíîëîãèé

èìåíè Ìóõàììàäà àëü-Õîðàçìè, ã. Ñàìàðêàíä, Óçáåêèñòàí
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ óïðàâëÿåìûå ñèñòåìû äâóõøàãîâûõ ðàçíîñòíûõ óðàâ-
íåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì è íà îñíîâå ìèíèìèçàöèè êâàäðàòè÷íîãî ôóíêöèîíà-
ëà ñèíòåçèðóþòñÿ îïòèìàëüíûå óïðàâëåíèÿ, äàþùèå òðåáóåìûå ñâîéñòâà ñèñòåìû. Â òåîðèè
îïòèìàëüíîãî óïðàâëåíèÿ îäíîé èç îñíîâíûõ çàäà÷ ÿâëÿåòñÿ çàäà÷à ñèíòåçà îïòèìàëüíîãî
óïðàâëåíèÿ.

Ïðèíöèï èíâàðèàíòíûõ èëè èíòåãðàëüíûõ ìíîãîîáðàçèé äëÿ íàõîæäåíèÿ ðåøåíèé ðàç-
íîñòíûõ èëè äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé ðàññìàòðèâàëñÿ è ðàçâèâàëñÿ â ðàáîòàõ
[1], [2] è äð. Îïòèìàëüíûå óïðàâëåíèÿ äëÿ ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàþùèì
àðãóìåíòîì èçó÷àëèñü ìàëî, â îáùåì ñëó÷àå òàêèå ñèñòåìû ðàññìàòðèâàëèñü è ðàçâèâàëèñü â
ðàáîòàõ [3], [4] è äð.

Â ñâÿçè ñ ýòèì ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó ðàçíîñòíûõ óðàâíåíèé âèäà

Xn+1 = A0Xn +A1Xn−1 +B0Un + µF (Xn, Xn−1), F (0; 0) = 0 , (1)

ãäå X∗
n = (xn,1, xn,2, . . . , xn,m) ∈ Rm �âåêòîð-ñòîëáåö ñîñòîÿíèé, U∗

n = (un,1, un,2, . . . , un,m) ∈
Rm � âåêòîð-ñòîëáåö óïðàâëåíèé, A0, A1, B0 � êâàäðàòíàÿ ìàòðèöà ðàçìåðîâm×m, det A1 ̸=
0 , µ = const è F ∗(Xn, Xn−1) = (f1(Xn, Xn−1), f2(Xn, Xn−1), . . . , fm(Xn, Xn−1)) � âåêòîð-
ôóíêöèè, * � îïåðàöèÿ òðàíñïîíèðîâàíèÿ.

Äëÿ óäîáñòâà äàëüíåéøèõ ðàññóæäåíèé, ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Fk = F (Xk, Xk−1) ,Wk = W (Xk, Uk), (k = n, n+ 1, . . . ).

Èùåì îïòèìàëüíîå óïðàâëåíèå Uon = Uon(Xn, Xn−1) òàêîå, ÷òî ìèíèìèçèðóþùèé êâàä-
ðàòè÷íûé ôóíêöèîíàë

J =
1

2

∞∑
k=n

(X∗
kD1Xk + U∗

kD2Uk) =
1

2

∞∑
k=n

W (Xk, Uk),W (0; 0) = 0, (2)

ãäå äëÿ ìàòðèö D1, D2 âûïîëíÿþòñÿ óñëîâèÿ D∗
1 = D1 > 0, D∗

2 = D2 > 0, (detD2 ̸= 0).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Áóäåì ðåøàòü çàäà÷ó ñèíòåçà îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (1) ñ ôóíêöèîíàëîì
(2).

Ïðåäïîëàãàåì, ÷òî âåêòîð-ôóíêöèÿ F (Xn, Xn−1) äîñòàòî÷íîå ÷èñëî ðàç äèôôåðåíöèðó-
åìà ïî îáîèì àðãóìåíòàì, à âåêòîð-ôóíêöèÿ W (Xk, Uk), (k = n, n + 1, ...) � çíàêîïîëîæè-
òåëüíàÿ, òàêæå äîñòàòî÷íîå ÷èñëî ðàç äèôôåðåíöèðóåìàÿ ïî âñåì àðãóìåíòàì, Xk � âåê-
òîð ñîñòîÿíèé, Uk � âåêòîð óïðàâëåíèé, è c íà÷àëüíûìè óñëîâèÿìè Xk = Xo

k (k = −1; 0) ,
Uk = Uok (k = −1; 0).

Äëÿ íàõîæäåíèÿ íåîáõîäèìîãî óñëîâèÿ îïòèìàëüíîñòè ïîñòðîèì ôóíêöèîíàë Ëàãðàíæà:

H =
1

2

∞∑
k=n

(Wk + 2Y ∗
k (A0Xk +A1Xk−1 +B0Uk + µFk −Xk+1)) . (3)

Òåîðåìà (Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè). Äëÿ ìèíèìóìà ôóíêöèîíàëà (3)
Ëàãðàíæà H, íåîáõîäèìî âûïîëíåíèå óñëîâèÿ δH = 0, ò.å.

Un = −D−1
2 B∗

0Yn, (4)

Xn+1 = A0Xn +A1Xn−1 −B0D
−1
2 B∗

0Yn + µF (Xn, Xn−1), (5)

Yn+1 =

(
A∗

1 + µ
∂F ∗(Xn+1, Xn)

∂Xn

∣∣∣∣ Xn+1 = Qn

)−1

×(
−D1Xn −A∗

0Yn + Yn−1 − µ
∂F ∗ (Xn, Xn−1)

∂Xn
Yn

)
, (6)

ãäå

∂F (Xn+1, Xn)

∂Xn
=


∂f1(Xn+1,Xn)

∂xn,1

∂f1(Xn+1,Xn)
∂xn,2

. . . ∂f1(Xn+1,Xn)
∂xn,m

∂f2(Xn+1,Xn)
∂xn,1

∂f2(Xn+1,Xn)
∂xn,2

. . . ∂f2(Xn+1,Xn)
∂xn,m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂fm(Xn+1,Xn)

∂xn,1

∂fm(Xn+1,Xn)
∂xn,2

. . . ∂fm(Xn+1,Xn)
∂xn,m

 ,

∂F (Xn, Xn−1)

∂Xn
=


∂f1(Xn,Xn−1)

∂xn,1

∂f1(Xn,Xn−1)
∂xn,2

. . . ∂f1(Xn,Xn−1)
∂xn,m

∂f2(Xn,Xn−1)
∂xn,1

∂f2(Xn,Xn−1)
∂xn,2

. . . ∂f2(Xn,Xn−1)
∂xn,m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂fm(Xn,Xn−1)

∂xn,1

∂fm(Xn,Xn−1)
∂xn,2

. . . ∂fm(Xn,Xn−1)
∂xn,m

 ,

Qn = Xn+1 = A0Xn +A1Xn−1 −B0D
−1
2 B∗

0Yn + µF (Xn, Xn−1), D−1− îáðàòíàÿ ìàòðèöà.
Ñîîòíîøåíèÿ (4)�(6) îçíà÷àþò íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè.
Òåîðåìà äîêàçûâàåòñÿ ïðè ïîìîùè èñïîëüçîâàíèÿ ðåçóëüòàòîâ ðàáîò [1] è [4].
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Î äâóìåðíîé ñèñòåìå ìîìåíòíûõ óðàâíåíèé è
ìàêðîñêîïè÷åñêèõ ãðàíè÷íûõ óñëîâèé, çàâèñÿùèõ
îò ñêîðîñòè äâèæåíèÿ è òåìïåðàòóðû ïîâåðõíîñòè

òåëà â æèäêîñòè
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Îäíîé èç âàæíåéøèõ çàäà÷ ãèäðîäèíàìèêè ÿâëÿåòñÿ èññëåäîâàíèå äâèæåíèÿ òâåðäûõ
òåë â æèäêîñòè, â ÷àñòíîñòè èçó÷åíèå òåõ ñèë, ñ êîòîðûìè ñðåäà äåéñòâóåò íà äâèæóùååñÿ
òåëî. Ýòà ïðîáëåìà ïðèîáðåëà îñîáåííî áîëüøîå çíà÷åíèå â ñâÿçè ñ óâåëè÷åíèåì ñêîðîñòè
äâèæåíèÿ ìîðñêèõ ñóäîâ è ïîäâîäíûõ ëîäîê. Îïðåäåëåíèå ñêîðîñòè äâèæåíèÿ è òåìïåðàòóðó
ïîâåðõíîñòè òåëà, äâèæóùåãîñÿ â ïîòîêå æèäêîñòè, à òàêæå ïàðàìåòðîâ æèäêîñòè, òàêèå êàê
ïëîòíîñòü, ñêîðîñòü òå÷åíèÿ æèäêîñòè è äàâëåíèÿ, ïðåäñòàâëÿåò âàæíóþ è àêòóàëüíóþ çàäà÷ó
ãèäðîäèíàìèêè.

Îñíîâíûì èíñòðóìåíòîì îïèñàíèÿ äâèæåíèÿ ãàçîâ è æèäêîñòè ÿâëÿåòñÿ îäíî÷àñòè÷íàÿ
ôóíêöèÿ ðàñïðåäåëåíèÿ, êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ Áîëüöìàíà [1]. Ïðèìåíåíèå óðàâ-
íåíèÿ Áîëüöìàíà ê ðàñ÷åòó òå÷åíèé ðàçðÿæåííîãî ãàçà îêîëî ëåòàòåëüíûõ àïïàðàòîâ èëè
òå÷åíèé æèäêîñòè îêîëî òâåðäîãî òåëà, äâèæóùåãî â ïîòîêå æèäêîñòè, ïðåäïîëàãàåò ðåøåíèå
ýòîãî óðàâíåíèÿ ïðè ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèÿõ. Îïðåäåëåíèå ãðàíè÷íûõ óñëîâèé
íà ïîâåðõíîñòÿõ, îáòåêàåìûõ ðàçðÿæåííûì ãàçîì, ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ âîïðîñîâ
êèíåòè÷åñêîé òåîðèè ãàçîâ. Àýðîòåðìîäèíàìè÷åñêèå õàðàêòåðèñòèêè òåë â ïîòîêå ãàçà îïðå-
äåëÿþòñÿ ïåðåäà÷åé èìïóëüñà è ýíåðãèè ê ïîâåðõíîñòè òåëà, òî åñòü ñâÿçüþ ìåæäó ñêîðîñòÿìè
è ýíåðãèÿìè ìîëåêóë, ïàäàþùèõ íà ïîâåðõíîñòü, è ìîëåêóë, îòðàæåííûõ îò íåå, ÷òî ÿâëÿåòñÿ
ñóùíîñòüþ êèíåòè÷åñêèõ ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè.

Â ñëó÷àå òå÷åíèÿ ãàçà èëè æèäêîñòè îêîëî äâèæóùåãî òâåðäîãî òåëà ãðàíè÷íûå óñëîâèÿ
çàäàþòñÿ â âèäå ñîîòíîøåíèÿ ìåæäó ïàäàþùèìè íà ãðàíèöó è îòðàæåííûìè îò ãðàíèöû ÷à-
ñòèö. Ãðàíè÷íîå óñëîâèå Ìàêñâåëëà äëÿ ðåøåíèÿ êîíêðåòíûõ çàäà÷ áîëåå òî÷íî îïèñûâàåò
âçàèìîäåéñòâèå ìîëåêóë ãàçà ñ ïîâåðõíîñòüþ. Âûâåäåíà íîâàÿ äâóõìåðíàÿ íåñòàöèîíàðíàÿ
íåëèíåéíàÿ ñèñòåìà ìîìåíòíûõ óðàâíåíèé, çàâèñÿùàÿ îò ñêîðîñòè ïåðåìåùåíèÿ è òåìïåðà-
òóðû ïîâåðõíîñòè äâèæóùåãîñÿ â æèäêîñòè òåëà. Ìàêðîñêîïè÷åñêèå ãðàíè÷íûå óñëîâèÿ äëÿ
ìîìåíòíîé ñèñòåìû óðàâíåíèé çàâèñÿò îò òåìïåðàòóðû ïîâåðõíîñòè òåëà. Ñèñòåìà ìîìåíòíûõ
óðàâíåíèé ïðè ìàêðîñêîïè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ ïîçâîëÿåò îïðåäåëèòü ñêîðîñòè äâèæå-
íèÿ è òåìïåðàòóðó ïîâåðõíîñòè òåëà, äâèæóùåãîñÿ â ïîòîêå æèäêîñòè, à òàêæå ïàðàìåòðîâ
æèäêîñòè [2].

Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòå-
ìû ìîìåíòíûõ óðàâíåíèé â ïåðâîì ïðèáëèæåíèè â ïðîñòðàíñòâå ôóíêöèé, íåïðåðûâíûõ ïî
âðåìåíè è ñóììèðóåìûõ â êâàäðàòå ïðîñòðàíñòâåííûì ïåðåìåííûì.

Êëþ÷åâûå ñëîâà: ãèäðîäèíàìèêà, óðàâíåíèå Áîëüöìàíà.
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Ñâîéñòâà ðåøåíèé âûðîæäåííûõ
ãèïåðãåîìåòðè÷åñêèõ ñèñòåì òèïà Áåññåëÿ

ïîëó÷åííûå èç ñèñòåì Ëàóðè÷åëëà

Æ.Í. ÒÀÑÌÀÌÁÅÒÎÂ

Çàïàäíî-Êàçàõñòàíñêèé óíèâåðñèòåò èì. Ì.Óòåìèñîâà. Óðàëüñê, Êàçàõñòàí

tasmam@rambler.ru

Èçó÷åíû ñâîéñòâà ðåøåíèé âûðîæäåííûõ ãèïåðãåîìåòðè÷åñêèõ ñèñòåì òèïà Áåññåëÿ, ïî-
ëó÷åííûå èç ñèñòåì Ëàóðè÷åëëà (FA) è (FB) [1].

Â ðÿäå ðàáîò ÒàñìàìáåòîâàÆ.Í. [2] áûëè äîêàçàíû, ÷òî ïðè óñòàíîâëåíèè è èññëåäîâàíèè
âàæíóþ ðîëü èãðàåò ñèñòåìà Ãîðíà

x1Zx1x1 + (γ1 − x1)Zx1 − x2Zx2 − λZ = 0,

x2Zx2x2 + (γ2 − x2)Zx2 − x1Zx1 − λZ = 0, (1)

ïîëó÷åííàÿ ïóòåì ïðåäåëüíîãî ïåðåõîäà èç ñèñòåìû Ëàóðè÷åëëà (FA).
Ñâîéñòâà 1. Îäíèì èç ÷àñòíûõ ðåøåíèé ñèñòåìû Ãîðíà (1) ÿâëÿåòñÿ ôóíêöèÿ Ãóìáåðòà

Ψ2(λ; γ1; γ2;x1;x2) =

∞∑
m1,m2=0

(λ)m1+m2x
m1
1 xm2

2

(γ1)m1(γ2)m2m1!m2!
. (2)

Ñâîéñòâà 2. Èìååò ìåñòî ñîîòíîøåíèå

lim
λ−→∞

Ψ2(λ; γ1; γ2;x1;x2) =

∞∑
m1,m2=0

1 · xm1
1 xm2

2

(γ1)m1(γ2)m2m1!m2!
= J(γ1, x1), (3)

ãäå, J(γ1, x1) è J(γ2, x2) âûðîæäåíèå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ïðèâîäÿùèåñÿ ê ôóíêöèè
Áåññåëÿ. Èìååò ìåñòî òàêæå ñîîòíîøåíèå.

Ñâîéñòâà 3. Äâîéíîé ðÿä îïðåäåëåííûé ñ ïîìîùüþ ïðåäåëüíîãî ïåðåõîäà

lim
ε−→∞

F2(
1

ε
,
1

ε
,
1

ε
; γ1; γ2; ε

2x1, ε
2x2) =

∞∑
m1,m2=0

xm1
1 xm2

2

(γ1)m1(γ2)m2m1!m2!
=

= J(γ1, x1)J(γ2, x2), (4)

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì ñèñòåìû

x1Zx1x2 + γ1Zx1 − Z = 0,

x2Zx2x1 + γ2Zx2 − Z = 0, (5)

ïîëó÷åííîé èç ñèñòåìû (F2) ñ ïîìîùüþ ïðåäåëüíîãî ïåðåõîäà [1].
Èñïîëüçóÿ ñâîéñòâà 2 è 3 à òàêæå ôîðìóëû ñâÿçè ìåæäó âûðîæäåííûìè ãèïåðãåîìåòðè-

÷åñêèìè ôóíêöèÿìè è ôóíêöèåé Áåññåëÿ ïîëó÷èì ñïðàâåäëèâîñòü óòâåðæäåíèå.
Òåîðåìà 4. Ôóíêöèÿ Áåññåëÿ äâóõ ïåðåìåííûõ ïðåäñòàâëÿåòñÿ â âèäå

Jγ1,γ2(x1, x2) = Jγ1(x1)Jγ2(x2) =

=

∞∑
m1,m2=0

(−1)m1+m2(x1/2)
2m1+γ1(x2/2)

2m2+γ2

m1!m2!Γ(γ1 +m1 + 1)Γ(γ2 +m2 + 1)
. (6)

Îïèðàÿñü íà ýòè ðåçóëüòàòû ìîæíî âûâîäèòü ìíîãî ðàçëè÷íûõ ñâîéñòâ ôóíêöèé Áåññåëÿ
äâóõ ïåðåìåííûõ. Â äàííîé ðàáîòå ðàñêðûòû ñâîéñòâà ôóíêöèé Áåññåëÿ äâóõ ïåðåìåííûõ ñ
öåëÿìè èíäåêñàìè ñ ïîëîâèíîé, êîòîðûå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèé.
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Ñâîéñòâà 5. Ñïðàâåäëèâî ñîîòíîøåíèå

J 1
2
, 1
2
(x1, x2)

2 + J 1
2
,− 1

2
(x1, x2)

2 + J− 1
2
, 1
2
(x1, x2)

2 + J− 1
2
,− 1

2
(x1, x2)

2 =
4

J2x1x2
.

Êëþ÷åâûå ñëîâà: âûðîæäåííàÿ, ãèïåðãåîìåòðè÷åñêàÿ ñèñòåìà, ñèñòåìà Ëàóðè÷åëëà, ñèñòåìà Ãîðíà, ôóíêöèÿ
Áåññåëÿ.
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Îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèé ñèñòåì
ñîñòîÿùèõ èç òð¼õ óðàâíåíèé

Æ.Í. ÒÀÑÌÀÌÁÅÒÎÂ1, Æ.Ê. ÓÁÀÅÂÀ2

1Çàïàäíî-Êàçàõñòàíñêèé óíèâåðñèòåò èì. Ì.Óòåìèñîâà. Óðàëüñê, Êàçàõñòàí
2Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èì. Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí
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Ðàññìàòðèâàåòñÿ âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ñèñòåìà ñîñòîÿùàÿ èç òð¼õ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

z1(1− z1)
∂2W

∂z1∂z1
+ z2

∂2W

∂z2∂z1
+ z3

∂2W

∂z3∂z1
+ [γ − (α1 + β1 + 1)z1]

∂W

∂z1
− α1β1W = 0, (1.1)

z1
∂2W

∂z1∂z2
+ z2

∂2W

∂z2∂z2
+ z3

∂2W

∂z3∂z2
+ (γ − z2)

∂W

∂z2
− α2W = 0, (1.2)

z1
∂2W

∂z1∂z3
+ z2

∂2W

∂z2∂z3
+ z3

∂2W

∂z3∂z3
+ γ

∂W

∂z3
−W = 0. (1.3)

Óðàâíåíèå (11) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû Ëàóðè÷åëëà (FB) [1]:

zi(1− zi)
∂2W

∂z2i
+

n∑
j=1

zj
∂2W

∂zj∂zi
+ [γ − (αi + βi + 1)zi]

∂W

∂zi
− αiβiW = 0, j = 1, n (2)

ïîëó÷åííîå ïðè n = 3, i = 1 è j = 2, 3.
Îñóùåñòâëÿÿ ïðåäåëüíûé ïåðåõîä ïî β1, ïîëó÷èì óðàâíåíèå (12), à ïîñëå ïðåäåëüíîãî

ïåðåõîäà ïî α2, ïîëó÷èì óðàâíåíèå (13). Òðåáóåòñÿ èçó÷èòü îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèé
ïîëó÷åííîé ñèñòåìû (1t), (t = 1, 2, 3). Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü çàäàíî âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ñèñòåìà ñîñòîÿùàÿ èç òð¼õ
óðàâíåíèé (1t), (t = 1, 2, 3). Òîãäà îíà èìååò 23 − 1 ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé,
îäíèì èç êîòîðûõ ÿâëÿåòñÿ ôóíêöèÿ Â.È. Õóäîæíèêîâà [2]

Φ
(1,1)
B,3

(
(α1) , (β1) , (α2)

γ
|(z3)

)
=

∞∑
m1,m2,m3=0

(α1)m1
(β1)m1

(α2)m2

(γ)m1+m2+m3

zm1
1

m1!

zm2
2

m2!

zm3
3

m3!
, (3)
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ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ (z3) = (z1z2z3), (a)m = a(a+ 1)...(a+m− 1).
Ðåøåíèÿ ïîñòðîèì âáëèçè ðåãóëÿðíîé îñîáåííîñòè (0, 0, 0), ìåòîäîì Ôðîáåíèóñà-Ëàòûøåâîé

[3] â âèäå îáîáùåííîãî ñòåïåííîãî ðÿäà îò òð¼õ ïåðåìåííûõ

W (z1, z2, z3) = zρ11 z
ρ2
2 z

ρ3
3

∑
m1,m2,m3=0

Am1,m2,m3z
m1
1 zm2

2 zm3
3 , A0,0,0 ̸= 0 (4)

ãäå íåèçâåñòíûå ïîñòîÿííûå ρl(l = 1, 2, 3), Am1,m2,m3(m1,m2,m3 = 0, 1, 2, ...) îïðåäåëÿþòñÿ èç
ñèñòåìû ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé [3].

Ñâîéñòâà 2. Óðàâíåíèå òèïà Êóììåðà (12) èìååò ðåãóëÿðíóþ îñîáåííîñòü (0, 0, 0) è èð-
ðåãóëÿðíóþ îñîáåííîñòü (∞,∞,∞).

Ýòî îïðåäåëÿåò îáùåå ñâîéñòâî çàäàííîé ñèñòåìû.
Ñâîéñòâà 3. Ñèñòåìà (1l), l = 1, 2, 3 íàðÿäó ñ èððåãóëÿðíîé îñîáåííîñòüþ (0, 0, 0) èìååò

òàêæå èððåãóëÿðíóþ îñîáåííîñòü (∞,∞,∞).
Òåîðåìà 4. Âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ñèñòåìà (1l), l = 1, 2, 3 âáëèçè èððåãóëÿð-

íîé îñîáåííîñòè (∞,∞,∞) èìååò íîðìàëüíî-ðåãóëÿðíîå ðåøåíèå, äëÿ êîòîðîé ñïðàâåäëèâî
ñîîòíîøåíèå

ez2Φ
(1,1)
B,3

(
(α1) , (β1) , (α2)

γ
|(z3)

)
= U(z1, z2, z3),

ãäå îáîáùåííûé ñòåïåííîé ðÿä îò òð¼õ ïåðåìåííûõ U(z1, z2, z3) òàêæå âûðàæàþòñÿ ÷åðåç
ôóíêöèþ Õóäîæíèêîâà.
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Íåëîêàëüíàÿ óñëîâíàÿ çàäà÷à Ñòåôàíà äëÿ
êâàçèëèíåéíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

Ð.Í. ÒÓÐÀÅÂ1, Ô.Ñ. ÌÈÐÇÀÅÂ2

1,2Òåðìåçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òåðìåç, Óçáåêèñòàí
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Êëàññè÷åñêàÿ òåîðèÿ äèôôóçèè ìàòåìàòè÷åñêè âûðàæàåòñÿ ñ ïîìîùüþ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè è, â áîëåå îáùåì ñìûñëå, ïàðàáîëè÷åñêèìè óðàâíåíèÿìè, îáû÷íî ëèíåéíîãî
òèïà. Òàêîé ïîäõîä èìåë îãðîìíûé óñïåõ è òåïåðü ÿâëÿåòñÿ ôóíäàìåíòîì â íàóêå è òåõíè-
êå. Âî âòîðîé ïîëîâèíå ïðîøëîãî ñòîëåòèÿ íàáëþäàëàñü èíòåíñèâíàÿ àêòèâíîñòü è ïðîãðåññ
â òåîðèÿõ íåëèíåéíîé äèôôóçèè, ïðèìåðàì êîòîðûõ ÿâëÿåòñÿ ïðîáëåìû Ñòåôàíà äëÿ íåëè-
íåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Â áîëåå îáùåì ïëàíå, èññëåäîâàíèÿ íåëîêàëüíûõ çàäà÷
èìåþò òðàäèöèþ, çàäà÷è ñî ñâîáîäíîé ãðàíèöåé, è â ïîñëåäíåå äåñÿòèëåòèå ñòàëè ñâèäåòåëÿ-
ìè áûñòðîãî ðàñøèðåíèÿ, êîãäà îíè ïðèâëåêëè âíèìàíèå ýêñïåðòîâ ëèíåéíûõ è íåëèíåéíûõ
ïàðàáîëè÷åñêèõ óðàâíåíèé, êîòîðûå ïðèíåñëè íîâûå ïðîáëåìû è ìåòîäû â ýòó îáëàñòü. Ýòà
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îáëàñòü ñòàâèò íîâûå çàäà÷è, êàê äëÿ òåîðåòèêîâ, òàê è äëÿ ïðèêëàäíûõ ìàòåìàòèêîâ. Â íà-
ñòîÿùåå âðåìÿ îíà íàõîäèòñÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îáåñïå÷èâàÿ ïðè ýòîì íîâóþ
ïàðàäèãìó â íàó÷íîì ìîäåëèðîâàíèè. Ýòî âçàèìîäåéñòâèå ìåæäó ìàòåìàòèêîé è ïðèëîæå-
íèÿìè ïîðîæäàåò íîâûå êîíöåïöèè è ìåòîäû è, êàê îæèäàåòñÿ, ïðèâåäåò ê ïîÿâëåíèþ íî-
âûõ ñëîæíûõ ìàòåìàòè÷åñêèõ ïðîáëåì íà ìíîãèå ãîäû âïåðåä. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ
íåëîêàëüíàÿ çàäà÷à Ñòåôàíà î ðàñïðîñòðàíåíèÿ òåïëà â ñðåäå, àãðåãàòíîå ñîñòîÿíèå, êîòîðî-
ãî ìîæåò ìåíÿåòñÿ ïðè îïðåäåëåííûõ çíà÷åíèÿõ òåìïðàòóðû åå âûäåëåíèåì èëè ïîãëîùåíèåì
òåïëà. Ïðèìåðàìè ìîãóò ñëóæèòü çàäà÷è î ïðîìåðçàíèè è ïëàâëåíèè. [1,2]

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè ïàðó ôóíêöèé (u(t, x), s(t)) òàêèõ ÷òî s(t) îïðå-
äåëåíà è íåïðåðûâíî äèôôåðåíöèðóåìà íà îòðåçêå 0 ≤ t ≤ T, s(0) = s0 > 0, 0 < ṡ(t) ≤
N, s(t)−óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè

D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}

óäîâëåòâîðÿåò óðàâíåíèþ

ut (t, x) = a (u)uxx (t, x) + bux, (t, x) ∈ D, (1)

è ñåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u (x, 0) = φ (x) , 0 ≤ x ≤ s0 (2)

u (t, 0) = αu (t, x0) , 0 ≤ t ≤ T (3)

,
u (t, s (t)) = 0, 0 ≤ t ≤ T (4)

,
ṡ (t) = −βux (t, s (t)) , 0 ≤ t ≤ T (5)

. Îòíîñèòåëüíî äàííûõ çàäà÷ â ðàáîòå ïðåäïîëàãàåì, ÷òî äëÿ çàäàííûõ ôóíêöèé âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

1. Ôóíêöèÿ a (u) îïðåäåëåíû è íåïðåðûâíû äëÿ ëþáîãî çíà÷åíèÿ àðãóìåíòà è a (u) ≥ a0 >
0.

2. Ïîëîæèòåëüíûå ïîñòîÿííûå óäîâëåòâîðÿþò íåðàâåíñòâàì s (0) = s0 > 0, 0 < α < 1,
β > 0, 0 < x0 < s0, b = const.

3. φ′ (x)− íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, φ′ (x) óäîâëåòâîðÿþò óñëîâèþ Ãåëü-
äåðà;

4. Âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ â óãëîâûõ òî÷êàõ (â ò.÷.ðàññìàòðèâàåìûõ âñïîìîãà-
òåëüíûõ çàäà÷àõ). Â ÷àñòíîcòè, φ (0) = αφ (x0) , φ (s0) = 0.

Ñíà÷àëà óñòàíàâëèâàþòñÿ àïðèîðíûå îöåíêè äëÿ ðåøåíèé (s (t) , u (t, x)) è èõ ïðîèçâîä-
íûõ.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1.- 4. ÒîãäàâD äëÿ ðåøåíèÿ u (t, x) , s (t) çàäà÷è (1)-(5)
ñïðàâåäëèâû îöåíêè

0 ≤ u (t, x) ≤M1 = max
0≤x≤s0

|φ (x)| ,

0 < ṡ (t) ≤M2 = βN, 0 ≤ t ≤ T,

0 ≤ x ≤ N (s (t)− x) , 0 ≤ x ≤ s (t) , 0 ≤ t ≤ T.

Äàëååóñòàíîâëåíû àïðèîðíûå îöåíêè Øàóäåðîâñêîãî òèïà íîðì Ãåëüäåðà. Íà îñíîâå óñòà-
íîâëåííûõ àïðèîðíûõ îöåíîê äîêàçàíàòåîðåìà åäèíñòâåííîñòè, à ñóùåñòâîâàíèå ðåøåíèÿ äî-
êàçàíà ïðè ïîìîùè ìåòîäîì íåïîäâèæíîé òî÷êè Øàóäåðà [2].

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ, çàäà÷à Ñòåôàí, íà÷àëüíîå ñîñòîÿíèå, ëîêàëü-
íàÿ íåîäíîðîäíîñòü, ïðîçðà÷íûå ãðàíè÷íûå óñëîâèÿ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 201

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà

[1] Douglas, Jr. A uniqueness theorem for the solution of the Stefan problem. // Proc. Amer.Math.Soc.
1957.Vol.8, No.4. P.402-408.

[2] Òàõèðîâ Æ.Î., Òóðàåâ Ð.Í. Íåëîêàëüíàÿ çàäà÷à Ñòåôàíà äëÿ êâàçèëèíåéíîãî ïàðà-
áîëè÷åñêîãî óðàâíåíèÿ. Âåñò.Ñàìàðñêîãî Ãîñ.Òåõ.Óíèâåð.Ñåð."Ôèç.- ìàò. Íàóêè".2012. �26.
Ñ.99-106.

Î êðàåâûõ óñëîâèÿõ, ñîäåðæàùèõ ïðîèçâîäíûå
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïîëóïðîñòðàíñòâå:

∂U(x, t)

∂t
= a2∆U(x, t), ∆ =

n∑
i=1

∂2

∂x2i
(1)

â îáëàñòè

QT =
{
(x, t) = (x′, xn, t) : x

′ ∈ Rn−1, xn ∈ R+, t > 0
}
,

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

U(x, 0) = 0, (2)

è ãðàíè÷íîìó óñëîâèþ

Lm(U)|xn=0 = f(x′, t), (3)

ãäå

Lm(U) =
∑

|k|<=m

akD
k
xU(x, t), k = (k1, k2, . . . , kn),

|k| = k1 + k2 + · · ·+ kn, x = (x1, x2, . . . , xn), Dk
x = Dk1

x1D
k2
x2 . . . D

kn
xn , Dxi =

∂

∂xi
,

ak = ak1,k2,...,kn - çàäàííûå ïîñòîÿííûå, a0,0,...,m ̸= 0, m ∈ N.

Ðåøåíèå çàäà÷è (1)-(3) èùåòñÿ â âèäå òåïëîâîãî ïîòåíöèàëà ñ íåèçâåñòíîé ïëîòíîñòüþ
[1]. Ïðèâîäèòñÿ Ëåììà î íàõîæäåíèè ïðåäåëîâ ïðîèçâîäíûõ ôóíêöèè U(x, t) â îêðåñòíî-
ñòè ãèïåðïëîñêîñòè xn = 0. Èñïîëüçóÿ ãðàíè÷íîå óñëîâèå (3) è Ëåììó, ïîëó÷åíî èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå (ÈÄÓ) ñ îïåðàòîðîì òåïëîïðîâîäíîñòè, êîãäà ïîðÿäîê ïðîèç-
âîäíîé ïîä çíàêîì èíòåãðàëà âûøå, ÷åì ïîðÿäîê ïðîèçâîäíîé âíå èíòåãðàëà. Õàðàêòåðèñòè-
÷åñêàÿ ÷àñòü ÈÄÓ ðåøåíà ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå-Ëàïëàñà ïðè âûïîë-
íåíèè óñëîâèÿ ðàçðåøèìîñòè.

Òåîðåìà 1. Åñëè f(x′, t) ∈ C2,0
x′,t (QT ) è êîðíè qk(σ

1) õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ∑m
α=0 bα(σ

1)λm−α óäîâëåòâîðÿþò íåðàâåíñòâó Re[q2k(σ
1)] > −1, òî ñóùåñòâóåò ôóíêöèÿ

U(x, t) ∈ C
m,[m

2
]

x,t (QT ).
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Ðàññìàòðèâàåòñÿ çàäà÷à ïðîãðåâà ýëåêòðîäà êîììóòàöèîííîãî àïïàðàòà ïîä âîçäåéñòâèåì
ýëåêòðè÷åñêîé äóãè è âíóòðåííåãî èñòî÷íèêà òåïëà. Ìàòåìàòè÷åñêàÿ ìîäåëü áàçèðóåòñÿ íà
êâàçèñòàöèîíàðíîì óðàâíåíèè òåïëîïðîâîäíîñòè ñî ñôåðè÷åñêîé ñèììåòðèåé

1

r2
∂

∂r

(
r2λ(r, t, θ)

∂θ

∂r

)
+
q(r, t)

r4
= 0, θ = θ(r, t), (1)

çàäàííîì â îáëàñòè ñî ñâîáîäíîé ãðàíèöåé Ω = {(r, t)|0 < b < r < α(t) <∞, 0 < t < ta}, ïðè
êðàåâûõ óñëîâèÿõ:

α(0) = b, (2)

− λ(r, t; θ)
∂θ

∂r

∣∣∣∣
r=b

= P (t), (3)

θ(α(t), t) = θα(t), (4)

− λ(r, t; θ)
∂θ(r, t)

∂r

∣∣∣∣
r=α(t)

= L(t; θα(t))
dα(t)

dt
. (5)

Â íà÷àëüíûé ìîìåíò t = 0 îáëàñòü Ω ââèäó óñëîâèÿ (2) âûðîæäåíà (îáðàùàåòñÿ â òî÷êó).
Äëÿ ðàñ÷åòà çàêîíà äâèæåíèÿ ñâîáîäíîé ãðàíèöû α(t) è òåìïåðàòóðíîãî ïîëÿ θ(r, t) âíóòðè
îáëàñòè Ω çàäà÷à (1) � (5) ðåäóöèðóåòñÿ ê ýêâèâàëåíòíîé ñèñòåìå äâóõ íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé ñ ïåðåìåííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ.

Äîêàçàíî, ÷òî ïðè óñëîâèè íåïðåðûâíîñòè è ïîëîæèòåëüíîñòè ôóíêöèé λ(r, t; θ) , P (t),
q(r, t) , L(t; θα(t) à òàêæå íåïðåðûâíîñòè ôóíêöèè θα(t) è ëèïøèöåâîñòè ôóíêöèè λ(r, t; θ) ïî
ïåðåìåííîé θ, ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé îäíîçíà÷íî ðàçðåøèìà è åå ðåøåíèå ÿâëÿåòñÿ
ðåøåíèåì êðàåâîé çàäà÷è (1) � (5).

Ðàçðàáîòàí ÷èñëåííûé àëãîðèòì èòåðàòèâíîãî ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé. Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò íà òåñòîâîé êðàåâîé çàäà÷å ñ òî÷íûì àíàëèòè-
÷åñêèì ðåøåíèåì è ïðåäñòàâëåíû ðåçóëüòàòû ñõîäèìîñòè èòåðàöèé â ìåòðèêå íåïðåðûâíûõ
ôóíêöèé ïîëíûõ ïðîñòðàíñòâ.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � BR20281002).

Êëþ÷åâûå ñëîâà: íåëèíåéíîå óðàâíåíèå òåïëîïðîâîäíîñòè, ñôåðè÷åñêàÿ ñèììåòðèÿ, êðàåâûå óñëîâèÿ, ïðî-
áëåìà Ñòåôàíà, èíòåãðàëüíûå óðàâíåíèÿ, ýëåêòðè÷åñêèå êîíòàêòû.
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Ðàññìàòðèâàåòñÿ çàäà÷à îá îáòåêàíèè êëèíà ñòàöèîíàðíûì ïîòîêîì íåñæèìàåìîé ïî-
ëèìåðíîé æèäêîñòè. Òå÷åíèå âÿçêîóïðóãîé ïîëèìåðíîé æèäêîñòè îïèñûâàåòñÿ ïðè ïîìîùè
ðåîëîãè÷åñêîé ìîäèôèöèðîâàííîé ìîäåëè Âèíîãðàäîâà�Ïîêðîâñêîãî [1]. Îáòåêàíèå ïëîñêîãî
êëèíà ñòàöèîíàðíûì ïîòîêîì ÿâëÿåòñÿ êëàññè÷åñêîé çàäà÷åé ãèäðîäèíàìèêè. Èçâåñòíû ñòà-
öèîíàðíûå ðåøåíèÿ òàêîé çàäà÷è, ñîäåðæàùèå ïîâåðõíîñòè ñèëüíîãî ðàçðûâà, ñèììåòðè÷íî
ðàñïîëîæåííûå ïî îáîèì ñòîðîíàì êëèíà. Äëÿ òîãî, ÷òîáû èññëåäîâàòü àíàëîãè÷íûå ðåøåíèÿ
ó çàäà÷è î òå÷åíèè âÿçêîóïðóãîé æèäêîñòè è ñîåäèíèòü íàáåãàþùèé íà êëèí ñòàöèîíàðíûé
ïîòîê ñ óñëîâèÿìè ïðèëèïàíèÿ íà ïîâåðõíîñòè êëèíà, èñïîëüçóþòñÿ ñîîòíîøåíèÿ íà ñèëüíîì
ðàçðûâå äëÿ ìîäåëè Âèíîãðàäîâà�Ïîêðîâñêîãî, ïðåäëîæåííûå â [2].
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Îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ íåëèíåéíîãî
êîýôôèöèåíòà â êðàåâîì óñëîâèè òðåòüåãî ðîäà äëÿ
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À.Þ. ÙÅÃËÎÂ1, Ãóàíü÷æýí ËÞ2, ×æè÷ýíü ËÞ3

1,2,3Óíèâåðñèòåò ÌÃÓ-ÏÏÈ, Øýíü÷æýíü, Êèòàé
1ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ

1shcheg@cs.msu.ru, 2ccchair233@gmail.com, 31120210025@smbu.edu.cn

Â êà÷åñòâå ïðÿìîé ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ïàðàáîëè÷åñêîãî òèïà ñ êâàçèëèíåéíûì êîýôôèöè-
åíòîì â êðàåâîì óñëîâèè òðåòüåãî ðîäà:

ut(x, t) = a2uxx(x, t)− γu(x, t), (x, t)∈QT =
{
(x, t) : x∈ [0, l], t∈ [0, T ]

}
,

ux(0, t)=0, k
(
u(l, t)

)
+ ux(l, t) = µ(t), t∈ [0, T ],

u(x, 0)=φ(x), x∈ [0, l],

(1)
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ãäå çàäàíû γ ⩾ 0, φ(x) ∈ C2[0, l], µ(t) ∈ C1[0, T ], k(s) ∈ C1(R), è ∃ k1, k2, k3 = const > 0, äëÿ
êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ

k1 ⩽ |k(s)| ⩽ k2, |k′(s)| ⩽ k3, ∀s ∈ R, φ′(0) = 0, k
(
φ(l)

)
+ φ′(l) = µ(0).

Çàäà÷à (1) èñïîëüçóåòñÿ ïðè ìîäåëèðîâàíèè òåïëîôèçè÷åñêèõ ïðîöåññîâ ñ çíà÷èòåëüíûì
ïåðåïàäîì òåìïåðàòóð è â ãèäðîãåîëîãè÷åñêèõ èññëåäîâàíèÿõ.

Íà÷àëî èññëåäîâàíèÿì ìàòåìàòè÷åñêèõ ìîäåëåé òåïëîïåðåíîñà áûëî çàëîæåíî ðàáîòîé
[1]. Óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1) óñòàíàâëèâàþòñÿ äëÿ áîëåå îáùåãî ñëó-
÷àÿ ïîñòàíîâêè ñìåøàííîé íà÷àëüíî-êðàåâîé çàäà÷è â ðàáîòå [2] è ñ ïðåäñòàâëåíèåì ìåòîäîâ
ïîñòðîåíèÿ ðåøåíèÿ â ðàáîòàõ [3] è [4].

Äëÿ äàííîé ïîñòàíîâêè çàäà÷è (1) âûäåëåíû ñâîéñòâà ðåøåíèÿ, âêëþ÷àþùèå îãðàíè÷åí-
íîñòü è ìîíîòîííîñòü ôóíêöèè u(x, t) íà îáëàñòè å¼ îïðåäåëåíèÿ ïðè äîïîëíèòåëüíûõ îãðàíè-
÷åíèÿõ íà èñõîäíûå äàííûå, ïðîèçâåäåíî óòî÷íåíèå óñëîâèé îäíîçíà÷íîé ðàçðåøèìîñòè çàäà-
÷è (1), à òàêæå ïðåäñòàâëåíà ðåäóêöèÿ çàäà÷è (1) ê ñëåäóþùåìó íåëèíåéíîìó èíòåãðàëüíîìó
óðàâíåíèþ Âîëüòåððà

u(x, t) =
+∞∑
n=1

(
1

λ∗n
e−(a2λ∗n+γ) t

� l

0

(
φ(s)− φ(l)− φ′(l)

)
cos
(√

λ∗ns
)
ds−

− 1

λ∗n
e−(a2λ∗n+γ) t

(
φ(l) + φ′(l)

)
−
(
a2 − γ

λ∗n

)� t

0
e−(a2λ∗n+γ)(t−τ)

(
k
(
u(l, τ)

)
− u(l, τ)−

− µ(τ)
)
dτ

)
cos
(√

λ∗n l
)

� l
0

(
cos
(√

λ∗ns
))2

ds
cos
(√

λ∗nx
)
, (x, t) ∈ QT , (2)

ãäå λ∗n � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ ctg
(√

λ l
)
=

√
λ , n ∈ N, óïîðÿäî÷åííûå ïî âîçðàñ-

òàíèþ:
0 < λ∗1 < λ∗2 < · · · < λ∗n < . . . , n ∈ N.

Óðàâíåíèå (2) ïîçâîëÿåò îñóùåñòâèòü ïðèáëèæ¼ííîå ïîëó÷åíèå ðåøåíèÿ çàäà÷è (1) ïðè
ïîìîùè ìåòîäà ïðîñòîé èòåðàöèè ñ èñïîëüçîâàíèåì ðåêóððåíòíîé ôîðìóëû íà áàçå óðàâíåíèÿ
(2) äëÿ ïîñòðîåíèÿ èòåðàöèîííîãî ïðîöåññà ïðèáëèæåíèÿ ðåøåíèÿ.

Â ïîñòàíîâêå îáðàòíîé çàäà÷è, ôîðìèðóåìîé íà îñíîâå ðàññìàòðèâàåìîé ìîäåëè (1), èç-
âåñòíûìè ïîëàãàþòñÿ çíà÷åíèå γ > 0, ôóíêöèè φ(x), µ(t), k(s) = k(s), òàêèå ÷òî

φ(x) ∈ C2[0, l] φ′(x) ⩾ 0 ∀x ∈ [0, l], φ′(0) = 0, (3)

µ(t) ∈ C1[0, T ], µ′(t) > 0 ∀t∈ [0, T ], (4)

k(s) ∈ C[φ(0), φ(l)], k(s) > 0 ∀s ∈ [φ(0), φ(l)], k
(
φ(l)

)
+ φ′(l) = µ(0). (5)

Â îáðàòíîé çàäà÷å ïî äîïîëíèòåëüíî èçâåñòíîé ôóíêöèè h(t), òàêîé ÷òî

h(t) = u(l, t), t ∈ [0, T ], (6)

ãäå u(x, t) � ðåøåíèå ïðÿìîé çàäà÷è (1), è âûïîëíÿþòñÿ óñëîâèÿ

h(t)∈C[0, T ], h(0)=φ(l), 0⩽h(τ)<h(t)⩽µ(t) ∀τ, t∈ [0, T ] : τ < t, (7)

òðåáóåòñÿ âîññòàíîâèòü êîýôôèöèåíò

k(s) ∈ C[h(0), h(T )], (8)

äëÿ êîòîðîãî ñ íåêîòîðûìè çíà÷åíèÿìè k4, k5 è k6 âûïîëíÿþòñÿ óñëîâèÿ

0 < k4 ⩽ k(s) ⩽ k5, |k(s)− k(ξ)| ⩽ k6, s, ξ ∈
[
h(0), h(T )

]
, k(φ(l)) = k(φ(l)), (9)
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è íàéòè ðåøåíèå u(x, t) çàäà÷è (1).
Íåêîòîðûå ñõîæèå îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êâàçèëèíåéíûìè

êóñî÷íî-àíàëèòè÷åñêèìè êîýôôèöèåíòàìè èçó÷àëèñü â ðàáîòàõ [5], [6].
Îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè k(s) ñ ó÷¼òîì çàìåíû ξ = h(t), t = h−1(ξ)

∀t ∈ [0, T ], ðåäóöèðóåòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ

k(ξ) = µ
(
h−1(ξ)

)
+

+∞∑
n=1

(
1

λ∗n
e−(a2λ∗n+γ)h

−1(ξ)

� l

0

(
φ(s)− φ(l)− φ′(l)

)
cos
(√

λ∗ns
)
ds−

− 1

λ∗n
e−(a2λ∗n+γ)h

−1(ξ)
(
φ(l) + φ′(l)

)
−
(
a2 − γ

λ∗n

)� h−1(ξ)

0
e−(a2λ∗n+γ)(h

−1(ξ)−τ)
(
k
(
h(τ)

)
−

− h(τ)− µ(τ)
)
dτ

) (
cos
(√

λ∗n l
))2

� l
0

(
cos
(√

λ∗ns
))2

ds
ξ ∈

[
h(0), h(T )

]
. (10)

Óðàâíåíèå (10) ïðè âûïîëíåíèè óñëîâèé (3) � (9) íà èñõîäíûå äàííûå îáðàòíîé çàäà÷è,
ïîçâîëÿåò ñôîðìóëèðîâàòü òåîðåìó î åäèíñòâåííîñòè âîññòàíîâëåíèÿ ôóíêöèé k(s), u(x, t),
à òàêæå ïðåäëîæèòü èòåðàöèîííûé ìåòîä ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ îáðàòíîé çà-
äà÷è (1), (6), îñíîâàííûé íà èñïîëüçîâàíèè óðàâíåíèÿ (10) â âèäå ðåêóððåíòíîé ôîðìóëû
äëÿ ïîñòðîåíèÿ ïðèáëèæåíèÿ êîýôôèöèåíòà k(s). Ïîñëå âîññòàíîâëåíèÿ êîýôôèöèåíòà k(s)
ïîëó÷åíèå ïðèáëèæåíèÿ u(x, t) � ðåøåíèÿ ïðÿìîé çàäà÷è (1), îñóùåñòâëÿåòñÿ, íàïðèìåð, ñ
ïîìîùüþ èòåðàöèîííîãî àëãîðèòìà íà îñíîâå óðàâíåíèÿ (2).
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On the solution of two-phase Dirichlet problem for the heat
equation
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Problem statement:
We consider an initial boundary value problem for the heat equation with a piecewise constant

coefficient
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{
ut − k21uxx = 0, Ω1 = {(x, t) : l0 < x < l1, 0 < t < T},
ut − k22uxx = 0, Ω2 = {(x, t) : l1 < x < l2, 0 < t < T}

(1)

in the domain Ω = ∪Ωj (j = 1, 2), with the initial condition

u(x, 0) = φ(x), (l0 ≤ x ≤ l2), (2)

and with the Dirichlet boundary conditions

u(l0, t) = 0, u(l2, t) = 0, (3)

and with the conjugation conditions{
k1ux(l1 − 0, t) = k2ux(l1 + 0, t)

k1ux(l1 − 0, t) = h(θu(l1 + 0, t)− u(l1 − 0, t)),
(4)

where point l1 is strictly internal point of the interval 0 < x0 < l and ki > 0, (i = 1, 2), θ > 0, h > 0.

Theorem 1. If φ(x) is a twice continuously differentiable function satisfying the conditions

φ(l0) = 0, φ(l2) = 0, k1φ
′(l1 − 0) = k2φ

′(l1 + 0), k1φ
′(l1 − 0) = h(θφ(l1 + 0)− φ(l1 − 0)),

then the function

u(x, t) =

∞∑
n=1

φnXn(x)e
−λnt

is the unique classical solution of the problem (1)-(4), where the coefficient φn is given by the
formula

φn =

� l2

l0

φ(x)Yn(x)dx.

Where Xn(x) are the eigenfunctions of the corresponding spectral problem to the given problem,
and Yn(x) are the eigenfunctions of the adjoint spectral problem.
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Artificial Neural Networks and Hopfield Type Modeling
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This talk covers the general neural networks dynamical systems with various form of the Hop-
field type modeling. The results obtained in this paper extend and generalize the corresponding
results existing in previous literature. One of the most widely used techniques in the study of
models involving ordinary differential equations. It has been shown by several authors that the
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dynamics of numerical discretizations of differential equations can differ significantly from those of
the original differential equations. In the modeling and analysis of dynamical phenomena various
types of systems ranging downward in complexity from partial differential equations, functional dif-
ferential equations, integro-differential equations, stochastic differential equations with hereditary
term, difference equations and algebraic equations have been used. It is common to approximate
models of higher levels of complexity by models of lower levels of complexity.
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Let (M2, g) be a 2-dimensional (pseudo-)Riemannian manifold. The geodesic flow of the metric
g is said to be integrable if:

� There exists a function F : T ∗M2 → R on the cotangent bundle that is functionally indepen-
dent of the Hamiltonian H := 1

2g
−1(p, p), where p = (px, py) are coordinates on the cotangent

space;

� The functions F and H are in involution, i.e., they Poisson commute: {F,H} = 0.

In this case, F is called a first integral. A key case of interest arises when F is a homogeneous
polynomial in the variables px and py, expressed as F =

∑n
i,j=0 aij(x, y)p

i
xp
j
y.

The question of the integrability of geodesic flows is a classical problem in differential geometry
and integrable systems. We consider the case of quadratically integrable metrics, where the first
integral F in local coordinates has the form:

F = a(x, y)p2x + b(x, y)pxpy + c(x, y)p2y.
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For metrics g with quadratically integrable geodesic flows, there locally exists a non-trivial
metric ḡ such that g and ḡ share the same unparametrized geodesics. Such metrics are called
geodesically equivalent. This is a very old topic, in particular the problem of describing geodesically
equivalent metrics was explicitly stated by E. Beltrami 1865. From the context it is clear that he
ment dimension two and wanted a local description. Many prominent mathematicians contributed
to the solution of special cases of this problem.

In 1869, Dini provided a local classification of all Riemannian metrics admitting quadratic
integrability. Later, Levi-Civita generalized this result to arbitrary dimensions. The Dini and
Levi-Civita cases represent the non-singular situation, i.e., in the neighborhood of an algebraically
stable point. In his dissertation, Kolokoltsov and subsequently in a series of works by Bolsinov,
Matveev, and Fomenko, the singular cases for 2-dimensional Riemannian metrics were analyzed.

The pseudo-Riemannian case proves to be significantly richer and more intriguing. The non-
singular case (near a regular point) was addressed in a 2009 work by Bolsinov, Matveev, and
Pucacco.

This talk will focus on singularities of quadratic integrals in the pseudo-Riemannian case. We
provide a complete description of pairs (two-dimensional metric, quadratic integral) and normal
formas for them. In view of relation to geodesically equivalent metrics to quadratic integrals, this
solves the last unsolved part of the Beltrami problem 1865.
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thermal graphs and their solutions
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Graph theory has wide applications in subjects such as economics, logistics, sociology, opti-
mal control and navigation. The properties of graphs are also actively used to solve boundary
value problems (BVPs) on network-like structures, e.g., oil pipelines, gas pipelines, and electri-
cal networks. With the development of mechanical engineering, complex multi-link rod structures
operating under various thermal conditions began to be actively used. They are widely used in
structural mechanics, mechanical engineering, robotics, and many other fields.

An urgent scientific and technical task is to study the thermally stressed state of network
systems for various purposes under dynamic and thermal influences, taking into account their
thermoelastic properties under dynamic and thermal influences, including impact types. Here,
boundary value problems are considered on a line thermal graph, which can be used to study
various mesh structures under conditions of volume and thermal heating (cooling).

The novelty of the present work lies in the fact that a generalized function method is used to
solve boundary value problems, leading to a differential equation solution with a singular right-hand
side. The solution is constructed as the convolution of the Green’s function of the equation with
the appropriate right-hand side. To determine the unknown boundary values of the solution and its
derivatives on each segment, resolving boundary equations are constructed at the ends, employing
the asymptotic properties of Green’s function and its derivative at zero. To construct a closed
system of equations, the obtained algebraic equations for each edge of the graph are supplemented
with transmission conditions at the nodes and linear boundary conditions at its ends. These
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conditions can be either locally or not locally connected. Thus, the proposed method applies to a
wide range of BVPs, including those on mesh structures.

We consider an thermal linear graph which contains N edges (A0, Aj) of the length Lj (j =
1, 2, ..., N) with a common node A0. On each edge Sj =

{
x ∈ R1 : 0 ≤ x ≤ Lj

}
there is own

coordinate system (xj , t) with the origin at point A0 : x = 0. A temperature θj(x, t) satisfy the
heat conduction equation at Sj :

∂θj
∂t

− κj
∂2θj
∂x2

= Fj(x, t), j = 1, ..., N. (1)

Here κj is the thermal diffusivity coefficient on the j-th segment, Fj(x, t) describes the action of

heat source, θj1(t), θ
j
2(t) are the temperature in the ends of the j-th edge.

The initial conditions at t = 0 for the temperature of a graph are known:
(Cauchy conditions)

θj(x, 0) = θ0
j(x), 0 ≤ x ≤ Lj , t = 0,

θj(0) = θ0, ∀j, θ0
j(x) ∈ C2(R+)

(2)

Here we consider the two boundary value problems (BVP), R1
+ = {t ∈ [0,∞)}

Roben’s conditions (BVP1). Temperature values are known at the ends of the graph:

α1θ
1
1(t) + β1Π

1
1(t) = Λ1(t), t ≥ 0, Λ1(t) ∈ L(R1

+),
αNθ

N
1 (t) + βNΠ

N
1 = ΛN (t), t ≥ 0, Λ2(t) ∈ L(R1

+).
(3)

Here and further θj1(t) = θj(0, t), θ
j
2(t) = θj(Lj , t) q

j
1(t) =

∂θj
∂x

∣∣∣
x=0

, qj2(t) =
∂θj
∂x

∣∣∣
x=Lj

,

Πij(t) = κiq
i
j(t).

The following continuity conditions and transmission conditions are specified in the nodes Aj of
the graph, j = 2, ..., N − 1.

Transmission conditions:

θj2(t) = θj+1
1 (t), j = 1, ..., N − 1, t ≥ 0,

θ11(0) = θ(0, 0), θN2 (0) = θN (LN , 0)
(4)

Πi2(t) = Πj+1
1 (t) +Qj(t), j = 1, ..., N − 1, t ≥ 0. (5)

We find the solutions of these BVP by use Generalized Function Method [1, 2]. The next theorem
has been proved.

Theorem 1. The Fourier transform of boundary value problem solution (1) - (5) on the thermal
graph has the form:

θ̄j(xj , ω)H(L− xj)H(xJ) =

= H(xj)
Lj

∫
0
Ū (xj − y, ω)Fj(y, ω)dy + κjH(xj)

L
∫
0
Ū(xj − y, ω)θj0(y)dy+

+κj q̄
j
2(ω)H(x)Ūj(Lj − x, ω)− κj q̄

j
1(ω)H(Lj − xj)Ūj(xj , ω)−

−κj θ̄j2(ω)H(xj)Ūj,xj (Lj − xj , ω)− κj θ̄
j
1(ω)H(Lj − xj)Ūj,xj (xj , ω).

(6)

Here Fourier transform over time of Green’s function of heat equation is equal to

Ūj(x, ω) = −sin(kj |x|)
2kjκj

, Ūj,x(x, ω) = −sgnx
2κj

cos(kj |x|), kj = (1 + i)

√
ω

2κj

The boundary temperatures and the derivative on each edges of graphs(
θ̄11(ω), q̄

1
1(ω), θ̄

1
2(ω), q̄

1
2(ω), ......, θ̄

N
1 (ω), q̄N1 (ω), θ̄N2 (ω), q̄N2 (ω)

)
= B(ω),
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are the solution of resolving an algebraic system of equations:

A(ω)×B(ω) = C(ω),

where C(ω) defined by acting heat sources Fj(x, t) (1) and boundary and transmission condition
(3), (4).

The matrix A(ω) of the boundary value problem has been constructed by analogy [3]. Then,
by using the formula of inverse Fourier transformations, we calculate the original solution – the
temperature at every point of the graph. So BVPs have been solved.

This algorithm can be used to study various network-like structures under conditions of thermal
heating (cooling). A unified technique has been developed for solving various boundary value
problems typical for practical applications.

Funding: This research is funded by the Science Committee the Ministry of Science and Higher Education and of
the Republic of Kazakhstan (Grant AP23488145 2024-2026).

Keywords: thermoelasticity, rod, boundary conditions, transmission condition, fundamental and generalized solu-
tions, Fourier transform, resolving boundary equations.
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In this talk, we consider the following initial-boundary value problem:

∂u

∂t
− div(|∇u|p−2∇u) =

α|u|k−1u

�
Ω
|u|sdx− β|u|l−1u|∇u|q + γum + µ|∇u|r

− ν|u|σ−1u, x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

(1)

where Ω is a bounded domain of RN , N ≥ 1 with a smooth boundary ∂Ω, α, l, σ > 0, β,ν ≥ 0,
k,m,s ≥ 1, r ≥ p− 1 ≥ p

2 , γ, µ ∈ R.
In this talk, we present the comparison principle for problem (1). Moreover, we discuss its

application to the study of global well-posedness and blow-up properties of weak solutions to
problem (1). Our research is inspired by the works [1], [2], [3], and [4].
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This talk is based on joint research with Nurgissa Yessirkegenov (KIMEP University and Institute of Mathematics
and Mathematical Modeling, Kazakhstan).
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In the works [1-2] Sturm type boundary value problems for the heat equation with discontin-
uous coefficients were considered in the case of one discontinuity point. This work is devoted to
the substantiation of the Fourier method for solving multilayer diffusion problems. Mathematical
models of diffusion in layered materials arise in the many industrial, environmental, biological,
medical applications and in the theory of thermal conductivity of composite materials.

Let us consider an initial-boundary value problem for the heat conduction equation with a
discontinuous coefficient

∂u

∂t
= k2i

∂2u

∂x2
, (1)

in the domain Ω =
⋃
Ωi Ωi = {(x, t) : li−1 < x < li, 0 < t < T}, (i = 1, 2, ...,m) with the initial

conditions
u(x, 0) = φ(x), l0 ≤ x ≤ lm, (2)

and the boundary conditions of the following type{
α1

∂u1(l0,t)
∂x + β1u1(l0, t) = 0

α2
∂um(lm,t)

∂x + β2um(lm, t) = 0
0 ≤ t ≤ T, (3)

and the conjugation conditions

ui(li − 0, t) = ui+1(li + 0, t), 0 ≤ x ≤ T, (4)

ki
∂ui(li − 0, t)

∂x
= ki+1

∂ui+1(li + 0, t)

∂x
, 0 ≤ x ≤ T, (i = 1, 2, ...,m− 1) (5)

Coefficients ki > 0, αj , βj , (i = 1, 2, ...,m; j = 1, 2) are real numbers. Moreover |α1| + |β1| >
0, |α2|+ |β2| > 0. The following theorem holds.
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Theorem 1. Let φ(x) be a twice continuously differentiable function satisfying the conditions

α1φ
′(l0) + β1φ(l0) = α2φ

′(lm) + β2φ(lm) = 0,

φ(li − 0) = φ(li + 0), kiφ
′(li − 0) = ki+1φ

′(li + 0), (i = 1, 2, ...,m− 1).

Then the function u(x, t) =
∞∑
n=1

φnXn(x)e
−λnt, where the coefficients φn are determind by the

formula φn =

� lm

l0

φ(x)Xn(x)dx, is the only classical solution to problem (1)-(5), where

Xn(x) = Cn



Φ(λn,
x−l0
k1

), l0 < x < l1,

Φ(λn, s1 +
x−l1
k2

), l1 < x < l2,

Φ(λn, s2 +
x−l2
k3

), l2 < x < l3,

................

Φ(λn, sm−2 +
x−lm−2

km−1
), lm−2 < x < lm−1,

Φ(λn, sm−1
x−lm−1

km
), lm−1 < x < lm,

sm =

m∑
i=1

li − li−1

ki
, Φ(λn, x) = α1cos(

√
λnx)− β1

k1√
λn
sin(

√
λnx), Cn =

(� lm

l0

X2
n(x)dx

)− 1
2

where λn− are the roots of the following characteristic equation:

∆(λn) = α1α2λnsin
(
sm
√
λn

)
−(α1β2k2−α2β1k1)

√
λncos

(
sm
√
λn

)
+β1β2k1kmsin

(
sm
√
λn

)
= 0.
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A diffusion equation describes how things like heat or particles spread over time. The Dunkl
operator is a mathematical tool that helps analyze equations with symmetry and reflection prop-
erties. This thesis studies how to solve diffusion equations using Dunkl operators in a domain with
a missing point.

The Dunkl operator modifies traditional differentiation by adding reflection effects:

Λαh(x) =
d

dx
h(x) +

2α+ 1

x

h(x)− h(−x)
2

.
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This operator is useful in problems with symmetrical properties.
A fractional derivative extends the idea of differentiation to non-integer values, which helps

model processes with memory effects:

Dγ
0+,tu(t, x, y) =

1

Γ(1− γ)

� t

0
(t− τ)−γ

∂u

∂τ
dτ.

This is helpful for studying diffusion in complex systems.
We consider the equation:

Dγ
0+,tu(t, x, y)− Λ2

αu(t, x, y) + ∆θu(t, x, y) = f(x, y).

Using Fourier and Dunkl transforms, we prove that a unique solution exists and find explicit
formulas to describe it.

Sometimes, we know the result but not the cause. The inverse problem aims to determine
the unknown function f(x, y) based on given final observations. This is solved using eigenfunction
expansions and stability techniques.

By using Dunkl operators and fractional derivatives, we solve diffusion equations in a domain
with missing points. This method improves our understanding of diffusion processes and has
applications in mathematical physics.
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The study of optimal exercise boundaries for American options and their associated Greek
alphabets for hedging has its roots in the foundational work of Black and Scholes [1] and Merton
[2], who laid the groundwork for modern option pricing theory. The early exercise feature of
American options, which distinguishes them from their European counterparts, was first rigorously
analyzed by Kim [3], who provided an analytical framework for determining the optimal exercise
boundary. In recent years, significant advancements have been made by Broadie and Detemple [4],
who developed efficient numerical methods for pricing American options under various stochastic
models. These contributions have paved the way for a deeper understanding of the interplay
between optimal exercise strategies and the Greek alphabets, which are crucial for effective hedging
in financial markets.

In this talk, we present a detailed analysis of optimal exercise boundaries for American options
under stochastic models, along with their associated Greek alphabets for hedging. Our goal is to
derive explicit formulas, develop efficient numerical methods, and provide practical insights into
the behavior of these boundaries and Greeks under various market conditions. Building on the
work of Longstaff and Schwartz [5], we propose a novel numerical algorithm for computing these
boundaries and Greeks efficiently, even in high-dimensional settings.

This thesis is the result of collaborative research conducted with Rakhymzhan Kazbek (Nazarbayev
University and SDU University).
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Here we study a nonlinear two-phase multidimensional problem for the parabolic equation with
two small parameters ε > 0, κ > 0 on the free boundary.

The one-phase linear parabolic problem with one small parameter was investigated in [1].
After the transformation of the unknown domains into given ones with the help of the Hanzawa

mapping [2], constructing auxiliary functions by the initial data of the problem and substitution of
the unknown functions, the problem can be written conventionally in the form A[w] = F +N [w],
where w = (u1, u2, ψ) are new unknown functions, ψ is a function of a free boundary, A[w], N [w]
are linear and nonlinear operators, F is a given vector-function.

On the basis of the solution to the linear problem A[w] = F , there is the corresponding model
two-phase problem.

Let D1 := (x : x′ ∈ Rn−1, xn ∈ (−∞, 0)), D2 := (x : x′ ∈ Rn−1, xn ∈ (0, ∞)), R :=
(x : x′ ∈ Rn−1, xn = 0), DjT := Dj × (0, T ), j = 1, 2, RT := R × (0, T ), x = (x′, xn),
x′ = (x1, . . . xn−1), n ≥ 2.

It is required to find the solution u1(x, t), u2(x, t), ψ(x′, t) of the following problem:

∂tuj − aj∆uj − bj(∂tψ − aj∆
′ψ) = fj(x, t) in DjT , j = 1, 2, (1)

ψ|t=0 = 0, uj |t=0= 0 in Dj , j = 1, 2, (2)

u1|xn=0 = η1(x
′, t), u2|xn=0 = η2(x

′, t), t ∈ (0, T ), (3)

(ε ∂tψ + κ b∇Tu1 − c∇Tu2) |x=0= φ1(x
′, t) + εφ2(x

′, t) + κφ3(x
′, t) on RT . (4)

Here aj > 0, bj , j = 1, 2 are constant coefficients; all given functions satisfy zero initial data,
that is the compatibility conditions of all admissible orders are fulfilled on the boundary RT ;
b = (b1, . . . , bn), c = (c1, . . . , cn) are constant vectors; ∇ = (∂x1 , . . . , ∂xn), ∇T is vector –column;
∆′ = ∂2x1 . . .+ ∂2xn−1

, ∂kt = ∂k/∂tk, ∂kxi = ∂k/∂xi
k, k = 1, 2, ..., i = 1, . . . , n. .

This problem is studied in the Hölder space
◦
C
k+α, k+α

2

x t (ΩT ) of the functions v(x, t) satisfying

zero initial conditions with the norm |v|(k+α)ΩT
, α ∈ (0, 1), k = 0, 1, ... [3].

In the problem (1)–(4) we make the substitution uj = vj + βψ, j = 1, 2, where v1, v2 are the
new unknown functions, exclude the given functions in (1), (3) with the help of suitable change of
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the unknown functions, then we obtain equivalent problem with zero in the right – hand sides in
(1)–(3) and nonhomogeneous condition (4).

Applying Laplace with respect to t and Fourier on x′ integral transforms we find the solution
of the obtained equivalent problem in the explicit form expressing via heat potentials. We estimate
their norms in the Hölder space and establish theorems of the existence, uniqueness and coercive
estimates. Returning to the problem (1)–(4) we obtain theorems for the original problem with
unknown functions u1, u2, ψ.

Let the given functions of the problem (1)–(4) are subjected to the following conditions:

fj(x, t) ∈
◦
C
k+α, k+α

2

x t (DjT ), j = 1, 2; (5)

ηj(x
′, t) ∈

◦
C

2+k+α,1+ k+α
2

x′ t (RT ); φp(x
′, t) ∈

◦
C

1+k+α, 1+k+α
2

x′ t (RT ), (6)

p = 1, 2, 3, k = 0, 1, ... , α ∈ (0, 1).

We formulate the main results.

Theorem 1 (Bizhanova-1). Let bn > 0, cn > 0, ε ∈ (0, ε0] κ ∈ (0, κ0], k = 0, 1, . . . , α ∈ (0, 1),
and the conditions (5), (6) be fulfilled.

Then the problem (1)–(4) has a unique solution uj(x, t) ∈
◦
C

2+k+α,1+ k+α
2

x t (DjT ), j = 1, 2,

ψ ∈
◦
C

2+k+α,1+ k+α
2

x′ t (RT ), ε ∂tψ ∈
◦
C

1+k+α, 1+k+α
2

x′ t (RT ), and it satisfies the estimate

2∑
j=1

|uj |(2+k+α)DjT
+ |ψ|(2+k+α)RT

+ |ε∂tψ|(1+k+α)RT
≤ C1Mk+α,

Mk+α :=

2∑
j=1

(
|fj |(k+α)DjT

+ |ηj |(2+k+α)RT

)
+ |φ1|(1+k+α)RT

+ ε|φ2|(1+k+α)RT
+ κ|φ3|(1+k+α|RT

),

where the constant C1 does not depend on ε and κ.

Theorem 2 (Bizhanova-2). Let bn > 0, cn > 0, ε ∈ (0, ε0] κ ∈ (0, κ0], k = 0, 1, . . . , α ∈ (0, 1)
and the conditions (5), (6) be fulfilled.

Then the time derivative ε ∂tψ in the conjunction condition (4) of the problem (1)–(4) satisfies
the estimate

|ε ∂tψ|
C

1+k+β,
1+k+β

2
x′ t

(RT )
≤ C2 ε

α−β
2 Mk+α, β ∈ (0, α/2),

where the constant C2 does not depend on ε and κ.

Theorems 1 and 2 are in the base of the proof of the existence, uniqueness, and coercive
estimates of linearized A[w] = F, and nonlinear A[w] = F + N [w] problems in the Hölder space,
as well as of the proof of the convergence of the solution of a fully or partially perturbed nonlinear
problems with respect to the small parameters ε, κ to the solutions of the corresponding partially
or completely unperturbed problems as ε→ 0, κ→ 0 without loss of smoothness of limit solutions.
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In this paper, we analyze parabolic and hyperbolic inequalities with singular potentials and
critical nonlinearities in an annular domain. The study includes Neumann and Dirichlet boundary
conditions, as well as systems of such problems. We establish the global nonexistence of solutions
in critical cases, extending the results of Jleli and Samet [1,2]. The proofs utilize a test function
method with logarithmic terms, applied for the first time in bounded domains.
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It is known that the problem of expressing periodic Gibbs measures corresponding to various
Hamiltonians typically reduces to solving systems of algebraic equations. Due to the lack of general
formulas for solving such systems, many difficulties arise. Initially, we analyze the solutions of the
following system of equations: 

x =

(
ay + b

cy + a+ b− c

)k
y =

(
ax+ b

cx+ a+ b− c

)k , (1)

which is a generalization of systems of equations encountered in many papers [2,3,5,11]. As an
example for the case b ̸= c, one can apply the result of the following proposition to the system of
equations (4.3) analyzed in [11]. Applications of our proposition for the case b = c will be explored
later in Theorems 1 and 2.
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Proposition 1. Let a, b, c > 0 be real numbers satisfying the condition a+ b− c > 0. The number
of positive solutions (x, y) to the system (1) is determined by the value of k ∈ N and the relationship
between a and c:

1. If a = c or k = 1, then the system has exactly one solution which is (x, y) = (1, 1).

2. If a > c and k >
a+ b

a− c
, then the system has exactly three distinct solutions which satisfy

x = y.

3. If a < c and k >
a+ b

c− a
, then the system also has exactly three distinct solutions one solution

satisfies x = y and the other two satisfy the condition x ̸= y.

Definition 2. A family of vectors {lxy}⟨x,y⟩∈L⃗, where lxy ∈ (0,∞)Z, is called a boundary law for

the transfer operators {Qb}b∈L if for each ⟨x, y⟩ ∈ L⃗, there exists a constant cxy > 0 such that the
consistency equation

lxy(ωx) = cxy
∏

z∈∂x\{y}

∑
ψz∈Z

Qzx(ωx − ψz)lzx(ψz) (2)

holds for every ωx ∈ Z. A boundary law is called q-periodic if lxy(ωx + q) = lxy(ωx) for every

oriented edge ⟨x, y⟩ ∈ L⃗ and each ωx ∈ Z.

Gradient measures and gradient Gibbs measures are constructed using q-periodic boundary
laws on the space of gradient configurations (see Chapters 3 and 4 in [12]). Theorem 3.1 establishes
that for a vertex Λ ∈ N and class label s ∈ Zq, any q-periodic boundary law {lxy}⟨x,y⟩∈L⃗ for

{Qb}b∈L defines a consistent family of probability measures (pinned gradient measures) on Ω∇.
Chapter 4 discusses a spatially homogeneous boundary law, with the gradient Gibbs measure given
by equation (4.3).

Let Gk be the free product of k+1 cyclic groups of order two, with generators a1, a2, . . . , ak+1.
It is known that there is a one-to-one correspondence between the set of vertices V of the Cayley
tree Γk and the group Gk(see Proposition 1.1 in [13]).

Any element x ∈ Gk has the following form

x = ai1ai2 ...ain , where 1 ≤ im ≤ k + 1, m = 1, ..., n.

The number n is called the length of the word and the number of letters ai, i = 1, ..., k+1, that enter
the non contractible representation of the word x is denoted by ωx(ai). Let Nk = {1, . . . , k + 1},
and define the set

HA =

{
x ∈ Gk |

∑
i∈A

ωx(ai) is even

}
.

By Proposition 1.2 in [13], for any ∅ ≠ A ⊆ Nk, the set HA ⊂ Gk is a normal subgroup of
index two.

Now, we define a spatially inhomogeneous boundary law associated with HA (a HA-boundary
law), i.e., {lxy}⟨x,y⟩∈L⃗ = {l(1), l(2)} assuming A = Nk as follows

lxy =

l
(1), if x ∈ HA and y ∈ Gk \HA

l(2), if y ∈ HA and x ∈ Gk \HA

. (3)

It is essential to observe that when l(1) = l(2), the boundary conditions are spatially homoge-
neous [5,7,12]. Conversely, when l(1) ̸= l(2), the boundary conditions become spatially inhomoge-
neous, a phenomenon that is further investigated.

Definition 3. A configuration ω is called aG-admissible configuration on the Cayley tree if {ωx, ωy}
is the edge of the graph G for any pair of nearest neighbors x, y in V .
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Let ΩG denote the set of G-admissible configurations, Ω∇
G indicate the set of G-admissible

gradient configuration space and L(G) be the set of edges of a graph G. We let A ≡ AG = (aij)i,j∈Z
denote the adjacency matrix of the graph G, i.e.,

aij = aGij =

{
1 if {i, j} ∈ L(G)

0 if {i, j} /∈ L(G)
.

Applying the matrix A to the system of boundary law equations (2) for the SOS model,
restricted to the set of G-admissible configurations, results in

zi =

(
ai0θ

|i| +
∑

j∈Z0
aijθ

|i−j|tj

a00 +
∑

j∈Z0
a0jθ|j|tj

)k

ti =

(
ai0θ

|i| +
∑

j∈Z0
aijθ

|i−j|zj

a0,0 +
∑

j∈Z0
a0jθ|j|zj

)k , (4)

where i ∈ Z0 := Z \ {0}.
It should be noted that for any graph with the vertex set Z, the system of equations (4)

simplifies to the form (1). It is easily demonstrable that by altering the graph, one can derive
parameter values b and c such that b ̸= c. Specifically, the scenario where b = c is examined for
two selected graphs throughout the paper. Let G1 be the complete graph with vertex set Z, where
each vertex has a loop, i.e., aij = 1 for all i, j ∈ Z.

Theorem 4. Let θcr =

√
k − 1√
k + 1

with k ≥ 2. Then 2-height periodic boundary law of the type (3)

determines 2-height periodic spatially homogeneous boundary law. Consequently, for the SOS model
on Cayley tree of order k with the parameter θ ∈ (0, θcr) there exist precisely three 2-height periodic
GGMs on Ω∇

G1
.

Keywords: SOS model, gradient configuration, G-admissible configuration, spin values, Cayley tree, gradient mea-
sure, gradient Gibbs measure, two periodic boundary law.
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In classical curve geometry, a curve is termed a generalized helix if the ratio of its curvature to
torsion remains constant. This concept naturally raises the question of whether such an idea can be
applied to higher-dimensional geometric objects. Specifically, one might wonder if it’s possible to
study surfaces that show a similar relationship between mean curvature H and Gaussian curvature
K. It could be worthwhile to explore both the ratios K

H and K
H2 , and to investigate potential

connections with curve theory. The origins of this idea can be traced back to the work of Weingarten
[5,6]. Looking at the ratio K

H in surface geometry could lead to interesting insights. Suppose we
examine a surface patch where the mean curvature H(p) equals 0 for all points p. In such a case,
the ratio K

H would define a function depending on the specific point on the surface, wherever it is
applicable. If we denote the principal curvatures as κ1 and κ2, then this expression could also be
interpreted as the harmonic ratio between the two real numbers κ1 and κ2. The goal is to define a
geometric quantity that encapsulates the same information as this ratio. This led to the following
definition in [4]:

Definition 1. Let φ : U ⊂ R2 → R3 beasurface given by the smooth map φ. Then, the amalga-
matic curvature at a point p on the surface is defined as [3]

A(p) =
2|k1||k2|
|k1|+ |k2|

.

The amalgamatic curvature can be calculated as follows: A = K/H, where K is the Gaussian
curvature and H is the mean curvature.

If the mean curvature at every point of the surface is H(p) = 0, the amalgamatic curvature
encodes the surface’s varying geometric properties and provides a balanced representation of the
surface’s curvature. These formulas and definitions can be used to explore analogies in surface
geometry.

Let there be given a three-dimensional affine space A3, set by an affine coordinate system. Let
X {x1, y1, z1} and Y {x2, y2, z2} be vectors of the space A3 in the coordinate system Oxyz.

We say the scalar product of vectors X {x1, y1, z1} and Y {x2, y2, z2} the number defined by
the following rule:

(X,Y ) =

{
(X,Y )1 = x1x2 + y1y2 if (X,Y )1 ̸= 0

(X,Y )2 = z1z2 if (X,Y )1 = 0
(1)

Definition 2. The affine space A3, in which the scalar product of vectors is calculated by formula
(1), is called the isotropic space R2

3. [1]
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Let a regular surface F , given by the equation z = f(x, y), be contained inside the sphere, and
its boundary be the intersection of the sphere with a plane α.

We assume that the point M(x0, y0, z0) ∈ F , and let π be the tangent plane to the surface at
this point. Further we denote by M∗ a point that is the dual image of the plane π with respect
to 2z = x2 + y2 sphere. When the point M ∈ F changes on the surface F , then its image M∗

generally forms a surface F ∗.

Definition 3. We say the surface F ∗ the dual surface to the surface F with respect to isotropic
sphere 2z = x2 + y2. [2]

When F is regular and belongs to the class C2, the dual surface has the equations:
x∗(u, v) = f ′u(u, v),

y∗(u, v) = f ′v(u, v),

z∗(u, v) = u · f ′u(u, v) + v · f ′u(u, v)− f(u, v).

(2)

Where (u, v) ∈ D ⊂ R2.

Theorem 4. The amalgamatic curvature of the surface F in an isotropic space is equal to the
inverse value of the mean curvature of the dual surface F ∗, which is calculated with respect to an
isotropic sphere.
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This paper addresses the problem of synchronizing fuzzy reaction-diffusion neural networks
(FRDNNs) with time-varying transmission delays using aperiodic semi-intermittent hybrid con-
trols and explores its application within the realm of image encryption. The main challenge in
analyzing the dynamics of FRDNNs included diffusion terms with uncertainty, and the inclusion
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of fuzzy logic operations further increases the system’s complexity. We propose a new concept
called the average control width (ACW) for aperiodic semi-intermittent control (ASIC) systems;
it is used in conjunction with the idea of average dwell time (ADT) for switched systems. A suf-
ficient flexible condition for master-slave synchronization of neural networks using average-width
semi-intermittent hybrid control assures ADT and ACW conditions. By utilizing these concepts,
the proposed synchronization method can overcome the challenges posed by the diffusion terms
and fuzzy logic operations in FRDNNs with time-varying transmission delays. Finally, the paper
presents a theoretical framework for synchronizing FRDNNs with time-varying transmission delays
using semi-intermittent hybrid control via LMI and suitable Lyapunov functional, validated through
simulations. The proposed synchronization method is also applied to develop a novel chaos-based
elliptic curve cryptography algorithm for medical image encryption.

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. BR21882172) and in part by the Nazarbayev University, Kazakhstan under
Collaborative Research Program Grant No. 11022021CRP1509.
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In this work, an asymptotic representation of the solution of the problem with the free boundary
(Stefan’s type) is studied. Problem occurs during mathematical modeling of temperature in contact
when its surface is heated by the electrical arcs, [1]. The mathematical model of process consists of
the heat equations in spherical domains separated by the moving boundary α(t) between the liquid
D1 : (r0 < r < α(t), t > 0) and solid D2 : (α(t) < r <∞, t > 0) phases of the contact material:

∂Ti
∂t

=
a2i
r2

(
∂

∂r
r2
∂Ti
∂r

)
, i = 1, 2 (1)

Initial and boundary conditions are:

T2(r, 0) = f(r), (2)

−λ∂T1 (r0, t)
∂r

= P (T1 (r0, t) , t) , (3)

T1(α(t), t) = T2(α(t), t) = 0, (4)

Stefan’s boundary condition:

λ2
∂T2(α(t), t)

∂r
− λ1

∂T1(α(t), t)

∂r
= γ

∂α(t)

∂t
, (5)

where Ti(r, t) - the temperature, a2i , λi, γ− he parameters of the contact material, f(r), P (T1, t)−
known functions.

The most difficult part of the solving is to determine the boundary α(t) from the Stefan’s
condition. Suppose that for small values of t, an asymptotic formula takes place:

α(t) ≈ r0 + c1θ + c2θ
2 + c3θ

3, θ =
√
t, (6)
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After replacement Ti(r, t) = Vi(r, t)/r, the heat equations take form:

∂Vi
∂t

= a2i
∂2Vi
∂r2

, i = 1, 2. (7)

From the initial and boundary conditions changes only the form of Stefan’s condition:

λ2
∂V2(α(t), t)

∂r
− λ1

∂V1(α(t), t)

∂r
=
γ

2

∂α2(t)

∂t
, (8)

from which we get the asymptotic formula for α(t):

1

2

∂α2(t)

∂t
≈ r0

2θ
c1 +

(
1

2
c21 + r0c2

)
+

3

2
(r0c3 + c1c2) θ +O

[
θ2
]
. (9)

For recurrent determination of the coefficients ci, depending on the material parameters of contacts,
taking into account the initial and boundary conditions, was used method described in [1], [2].
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American options, exercisable at any time before expiration, present a significant valuation
challenge due to the embedded optimal stopping problem. Traditional methods like the Finite
Difference Method (FDM) face limitations in high-dimensional or path- dependent settings. This
work rigorously compares the Least-Squares Monte Carlo (LSM) method, proposed by Longstaff
and Schwartz (2001), with FDM, emphasizing mathematical foundations and computational effi-
ciency.

The value of an American option is the supremum of expected discounted payoffs over all
stopping times τ ≤ T :

V0 = sup
τ≤T

EQ [e−rτΦ(Sτ )] ,
where Φ(St) is the payoff function, and Q is the risk-neutral measure.

The Black-Scholes PDE for a put option with strike K and volatility σ is:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0,

with boundary conditions:

V (S, T ) = max(K − S, 0), lim
S→∞

V (S, t) = 0, V (0, t) = Ke−r(T−t).
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Discretizing on a grid (Si, tj) yields a system of linear equations solved implicitly.
At each exercise time tk, the continuation value C(tk, Stk) is approximated using regression on

basis functions {ψn(S)}:

C(tk, Stk) ≈
N∑
n=0

βnψn(Stk),

where coefficients βn minimize:

min
{βn}

M∑
m=1

(
e−r∆tV (tk+1, S

(m)
tk+1

)−
N∑
n=0

βnψn(S
(m)
tk

)

)2

.

The exercise decision is:
τ = inf {tk : Φ(Stk) ≥ C(tk, Stk)} .

The LSM method provides a flexible alternative to FDM for high-dimensional problems, al-
beit with higher computational cost. Its mathematical foundation in regression and Monte Carlo
makes it particularly suited for path-dependent derivatives, while FDM remains superior for low-
dimensional smooth problems.

Keywords: American Options, Least-Squares Monte Carlo (LSM), finite difference method (FDM), optimal stopping

problem, Monte Carlo simulation, regression analysis, option Pricing
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The dynamics of a molten bridge appearing between electrical contacts at their opening can
be described by two models. The first model describes bridging as the extension of a liquid metal
zone appearing in the constriction region between opening contacts that is correct for easily melted
materials such as Ag, Cu, and their alloys. The second one is based on the representation of a bridge
formation as a result of the melting of a filament between contact surfaces. It is typical mainly
for contacts at closure and for such refractory materials like W, Mo, C etc. Dynamics of heating,
melting and evaporation of a micro-asperity which transforms to a liquid bridge can be estimated
using this model. Both axisymmetric models of the evolution of a bridge with moving boundaries
take into account rising temperature, electromagnetic and surface tension forces, thermoelectric
effects and heat transfer exchange with the adjacent contact zone. All consecutive stages of bridge
evolution including heating and melting of the constriction region (or the surface filaments), bridge
extension and deformation, and its final rupture are considered in dynamics. It is shown that the
main mechanism of bridging rupture is its explosion in a point where the temperature reaches the
boiling value. In the range of low current this point may be shifted from the centre of the bridge due
to Kohler and Thomson effects and its position defines the bridge material transfer. In the range of
high current, the mechanism of the bridge rupture may be caused by compressed electromagnetic
forces. The special form of a bridge, which appears for refractory contact materials at high current,
is considered and modeled also. In this case, the melting of the contact spot begins from the edge
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of the contact spot and leads to a hollow cylindrical form of a bridge. For the quasi-stationary
bridges the rupture may occur due to the forces of the surface tension. The form of such a bridge is
defined using the variation principle of the minimum free energy required for the bridge formation.

The dependence of bridge dynamics on such parameters of contact materials as heat conductiv-
ity, electric resistivity, surface tension coefficient, specific heat of fusion and evaporation, inductance
etc. are discussed. Results of calculation are compared with the experimental data.

Funding: These results are supported by the grant of the Ministry of Science and Higher Education of the Republic
of Kazakhstan No. AP BR20281002 for the years 2023-2025.
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The Kawahara equation was first derived by Kawahara in 1972 in [1] to describe long nonlinear
waves in weakly dispersive media. It arises in study of the water waves with surface tension, in which
the Bond number takes on the critical value, where the Bond number represents a dimensionless
magnitude of surface tension in the shallow water regime (see [2, 3]).

For real τ ≥ 0, and Dτ is a time-moving interval: Dτ = {ξ ∈ R | α(τ) < ξ < β(τ)} and Qτ
denote a bounded domain with moving boundaries: Qτ = {(ξ, τ) ∈ R2 | ξ ∈ Dτ , τ ∈ (0, T ), T > 0}.
In Qτ we consider the classical Kawahara equation

ϑτ − ϑξξξξξ + ϑξξξ + ϑϑξ = 0 (1)

subject to initial and boundary conditions:

ϑ(ξ, 0) = ϑ0(ξ), ξ ∈ D0. (2)

ϑ(α(τ), τ) = ϕ1(τ), ϑ(β(τ), τ) = ϕ2(τ),

ϑξ(α(τ), τ) = ϕ3(τ), ϑξ(β(τ), τ) = ϕ4(τ),

ϑξξ(β(τ), τ) = ϕ5(τ)

(3)

with (ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, α, β)(τ) ∈ C2([0,∞)) and

0 < α0 ≤ β(τ)− α(τ) ≤ β0 <∞

for all τ ≥ 0.
The obtain regular solutions, we impose the following compatibility conditions:

ϕ1(0) = ϑ0(α(0)), ϕ2(0) = ϑ0(β(0)), ϕ3(0) = ϑ
′
0(α(0)),

ϕ4(0) = ϑ
′
0(β(0)), ϕ5(0) = ϑ

′′
0(β(0)).

(4)

We adopt the usual notation ∥ · ∥(τ) to denote the norm in L2(Dτ ).
The main results of the paper are the following theorems.

Theorem 1. Let ϑ0 ∈ H5(D0) and compatibility conditions (4) hold. Then for all finite T > 0
there exists a unique strong solution to problem (1)-(3) such that

ϑ ∈ L∞(0, T ;H5(Dτ )),

ϑt ∈ L∞(0, T ;L2(Dτ )) ∩ L2(0, T ;H1(Dτ )).

.
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Theorem 2. Suppose

(ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, α
′
, β

′
)(τ) ∈ L1(0,∞) ∩ L∞(0,∞),

and for all τ > 0 and any k > 0 one can find real numbers γ ∈ (0, k) and Φ0 > 0 such that

τ�

0

eks[|ϕ1|+ |ϕ2|+ |ϕ3|+ |ϕ4|+ |ϕ5|+ |α′ |+ |β′ |](s) ds ≤ Φ0e
γτ .

Then there exist real numbers δ > 0, ζ > 0 and V0 > 0 such that is

(∥ϑ0∥+
∞�

0

[|ϕ1|+ |ϕ2|+ |ϕ3|+ |ϕ4|+ |ϕ5|+ |α′ |+ |β′ |] dτ) ≤ δ,

∥ϑ∥(τ) ≤ V0e
−ζτ .

The paper considered an initial-boundary value problem in a bounded domain with moving
boundaries and inhomogeneous boundary conditions for the Kawahara equation. The existence
and uniqueness of strong global solutions are proved, as well as the exponential decrease of small
solutions in asymptotically cylindrical domains.
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Republic of Kazakhstan (Grant No. AP22686595).
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Introduction. Eigenvalue behaviour of a family of discrete Schrödinger operators Hα depend-
ing on parameter α ∈ R is studied on the three-dimensional lattice Z4. The non-local potential
is described by the Kronecker delta function and the shift operator. The characteristics of the
Fredholm determinant at values of z below the essential spectrum and their dependence on the
parameters are studied. We also show that the essential spectrum absorbs the threshold eigenvalue
and threshold resonance. In this paper, we set a goal to explore the spectrum of the discrete
Schrödinger operator with a non-local potential given at the points x0,−x0 ∈ Z4. We demonstrate
the feature of the Fredholm determinant outside the essential spectrum depending on the param-
eter α, and the sum of coordinates of the point x0 ∈ Z4. We show clearly by Theorem 1 that the
existence conditions for the point z = 0 to be an eigenvalue or resonance for a given operator and
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their parameter α depend on them.

1. The discrete Schrödinger operator
For brevity, we use the following notations throughout the paper: Z4 is the 4–dimensional

lattice and T4 = (R/2πZ)4 = (−π, π]4 is the 4-dimensional torus (the first Brillouin zone, i.e., the
dual group of Z4) equipped with the Haar measure.

Let T (y), y ∈ Z4 be the shift operator

(T (y)f)(x) = f(x+ y), f ∈ ℓ2(Z4), x ∈ Z4.

the discrete Laplacian ∆̂ on the lattice Z4 is described by the self-adjoint (bounded) multidimen-
sional Toeplitz-type operator on the Hilbert space ℓ2(Z4) as

∆̂ =
1

2

∑
s∈Z4
|s|=1

(T (s)− T (0)).

Let V0 be a multiplication operator in ℓ2(Z4) by the Kronecker delta function δ[·, 0]:

V0f(x) = δ[x, 0]f(x).

Then, for a given point x0 ∈ Z4, we define the non-local potential as

V̂x0 =
α

2
(V0T (x0) + T ∗(x0)V0) +

α

2
(V0T (−x0) + T ∗(−x0)V0).

The discrete Schrödinger operator Ĥα acting in ℓ2(Z4), in the position representation, is defined as
a bounded self-adjoint perturbation of −∆̂ and is of the form

Ĥα = −∆̂− V̂x0 . (1)

In the momentum representation, the one-particle Hamiltonian Hα can be expressed as

Hα = H0 − Vx0 , (2)

where H0 and Vx0 are respectively defined as

H0 = F∗(−∆̂)F and Vx0 = F∗(V̂x0)F ,

with F being the standard Fourier transform F : L2(T4) → ℓ2(Z4) and F∗ : ℓ2(Z4) → L2(T4) being
its inverse. Explicitly, the non-perturbed operator H0 acts on L2(T4) as a multiplication operator
by the function e(·):

(H0f)(p) = e(p)f(p), f ∈ L2(T4),

where e(p) =
∑4

j=1(1− cos pj), p ∈ T4. The function e(·), being a real valued-function on T4, is re-
ferred as the dispersion relation of the Laplace operator in the physical literature. The perturbation
Vx0 acts on f ∈ L2(T4) as the two-dimensional integral operator:

(Vx0f)(p) =
1

(2π)4

�

T4

α(cos(x0, p) + cos(x0, s))f(s)ds, f ∈ L2(T4).

2. The essential spectrum of Hα The perturbation Vx0 of H0 is a two dimensional operator,
therefore in accordance with the Weyl theorem on the stability of the essential spectrum, the
equality σess(Hα) = σ(H0) = σess(H0) holds. AsH0 is the multiplication operator by the continuous
function e(·),

σess(Hα) = [emin, emax] = [0, 8].

3. The Fredholm determinant associated with Hα

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 227

First, for a complex number z ∈ C \ [0, 8], let us introduce the following integrals

A(z) =
1

(2π)4

�

T4

1

e(t)− z
dt; B(z) =

1

(2π)4

�

T4

cos(x0, t)

e(t)− z
dt; C(z) =

1

(2π)4

�

T4

cos2(x0, t)

e(t)− z
dt.

Then, for any α ∈ R, the Fredholm determinant associated to the operator Hα is defined as a
regular function in z ∈ C \ [emin, emax]:

∆(α; z) =
1

D(z)
− 2α

B(z)

D(z)
+ α2, D(z) = B2(z)−A(z)C(z). (3)

Lemma 1. The number z ∈ C \ [0, 8] is an eigenvalue of Hα if and only if ∆(α; z) = 0.

Properties of ∆(α; z) For a fixed x ∈ Z4 we consider the function

R(x, z) =
1

(2π)4

�

T4

ei(x,t)

e(t)− z
dt, z ∈ (−∞, emin), (4)

then the functions A(z), B(z) and C(z) can be expressed as A(z) = R(0, z), B(z) = R(x0, z)
and C(z) = 1

2 (R(0, z) +R(x0, z)) respectively.

Lemma 2. (a) For any z ∈ (−∞, emin), the numbers

α2(z) =
1

B(z) +
√
A(z)C(z)

and α1(z) =
1

B(z)−
√
A(z)C(z)

(5)

are α-intercepts.

(b) For any ξ, z ∈ (−∞, emin) with ξ < z, the inequalities

α1(ξ) < α1(z) < 0 < α2(z) < α2(ξ) (6)

and

|α1(z)| > α2(z) (7)

hold.
Moreover, we have

α0
1 := lim

z→emin−
α1(z) =

1

B0 −
√
A0C0

< 0, lim
z→−∞

α1(z) = −∞ (8)

and

α0
2 := lim

z→emin−
α2(z) =

1

B0 +
√
A0C0

, lim
z→−∞

α2(z) = +∞. (9)

4. Threshold eigenvalues and threshold resonances of Hα

So far, we have studied the equation Hαf = zf for z ∈ (−∞, emin). Now, we consider it at the
left edge z = emin of the essential spectrum.

Definition 3. In the equation Hαf = eminf , emin is called

(1) a lower threshold eigenvalue if f ∈ L2(T4),

(2) a lower threshold resonance if f ∈ L1(T4) \ L2(T4),

(3) a lower super-threshold resonance if f ∈ Lϵ(T4) \ L1(T4) for any 0 < ϵ < 1.

If Hαf = eminf has no solutions in L1(T4), then emin is a regular point of Hα.

Lemma 4. (a) Institute of Mathematics and Mathematical Modeling
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For a continuous function

φ(p) = C3 cos(x0, p) + C4

(where C3, C4 ∈ C are fixed numbers) define

g(p) = φ(p)/e(p).

The function 1/e(p) has a unique singular point at the origin p = 0, and approximated as e(p) ≈ |p|2
at this point. The lemma below is a straightforward consequence of the definition of g and the
properties of e(·)

if φ(0) = 0, then g ∈ L2(T4).

(b) if φ(0) ̸= 0, then g ∈ L1(T4) \ L2(T4).

In the theorem below, we describe the conditions for emin = 0 to be a regular point, an
eigenvalue or a threshold resonance.

Theorem 5. (a) Let ∆(α, 0) ̸= 0. The number 0 is a regular point of Hα.

(b) Let ∆(α, 0) = 0.

(b1) The number 0 is an embedded eigenvalue of Hα, if α = 1
A0+B0

;

(b2) The number 0 is a threshold resonance of Hα, if α ̸= 1
A0+B0

.

Keywords: Discrete Schrödinger operators, essential spectrum, threshold resonance, eigenvalues, lattice.
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I generalize the celebrated foundational results of Bernhard Riemann and Gaston Darboux: we
give necessary and sufficient conditions for a bilinear form to be flat. More precisely, I give explicit
necessary and sufficient conditions for a tensor field of type (0, 2) which is not necessarily symmetric
or skew-symmetric, and is possibly degenerate, to have constant entries in a local coordinate system.
This portion of results results is based on [1] and [2].

Special attention will be devoted to the question how smooth are the “flat” coordinate system.
In particular I overview known results on the smoothness of isometries of Riemannian metrics, and
generalize them to the Finslerian metrics. This portion of results if based on [3].
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(Discovery Programme DP210100951).

Keywords: Flat coordinates , Degenerate metrics , Symplectic structure , Poisson structure , Hamiltonian vector
fields , Curvature , Pfaffian systems , Darboux theorem , Pullback equation · Hartman Theorem
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This work explores the Inverse Stefan problem, with a particular emphasis on identifying the
time-dependent source coefficient in the parabolic heat equation that describes heat transfer and
phase change in a semi-infinite rod. Given an arbitrary fixed time T > 0, we consider the following
formulation:

∂tu = a2∂xxu+R(t)f(x, t), (x, t) ∈ (0, s(t))× (0, T ) (1)

with initial condition
u(x, 0) = φ(x), s(0) = s0, x ∈ [0, s0], (2)

and boundary conditions
u(0, t) = 0, t ∈ [0, T ], (3)

u(s(t), t) = u∗, t ∈ [0, T ], (4)

and subject to the Stefan condition

−k∂xu(s(t), t) = Lρs′(t), t ∈ [0, T ], (5)

Here, φ(x) is a given function, k represents the thermal conductivity of the material, L denotes
the latent heat of fusion, u∗ is the phase change temperature, s(t) defines the given phase change
interface, a2 corresponds to the thermal diffusivity, and ρ denotes the density of the material.

The objective of this study is to identify the source term coefficient R(t) along with the function
u(x, t) for different. Additionally, the study aims to determine the heat flux function by modifying
condition (3) with the following condition:

−k∂xu(0, t) = q(t), t ∈ [0, T ], (6)

where q(t) is an unknown function that needs to be determined.
We prove the existence and uniqueness of a weak solution obtained by using spectral methods

and establish estimates for its continuous dependence.
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Modeling and analysis of mixing and combustion of fuel components is necessary to understand
the processes occurring in the combustion chamber in various power plants. In particular, such
studies are necessary for the development of ramjet and liquid rocket engines (RAMJET, LRE).
Mathematical modeling at the engine design stage saves money and time on physical experiments.
Often, due to the transience of some processes in the combustion chamber, the implementation and
detailed analysis of experiments is extremely difficult or even impossible.

Despite the existence of a number of similar works, the problem remains relevant, since not
all physical mechanisms of mixing of gas and liquid phases have been comprehensively studied.
Moreover, most studies consider air as the gas phase, and solid particles instead of liquid droplets
[1, 2, 3, 4, 5], while in this study the behavior of pure oxygen and liquid kerosene is modeled.

In this work, numerical modeling of mixing liquid fuel (kerosene) with an oxidizer (oxygen)
is performed using the Euler-Lagrangian approach. For the gas phase, the space-averaged Navier-
Stokes equations are used, and for the dispersed phase, a system of ordinary differential equations
is used. At this stage, the model does not consider interphase exchange. The initial equations for
the carrier phase are solved using the third order essentially non-oscillatory (ENO) scheme. The
trajectory, velocity, mass change and temperature of the fuel droplets are determined by the second
order explicit Euler method.

The numerical experiment is carried out in a wide range of gas-dynamic parameters such as the
temperature of the carrier phase, the convective Mach number and the angle of relative atomization
of the fuel components. The work studies both the dynamics of the formation of a non-stationary
vortex system and its effect on the distribution of liquid droplets in the mixing layer.
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Keywords: numerical simulation, two-phase flow, kerosene, oxygen, Eulerian–Lagrangian approach, Essentially
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In this talk, we discuss the application of non-uniform stretched grids for pricing European
options using the finite difference method (FDM). Standard uniform grids may fail to capture rapid
changes in option values near the strike price efficiently. By employing a stretching transforma-
tion, we aim to improve the accuracy while maintaining computational efficiency. We present the
mathematical formulation, grid construction, and implementation details of this approach.

The valuation of a European option follows the Black-Scholes partial differential equation
(PDE) [1]:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0, (1)

where V (S, t) is the option price, S is the underlying asset price, σ is the volatility, and r is the
risk-free interest rate.

Using the finite difference method, we discretize the PDE on a spatial grid. Instead of a
uniform grid, we apply a stretching transformation [2]:

xi = f(i), i = 0, 1, . . . , N (2)

where f(i) is a function that clusters points near regions of high curvature, typically near the strike
price. Choices for f(i) include exponential, tanh, or power-law transformations [3].

The advantages of non-uniform grids include improved resolution in critical regions and reduced
numerical errors [4]. We compare different grid strategies and their impact on pricing accuracy.

This research contributes to the numerical analysis of financial derivatives, with potential ex-
tensions to American options and multi-asset models.

Keywords: European options, finite difference method, non-uniform grids, Black-Scholes
equation.
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Let Γk = (V,L) be a Cayley tree of order k ≥ 1 with the root x0, where V is the set of vertices
and L is the set of edges (see [1]). Consider spin values from Φ = {0, 1, · · · , q}, where q ≥ 1. A
configuration is any mapping σ : x ∈ V → σ(x) ∈ Φ.

The Hamiltonian of the Kittel model has the form [2]

H(σ) = ϵ
∑
x∈W1

(1− δ0,σ(x)) +
∑

x∈V \V1

(ϵ+ Jδ0,σ(x↓))(1− δ0,σ(x)), (1)

where ϵ, J ∈ R are parameters, δ is the Kronecker delta.
Let M be the set of unit balls with vertices in V . We denote the restriction of a configuration

σ to the ball b ∈M by σb. We let cb denote the center of the unit ball b.

Lemma 1. For the energy of any configuration σb we have

U(σb) =


ϵ

k+2

∑
x∈b

(1− δ0,σ(x)) if cb = x0,

ϵ
k+2

∑
x∈b

(1− δ0,σ(x)) +
J
2

∑
x↓,x∈b

δ0,σ(x↓)(1− δ0,σ(x)) if cb ̸= x0,

where

U(σb) ∈

{
{U (1)

i , i = 1, k + 2} if cb = x0,

{Uj , j = 1, k + 3} if cb ̸= x0,

U
(1)
i = i−1

k+2ϵ, i = 1, k + 2; Uj =
j−1
k+2ϵ+

j−1
2 J, j = 1, k + 1; Uk+2 =

k+1
k+2ϵ+

1
2J, Uk+3 = ϵ.

Definition 2. A configuration φ ∈ Ω is called a ground state for the Hamiltonian (1), if

U(φb) =

{
min{U (1)

i , i = 1, k + 2} if cb = x0,

min{Uj , j = 1, k + 3} if cb ̸= x0,

for any b ∈M .

We denote A1 = {(ϵ, J) ∈ R2 : ϵ ≥ 0, J ≥ − 2ϵ
k+2}.

Theorem 3. The following statements hold for the Kittel model on a Cayley tree of order k ≥ 2:
i) if (ϵ, J) ∈ A1, then there is a unique translation-invariant ground state φ(x) = 0∀x ∈ V ;
ii) if (ϵ, J) ∈ R2 \A1, then there is no translation-invariant ground state.
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state.
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A diffusive logistic model with free boundary in ecology
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The spreading of an invasive or new species is a crucial topic in mathematical ecology. Nu-
merous mathematicians have worked on developing various invasion models and have studied them
from the perspective of mathematical ecology. In 2010, Y. Du and Zh.Lin have proposed a new
reaction-diffusion model with free boundary to better understand the spreading of an invasive or
new species. They have established the existence and uniqueness of global solutions and, further-
more, derived various interesting results about the asymptotic behavior of solutions. One of very
remarkable results is a spreading-vanishing dichotomy of the species. Since then there has been
extensive works for the reaction-diffusion model with free boundary [1, 2].

In this work, we investigate a free boundary problem for a diffusive logistic model:

k(u)ut − duxx −muux = u(a− bu), (t, x) ∈ D (1)

u(0, x) = u0(x), 0 ≤ x ≤ s(0) ≡ s0, (2)

u(t, 0) = σ, 0 ≤ t ≤ T, (3)

u(t, s(t)) = 0, 0 ≤ t ≤ T, (4)

s′(t) = −µux(t, s(t))− ρ, 0 ≤ t ≤ T, (5)

where D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}; x = s (t) is the free boundary, which is defined
together with the function u (t, x). d, m, a, b, s0, µ are positive constants, k (u) ≥ k0 > 0 for any
u > 0. The initial function u0(x) satisfies u0 ∈ C2 ([0, s0]), u0 = σ, u0(s0) = 0, u0 > 0 in [0, s0) and

lim
x→s0

u0(x)
s0−x = 0.

Problem (1)-(5) arises in the modeling of the propagation of a new or invasive species, with the
free boundary representing the propagation front. u(t, x) is the density of the species, the moving
interval [0, s(t)] is the region occupied by the invasive species. Moreover, the environment at the
boundary also affects the spreading of the species, if the environment is against spreading, this
will result in spreading resistant force at the boundary, we use ρ > 0 to denote the decay rate at
such boundary. We now explain ρ > 0 in the boundary condition from the view of propagation
of species. When the species spreads to a new place, there usually exists some resistance to the
diffusion boundary caused by hunter or bad environment, this results in a decay rate. Even so, they
must move to the new place since the density in the existence interval [0, s(t)] is so large (caused
by u(t, 0) = σ). Obviously, it is more easier to spread when σ = 0 than σ > 0.

Theorem 1. Let s (t), u (t, x) be a solution to problem (1)-(5). Then there exist positive constants
M1, M2 independent T such that

]0 < u (t, x) ≤M1 ≡ max
{
σ, ∥u0(x)∥,

a

b

}
, (t, x) ∈ D, (6)

]− ρ < s′ (t) ≤M2 ≡ µN − ρ, 0 ≤ t ≤ T, (7)

where N ≥ max
{
aM
m ,max

x

∣∣∣ u0
s0−x

∣∣∣ , σs0}.
Keywords: reaction-diffusion, free boundary, advection.
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HA-periodic ground states for the Chui-Weeks model on
the Cayley tree of order three
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The Cayley tree Γk (see [1,2]) of order k ≥ 1 is an infinite tree. It is known (see [2]) that
there exists a one-to-one correspondence between the set V of vertices of the Cayley tree of order
k ≥ 1 and the group Gk of the free products of k + 1 cyclic groups {e, ai}, i = 1, ..., k + 1 of the
second order (i.e. a2i = e, a−1

i = ai) with generators a1, a2, ..., ak+1.
We consider model where the spin takes values in the set Φ = {0, 1, 2}. For A ⊆ V a spin

configuration σA on A is defined as a function x ∈ A 7→ σA(x) ∈ Φ; the set of all configurations
coincides with ΩA = ΦA. Denote Ω = ΩV and σ = σV .

The Chui-Weeks model (see [3]) is defined by the following Hamiltonian

H(σ) = J
∑

⟨x,y⟩∈L

| σ(x)− σ(y) | +α
∑
x∈V

δσ(x),0,

where J, α ∈ R, α is an external field and σ ∈ Ω.
We study all HA-periodic ground states for the Chui-Weeks model on the Cayley tree of order

three, where

HA = {x ∈ G3 :
∑
i∈A

ωx(ai) is an even number},

where ∅ ≠ A ⊆ N3 = {1, 2, 3, 4}, and ωx(ai) is the number of letters ai in a word x ∈ G3. Any
normal subgroup of index two in G3 is of the form HA (see [1,2]). If A = {1, 2, 3, 4}, then the

normal subgroup HA coincides with the group G
(2)
3 .

The following theorem describes all HA-periodic ground states for the three-state Chui-Weeks
model.

Theorem 1. Let k = 3. Then for the Chui-Weeks model the following assertions hold
i) if (J, α) ∈ {(J, α) ∈ R2 : J = 0, α ≥ 0}, then the following six HA-periodic configurations

σ(x) =

{
1, if x ∈ HA,

2, if x ∈ G3 \HA,
σ(x) =

{
2, if x ∈ HA,

1, if x ∈ G3 \HA,
| A |= 1, 2, 3

are HA-periodic ground states;
ii) all HA-periodic ground states except the ground states found in i) are either translation-invariant

or G
(2)
3 -periodic.

Keywords: Cayley tree, Chui-Weeks model, ground state, translation-invariant ground state, periodic ground state.
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Parallel surfaces in Galilean space
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This thesis is dedicated to studying the differential properties and geometric characteristics of
parallel surfaces in three-dimensional Galilean space. In the article, parallel surfaces are studied in
relation to the main surface, and the first introduces to concept of a parallel surface.

Surface theory, as a fundamental concept in geometry, is widely applied in various fields such
as differential geometry, physics, engineering, and mathematical modeling. The study of surface
properties and their interrelationships is particularly significant in special geometric spaces like
Galilean space.

A. Artikbaev and N. Ye. Pankina were among the first to address problems of total geometry
in Galilean space [1,2]. Also, the theory of three-dimensional Galilean space is described in O.
Rochelle’s monograph [3]. Over time, many papers have been published on the surface theory in
Galilean space, contributing to the study of its differential geometry [4;5;6]. This thesis focuses on
the differential properties of parallel surfaces in three-dimensional Galilean space.

Let A3 be a three-dimensional affine space, Oxyz be an affine coordinate system with the
origin at the point O (0, 0, 0), and {i, j, k} be the basis vectors of this space. The scalar product of
given vectors X⃗{x1, y1, z1} and Y⃗ {x1, y1, z1} is defined by the following formula:

(X⃗Y⃗ ) =

{
x1x2, if x1x2 ̸= 0,
y1y2 + z1z2, if x1x2 = 0.

(1)

Definition 1. An affine space where the scalar product of vectors X⃗{x1, y1, z1} and Y⃗ {x1, y1, z1}
is defined by formula (1) is called a Galilean space and is denoted as R1

3 or G3 [7].

The scalar product in (1) is referred to as a degenerate scalar product.
A surface in a three-dimensional space is defined as a set of points satisfying the equation:

F (x, y, z) = 0.

Locally, around a regular point, this equation can be rewritten in the form: z = f(x, y).
In Galilean space, this equation takes the form:

→
r =

→
r (u, v) = u

−→
i + y(u, v)

−→
j + z(u, v)

−→
k . (2)

Let us consider a given surface in three-dimensional Galilean space, defined by equation (2)
[1].

Let M and Mλ be two surfaces in Galilean space G3.

Definition 2. The function

f : r(u, v) → rλ(u, v),

p→ f(p) = [p1; p2 + λa2(p); p2 + λa3(p)]

is called the parallelization function between the surfaces M and Mλ, where p = (p1, p2, p3) and
n = (0, a2, a3) is the unit normal vector on M , and Mλ is the parallel surface to M in G3, and λ
is a given positive real number.

Institute of Mathematics and Mathematical Modeling



236 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2025

It is known that surfaces that share a common normal are called parallel surfaces. Based on
this, we can give following definition.

Let M and Mλ be two surfaces in Galilean space G3.

Definition 3. The function

rλ (u, v) = r (u, v) + λn

is called the equation of the surface Mλ, which is parallel to base surface M at a distance λ.

It is clear from the above definitions that the parallel surface Mλ is studied in direct relation
to the base surface M . Let M and Mλ be two parallel surfaces in Galilean space.

Theorem 4. The first quadratic form for a parallel surface is given by:

ds2 = Iλ1 = du2,

If Iλ1 = 0, then

ds2 = Iλ2 =

(
(G− λN)2

G
+
(
Γ2
22

)2
λ2

)
dv2 = Gλdv2.

Theorem 5. The total curvature for a parallel surface is given by:

Kλ =
(G−Nλ)2K + (G−Nλ)

((
Γ2
22

)2
L+ Γ2

11Γ
2
22N − 2Γ2

21Γ
2
22M

)
λ

(G−Nλ)2 +
(
Γ2
22

)2
Gλ2

+

+
(GK −N)Nλ+

((
Γ2
22

)3
Γ2
11 −

(
Γ2
22Γ

2
11

)2)
λ2

(G−Nλ)2 +
(
Γ2
22

)2
Gλ2

.

Keywords: Galilean space, parallel surface, quadratic form, normal curvature, total curvature, mean curvature.
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Besicovitch–type inequality for closed geodesics on
2-dimensional spheres
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In this talk, we explore a question posed Y. Liokumovich in [1], which asks whether there
exists a constant C > 0 such that for any 2-dimensional Riemannian sphere (S2, g), there exist two
distinct closed geodesics with lengths L1 and L2 satisfying

L1L2 ≤ C Area(S2, g).

We establish that this conjecture holds for any C3-smooth bumpy metric.
The study of bounds on the lengths of closed geodesics has a rich history. In [2], M. Gromov

established the systolic inequality, which bounds the length of the shortest non-contractible loop
on a essential Riemannian manifold relative to its volume. Optimal constants for the systolic
inequality have been determined for specific surfaces: the 2-dimensional torus by L.C. Lowner, the
real projective plane by P.M. Pu (see [3]), and the Klein bottle by C.B. Croke and M. Katz (see
[4]). However, the sphere is not an essential manifold. The first bound on the length of the shortest
closed geodesic on a Riemannian 2-sphere in terms of area was established by C.B. Croke [5]. This
result was later improved, with the most recent enhancement made by R. Rotman, who provided
the best currently known constant in [6]. Furthermore, in [7], Y. Liokumovich, A. Nabutovsky,
and R. Rotman proved the existence of three distinct simple closed geodesics on a 2-dimensional
Riemannian sphere, with their lengths bounded by the diameter of the sphere. Notably, it is known
that the length of the second shortest closed geodesic cannot be bounded purely in terms of the
square root of the area, as demonstrated by the example of long ellipsoids. Our result can be
seen as a spherical analog of the Besicovitch inequality, which provides a bound on the product of
distances between opposite sides of a Riemannian square in terms of its area.
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Forecasting Asthma Incidence in Kazakhstan using
ARIMA and SARIMA Models
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Introduction. Millions of people worldwide suffer from bronchial asthma (BA), a chronic
inflammatory disease of the airways that causes substantial morbidity and medical expenses. Over
the past ten years, the incidence of BA has increased in Kazakhstan, making accurate forecasting
methods necessary to support healthcare planning and resource allocation. Time series techniques
like ARIMA (AutoRegressive Integrated Moving Average) and SARIMA (Seasonal ARIMA) are
more suited for predictive analytics since traditional epidemiological models are unable to capture
the intricate temporal relationships of asthma incidence rates.

This work builds asthma incidence prediction models using historical data from the Kazakhstan
Ministry of Health. Preprocessing time series data, doing stationarity tests, and choosing the best
parameters for ARIMA and SARIMA models using the Akaike Information Criterion (AIC) are all
part of the methodology.

Mathematical Framework. The general form of the ARIMA model is given by

Yt = c+

p∑
i=1

ϕiYt−i +

q∑
j=1

θjϵt−j + ϵt, (1)

where Yt is the observed time series, ϕi are autoregressive coefficients, θj are moving average
coefficients, and ϵt is white noise. The differencing order d ensures stationarity.

The SARIMA model extends ARIMA to account for seasonality:

(1−
p∑
i=1

ϕiB
i)(1−Bs)DYt = c+ (1 +

q∑
j=1

θjB
j)ϵt, (2)

where B is the backshift operator, s is the seasonal period, and D represents seasonal differencing.

Theorem 1. The optimal parameters (p, d, q, P,D,Q, s) for SARIMA minimize the Akaike Infor-
mation Criterion (AIC), given by AIC = −2 logL + 2k, where L is the likelihood function and k
is the number of estimated parameters.

Corollary 2. For a stationary time series with a known seasonal component, SARIMA(p, d, q)
(P,D,Q)s provides an asymptotically unbiased estimate of future values, given a sufficient historical
dataset.

Lemma 3. If a time series has a strong seasonal pattern, then the inclusion of seasonal differencing
D > 0 significantly reduces residual autocorrelation, improving model accuracy.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
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The thesis is devoted to developing and investigating models describing the interaction dynam-
ics of agents, such as pedestrians, incorporating anisotropic interaction mechanisms. The research
spans from microscopic interaction models to kinetic and hydrodynamic descriptions.

We consider a microscopic model describing the motion of N agents in a two-dimensional
space. The dynamics of each agent are governed by second-order ordinary differential equations:

d

dt
xi = vi,

d

dt
vi = τ(wi − vi)−

1

N

∑
j ̸=i

M(vi, vj)K(xi, xj), (1)

with the initial conditions xi(0) = x0i , vi(0) = v0i , where xi, vi ∈ R2 represent positions and velocities
respectively, wi the desired velocity, and τ > 0 a relaxation parameter. The collision avoidance
mechanism is modeled using the rotation matrix:

M(vi, vj) =

(
cosαij − sinαij
sinαij cosαij

)
, αij =

{
λ arccos

(
vi·vj

∥vi∥∥vj∥

)
, vi ̸= 0, vj ̸= 0,

0, otherwise,

where λ indicates the collision avoidance direction. By integrating the rotation matrix, we transform
an isotropic model into an anisotropic. K : R2 × R2 → R2 is a pairwise interaction force between
the agents i and j. Well-posedness of this system (1) is shown in [1].

To formally derive the candidate of the mean-field equation from the microscopic model, we
define the empirical distribution of the system (1) as fNt (x, v) = 1

N

∑N
i=1 δ(x− xi(t), v − vi(t)) on

R2 × R2, where δ is the Dirac delta at (xi, vi).
Let us consider a test function φ ≡ φ(x, v) ∈ C1(R2 × R2). We assume that there exists

fNt ∈ C(R2 × R2) such that

d

dt

〈
fNt (x, v), φ

〉
=

d

dt

1

N

N∑
i=1

φ(xi, vi) =
1

N

N∑
i=1

(
∇xφ(xi, vi) ·

d

dt
xi +∇vφ(xi, vi) ·

d

dt
vi

)

=
1

N

N∑
i=1

vi · ∇xφ(xi, vi) +∇vφ(xi, vi) ·

τ(wi − vi)−
1

N

∑
j ̸=i

M (vi, vj)K (xi, xj)


=

1

N

N∑
i=1

vi · ∇xφ(xi, vi) +∇vφ(xi, vi) ·
(
τ (wi − vi)−

�
M (vi, v̄)K (xi, x̄) df

N
t (x̄, v̄)

)
=

〈
v · ∇xφ(x, v) +∇vφ(x, v)

(
τ (w − v)−

�
M (v, v̄)K (x, x̄) dfNt (x̄, v̄)

)
, fNt

〉
.

Assuming more regularity and integrating by parts, we arrive at the equation

∂tf
N
t + v · ∇xf

N
t = ∇v ·

[(
−τ (w − v) +

�
M (v, v̄)K (x, x̄) dfNt (x̄, v̄)

)
fNt (x̄, v̄)

]
(2)

with initial condition fNt (x, v)|t=0 = fN0 (x, v).
With the increasing number of agents, employing concise modeling techniques becomes more

feasible compared to individually tracking each agent’s trajectory. We introduced the kinetic model
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operating at the mesoscopic level, which fundamentally bridges microscopic particle-based models
with continuum mechanics systems representing the macroscopic level.

We define hydrodynamic variables, the macroscopic density and the momentum respectively
as

ρ(x, t) :=

�
ft(x, v)dv, ρu(x, t) =

�
vft(x, v)dv. (3)

Then, integrating (2) with respect to dv we obtain the evolution equation for the macroscopic
density

∂tρ+∇x · (ρu) = 0.

Note that the mass of pedestrians is conserved and the equation depends on the momentum.
The first step towards the momentum equation is obtained by integrating (2) with respect to

vdv as follows�
v∂tftdv +

�
v · v∇xftdv

=−
�

∇v · [τ(w − v)ft] vdv +

�
∇v ·

[�
M (v, v̄)K (x, x̄) dft(x̄, v̄)ft(x, v)

]
vdv. (4)

Note that the interaction term can not be rewritten in terms of ρu and ρ. We, therefore,
discuss the monokinetic closure.

To close the momentum equation we employ the well-known monokinetic ansatz [2]:

ft(x, v) = ρ(x, t)δ(v − u(x, t)), (5)

where δ stands for the Dirac delta distribution.
Using the macroscopic quantities (3) and formally integrating by parts we rewrite (4) as

∂t(ρu) +∇x · (ρu⊗ u) +∇x ·
�
(v − u)⊗ (v − u)ftdv

= τ(w − u)ρ−
�
M (u(x, t), u(x̄, t))K (x, x̄) ρ(x̄, t)dx̄ · ρ.

Then, using monokinetic closure (5) the mean-field equation reduces to the following set of
hydrodynamic equations:{

∂tρ+∇x · (ρu) = 0,

∂tu+ (u · ∇x)u = τ(w − u)−
�
M (u(x, t), u(x̄, t))K (x, x̄) ρ(x̄, t)dx̄.

(6)

The system (6) is complemented by initial conditions ρ(x, 0) = ρ̄(x) and u(x, 0) = ū(x), for x ∈ Ω.

Lemma 1. Given ρ(x, t) and u(x, t) as smooth as needed. Then, the ansatz (4) is a distributional
solution of the kinetic equation (2) if and only if (ρ, u) is a solution of the system (5).

We derive a hydrodynamic description of interaction dynamics using a moment approximation
of the kinetic equation (2). The hydrodynamic description enables us to analyze the stationary
states of the mean-field (kinetic) equation. Additionally, solving hydrodynamic equations numeri-
cally is less time-consuming than solving the kinetic equation, as it reduces dimensionality.

Keywords: anisotropic interaction model, kinetic equation, hydrodynamic description.
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Traveling Wave Speed and Profile of Rabies Model:
Insights from the ”Go or Grow” Hypothesis
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Rabies is a viral infection that affects the central nervous system, primarily transmitted through
direct contact with infected animals. The disease exhibits a characteristic traveling wave pattern of
spread, which can be effectively captured through mathematical modeling. In this work, we propose
a two-population reaction–diffusion model for the red fox based on the ”Go or Grow” hypothesis,
which incorporates the movement and interaction between susceptible and infectious populations.
Using approximation methods, we analyze various traveling wave solutions and provide new insights
into the progression of the infection, offering a more accurate representation of rabies spread.

Chaoticity in Cohen-Grossberg neural networks

A. ZHAMANSHIN

K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan

akylbek78@mail.ru

Cohen–Grossberg neural networks (CGNNs) were first proposed by Cohen M. and Grossberg S.
in 1983 [1]. The class of networks has intensive applications within various engineering and scientific
fields such as neuro-biology, population biology, and computing technology. Such applications
strongly depend on the dynamic behavior of networks, so the analysis of the dynamics of the model
is necessary.

As is known, CGNNs include many well-known neural networks, such as the Lotka-Volterra
system, cellular neural networks, Hopfield neural networks, and are described as follows:

x′i(t) = −ai(xi(t))
[
bi(xi(t))−

n∑
j=1

cij(t)fj(xj(t)) + vi(t)
]
, (1)

where i = 1, 2, · · · , n, is the number of neurons; xi(t) is the state of ith neuron at time t; ai(xi(t))
is an amplification function; bi(xi(t)) is the rate with which the unit self-regulates or resets its
potential, when isolated from other units and inputs; cij(t) is the strengths of connectivity between
cell i and j at time t; the function vi(t) is an external input source introduced from outside the
network to cell i at time t.

Let us commence with the definitions of Poisson stable and alpha unpredictable functions.

Definition 1. [2] A bounded function g(t) : R → Rn is called Poisson stable if there exists a
sequence tp, tp → ∞ as p → ∞, such that ∥g(t+ tp)− g(t)∥ → 0 uniformly on compact subsets of
R.

Definition 2. [3] A bounded function g : R → Rn is said to be alpha unpredictable if there exist
positive numbers ϵ0, δ and sequences tp → ∞, sp → ∞ as p→ ∞, such that ∥g(t+ tp)− g(t)∥ → 0
uniformly on compact subsets of R and ∥g(t+ tp)−g(t)∥ > ϵ0 for each t ∈ [sp−δ, sp+δ] and p ∈ N.

The sequence tp, p = 1, 2, . . . , in Definitions 1,2 is called the convergence sequence, and cor-
respondingly we shall say about the convergence property, while the existence of positive numbers
ϵ0, δ and sequence sp is said to be the separation property.
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In our research, the alpha unpredictable (chaotic) dynamics of Cohen-Grossberg neural network
(1) is investigated. To approve Poisson stability and alpha unpredictability in neural network, the
method of included intervals and contraction mapping principle are used. The existence, unique-
ness, and exponential stability of alpha unpredictable and Poisson stable outputs are discussed.
Examples with numerical simulations that support the theoretical results are provided. The de-
pendence of the neural network dynamics on the numerical characteristic, the degree of periodicity,
is shown.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP23487275).

Keywords: Cohen-Grossberg neural networks, alpha unpredictable inputs and outputs, Poisson stability, chaotic
dynamics.
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Discrete HJB PDEs for European Options by Finite
Difference Method

A. ZHUMABAYEVA
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In this research, we study the numerical solution of the Hamilton-Jacobi-Bellman (HJB) equa-
tion for European options using the finite difference method (FDM). The HJB equation is an es-
sential tool in optimal control theory, especially for option pricing. A special case of this equation
leads to the well-known Black-Scholes model [1]:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0, (1)

where V (S, t) represents the option price, S is the underlying asset price, σ is volatility, and r is
the risk-free interest rate. This equation is derived as a particular form of the HJB equation under
an optimal investment strategy [2].

We apply the finite difference method to solve the HJB equation numerically. The method
involves discretizing time and asset price space, transforming the partial differential equation (PDE)
into a system of algebraic equations.

Moreover, we analyze the transition from the classical Black-Scholes equation to more ad-
vanced models incorporating transaction costs and stochastic volatility, which lead to nonlinear
HJB equations [3]. These generalizations require special numerical methods because of their in-
creased complexity.

The numerical solution of the HJB equation using the finite difference method provides a solid
basis for option pricing under more complex market conditions.

Keywords: HJB equation, Black-Scholes model, finite difference method, option pricing, numerical analysis.
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Carbon-Carbon (C/C) composites exhibit exceptional thermal properties, making them ideal
for aerospace, nuclear, and high-temperature applications. Accurate determination of their thermal
conductivity is crucial for optimizing performance under extreme conditions. This study numer-
ically investigates thermal conductivity of C/C composites through time-dependent heat transfer
simulations performed with COMSOL Multiphysics. A multilayer composite structure was mod-
eled, and transient temperature distributions were analyzed using controlled boundary conditions.

Thermal conductivity was calculated by analyzing temperature profiles correlated with heat
flux and material properties, using numerical differentiation and interpolation methods. The com-
puted thermal conductivity profile demonstrates clear anisotropic behavior with significant dif-
ferences in in-plane and through-the-thickness directions. Simulation results were compared with
literature data, confirming accuracy and reliability of the computational approach.

The presented method provides a robust, non-destructive alternative to traditional experi-
mental techniques, enabling efficient evaluation of thermal characteristics for composite material
optimization.

Funding: This work was supported by the Science Committee of the Ministry of Science and
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Keywords: Carbon-Carbon Composites, Thermal Conductivity, COMSOL Multiphysics, Time-
Dependent Heat Transfer, Thermal Protection Systems, Computational Modeling, Anisotropy.
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Ñåìàíòèêàëû© äåðëiê ©îñàðëàðäû ©àñèåòi

À.Ð. ÅØÊÅÅÂ1, Ã.Å. ÆÓÌÀÁÅÊÎÂÀ2, À.Ê. ÊÎØÅÊÎÂÀ3
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Áiðiíøi ðåòòi L ñàíàëûìäû òiëiíäåãi éîíñîíäû© òåîðèÿëàðäû çåðòòåéìiç.

Àíû©òàìà 1. T òåîðèÿñû éîíñîíäû© äåï àòàëàäû, åãåð êåëåñi øàðòòàðäû ©àíà¡àòòàíäûðñà:
1) T òåîðèÿñû å ©´ðû¡àíäà áið øåêñiç ìîäåëüãå èå áîëñà;
2) T òåîðèÿñû èíäóêòèâòi, ÿ¡íè T òåîðèÿñû ∀∃-ñ°éëåìäåð æèûíûíà ýêâèâàëåíòòi áîëñà;
3) T òåîðèÿñû ³éëåñiìäi åíãiçó ©àñèåòiíå èå áîëñà (JEP);
4) T òåîðèÿñû àìàëüãàìà ©àñèåòiíå èå áîëñà (AP).

Àíû©òàìà 2 (Åøêååâ À.Ð.). X ⊆ CT îðûíäàëàòûíäàé X iøêi æèûíûí éîíñîíäû© äåðëiê
æèûí äåï àòàéìûç, åãåð êåëåñi øàðòòàð îðûíäàëñà:

1) X äåãåíiìiç ∃-àíû©òàë¡àí æèûí áîëàäû;
2) cl(X) =M ∈Mod(T );
3) Th∀∃(M) äåãåíiìiç éîíñîíäû© òåîðèÿ áîëàäû, ì´íäà¡û, Th∀∃(M) � L òiëiíäåãi M ìî-

äåëiíäå à©è©àò áîëàòûí áàðëû© ºìáåáàï-ýêçèñòåíöèàëäû ñ°éëåìäåð æèûíû.

Àíû©òàìà 3. Åãåð M ìîäåëi N ìîäåëiíi ýêçèñòåíöèàëäû ò´éû© iøêi ìîäåëi áîëñà, îíäà
(N,M) ©îñàðû ýêçèñòåíöèàëäû ò´éû© ©îñàð äåï àòàëàäû.

Àíû©òàìà 4. (CT ,M) ýêçèñòåíöèàëäû ò´éû© ©îñàðû ñåìàíòèêàëû© äåðëiê ©îñàð äåï àòàëà-
äû, åãåð êåëåñi øàðòòàðäû ©àíà¡àòòàíäûðñà:

1) M ìîäåëi |T |+∃ -©àíû©©àí áîëàäû, ì´íäà¡û, |T |+∃ -©àíû©©àí ýêçèñòåíöèàëäû òèïòåðãå
äåéií øåêòåëãåí äåãåíäi áiëäiðåäi;

2) êåç êåëãåí ā ∈ CT êîðòåæi ³øií T ìà¡ûíàñûíäà M ∪ {ā} éîíñîíäû© äåðëiê æèûí
àÿñûíäà¡û ºðáið ∃-òèïi CT ìîäåëiíäå æ³çåãå àñàäû.

X éîíñîíäû© æèûíûíû ôðàãìåíòi Fr(X) = Th∀∃(M) ò³ðiíäåãi éîíñîíäû© òåîðèÿ åêåíií
áiëåìiç. Îñû¡àí áàéëàíûñòû êåëåñi ´¡ûìäû åíãiçåéiê.

Àíû©òàìà 5 (Åøêååâ À.Ð.). Êåç êåëãåí éîíñîíäû© äåðëiê X ⊆ CT æèûíû ³øií CFr(X) ∈
Mod(T ) æºíå CFr(X) ìîäåëi CT ñåìàíòèêàëû© ìîäåëiíi ýêçèñòåíöèàëäû ò´éû© iøêi ìîäåëi
áîëàòûíäàé øàðò îðûíäàëàòûí áîëñà, îíäà T éîíñîíäû© òåîðèÿñû íîðìàëäû© äåï àòàëàäû.

Àíû©òàìà 6 (Åøêååâ À.Ð.). Àéòàëû©, T òåîðèÿñû éîíñîíäû© òåîðèÿ áîëñûí.
L-ñòðóêòóðàñûíû KT êëàñû T òåîðèÿñûíû Êàéçåð êëàñû äåï àòàëàäû, åãåð

KT = {M |M ∈Mod(T ) æºíå Th∀∃(M) � éîíñîíäû© òåîðèÿ}.

Òåîðåìà 7. Àéòàëû©, T éîíñîíäû© òåîðèÿñû ∃-òîëû©, J-ñòàáèëüäi æºíå íîðìàëäû© òåî-
ðèÿ, àë (CT ,M1) æºíå (CT ,M2) ñåìàíòèêàëû© äåðëiê ©îñàðëàð áîëñûí, M1,M2 ∈ KT . Æºíå
äå, T ∗ òåîðèÿñû T éîíñîíäû© òåîðèÿñûíû öåíòði áîëñûí. (CT ,M1) æºíå (CT ,M2) ñåìàí-
òèêàëû© äåðëiê ©îñàðëàðû ýëåìåíòàðëû ýêâèâàëåíòòi áîëàäû, åãåð îëàðäû ∃-òèïòåði T ∗

òåîðèÿñûíû ôóíòàìåíòàëäû ðåòi áîéûíøà ýêâèâàëåíòòi áîëñà.

Æ´ìûñòà¡û àíû©òàìàñû áåðiëìåãåí ´¡ûìäàð, ñîíûìåí ©àòàð êåëòiðiëãåí ´¡ûìäàð òóðà-
ëû òîëû¡ûðà© ìºëiìåòòi [1] æºíå [2] æ´ìûñòàðûíàí òàáà àëàñûçäàð.

�àðæûëàíäûðó: Á´ë çåðòòåóäi �àçà©ñòàí Ðåñïóáëèêàñû �ûëûì æºíå æî¡àðû áiëiì Ìèíèñòðëiãiíi �ûëûì
êîìèòåòi (ãðàíò � AP22686827) ©àðæûëàíäûðàäû.

Êiëòòi ñ°çäåð: éîíñîíäû© òåîðèÿ, éîíñîíäû© äåðëiê æèûí, íîðìàëäû© òåîðèÿ, ñåìàíòèêàëû© äåðëiê ©îñàð-
ëàð.
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Ýòà ðàáîòà èññëåäóåò òåîðèþ ãðàô ÷åðåç àíàëèç ôîðìàëüíûõ ïîíÿòèé (ÀÔÏ), ñ àêöåí-
òîì íà ïîíèìàíèå ñòðóêòóðû è ïðåäñòàâëåíèÿ ðåø¼òîê êîíöåïòîâ, ïîëó÷åííûõ èç äâóäîëüíûõ
ãðàôîâ. Ìû óñòàíàâëèâàåì ñâÿçè ìåæäó ïîëíûìè ôîðìàëüíûìè êîíòåêñòàìè è ñîîòâåòñòâó-
þùèìè èì äâóäîëüíûìè ãðàôàìè, ïðåäëàãàÿ îñíîâó äëÿ èçó÷åíèÿ ìîäóëÿðíûõ ðåø¼òîê. Ïî-
ëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò, ÷òî ðåø¼òêà êîíöåïòîâ ïîëíîãî ôîðìàëüíîãî êîíòåêñòà
èçîìîðôíà ìîäóëÿðíîé ðåø¼òêå âûñîòû 2 òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèé åé
äâóäîëüíûé ãðàô ïðåäñòàâëÿåò ñîáîé íåñâÿçíîå îáúåäèíåíèå áèêëèê. Ïðèâîäÿòñÿ íåêîòîðûå
ïðèìåðû.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò � AP23485395).
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Ïðîäîëæàåòñÿ èññëåäîâàíèå àëãåáð áèíàðíûõ èçîëèðóþùèõ ôîðìóë, îáîçíà÷åííûõ â èñ-
òî÷íèêå [2], äëÿ ïðîèçâåäåíèé ãðàôîâ. Ïðåäñòàâëåíû ðåçóëüòàòû äëÿ ìîäóëÿðíûõ ïðîèçâåäå-
íèé. Ðàáîòà âêëþ÷àåò â ñåáÿ èçó÷åíèå ñòðóêòóðû è ñâîéñòâ òàêèõ àëãåáð, ÷òî ïîçâîëÿåò íå
òîëüêî ëó÷øå ïîíÿòü èõ âíóòðåííèå ìåõàíèçìû, íî è âûÿâèòü ïîòåíöèàëüíûå çàâèñèìîñòè è
êîððåëÿöèè ìåæäó ðàçëè÷íûìè ãðàôàìè è èõ àëãåáðàìè.
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Îïðåäåëåíèå 1. Ìíîæåñòâî âåðøèí ìîäóëüíîãî ïðîèçâåäåíèÿ G è H ÿâëÿåòñÿ äåêàðòîâûì
ïðîèçâåäåíèåì V (G) × V (H). Ëþáûå äâå âåðøèíû (u, v) è (u′, v′) ÿâëÿþòñÿ ñìåæíûìè â ìî-
äóëÿðíîì ïðîèçâåäåíèè G è H òîãäà è òîëüêî òîãäà, êîãäà u îòëè÷àåòñÿ îò u′, v îòëè÷àåòñÿ
îò v′, è ëèáî u ñìåæíî ñ u′, à v ñìåæíî ñ v′, èëè u íå ñìåæíî ñ u′, à v íå ñìåæíî ñ v′.

Àëãåáðó äëÿ ìîäóëÿðíîãî ïðîèçâåäåíèÿ ãðàôîâ G×H îáîçíà÷èì ÷åðåç Mo, ñ ìåòêàìè
{1, 2, 3, . . . , n}, ãäå n � íå÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè óìíîæåíèè ãðàôà.
Àëãåáðà çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {0,2,4,. . . , n }

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {1,3,5, . . . , n-1 }

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1 } . . . {0,2,4,. . . , n }

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . n-1 } {0,2,4,. . . ,n} . . . {1,3,5, . . . , n-1 }

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1 } . . . {0,2,4,. . . n}

Àëãåáðó äëÿ ìîäóëÿðíîãî ïðîèçâåäåíèÿ ãðàôîâ H ×G îáîçíà÷èì ÷åðåç Me, ñ ìåòêàìè
{1, 2, 3, . . . , n}, ãäå n � ÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè óìíîæåíèè ãðàôà.
Ïîëó÷èì äâå îäèíàêîâûå àëãåáðû, çàäàþùèåñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {1,3,5, . . . , n-1}

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {0,2,4, . . . , n}

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} . . . {1,3,5, . . . , n-1}

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

Òåîðåìà 2. Åñëè T � òåîðèÿ ìîäóëÿðíîãî ïðîèçâåäåíèÿ ãðàôîâ, M � àëãåáðà áèíàðíûõ
èçîëèðóþùèõ ôîðìóë òåîðèè T , òî àãåáðà M èçîìîðôíà àëãåáðå Mo èëè Me.

Ôèíàíñèðîâàíèå: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà, ïðîåêò �.
24-21-00096.(https://rscf.ru/project/24-21-00096/).

Êëþ÷åâûå ñëîâà: ãðàôû, àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë, òåîðèÿ ìîäåëåé, ïðîèçâåäåíèå ãðàôîâ,
ìîäóëÿðíîå ïðîèçâåäåíèå.

2010 Mathematics Subject Classi�cation: 03Ñ07, 03C13, 03C30

Ëèòåðàòóðà

[1] Barrow, H.; Burstall, R. Subgraph isomorphism, matching relational structures and maximal
cliques, Information Processing Letters, 4 (4): 83�84, doi:10.1016/0020-0190(76)90049-1.

[2] Ä. Þ. Åìåëüÿíîâ, Á. Êóëïåøîâ, Ñ. Â. Ñóäîïëàòîâ Àëãåáðû áèíàðíûõ ôîðìóë : ìîíîãðà-
ôèÿ . - Íîâîñèáèðñê : Èçä-âî ÍÃÒÓ, 2023. - 330 ñ. - ISBN 978-5-7782-5028-4. - DOI: 10.17212/978-
5-7782-5028-4.

[3] Åìåëüÿíîâ Ä. Þ. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé
ñèìïëåêñîâ. Algebra and Model Theory 11: Collection of papers. Novosibirsk : NSTU Publisher,
2017. � P. 66�74.

Îá àëãåáðàõ áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ
òåîðèé ïðîèçâåäåíèé Êðîíåêåðà äëÿ ãðàôîâ

Ä.Þ. ÅÌÅËÜßÍÎÂ

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

dima-pavlyk@mail.ru

Îñóùåñòâëÿåòñÿ àíàëèç àëãåáðàè÷åñêèõ ñòðóêòóð áèíàðíûõ èçîëèðóþùèõ ôîðìóë [2] äëÿ
òåîðèé ïðîèçâåäåíèé ãðàôîâ. Ïðîâåäåíî èññëåäîâàíèå àëãåáð, ïîëó÷åííûõ ïóòåì ïðèìåíåíèÿ
ïðîèçâåäåíèÿ Êðîíåêåðà äëÿ ãðàôîâ n-óãîëüíèêîâ. Ïîëó÷åíû ãðàôû, òàáëèöû Êýëëè äëÿ àë-
ãåáð. Çàìå÷åíî, ÷òî ïðè óìíîæåíèè ãðàôà ðåáðà íà n-óãîëüíèê ñ ÷åòíûì êîëè÷åñòâîì âåðøèí
ïîëó÷àþòñÿ äâà îäèíàêîâûõ ãðàôà è, ñîîòâåñòâåííî, äâå àëãåáðû.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Îïðåäåëåíèå 1. Ïóñòü äàíû äâà ãðàôà G1 = (V1, E1) è G2 = (V2, E2). Ïðîèçâåäåíèå Êðî-
íåêåðà [1] ãðàôîâ G1 è G2, îáîçíà÷àåìîå êàê G1 ⊗ G2, îïðåäåëÿåòñÿ êàê ãðàô G = (V,E),
ãäå:

� Ìíîæåñòâî âåðøèí V ÿâëÿåòñÿ äåêàðòîâûì ïðîèçâåäåíèåì ìíîæåñòâ âåðøèí V1 è V2:

V = V1 × V2 = {(u, v) | u ∈ V1, v ∈ V2}.

� Ìíîæåñòâî ð¼áåð E îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

E = {((u1, v1), (u2, v2)) | (u1, u2) ∈ E1 è (v1, v2) ∈ E2}.

Òàêèì îáðàçîì, â ãðàôå G1 ⊗ G2 âåðøèíû ñîåäèíåíû ðåáðîì òîãäà è òîëüêî òîãäà, êîãäà
ñîîòâåòñòâóþùèå âåðøèíû â G1 è G2 ñîåäèíåíû ð¼áðàìè â ñâîèõ èñõîäíûõ ãðàôàõ.

Àëãåáðó äëÿ ïðîèçâåäåíèÿ Êðîíåêåðà äâóõ ãðàôîâ G⊗H îáîçíà÷èì ÷åðåç Kro ñ ìåòêàìè
{1, 2, 3, . . . , n}, ãäå n � íå÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè óìíîæåíèè ãðàôà.
Àëãåáðà çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {0,2,4,. . . , n }

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {1,3,5, . . . , n-1 }

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1 } . . . {0,2,4,. . . , n }

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . n-1 } {0,2,4,. . . ,n} . . . {1,3,5, . . . , n-1 }

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1 } . . . {0,2,4,. . . n}

Àëãåáðó äëÿ ïðîèçâåäåíèÿ Êðîíåêåðà äâóõ ãðàôîâ H ⊗G îáîçíà÷èì ÷åðåç Kre ñ ìåòêàìè
{1, 2, 3, . . . , n}, ãäå n � ÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè óìíîæåíèè ãðàôà.
Ïîëó÷èì àëãåáðó, êîòîðàÿ çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {1,3,5, . . . , n-1}

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {0,2,4, . . . , n}

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} . . . {1,3,5, . . . , n-1}

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

Òåîðåìà 2. Åñëè T � òåîðèÿ äëÿ ïðîèçâåäåíèé Êðîíåêåðà äëÿ ãðàôîâ, M � àëãåáðà áèíàðíûõ
èçîëèðóþùèõ ôîðìóë òåîðèè T , òî àãåáðà M èçîìîðôíà àëãåáðå Kro èëè Kre.

Çàìå÷àíèå 3. Åñëè â ðåçóëüòàòå ïðîèçâåäåíèÿ Êðîíåêåðà íà ãðàôàõ ïîëó÷àåòñÿ õîòÿ áû
îäèí ñèìïëåêñ, òî àëãåáðà äëÿ ðåçóëüòàòà áóäåò èçîìîðôíà àëãåáðå ñèìïëåêñîâ [3].

Ôèíàíñèðîâàíèå: Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë.
Ñîáîëåâà, ïðîåêò � FWNF-2022-0012.

Êëþ÷åâûå ñëîâà: ãðàôû, àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë, òåîðèÿ ìîäåëåé, ïðîèçâåäåíèå ãðàôîâ,
Êðîíåêåðà ïðîèçâåäåíèå.

2010 Mathematics Subject Classi�cation: 03Ñ07, 03C13, 03C30

Ëèòåðàòóðà

[1] Tracy, D. S.; Singh, R. P. A NewMatrix Product and Its Applications in Matrix Di�erentiation.
Statistica Neerlandica. 26 (4): 143�157

[2] Ä. Þ. Åìåëüÿíîâ, Á. Êóëïåøîâ, Ñ. Â. Ñóäîïëàòîâ Àëãåáðû áèíàðíûõ ôîðìóë : ìîíîãðà-
ôèÿ . - Íîâîñèáèðñê : Èçä-âî ÍÃÒÓ, 2023. - 330 ñ. - ISBN 978-5-7782-5028-4. - DOI: 10.17212/978-
5-7782-5028-4.

[3] Åìåëüÿíîâ Ä. Þ. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé
ñèìïëåêñîâ. Algebra and Model Theory 11: Collection of papers. Novosibirsk : NSTU Publisher,
2017. � P. 66�74.
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Î íåêîòîðûõ îáîáùåíèÿõ î-ìèíèìàëüíîñòè

Ê.Æ. ÊÓÄÀÉÁÅÐÃÅÍÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

kanatkud@gmail.com

Íàïîìíèì îïðåäåëåíèå êëàññè÷åñêîãî ïîíÿòèÿ î-ìèíèìàëüíîñòè [1]. Ìîäåëü (M,<, . . . ),
ãäå (M,<) � ëèíåéíûé ïîðÿäîê, íàçûâàåòñÿ î-ìèíèìàëüíîé, åñëè ëþáîå îïðåäåëèìîå ïîäìíî-
æåñòâî ýòîé ìîäåëè ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà èíòåðâàëîâ.

Ìû ðàññìîòðèì îáîáùåíèÿ î-ìèíèìàëüíîñòè, â êîòîðûõ êîíå÷íîñòü ÷èñëà èíòåðâàëîâ
îñëàáëÿåòñÿ äî ñóùåñòâîâàíèÿ â êàæäîì îïðåäåëèìîì ìíîæåñòâå (èëè â íåêîòîðûõ îïðåäå-
ëèìûõ ìíîæåñòâàõ) ìàêñèìàëüíîãî èíòåðâàëà (èëè ÷åãî-òî ïîäîáíîãî). Ïðèâåäåì îäèí èç
ïîëó÷åííûõ ðåçóëüòàòîâ.

Ìîäåëü (M,<, . . . ) íàçîâåì ïëîòíî-λ-î-ìèíèìàëüíîé, åñëè (M,<) � ïëîòíûé ëèíåéíûé
ïîðÿäîê è ëþáîå áåñêîíå÷íîå îïðåäåëèìîå ïîäìíîæåñòâî ýòîé ìîäåëè ñîäåðæèò ìàêñèìàëüíûé
èíòåðâàë ìîùíîñòè íå ìåíåå λ.

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ëþáàÿ ïëîòíî-2-î-ìèíèìàëüíàÿ ìîäåëü ÿâëÿåòñÿ î-ìèíèìàëüíîé.

Çàìåòèì, ÷òî äëÿ ïëîòíî-1-î-ìèíèìàëüíûõ ìîäåëåé ýòî íå òàê.

Ôèíàíñèðîâàíèå: Äàííîå èññëåäîâàíèå ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �BR20281002).

Êëþ÷åâûå ñëîâà: îáîáùåíèå î-ìèíèìàëüíîñòè.

2010 Mathematics Subject Classification: 03C15

Ëèòåðàòóðà

[1] Pillay A., Steinhorn C. Definable sets in ordered structures. I, Trans. Amer. Math. Soc.,
295:2 (1986), 565–592.

Î ïðîäîëæåíèè ÷àñòè÷íûõ àâòîìîðôèçìîâ

Ê.Æ. ÊÓÄÀÉÁÅÐÃÅÍÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

kanatkud@gmail.com

Ðàññìàòðèâàåòñÿ âîïðîñ î âîçìîæíîñòè ïðîäîëæåíèÿ ÷àñòè÷íûõ àâòîìîðôèçìîâ äî àâòî-
ìîðôèçìîâ â êîíå÷íûõ òóðíèðàõ (ãðàôàõ ñïåöèàëüíîãî âèäà: òóðíèð � ýòî îðèåíòèðîâàííûé
ãðàô, ïîëó÷åííûé èç íåîðèåíòèðîâàííîãî ïîëíîãî ãðàôà ïóò¼ì íàçíà÷åíèÿ íàïðàâëåíèÿ êàæ-
äîìó ðåáðó; òàêèì îáðàçîì, òóðíèð � ýòî îðãðàô, â êîòîðîì êàæäàÿ ïàðà âåðøèí ñîåäèíåíà
îäíîé íàïðàâëåííîé äóãîé).

Äîêàçàíî, ÷òî äëÿ ëþáîãî êîíå÷íîãî òóðíèðà V è ëþáîãî åãî ÷àñòè÷íîãî àâòîìîðôèçìà
f ñóùåñòâóåò êîíå÷íûé òóðíèð V∗ ⊇ V òàêîé, ÷òî f ïðîäîëæàåòñÿ äî àâòîìîðôèçìà òóðíèðà
V∗. Ïîëó÷åíà îöåíêà ðàçìåðà òóðíèðà V∗.

Ôèíàíñèðîâàíèå: Àâòîð áûë ïîääåðæàí ãðàíòîì BR20281002 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ïðîäîëæåíèå ÷àñòè÷íûõ àâòîìîðôèçìîâ, êîíå÷íûé òóðíèð.

2010 Mathematics Subject Classification: 03C15

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
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Òèïû ïðåäãåîìåòðèé ñåìåéñòâà ïðåäèêàòíûõ
ñòðóêòóð

Ñ.Á. ÌÀËÛØÅÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

sergei2-mal1@yandex.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ ðåãóëÿðíûå îáîãàùåíèÿ è îáåäíåíèÿ ïðåäèêàòíûõ ñòðóêòóð,
îáðàçóþùèå åñòåñòâåííóþ áóëåâó àëãåáðó [1]. Ïðèâîäèòñÿ îïèñàíèå âèäîâ ïðåäãåîìåòðèé [2]
ñ àëãåáðàè÷åñêèì îïåðàòîðîì çàìûêàíèÿ äëÿ ñåìåéñòâà ñòðóêòóð â äàííîé áóëåâîé àëãåáðå.
Äàííîå èññëåäîâàíèå ïðîäîëæàåò è ðàçâèâàåò ïîäõîäû, ïðåäñòàâëåííûå â ñòàòüå [3].

Îïðåäåëåíèå 1. Ïðåäãåîìåòðèåé íàçûâàåòñÿ ìíîæåñòâî S âìåñòå ñ îïðåäåë¼ííîé îïåðàöèåé
çàìûêàíèÿ cl : P (S) → P (S), óäîâëåòâîðÿþùåé ñëåäóþùèì óñëîâèÿì:
1) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ X ⊆ cl(X);
2) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ cl(cl(X)) = cl(X);
3) äëÿ ëþáîãî X ⊆ S è ëþáûõ a, b ∈ S åñëè a ∈ cl(X ∪ {b})− cl(X), òî b ∈ cl(X ∪ {a});
4) äëÿ ëþáîãî X ⊆ S åñëè a ∈ cl(X), òî a ∈ cl(Y ) äëÿ íåêîòîðîãî êîíå÷íîãî Y ⊆ X.

Òåîðåìà 2. Ïóñòü B(M) � áóëåâà àëãåáðà ðåãóëÿðíûõ ðàñøèðåíèé è îãðàíè÷åíèé ïðåäè-
êàòíîé ñòðóêòóðû M . Åñëè ñòðóêòóðû â B(M) íàäåëåíû ïðåäãåîìåòðèåé ñ àëãåáðàè÷åñêèì
îïåðàòîðîì çàìûêàíèÿ, òî äëÿ ëþáûõ äâóõ ñòðóêòóð îäíîãî òèïà ïðåäãåîìåòðèè M1,M2 ∈
B(M), ïðåäãåîìåòðèÿ èõ ïåðåñå÷åíèÿ M1 ∩M2 òàêæå íàñëåäóåò äàííûé òèï.

Òåîðåìà 3. Ïóñòü B(M) � áóëåâà àëãåáðà ðåãóëÿðíûõ ðàñøèðåíèé è îãðàíè÷åíèé áèíàðíîé
ïðåäèêàòíîé ñòðóêòóðû M , ãäå ñòðóêòóðû M1,M2 ∈ B(M) ïðåäñòàâëÿþò ñîáîé ãðàôîâûå
ñòðóêòóðû. Òîãäà îáúåäèíåíèå M1 ∪M2 íàñëåäóåò òèï ïðåäãåîìåòðèè ïðè âûïîëíåíèè ñëå-
äóþùèõ óñëîâèé:

1) Åñëè ïðåäãåîìåòðèè ⟨M1, cl⟩ è ⟨M2, cl⟩ ÿâëÿþòñÿ ëîêàëüíî êîíå÷íûìè, òî ïðåäãåîìåò-
ðèÿ ⟨M1∪M2, cl⟩ òàêæå ÿâëÿåòñÿ ëîêàëüíî êîíå÷íîé, ïðè óñëîâèè, ÷òî íè îäíà èç ñòðóêòóð
M1 è M2 íå ñîäåðæèò áåñêîíå÷íî ñâÿçíîãî ïîäãðàôà.

2) Åñëè ïðåäãåîìåòðèè ⟨M1, cl⟩ è ⟨M2, cl⟩ ÿâëÿþòñÿ âûðîæäåííûìè, òî ïðåäãåîìåòðèÿ
⟨M1 ∪M2, cl⟩ íàñëåäóåò äàííûé òèï, åñëè:

M1 è M2 íå ñîäåðæàò áåñêîíå÷íî ñâÿçíûõ ïîäãðàôîâ;

áåñêîíå÷íîå ÷èñëî îäèíàêîâûõ êîíå÷íûõ ïîäãðàôîâ íå ôîðìèðóåò áåñêîíå÷íî ñâÿçíûé ãðàô
â îáúåäèí¼ííîé ñòðóêòóðå.

Ôèíàíñèðîâàíèå: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà, ïðîåêò �.
24-21-00096.(https://rscf.ru/project/24-21-00096/).

Êëþ÷åâûå ñëîâà: ïðåäãåîìåòðèÿ, âûðîæäåííàÿ ïðåäãåîìåòðèÿ, ëîêàëüíî êîíå÷íàÿ ïðåäãåîìåòðèÿ, áóëåâà
àëãåáðà ïðåäèêàòíûõ ñòðóêòóð.
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Ribbon decomposition formulas for dual stable
Grothendieck polynomials
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There are well known formulas for Schur polynomials called Hamel-Goulden identities where
each identity corresponds to some ribbon decomposition of a given Young diagram. It generalizes
Jacobi-Trudi formulas, Giambelli identity and Lascoux-Pragacz formula. We derive Hamel-Goulden
identities for dual stable Grothendieck polynomials by finding novel Schur expansion of these poly-
nomials.
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On algebras of binary formulas for weakly circularly
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Algebras of binary formulas are a tool for describing relationships between elements of the
sets of realizations of an one-type at the binary level with respect to the superposition of binary
definable sets. A binary isolating formula is a formula of the form φ(x, y) such that for some
parameter a the formula φ(a, y) isolates a complete type in S({a}). The concepts and notations
related to these algebras can be found in the papers [1, 2].

Let L be a countable first-order language. Throughout we consider L-structures and assume
that L contains a ternary relational symbol K, interpreted as a circular order in these structures
(unless otherwise stated).

Let M = ⟨M,≤⟩ be a linearly ordered set. If we connect two endpoints of M (possibly, −∞
and +∞), then we obtain a circular order.

The notion of weak circular minimality was studied initially in [3]. Let A ⊆M , where M is a
circularly ordered structure. The set A is called convex if for any a, b ∈ A the following property is
satisfied: for any c ∈M with K(a, c, b), c ∈ A holds, or for any c ∈M with K(b, c, a), c ∈ A holds.
A weakly circularly minimal structure is a circularly ordered structure M = ⟨M,K, . . .⟩ such that
any definable (with parameters) subset of M is a union of finitely many convex sets in M .

A cut C(x) in a circularly ordered structure M is maximal consistent set of formulas of the
form K(a, x, b), where a, b ∈ M . A cut is said to be algebraic if there exists c ∈ M that realizes
it. Otherwise, such a cut is said to be non-algebraic. Let C(x) be a non-algebraic cut. If there is
some a ∈ M such that either for all b ∈ M the formula K(a, x, b) ∈ C(x), or for all b ∈ M the
formula K(b, x, a) ∈ C(x), then C(x) is said to be rational. Otherwise, such a cut is said to be
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irrational. A definable cut in M is a cut C(x) with the following property: there exist a, b ∈ M
such that K(a, x, b) ∈ C(x) and the set {c ∈ M | K(a, c, b) and K(a, x, c) ∈ C(x)} is definable.
The definable completion M of a structure M consists of M together with all definable cuts in M
that are irrational (essentially M consists of endpoints of definable subsets of the structure M).

Let f be a unary function from M to M . We say that f is monotonic-to-right (left) on M
if it preserves (reverses) the relation K0, i.e. for any a, b, c ∈ M such that K0(a, b, c), we have
K0(f(a), f(b), f(c)) (K0(f(c), f(b), f(a))).

Let E(x, y) be an ∅–definable equivalence relation partitioning M into infinite convex classes.
Suppose that y lies in M (non-obligatory in M). Then

E∗(x, y) := ∃y1∃y2[y1 ̸= y2 ∧ ∀t(K(y1, t, y2) → E(t, x)) ∧K0(y1, y, y2)].

Let M be an 1-transitive structure. Following [2] we denote every binary isolating formula
acting in M by a label u ∈ ρM , where ρM denotes the set of all labels for the algebra PM of binary
isolating formulas of the structure M . The algebra PM is said to be deterministic if u1 · u2 is a
singleton for any labels u1, u2 ∈ ρM .

Generalizing the last definition, we say that the algebra PM is m-deterministic if the product
u1·u2 consists of at mostm elements for any labels u1, u2 ∈ ρM . We also say that anm-deterministic
algebra PM is strictly m-deterministic if it is not (m− 1)-deterministic.

The following theorem characterizes up to binarity ℵ0–categorical 1-transitive non-primitive
weakly circularly minimal structures M of convexity rank greater than 1 having both a trivial de-
finable closure and a convex-to-right formula R(x, y) such that r(y) := rend R(M,y) is monotonic-
to-right on M :

Theorem 1. [4] Let M be an ℵ0–categorical 1-transitive non-primitive weakly circularly minimal
structure of convexity rank greater than 1, dcl({a}) = {a} for some a ∈ M . Suppose that there
exists a convex-to-right formula R(x, y) such that r(y) := rend R(M,y) is monotonic-to-right on
M . Then M is isomorphic up to binarity to

M ′
s,m,k := ⟨M,K3, E2

1 , E
2
2 , . . . , E

2
s , E

2
s+1, R

2⟩,

where M is a circularly ordered structure, M is densely ordered, s ≥ 1; Es+1 is an equivalence
relation partitioning M into m infinite convex classes without endpoints; Ei for every 1 ≤ i ≤ s
is an equivalence relation partitioning every Ei+1-class into infinitely many infinite convex Ei-
subclasses without endpoints so that the induced order on Ei-subclasses is dense without endpoints;
R(M,a) has no right endpoint in M and rk(a) = a for all a ∈ M and some k ≥ 2, where
rk(y) := r(rk−1(y)); for every 1 ≤ i ≤ s+ 1 and any a ∈M

M ′
s,m,k |= ¬E∗

i (a, r(a)) ∧ ∀y(Ei(y, a) → ∃u[E∗
i (u, r(a)) ∧ E∗

i (u, r(y))]),

m = 1 or k divides m.

Here we describe algebras of binary isolating formulas for ℵ0-categorical weakly circularly mini-
mal theories of convexity rank greater than 1 with a 1-transitive non-primitive automorphism group
and a trivial definable closure having a monotonic-to-right function to the definable completion of
a structure.

Theorem 2. The algebra PM ′
s,m,k

of binary isolating formulas with monotonic-to-right function r

has 2sk +m + k + 1 labels, is commutative and strictly (2s + 3)-deterministic for all valid values
s,m and k.
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Keywords: algebra of binary formulas, ℵ0-categorical theory, weak circular minimality, circularly ordered structure,
convexity rank.
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In 1984, V.I. Tumanov conjectured that a proper quasivariety generated by a finite modular
lattice lacks a finite basis for its quasi-identities. We confirm this conjecture for wider classes of
modular lattices.

A class K of algebras is called a variety if it is closed under subalgebras, homomorphic images,
and direct products. A quasivariety is a class K of algebras closed under subalgebras, direct
products and ultraproducts.

Let M3 be the least non-distributive modular lattice and let M3,3 be an 8 element modular
lattice of height 3. By Q(L) (V(L)) we denote the quasivariety (variety) generated by L.

A triple ⟨A, σ, τ⟩ is called a topological algebra if ⟨A, σ⟩ is an algebra of the signature σ, ⟨A, τ⟩
is a topological space and every operation from σ is continuous with respect to topology τ .

A topology τ is called Boolean if it is compact, Hausdorff and totally disconnected. A topo-
logical algebra Aτ = ⟨A, σ, τ⟩ is Boolean if its topology is Boolean.

A finite lattice A equipped with discrete topology τ generates a topological quasivariety Qτ (A)
consisting of all topologically closed subalgebras of non-zero direct powers of A endowed with the
product topology.

Profinite algebras are exactly those that are isomorphic to inverse limits of finite algebras.
Such algebras are naturally equipped with Boolean topologies.

A topological quasivariety Qτ (A) is standard if every Boolean topological algebra with the
algebraic reduct in Q(A) is profinite. In this case, we say that algebra A generates a standard
topological quasivariety.

Theorem 1. Let L be a finite modular lattice. If V(M3) ⊂ Q(L) ⊂ V(M3,3), then Q(L) is not
finitely based as well as not standard.

Corollary 2. Let L be a finite modular lattice. If V(M3) ⊂ Q(L) and M3,3 /∈ Q(L), then Q(L) is
not finitely based as well as not standard.
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There are two fundamental and interconnected problems in lattice theory: identifying which
finite lattices generate finitely based quasivarieties and which generate standard quasivarieties.
These questions are pivotal in understanding the structural and logical characteristics of lattices
and their impact on the quasivarieties they produce.

In this work, we establish a sufficient condition for a locally finite quasivariety of lattices that
ensures it is neither finitely axiomatizable nor profinite.

Our findings include multiple examples of finite lattices that generate quasivarieties lacking
these properties. These examples highlight the complex interplay between the internal structure of
finite lattices and the resulting properties of the quasivarieties they define.
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Strongly minimal theories play a fundamental role in model theory due to their simplicity and
definability properties. In this study, we explore the effects of expanding a trivial strongly minimal
model by unary and binary predicates, focusing on stability and Morley rank.

First, we consider the expansion of a trivial strongly minimal modelM in a countable language
L by a family of unary predicates A1, A2, · · · ⊂M . The resulting structure (M,A1, A2, . . . ) remains
superstable.
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Next, we examine the expansion of a countable saturated strongly minimal model M = (M ;L)
by a binary relation E2(x, y), defined as x ∈ acl(y)\acl(∅), where acl(a) denotes the algebraic closure
of an element a. In the expanded model M+ = (M ;L ∪ {E2}), we demonstrate that the Morley
rank of the formula x = x increases to 2. This rise is attributed to the infinite number of strongly
minimal equivalence classes induced by E2, each defined over elements algebraic over some y but
not over the empty set. We establish this result using properties of E2 as an equivalence relation
and the strong minimality of associated formulas, such as E2(x, a) and K(x) := ¬∃y E2(x, y).
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All classes of Model theories are divided into different classes: NIP, IP, SOP, NSOP.
The report is devoted to the study of various types of expansion, when expansion retains

certain properties, or passes from one class to another without retaining properties.

Definition 1. We have a structureM =< M :
∑

> and then we regard {M+ =< M :
∑

∪{U} >}
then it will expansion. If for any M-formula ϕ(x, ā)

({U}(M+) ̸= ϕ(M, ā)) (1)

Definition 2. A theory has dp− rank ≥ n if there are formulas ϕ1(x, y), ..., ϕn(x, y) and mutually
indiscernible sequences (a1i )i<ω, ..., (a

n
i )i<ω such that for any function σ : {1, ..., n} → ω, the type

{ϕk(x, akσ(k)) : k ≤ n} ∪ {¬ϕk(x, aki ) : I ̸= σ(k), k ≤ n} (2)

is consistent. A theory is dp-minimal if it has dp-rank 1.

Observation of our report. We take a structure from superstable class (Z,+, 0, 1) let us
add connections from o-minimal (Z,+, <, 0, 1). We have new formula sets (¡). But at the same
time the dp-minimal remains. But also initially it was in the class of NIP and NSOP. Afterwards
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it moved to NIP, SOP. As you can see, the NIP has been preserved but not stable. We get another
new structure when we add a predicate for a fixed finitely generated multiplicative submonoid
(Z,+, 0,Γ). It goes beyond dp-minimal, but NIP remains. If we add new formula sets (·), then
it loses its NIP properties. Expansion by adding new connections, after which the structure and
properties of formal sets may change.

Figure 1: Example of expansion
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External definability. Let M be elementary substructure of N. It is said that pair of models is
beautiful, if N is saturated overM . Let ᾱ ∈ N \M and p := tp(α|M). Then for any formula ψ(x̄, ȳ)
define the predicate R(ψ,p)(ȳ) on the set M , |= R(ψ,p)(ā) iff ψ(x̄, ā) ∈ tp(ᾱ|M) iff N |= ψ(ᾱ, ā).
Denote by M+ = ⟨M ; Σ+⟩, where Σ+ := {R(ψ,p)(ȳ)|p ∈ S(M), ψ ∈ Σ}. It follows from definition
that if a pair of models (M,N) is conservative pair (type of any tuple elements from N over M is
definable), then the structure M+ is the structure obtained from M scolemization of M. We will
consider the cases when M+ constructed from one 1-type for non-stable theory.

Let M be a model of an arbitrary complete theory T of the signature Σ. We say that M+
p is

expansion of M by type p ∈ S1(M), if M+
p := ⟨M ; Σ+

p ⟩, where Σ+
p := {R(ψ.p)(ȳ)|ψ ∈ Σ}.

Externally definable expansion M+ = ⟨M ; Σ ∪ {U1}⟩ is uniformly externally definable expan-
sion, if for some N ≻ M, for any φ(x) of Σ+, there is Kφ(x, α) of Σ, α ∈ N , such that for all
a ∈M
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[M+ |= φ(a) ⇔ N |= Kφ(a, α)].

In the first time the uniformly external definable considered in the paper Macpherdson-Marker-
Steinhorn [1] for cut in submodel of o-minimal model with universe of real numbers. numbers. In
the paper Baizhanov B.S. [2] was proved that expansion of model of weakly o-minimal theory by
family convex sets is weakly o-minimal and uniformly external definable. S. Shelah [3] proved that
external definable expansion of a model dependent theory (NIP) by external definable relation is
uniformly external definable.

The analysis of approaches shows that the using the theory of orthogonality we can control
the set of realizations of one-types. The generalization of notions of quasi-neighborhood and neigh-
borhood it is possible to formulate the next

Theorem 1. Let T be a complete theory such that for any set A the following holds:

1) For any p ∈ S1(A), for any γ̄ , QVp(γ̄) = Vp(γ̄)

2) For any p, q ∈ S1(A) the following holds. If p ̸⊥a q, then q ̸⊥a p.

Then for model of the theory T the expansion by all externally definable subsets is uniformly
external definable.
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Definition 1. q ∈ S(A), q(x̄) is definable, if for any φ(x̄, ȳ) there is dφ(ȳ, ā), ā ∈ A such that for
any b̄ ∈ A,φ(x̄, b̄) ∈ q iff M |= dφ(ā, b̄).

Let q be a type. For the formula φ(x̄, ȳ) there is a control formula dφ(ā, b̄) and φ(x̄, b̄) ∈ q
and only the truth dφ(ā, b̄). If I take c̄ and we have a question, what does φ(x̄, ȳ) belong to q? Of
course, if it passes the control dφ. In conservative extension is always a control for any type and
formula.

Definition 2. M-model of T. Let M ≺ N. N-conservative extension of M, if for any ᾱ ∈ M −
N, tp(ᾱ/M) is definable.

Theorem 3. T − stable⇔ ∀p ∈ S(N), ∀φ(x, ȳ)∃dφ(ȳ, ā) ā ∈M such that
∀b̄ ∈M

[
φ(x, b̄) ∈ p⇔M |= dφ(ā, b̄)

]
.
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There is also a control formula where T-stable only if for any p here from N, for any formula
φ(x̄, ȳ) exists a control formula dφ(ȳ, ā) here from M such that for any b of Mφ(x, b̄) belongs to p
only if for M truth dφ(ā, b̄).

In other words, in conservative extension each type is definable.
A theory is stable if no formula has the order property ⊨ φ (ai, bj) ⇔ i < j. Also here doesn’t

exist infinite tree of formulas with 2 branching. There is a n tree where it doesn’t go any further.
It means that there is no complete n+ 1 tree of formulas.

In Figure (1) NIP+NSOP is always stable and it divides into dp-minimal and non dp-minimal.
Now our task is to consider for these structures when there is dp-minimal and when there is non
dp-minimal and find conservative extension for unstable classes.

Figure 2:

Observation of our report: We will discuss the construction of non dp-minimal, NIP theory
with dp-rank equal to n (n > 1).

M1 = (M1;<1),M2 = (M2;<2), . . . ,Mn = (Mn;<n) .

This involves the structure of linear order, interpreted as n-tuples of Mi, along with n total
orders <1, <2, . . . , <n. Each order <i compares the i-th coordinate of the tuples. This setup is used
to illustrate the concepts of dp-minimality, dp-rank, and the NIP (Not the Independence Property).

The structure is defined as:

M := (M,<1, <2, . . . , <n)

where:

� M = {(a1, a2, . . . , an)|ai ∈Mi}.

� <i is a binary relation that compares the i-th coordinates of two tuples.

Next
M ⊨ (a1, a2, . . . , an) <i (b1, b2, . . . , bn) ⇐⇒ Mi ⊨ (ai < bi)

M ⊨⌝(a1, a2, . . . , an) <i (b1, a2, b2, . . . , bn)

M ⊨ Ei(a, b) ⇐⇒ ⌝(a <i b)∧⌝(b <i a)

M ⊨ ∀x∀y(Ei(x, y) → Ei(y, x))

M ⊨ ∀x∀y∀z((Ei(x, y) ∧ Ei(y, z)) → Ei(x, z))

In this report, we consider the conservative extensions of elementary pairs of the theory of M.
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We examine the recognized classification of 1-types in the setting of weakly ordered minimal
theories. We introduce and analyze essential classes of non-algebraic 1-types.

Definition 1. (B.S. Baizhanov, [1], [2]) Let p ∈ S1(A). We say that a formula Φ(x, y, ā), ā ∈ A, is
p-stable (p-preserving) if

for any α |= p, there exist γ1, γ2 |= p such that γ1 < Φ(M′, α, ā) < γ2.

Definition 2. Let p ∈ S1(A) be a non-algebraic type.

We say that p is semi-quasisolitary to the right if there is the greatest p-preserving convex to
the right 2-A-formula F (x, y, ā), where ā ∈ A.

We say that p is semi-quasisolitary to the left if there is the greatest p-preserving convex to
the left 2-A-formula G(x, y, ā), where ā ∈ A.

We say that p is quasisolitary if it is semi-quasisolitary to the right and to the left.

Definition 3. Let p ∈ S1(A). We say that a p-preserving convex to the right 2-A-formula F (x, y, ā)
is locally p-decreasing if for any α ∈ p(M′) there exist α1, α2 ∈ p(M′) such that:

1. α1 < α < α2;

2. for any β1 and β2 with α1 < β1 < β2 < α2 it holds that supF (M′, β1) > supF (M′, β2), or,
that is the same,

M′ |= ∃x(x > β2 ∧ F (x, β1, ā) ∧ ¬F (x, β2, ā)).

Note 4. Let p ∈ S1(A) be semi-quasisolitary to the right. If β > α, tp(β/A) = tp(α/A) = p, and
M′ |= ¬F (β, α, ā), where F is the greatest p-preserving convex to the right formula, then for any
formula Φ(x, y, c̄), where c̄ ∈ A, the following holds:

M′ |= Φ(β, α, c̄) =⇒ M′ |= Φ(β1, α, c̄) for all β1 ∈ F (M′, α, ā)+ ∩ p(M ′).

Let p ∈ S1(A) be semi-quasisolitary to the left. If β < α, tp(β/A) = tp(α/A) = p, and
M′ |= ¬G(β, α, ā), where G is the greatest p-preserving convex to the left formula, then for any
formula Φ(x, y, c̄), where c̄ ∈ A, the following holds:

M′ |= Φ(β, α, c̄) =⇒ M′ |= Φ(β1, α, c̄) for all β1 ∈ G(M′, α, ā)− ∩ p(M ′).

Lemma 5. Let p ∈ S1(A) be a non-algebraic type. Then:
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1. If F (y, x, ā) is the greatest p-preserving convex to the right or to the left 2-A-formula, then
F (y, x, ā) is not locally p-decreasing. Moreover, for any α < β ∈ p(M′) it holds that
supF (M′, α, ā) ≤ supF (M′, β, ā) for the case F is convex to the right, and inf F (M′, α, ā) ≤
inf F (M′, β, ā) for the case F is convex to the left.

2. If p is semi-quasisolitary then it is quasisolitary.

Lemma 6. 1. Let p ∈ S1(A), then for any convex to the right (or to the left) p-preserving 2-A-
formula F (x, y, ā) there is a F1(x, y, ā) that is convex to the right (or to the left) p-preserving
formula such that for all α ∈ p(M ′) the following holds:

F (M′, α, ā) ⊂ F1(M′, α, ā) and F1(x, y, ā) is not locally p-decreasing .

2. Let p ∈ S1(A) be quasisolitary. The set of all Ep(x, y, c̄p)-classes of equivalence in M′ is
densely ordered. A set of representatives of Ep(x, y, c̄p)-classes in M′ is ordered 2-indiscernible.
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Previously, two types of orthogonality were considered – weak and almost orthogonality. The
non-orthogonality of complete types is an important concept for such classes of first-order theories
as o-minimal, weakly o-minimal and quite o-minimal theories.
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Now, we introduce generalized notions of convex orthogonality – convex weak and convex
almost orthogonality. These definitions are formulated in terms of convex closures of types. The
connections between different kinds of orthogonality, as well as their properties – such as symmetry
and the preservation of quasirationality and definability of types – have been studied.

Definition 1. 1) The convex closure of a formula φ(x, ā) is the following:

φc(x, ā) := ∃y1∃y2
(
φ(y1, ā) ∧ φ(y2, ā) ∧ (y1 ≤ x ≤ y2)

)
.

2) The convex closure of a type p(x) ∈ S1(A) is the following type:

pc(x) := {φc(x, ā) | φ(x, ā) ∈ p}.

Definition 2. We say that pc is not weakly convex-orthogonal to qc and write pc ̸⊥cw qc for this, if
there exists a convex monotonic on pc(N) A-definable formula φ(x, y), such that for each α ∈ pc(N),
there exist β1, β2 ∈ qc(N) with β1 ∈ φ(N, α), β2 ̸∈ φ(N, α) and β1 < β2.

Theorem 3. Let A ⊂ N , N be an |A|+-saturated, and p, q ∈ S1(A) be non-principal types such
that pc ̸⊥cw qc. Then pc is quasirational if and only if qc is quasirational.

Theorem 4. Let A ⊂ N , N be an |A|+-saturated model of a theory with a linear order, p and
q ∈ S1(A) be non-algebraic types such that pc ̸⊥cw qc. Then if pc is definable, then qc is definable.

Theorem 5. Let A ⊂ N , N be an |A|+-saturated, p, q ∈ S1(A) be non-principal types. Then
pc ̸⊥cw qc ⇔ qc ̸⊥cw pc.
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We consider linearly ordered theories, that is, theories T with a definable relation of a linear
order ”<”.

Definition 1. [1] 1) A convex closure of a formula φ(x, ā) is the following formula:

φc(x, ā) := ∃y1∃y2
(
φ(y1, ā) ∧ φ(y2, ā) ∧ (y1 ≤ x ≤ y2)

)
.
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2) A convex closure of a type p(x) ∈ S1(A) is the type

pc(x) := {φc(x, ā) | φ(x, ā) ∈ p}.

Denote Scp := {q ∈ S1(A) | qc = pc}. The relation q ∈ Scp is an equivalence relation on the set
S1(A).

Definition 2. A 1-A-formula H generates a type p ∈ S1(A), if p is the only type from Scp such
that H(x) ∈ p(x).

Definition 3. [2] Let T be a small complete theory, p(x̄) be a non-principal type over a finite subset
A of some model of T . The type p is extremely trivial, if for every natural number n ≥ 1 and every
sequence of realizations β̄1, β̄2, ...,β̄n of p, p(M(β̄1, β̄2, ..., β̄n, ā)) = {β̄1, β̄2...β̄n}, where ā is some
enumeration of the set A, and M(β̄1, β̄2, ..., β̄n, ā) is a prime model of T over β̄1 ∪ β̄2 ∪ ... ∪ β̄n ∪ ā.

Linearly ordered theories with a non-principal extremely trivial 1-type over a finite set have
2ℵ0 countable pairwise non-isomorphic models [2].

Proposition 4. Let T be a small linearly ordered theory, A be a finite subset of some model of T ,
p ∈ S1(A) be a non-principal type, and H(x) be an A-formula generating the type p. Then the type
p is not extremely trivial.

Corollary 5. Let T be a small linearly ordered theory, A be a finite subset of some model of T ,
and p ∈ S1(A) be a non-principal type such that Scp is finite, then p is not extremely trivial.

Note that if p is such that Scp is infinite, then p is not necessary extremely trivial.

Example 6. Let L = {=, <, ciPi}i<ω, and T be an L-theory such that < is a dense linear order
without endpoints, ci < ci+1 for all i < ω, and Pi’s are dense mutually dense disjoint unary
predicates.

Then for each j < ω the type pj(x) := {x > ci ∧ Pj(x) | i < ω} is not extremely trivial, the
type p(x) := {x > ci ∧ ¬Pi(x) | i < ω} is extremely trivial, and the theory T has 2ℵ0 countable
non-isomorphic models. In this example, pc = pcj for all j < ω, and |Scp(∅)| = ℵ0.

Definition 7. [2] An A-definable formula φ(x̄, ȳ1, ȳ2, ..., ȳn, ā), ā ∈ A, is said to be p-n-preserving,
if for every realizations β̄1, β̄2, ..., β̄n of the type p, φ(x̄, β̄1, β̄2, ..., β̄n, ā) ⊢ p(x̄).

Proposition 8. [2] Let T be a countable complete theory, p(x̄) ∈ S(A) be a non-principal type over
a finite subset A of some model of T . Then the type p is extremely trivial if and only if for every
n ≥ 1 every p-n-preserving A-definable formula is trivial.

In this talk we present a maximality condition for the number of countable non-isomorphic
models of a countable complete linearly ordered theory T with a non-principal type p ∈ S1(A) over
a finite subset A of some model of T , such that Scp is infinite.
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Partially ordered structures are one of the classical mathematical objects. Here we continue
studying the notion of o-minimality for partially ordered structures.

We consider M = (Q2,≺), where we define the partial order < as

(a1, a2) ≺ (b1, b2) iff a1 < b1 ∧ a2 < b2.

Definition 1. A subset of M is said to be a generalized interval if it is of the following form:⋃
a,b∈A

(a, b)

where A is a definable subset in M.

Definition 2. A partially ordered structure is said to be o-minimal if each of its definable subsets
is a finite union of generalized intervals and points.

We show partial quantifier elimination in the appropriate language of the elementary theory
of M. After that, we check that a definable subset of M is a finite union of generalized intervals.
So, we prove the following.

Theorem 3. M is o-minimal.
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An algebra is called alternative if it satisfies the following identities:

(ab)c− a(bc) = −(ac)b+ a(cb), (1)

(ab)c− a(bc) = −(ba)c+ b(ac). (2)

A natural source of alternative algebras is Artin’s theorem, which states that every two-
generated subalgebra of alternative algebra is associative [1].

The variety of alternative algebras is a natural generalization of the variety of associative
algebras. On the other side, the dual operad of the alternative operad is an associative operad with
additional identity x3 = 0. So, we obtain

Alt! = As+ {x3 = 0}.

Also, we obtain the following trivial result which immediately follows from the definitions given
above:

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 265

Theorem 1. Let Alt3 be a variety of alternative algebras defined by identity x3 = 0. Then every
two-generated algebra from Alt3 lies in Alt!, i.e., Alt+ {x3 = 0} = Alt!2.

All described motivations can be illustrated as inclusions of the varieties as follows:

⊂

⊂

⊂

⊂

Alt

As

Alt+ {x3 = 0} = Alt!2

As+ {x3 = 0} = Alt!⊂
We consider Koszul dual operad P !

2 , where P2 is a variety of binary perm algebra, i.e., it is an
alternative operad with additional identity (ab)c+ (cb)a = (ac)b+ (ca)b. It turns out that P !

2 is a
variety of pre-Lie algebras with two additional independent identities, where one of them is x3 = 0.

In addition, we compute polarizations of P !
2 and 3-nil alternative algebras, self-dual operads:

Alt3, an assosymmetric operad with identity
∑

σ∈S3
(−1)σ(xσ(1)xσ(2))xσ(3); not Koszul operads:

P !
2 , the operad governed by the variety of 3-nil assosymmetric algebras, an assosymmetric operad

with identity x3 = 0.
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Phylogenetic trees appear in biology when considering protein sequence data. The root of a
binary phylogenetic tree corresponds to a common ancestor in an evolutionary tree. Phylogenetic
trees have many applications in studying the genetic and statistical properties of protein data
sequences.

We consider phylogenetic trees from a purely algebraic point of view. We give a description of
phylogenetic trees as a base of algebraic structures with interesting identities. Let [a, b] = ab− ba,
{a, b} = ab+ ba be Lie and Jordan commutators and

{a, b, c} = {a, {b, c}} − {{a, b}, c}

associator of Jordan product. An algebra with identities

{ab, c} − {ac, b} = 0, {a, bc} − {b, ac} = 0

is called phylogenetic.
Theorem. Let A be phylogenetic operad and A! is its Koszul dual. Then

A = ⟨ {a, b, c} = 0, {[a, b], c} = 0 ⟩,

A! = ⟨ [[a, b], c] + [[b, c], a] + [[c, a], b] = 0, {ab, c} = 0 ⟩.

The operads A and A! are Koszul.
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Dimension sequences can be defined by the following formulas

d1 = 1, dn = 1 +
n−1∑
k=1

(
n− 1

k

)
dkdn−k, n > 1,

d!n =

⌊n/2⌋∑
i=0

(n− i− 1)!

(
n

2i

)
(2i− 1)!! .

We see that the dimensions sequence of multilinear parts of the operad A coincides with the
sequence of numbers of phylogenetic trees

1, 2, 7, 41, 346, 3797, 51157, 816356, 15050581, . . . (OEIS A006677.)

It is the reason why we call operad A phylogenetic.
Note that the phylogenetic operad is not Lie-admissible, but associative admissible and satisfies

1-Alia identity
{[a, b], c}+ {[b, c], a}+ {[c, a], b} = 0.

Funding: The first author was supported by Science Committee of Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).
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Selmer Ranks of Elliptic Curves With a Rational 2-Torsion
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The study of elliptic curves plays a fundamental role in arithmetic geometry, as the first non-
trivial case of curves over a number field. From the Mordell-Weil theorem, it is known that the
structure of an elliptic curve E over a number field K is of the form

E/K ≃ ETors ⊕ Zr (1)

Where ETors is the finite torsion group of the curve. No algorithm is known for calculation of r,
the rank of the curves, but the we can bound the rank by the Selmer group as

rank(Selp(E/K)) = rank(E/K) + rank(X(E/K)[p∞]) (2)

Where Selp (Selmer group) and X (Tate-Shafarevich group) lie in the following sequence

0 −→ E(K)/mE(K) −→ Selm(E/K) −→ X(E/K)[m] −→ 0 (3)

Yielding a method to compute the ranks of elliptic curves.
In this work, we consider families of elliptic curves of the form

Er : y
2 = x3 + tx− r(t+ r2) (4)

equipped with a rational 2-torsion at (r, 0), which can be shifted to (0, 0) as

E : y2 = x3 + 2rx+ (t+ r2)x

E′ : y2 = x3 − 6rx− (3r2 + 4t)x
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In [1] it is shown that the 2-Selmer ranks of elliptic curves with a marked 2-torsion is un-
bounded; this is achieved through study of distribution of Tamagawa ratios of such curves and the
rational isogeny associated to the multiplication by 2 map.

A number of methods are available to compute the 2-Selmer ranks in practice, specially for
the case r = 0. In this work, we expand upon these methods to investigate these ranks as r, t. In
particular, we calculate the exact difference in rank in relation to ord2(r), as this value makes the
most significant change in the average size of Selmer groups and ranks of these families.

Keywords: Elliptic Curves, Selmer group
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The union of graphs G = (V,E) and H = (U,F ) is a graph with vertex set V
⋃
U and edge

set E
⋃
F . We denote graph union operation as G

⋃
H. The join operation of graphs with disjoint

vertex sets V and U , and disjoint edge sets E and F , is the graph union G ∪H along with edges
joining all pairs (v, u) ∈ V × U . We denote it as G▽H.

The matching polynomial. Let Φk(G) be the number of k-matchings in graph G. The
matching polynomial is defined by:

m(G, t) =

n/2∑
k=0

Φk(G)t
n−2k

Path-coverings polynomial. A k-path covering is a collection of k vertex-disjoint directed
paths that cover the whole vertex set V . Let pk(G) be the number of k-path coverings of G. The
path-covering polynomial is defined by:

P (G, t) =

n∑
k=1

pk(G)t
k

Chromatic polynomial. χ(G, t) is the number of ways to color G in t colors so that no two
adjacent vertices share the same color.

It is simple to see that m(G, t = 0) is the number of perfect matchings, and ∂tP (G, t = 0) is
twice the number of Hamiltonian Paths. It was shown by Stanley [2] that χ(G,−1) is the number
of acyclic orientations.

Theorem 1. Let p(G, t) be one of the graph polynomials mentioned above. Then, for any graphs
G and H, there exists a linear operator ϕ for which the following holds:

p(G▽H, t) = ϕ(ϕ−1(p(G, t))ϕ−1(p(H, t))

Moreover, ϕ(tn) is the graph polynomial for complete graph Kn:

ϕ(tn) = p(Kn, t)
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Theorem 2. Let ϕm, ϕP , and ϕχ denote operators corresponding matching, path-coverings, and
chromatic polynomials. Then,

ϕm = e∂
2
t /2

ϕP = et∂
2
t

ϕχ(t
n) =

n−1∏
i=0

(t− i)

Our main result can be applied to compute graph polynomials for cographs in polynomial time
O(n2 log n). Moreover, it is possible to compute perfect matchings, hamiltonian graphs, number of
acyclic orientations, or number of proper colorings of cographs. It is also possible to compute in
O(n log n) time the graph polynomials for graphs such as Complete k-partite graph, wheel graph,
star graph, n-dipyramidal graph, cone graph, fan graph, windmill graph, etc. For general graphs,
these problems are NP-complete.
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Definition 1. A multipartite labeled series-reduced tree is a rooted tree with labeled leaves and
colored unlabeled inner nodes.

Let d(T, v) and col(T, v) denote the outdegree and the color of a vertex v in a tree T . The
weight w(T ) is defined as follows:

w(T ) =
ts

s!

n∏
v=1

xcol(T,v),d(T,v)

The generating function for series-reduced trees pm(x) is defined as the sum of weights over
all series-reduced trees and m colors.

Theorem 2. Refined generating function for labeled series-reduced trees with m colors enumeration
up to vertex degree and color sequence is defined using compositional inverse by t as follows:

pm(t, x) =

(
t(1−m) +

m∑
c=1

x−1
c (t)

)−1

Theorem 3. Generating function for labeled series-reduced trees with s leaves and m colors:

psm(x) =

s∑
k=0

(−1)s+k−1Bs+k−1,k

(
0,

{
m∑
c=1

x−1
c,i

}∞

i=1

)

x−1
c,i = (−1)i−1

i∑
k=0

Bi+k−1,k(0, xc,2,−xc,3, . . .)
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Finally, we give a way to compute the number of multipartite labeled series-reduced trees with
s leaves and m colors.

Theorem 4. Let !nk denote the number of derangements of length n which have k cycles. Then,
the number of m-partite series-reduced trees with s leaves is given as

psm =
s∑

k=0

(−1)s+k−1mk(!(s+ k − 1)k)

Setting m = 2 gives the number of series-parallel networks/cographs/bipartite labeled series-
reduced trees. A similar result for the bipartite case can be found in the work of Riordan [2].

Corollary 5. Number of bipartite series-reduced trees:

ps2 =

s∑
k=0

(−1)s+k−12k(!(s+ k − 1)k)

where !(s+ k − 1)k is the number of derangements with length s+ k − 1 with k cycles.
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In 1972 Nagata constructed his famous automorphism. In 2004 Shestokov and Umirbaev
proved its wildness. In 2022 Kerimbayev R.K. established the algebraicity of the Nagata automor-
phism and elementary polynomial automorphisms. In this regard, the question of the algebraicity
of the superposition of two elementary polynomial automorphisms may arise. We will try to answer
this question.

Theorem 1. (Kerimbayev R. K.) Elementary Polynomial Automorphisms are Quadratic, that is,
φ2 − (α+ 1)φ+ αε = 0. φ(xi) = αxi + f, φ(xk) = xk, k ̸= i.

Corollary 1. For α = 1, the elementary automorphism φ has a unique proper invariant
subspace, namely (φ − ε)R[x1, ..., xn]. For α ̸= 1, it has two distinct invariant subspaces, namely
(φ− ε)R[x1, ..., xn], (φ− αε)R[x1, ..., xn].

2. Let two different elementary polynomial automorphisms φ and ψ be given.

φ(xi) = αxi + βxj + f(x1, ..., x̂i, ..., x̂j , ..., xn), (1)

φ(xk) = xk, k ̸= i, 1 ≤ i, j,≤ n, i < j, α ̸= 0, (2)

ψ(xj) = γxi + δxj + g(x1, ..., x̂i, ..., x̂j , ..., xn), (3)

ψ(xk) = xk, k ̸= j, 1 ≤ i, j, k ≤ n, i < j, δ ̸= 0. (4)

Whereˆmeans that the given variable is absent.
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Theorem 2. The superposition φ ◦ ψ is cubic:

(φ ◦ ψ)3 − (1 + α+ δ + βγ)(φ ◦ ψ)2 + (α+ δ + βγ + αδ)(φ ◦ ψ)− αδε = 0, (5)

where ε—identity transformation.

Corollary 2. If φ(xi) = αxi + f(..., x̂i, ..., x̂j , ...), φ(xk) = xk, k ̸= i, ψ(xj) = βxj +
g(..., x̂i, ..., x̂j , ...), ψ(xk) = xk, k ̸= j. Then we have the following equality:

(φ ◦ ψ)3 − (1 + α+ β)(φ ◦ ψ)2 + (α+ β + αβ)(φ ◦ ψ)− αβε = 0, (6)

where ε—identity maps.

Funding: This study was funded by the Science Committee of the Ministry of Education and Science of the Republic
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Cohomological dimension of group homomorphisms
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The Lusternik-Schnirelmann category (for short, LS-category), denoted as cat(X), of a topolog-
ical spaceX is defined as the minimum number k such thatX admits an open cover {U0, U1, . . . , Uk}
by k+1 contractible sets in X. This concept provides a lower bound on the number of critical points
for smooth real-valued functions on closed manifolds [2].

Let us recall that given a discrete group Γ, a classifying space (Eilenberg-MacLane space)
BΓ = K(Γ, 1) is defined to be a path-connected space such that π1(BΓ) = Γ and πk(BΓ) = 0
for all k ̸= 1. Since BΓ is the unique up to homotopy equivalence, we define that LS-category
of a discrete group to be LS-category of its classifying space, i.e cat(Γ) := cat(BΓ). In the 1950s,
Eilenberg and Ganea [5] established the equality between LS-category and cohomological dimension,
cat(Γ) = cd(Γ), for discrete group Γ, where

cd(Γ) = sup{k|Hk(BΓ;M) ̸= 0}

for some ZΓ-module M [1].

Similarly, one can define the LS-category of group homomorphism ϕ : Γ → Λ, cat(ϕ) :=
cat(Bϕ) where Bϕ : BΓ → BΛ is the map between classifying spaces. Considering the Eilenberg-
Ganea equality cd(Γ) = cat(Γ), a natural conjecture arises:

Conjecture 1. For any group homomorphism ϕ : Γ → Λ, it is always the case that cat(ϕ) = cd(ϕ).
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In this talk, we discuss the recent progress on this conjecture (see [3,4,6,7], for more details).
In particular, we give the characterisation of cohomological dimension of group homomorphisms
[6].

Theorem 2. Let ϕ : Γ → Λ be an epimorphism between discrete groups. Then

cat(ϕ) = cd(ϕ) = 1

if and only if ϕ factors through the free group Fn via epimorphisms Γ → Fn → Λ.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
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Let L be a countable first-order language. Throughout this lecture we consider L–structures
and suppose that L contains a binary relation symbol < which is interpreted as a linear order in
these structures. This paper concerns the notion of weak o-minimality which was initially deeply
studied by H.D. Macpherson, D. Marker and C. Steinhorn in [1]. A subset A of a linearly ordered
structure M is convex if for all a, b ∈ A and c ∈ M whenever a < c < b we have c ∈ A. A weakly
o-minimal structure is a linearly ordered structureM = ⟨M,=, <, . . .⟩ such that any definable (with
parameters) subset of M is a union of finitely many convex sets in M . Real closed fields with a
proper convex valuation ring provide an important example of weakly o-minimal structures.

Let A and B be arbitrary subsets of a linearly ordered structure M . Then the expression
A < B means that a < b whenever a ∈ A and b ∈ B, and A < b means that A < {b}. For
an arbitrary subset A of M we introduce the following notations: A+ := {b ∈ M | A < b} and
A− := {b ∈ M | b < A}. For an arbitrary one-type p we denote by p(M) the set of realizations
of p in M . If B ⊆ M and E is an equivalence relation on M then we denote by B/E the set of
equivalence classes (E–classes) which have representatives in B. If f is a function on M then we
denote by Dom(f) the domain of f . A theory T is said to be binary if every formula of the theory
T is equivalent in T to a boolean combination of formulas with at most two free variables.

Further throughout the lecture we consider an arbitrary complete theory T (if unless otherwise
stated), where M is a sufficiently saturated model of T .
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Definition 1. [2] Let T be a weakly o-minimal theory,M |= T , A ⊆M , p ∈ S1(A) be non-algebraic.

(1) An LA-formula F (x, y) is said to be p-preserving if there exist α, γ1, γ2 ∈ p(M) such that

[F (M,α) \ {α}] ∩ p(M) ̸= ∅ and γ1 < F (M,α) ∩ p(M) < γ2.

(2) A p-preserving formula F (x, y) is said to be convex-to-right (left) if there exists α ∈ p(M)
such that F (M,α) ∩ p(M) is convex, α is the left (right) endpoint of the set F (M,α) ∩ p(M) and
α ∈ F (M,α).

Definition 2. [3] Let F (x, y) be a p–preserving convex-to-right (left) formula. We say that F (x, y)
is said to be equivalence-generating if for any α, β ∈ p(M) such that M |= F (β, α) the following
holds:

sup[F (M,α) ∩ p(M)] = sup[F (M,β) ∩ p(M)]

(resp. inf[F (M,α) ∩ p(M)] = inf[F (M,β) ∩ p(M)]).

The class of weakly o-minimal theories is an object for active research. In [4], a formula
calculating the countable spectrum for weakly o-minimal theories of finite convexity rank was
found. Here we discuss properties of p-preserving convex-to-right (left) formulas in weakly o-
minimal theories, where p is a non-algebraic 1-type. It is established that in the case of an existence
of a p-preserving convex-to-right (left) formula that is not equivalence-generating, there exists a
p-preserving convex-to-left (right) formula that is also not equivalence-generating; it was shown
how it is built from the original formula.

Proposition 3. Let T be a weakly o-minimal theory of convexity rank 1, M |= T , A ⊆ M , p ∈
S1(A) be non-algebraic, F (x, y) be a p-preserving convex-to-right (left) formula. Then G(x, y) :=
F (y, x) is a p-preserving convex-to-left (right) formula.

Example 4. LetM := ⟨M,<,E2, f1⟩ be a linearly ordered structure, whereM = Q×Q is ordered
lexicographically.

We define E as follows: for any a = (a1, a2), b = (b1, b2) ∈ M we have E(a, b) iff a1 = b1.
Obviously, E(x, y) is an equivalence relation partitioning M into infinitely many infinite convex
classes so that the induced ordering on E-classes is dense.

We define f as follows: for any a = (a1, a2) ∈M we have

f(a) = (a1 + 1,−a2).

Then f is strictly decreasing on each E-class and f is strictly increasing on M/E.

It can be proved that T = Th(M) is a weakly o-minimal theory, and M is 1-transitive.
Let p(x) := {x = x}. Obviously, p ∈ S1(∅), p is non-algebraic and p(M) = M . Consider the

following formula:

F (x, y) := y ≤ x ≤ f(y).

Obviously, F (x, y) is a p-preserving convex-to-right formula that is not equivalence-generating.
Observe that for any α ∈ p(M) there exists β ∈ p(M) such that α < β and

M |= F (β, α) ∧ ∃x[F (x, α) ∧ ¬F (x, β)].

Let G(x, y) := F (y, x). Since f is strictly increasing on M/E, G(x, y) is p-preserving. Observe
also that F (γ,M) consists of two convex sets for any γ ∈ p(M). Then G(M,γ) is not convex,
whence G(x, y) is not convex-to-left. Let

G′(x, y) := ∃t[F (y, t) ∧ t ≤ x ≤ y].

It can be checked that G′(x, y) is a p-preserving convex-to-left formula that is not equivalence-
generating.
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Proposition 5. For each natural n ≥ 1 there exist a weakly o-minimal theory T , M |= T , non-
algebraic p ∈ S1(∅) and a p-preserving convex-to-right (left) formula F (x, y) such that for any
γ ∈ p(M) the set F (γ,M) consists of n convex sets in p(M).

Theorem 6. Let T be a weakly o-minimal theory, M |= T , A ⊆ M , p ∈ S1(A) non-algebraic,
F (x, y) a p-preserving convex-to-right formula that is not equivalence-generating. Then

G(x, y) := ∃t[F (y, t) ∧ t ≤ x ≤ y]

is a p-preserving convex-to-left formula that is also not equivalence-generating.
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In the present lecture, we study strongly minimal partial orderings in the signature containing
only the symbol of binary relation for a partial order. We use for partial orderings such characteris-
tics as the height of a structure that is the supremum of lengths of ordered chains, and the width of
a structure that is the supremum of lengths of antichains, where an antichain is the set of pairwise
incomparable elements. We also differ trivial width and non-trivial width. Recently in [1], B.Sh.
Kulpeshov, In.I. Pavlyuk and S.V. Sudoplatov described strongly minimal partial orderings having
a finite non-trivial width. Here we study strongly minimal partial orderings having an infinite
non-trivial width.

Recall [2] that an infinite structure M is said to be minimal if for any formula φ(x, a) of the
language of M, with parameters a, either φ(M, a) or ¬φ(M, a) is finite. A theory T without
finite models is said to be strongly minimal if any model M |= T is minimal. Models of a strongly
minimal theory are said to be strongly minimal, too. In the present time, the class of strongly
minimal theories is an object of active investigations. In [3], rank properties for families of strongly
minimal theories were studied. In [4], some interesting results on strongly minimal structures were
obtained that lead to a finer classification of strongly minimal structures with flat geometry.
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Recall that a partial order on a set is a binary relation < satisfying:
Asymmetry ∀x∀y[x < y → ¬(y < x)];
Transitivity ∀x∀y∀z[(x < y ∧ y < z) → x < z].
A set equipped with a partial order on it is said to be a partially ordered set or partial ordering.
Let M = ⟨M,<⟩ be an infinite partial ordering. Assuming that M is strongly minimal we

have only finite ≤-chains and the lengths of these chains are bounded, since unbounded lengths
imply existence of structures N ≡ M with infinite chains {ai | i ∈ Z}, ai < aj for i < j, that
violate the strong minimality by any formula x < ai. Thus, the height h(M), that is the supremum
of lengths of ≤-chains in M, must be finite for a strongly minimal structure M. Therefore, further
we consider here only infinite partial orderings with finite ≤-chains.

Also, since M is infinite, it has an infinite width w(M) that is the supremum of cardinalities
of ≤-antichains.

For any infinite partial ordering with finite ≤-chains M = ⟨M,<⟩ we can consider the corre-
sponding graph structure MR = ⟨M,R2⟩, where R(a, b) iff either a is an immediate predecessor
of b or a is an immediate successor of b with regard to the partial order < for any a, b ∈ M . We
say a subset A of a partial ordering M = ⟨M,<⟩ is a connected component if A is a connected
component in MR = ⟨M,R2⟩.

We say a connected component is trivial if it is a chain. We say a trivial connected component
is an n-component if it is a chain of length n, where 1 ≤ n < ω. We say a 1-component is a
singleton.

The value w(M) is witnessed by both trivial connected components and collections of maximal
antichains in non-trivial connected components. Indeed, let M consist of both

⊔
i∈I

Ai and
⊔
j∈J

Bj ,

where each Ai is a trivial connected component, and each Bj is a non-trivial connected component.
Then obviously w(M) = w0(M) +w1(M), where w0(M) is the width of trivial part

⊔
i∈I

Ai (trivial

width) and w1(M) is the width of non-trivial part
⊔
j∈J

Bj (non-trivial width).

The following theorem describes strongly minimal partial orderings with finite non-trivial
width:

Theorem 1. [1] An infinite partial ordering M = ⟨M,<⟩ with finite non-trivial width is strongly
minimal iff M has infinitely many singletons and additionally can have only finitely many finite
connected components which are not singletons.

Recall that an element a of a partial ordering M is said to be minimal if there is no element
in M that is less than a. Also, an element a of a partial ordering M is said to be maximal if
there is no element in M that is greater than a. Observe that any singleton of a partial ordering
is both maximal and minimal element of the ordering. Also, any maximal (minimal) element of a
non-trivial connected component of a partial ordering is not minimal (maximal).

Example 2. Let M = ⟨M,<⟩ be a partial ordering consisting of exactly one infinite non-trivial
connected component of height two having exactly one maximal element. Then, obviously, M
contains infinitely many minimal elements. Then M is a strongly minimal structure having an
infinite non-trivial width.

We say that an element a of a partial ordering M has up-degree (down-degree) m for some
m ∈ ω if there exist exactly m elements of M being an immediate successor (predecessor) of a. If
there are infinitely many elements of M being an immediate successor (predecessor) of a then we
say a has infinite up-degree (down-degree). Obviously, a has both up-degree 0 and down-degree 0
iff a is a singleton.

The following theorem is a criterion for strong minimality of an infinite partial ordering of
height two having an infinite non-trivial width.

Theorem 3. Let M = ⟨M,<⟩ be an infinite partial ordering of height two having an infinite
non-trivial width. Then M is strongly minimal iff the following holds:
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(1) M contains exactly one non-trivial connected component of height two having both an infi-
nite set of maximal (minimal) elements and a non-empty finite set of minimal (maximal) elements;

(2) If M contains exactly m minimal (maximal) elements of infinite up-degree (down-degree)
for some 1 ≤ m < ω then almost all maximal (minimal) elements have down-degree (up-degree) m;

(3) M contains only finitely many finite connected components of height at most two.

Recall that a first-order theory is said to be totally categorical if it has exactly one model in
each infinite power.

Corollary 4. Any strongly minimal partial ordering of height two with an infinite non-trivial width
is totally categorical.
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We study some hierarchy properties of expansions and restrictions of structures with given
degrees of rigidity.

Following [1] we consider regular structures, i.e. relational structures without repetitions of
interpretations of signature symbols. Let M be a regular structure, M be a maximal regular
expansion of M preserving the universe M . We denote by B(M) the set of all restrictions of
M preserving the universe M . The set-theoretic operations on the Boolean P(Σ(M)), forming
its Cantor algebra, induce the regular atomic Boolean algebra B(M) on B(M), with the greatest
element M, the least element M0 with the empty signature, and |Σ(M)| atoms each of which has
exactly one signature symbol. Here unions N1∪N2 and intersections N1∩N2, for N1,N2 ∈ B(M),
preserve the universe M and consists of unions of their signature relations, common signature
symbols, respectively. The unions can be considered both as combinations [2] and fusions [3], in a
broad sense, of structures.

Recall that for a lattice L and its element a the upper cone ▽(a) = ▽a consists of all elements
b in L with a ≤ b, and the lower cone △(a) = △a consists of all elements b in L with b ≤ a.
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Following [4, 5], for a set A in a structureN , N is called semantically A-rigid or automorphically
A-rigid if any A-automorphism f ∈ Aut(N ) is identical. The structure N is called syntactically
A-rigid if N = dcl(A).

A structure N is called ∀-semantically / ∀-syntactically n-rigid (respectively, ∃-semantically
/ ∃-syntactically n-rigid), for n ∈ ω, if N is semantically / syntactically A-rigid for any (some)
A ⊆ N with |A| = n.

The least n such that N is Q-semantically / Q-syntactically n-rigid, where Q ∈ {∀, ∃}, is called
the Q-semantical / Q-syntactical degree of rigidity, it is denoted by degQ-semrig (N ) and degQ-syntrig (N ),
respectively. Here if a set A produces the value of Q-semantical / Q-syntactical degree then
we say that A witnesses that degree. If such n does not exists we put degQ-semrig (N ) = ∞ and

degQ-syntrig (N ) = ∞, respectively.

Proposition 1. For any structures N1,N2 ∈ B(M) and A ⊆ M if N1 ∈ ▽(N2), i.e. N1 is an
expansion of N2, then Aut(⟨N1, ca⟩a∈A) ⩽ Aut(⟨N2, ca⟩a∈A) and dclN1(A) ⊇ dclN2(A).

Corollary 2. For any structures N1,N2 ∈ B(M), A ⊆ M , Q ∈ {∀,∃} if N1 ∈ ▽(N2) then
degQ-semrig (N1) ≤ degQ-semrig (N2) and degQ-syntrig (N1) ≤ degQ-syntrig (N2). In particular, if N2 is semanti-
cally / syntactically A-rigid then N1 is semantically / syntactically A-rigid, too.

Let Psemr ⊆ B(M), Psyntr ⊆ B(M) be the properties of semantic / syntactic ∅-rigidity, respec-
tively.

Proposition 3. For any structure M, Psemr = Psyntr iff M is finite.

Theorem 4. The family Psemr ⊆ B(M) of semantically rigid structures, respectively, the family
Psynt ⊆ B(M) of syntactically rigid structures, is represented as the union of upper cones of all its
elements. Each of these families is closed under permutations, contains some atomic elements of
B(M), and closed under intersections iff |M | = 1.

Below we consider concatenations M1+M2 of linearly ordered sets M1 and M2. Since in the
Boolean algebra B(M) all structures have the same universe M , when considering M1 +M2 we
assume that the original structures Mi on the set M have partial orders in which one connected
component gave a linear order for Mi, and all other components are singletons and there |M3−i|
many of them, i = 1, 2. After connecting M1 and M2, considered as a union, two connected
components are formed with respect to the relation ≤1 ∪ ≤2 of orders ≤1 and ≤2 in M1 and M2,
respectively. This relation is then replaced by its extension to the desired linear order for M1+M2.

Proposition 5. Let M1 = ⟨M1, <⟩ be a linear ordering with deg4(M1) = (∞,∞,∞,∞). Then
deg4(M1 +M2) = (∞,∞,∞,∞) for any linear ordering M2 = ⟨M2, <⟩.

Proposition 6. For any infinite linear orderings M1 = ⟨M1, <⟩ and M2 = ⟨M2, <⟩ such that
deg4(M1) = deg4(M2) = (0, 0, 0, 0) the following holds:

deg4(M1 +M2) equals (0, 0, 0, 0), (1, 1,m,m) for some natural m ≥ 1 or (1, 1,∞,∞).

Proposition 7. For any natural m1,m2 ≥ 1 and for any infinite linear orderings M1 = ⟨M1, <
⟩, M2 = ⟨M2, <⟩ such that deg4(M1) = (m1,m1,∞,∞) and deg4(M2) = (m2,m2,∞,∞) the
following holds: deg4(M1 +M2) = (m,m,∞,∞), where m1 +m2 ≤ m ≤ m1 +m2 + 1.
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Ax [1] proved a beautiful purely algebraic characterisation for pseudofinite fields. While no such
characterisation exists for pseudofinite groups, there is a tight correspondence between pseudofinite
fields and simple pseudofinite groups, Wilson proved that a simple pseudofinite group is elementarily
equivalent to a (twisted) Chevalley group over a pseudofinite field.

It is known [7, Theorem 8.4.10] that two abelian groups are elementary equivalent if and only
if they have same Szmielew invariants.

We denote by Q the additive group of rational numbers, Zpk – the cyclic group of the order

pk, Zp∞ – the quasi-cyclic group of all complex roots of 1 of degrees pk for all k ≥ 1, Rp – the
group of irreducible fractions with denominators which are mutually prime with p. The groups
Q,Zpk , Rp,Zp∞ are called basic. Below the notations of these groups will be identified with their
universes.

Since abelian groups with same Szmielew invariants have same theories, any abelian group A
is elementary equivalent to a group

⊕p,kZ
(αp,k)

pk
⊕⊕pZ

(βp)
p∞ ⊕⊕pR

(γp)
p ⊕Q(ε) (1)

Yu. L. Ershov [3] axiomatized pseudofinite Abelian groups in terms of Szmielew invariants
and proved their solvability. Later, independently, S. Basarab [2] proved that an abelian group is
pseudofinite if and only if the numbers of p-Prufer groups and of p-adics occurring in a saturated
model are the same for every prime p.

A complete criterion for pseudofiniteness and approximations of Abelian groups is given by
In.I. Pavluk and S.V. Sudoplatov [4] and [5].

Theorem 1 (In.I. Pavluk and S.V. Sudoplatov). For any theory T of abelian groups, the following
conditions are equivalent:

(1) T ∈ TA,pf , where TA,pf is a family of pseudofinite abelian group theories;

(2) T has some infinite αp,n, or some βp = γp = ω, or ε = 1, moreover, for all nonzero values
βp and γp, βp = γp = ω;

(3) T has infinite models, and all nonzero values βp and γp imply βp = γp = ω.

Corollary 2. Infinite extra-special p-groups of odd exponent p are pseudofinite.

Question. When is a direct product of groups pseudofinite?
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Theorem 3 (Paola D’Aquino and Macintyre Angus). Let I be an index set (either finite or infinite).
If (Mi)i∈I are pseudofinite L-structures then

∏
i∈IMi is pseudofinite.

Corollary 4. (Z/4Z)ω is pseudofinite.

Proposition 1. i) Let G =
⊕

i<ω Zp∞ ⊕
⊕

j<ω Rp. Then G is divisible iff i=j;
ii) Let G = (

⊕
i<ω Zp∞ ⊕

⊕
j<ω Rp)

n∈ω. Then G is pseudofinite iff i=j.
Proposition 2. Let G be a group and G =

∏
i,j<ω Gi × Gj , where Gi is divisible and Gj is

non-divisible abelian groups. Then G is divisible if i = j. That is, the number of divisible groups
in
∏
Gi is equal to the number of non-divisible groups.

Corollary 5. Every direct product of pseudofinite divisible groups is divisible.
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On the generalized Poisson and transposed Poisson algebras
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This talk presents the main results on the characterization and interplay of generalized Poisson
algebras and transposed Poisson algebras within the associative commutative algebras endowed with
a Lie bracket. We establish that an algebra (L, ·, [, ]) can be both a generalized Poisson algebra
and a transposed Poisson algebra if it satisfies the identities a[b, c] = aD(b)c− abD(c) and [ab, c] =
D(a)bc+aD(b)c−abD(c) for all elements a, b, c ∈ L. This result shows that the generalized Poisson
and transposed Poisson algebras structures are inherently linked when a differential operator D
is present. We establish defining identities for algebras that are both generalized Poisson and
transposed Poisson admissible algebras. Furthermore, we generalize the simplicity criterion for
transposed Poisson algebras, proving that a transposed Poisson n-Lie algebra is simple if and only
if its associated n-Lie algebra is simple. This talk is based on the articles [1] and [2].

Keywords: transposed Poisson algebra, n- polynomial identity, Lie algebra, simple algebra.
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The work concerns approximations of structures by finite structures [1] and types of approxi-
mation [2,3].

Question. When is a direct product of unars pseudofinite?

Theorem 1 (Paola D’Aquino and Macintyre Angus). Let I be an index set (either finite or infinite).
If (Mi)i∈I are pseudofinite L-structures then

∏
i∈IMi is pseudofinite.

Proposition 2. (N; succ)× (N; pred) is pseudofinite and strongly minimal.

Remark 3. (N; succ) and (N; pred) are not pseudofinite. They are strongly minimal. Moreover,
their direct product has an arbitrary number of semichains and antichains.

Elementary equivalence of pseudofinite unars with n semichains and m antichains, where n ̸=
m, remained an interesting question.

Jointly with Prof. Ye. Baisalov we constructed a pseudofinite omega stable, but not strongly
minimal unar theory with an arbitrary number of semichains and antichains.
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We consider theories in first-order predicate logic and use general concepts of model theory,
algorithm theory, Boolean sentence (Lindenbaum) algebras, and constructive models, see [1]. We
fix a finite rich signature σ together with a Gödel numbering Φn, n ∈ N, of the set of closed
formulas.
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First, we consider sentence algebras of some Hanf’s semantic classes of models.

Theorem 1. The following assertions hold for the class Mdec(σ) of all models with decidable
theories in the signature σ :

(a) L(Mdec) is a Boolean Π0
3-algebra,

(b) there is a numbering υ such that (L(Mdec), υ) is a Boolean Σ0
2-algebra,

(c) for an arbitrary Boolean Π0
3-algebra B, there is a sentence Θ of signature σ, such that

B ∼= L
(
Th(Mod(Θ) ∩Mdec)

)
, where γ is a Gödel numbering of sentences of signature σ.

Theorem 2. The following assertions hold for the class Mnd(σ) =Mnfa(σ)∩Mdec(σ) of all models
with non-finitely axiomatizable decidable theories of the signature σ :

(a) L(Mnd) is a Boolean Π0
4-algebra,

(b) there is a numbering υ such that (L(Mnd), υ) is a Boolean Σ0
3-algebra,

(c) for an arbitrary Boolean Π0
4-algebra B, there is a sentence Θ of signature σ, such that

B ∼= L
(
Th(Mod(Θ) ∩Mnd)

)
.

Now, we give some characterization to a subclass of the class of prime models of signature σ.

Theorem 3. The following complexity estimates take place for the class P̌ ω
s.c. consisting of all prime

strongly constructivizable models having infinite dimensions with algebraic elements of signature σ :

(a) {n | Φn has a P̌ ω
s.c.-model } ≈ Σ0

4,

(b) Th(P̌ ω
s.c.) ≈ Π0

4.

Theorem 4. Let L(P̌ ω
s.c.) be the class of all prime strongly constructivizable models having infinite

algorithmic dimensions with algebraic elements of the signature σ. The following assertions hold :

(a)
(
L(P̌ ω

s.c.), γ
)
is a Boolean Π0

4-algebra,

(b) computable ultrafilters of L(P̌ ω
s.c.) form a dense subset in the set of arbitrary ultrafilters in

the algebra,

(c) L(P̌ ω
s.c.) is a Boolean Σ0

3-algebra,

(d) for an arbitrary Boolean Σ0
2-algebra (B, ν) whose computable ultrafilters form a dense subset

in the set of all ultrafilters, there is a sentence Θ such that (B, ν) ∼=
(
L
(
Th(Mod(Θ) ∩ P̌ ω

s.c.)
)
, γ
)
,

(e) L(P̌ ω
s.c.) is a Σ0

2-universal Boolean algebra.

A natural question arises from difference in Part (c) and Part (d) of Theorem 4: is the al-
gebra L(P̌ ω

s.c.) a Σ0
3-universal Boolean algebra? Actually, there is a number of semantic classes of

models admitting exact estimates of the complexity of elementary theories but the problems of
characterizing their sentence algebras were not solved or has been solved only partially. It would
be interesting to study possible obstacles preventing us from obtaining a characterization of the
sentence algebras.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR20281002).

Keywords: semantic class, elementary theory, complexity estimate, sentence algebra, computable isomorphism.

2010 Mathematics Subject Classification: 03B10, 03D35.

References

[1] Peretyat’kin M.G., Selivanov V.L. Universal Boolean algebras with applications to semantic
classes of models, Conf. on Computability in Europe, Springer Nature Switzerland, 2024, 205-217.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 281
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We study various properties [1] which are preserved under given conditions. These preserva-
tions generalize the notion of (p, q)-preserving formula [2, 3, 4] and its variations for correspondent
type-definable sets.

Definition. Let M be a structure, P1 ⊆ Mk1 , . . . , Pn ⊆ Mkn , Q ⊆ Mm be properties,
Φ = Φ(x1, . . . , xn, y) be a type with l(x1) = k1, . . . , l(xn) = kn, l(y) = m. We say that the
tuple (P1, . . . , Pn, Q) is (totally) Φ-preserved, or Φ is (totally) (P1, . . . , Pn, Q)-preserving, if for any
a1 ∈ P1, . . . , an ∈ Pn, Φ(a1, . . . , an,M) ⊆ Q. Here we also say on universal Φ- and (P1, . . . , Pn, Q)-
preservation.

If Φ(a1, . . . , an,M) ⊆ Q for some a1 ∈ P1, . . . , an ∈ Pn, then we say that (P1, . . . , Pn, Q) is
existentially Φ-preserved, or Φ is existentially (P1, . . . , Pn, Q)-preserving.

If Φ(a1, . . . , an,M) ∩Q ̸= ∅ for some a1 ∈ P1, . . . , an ∈ Pn and (P1, . . . , Pn, Q) is not existen-
tially Φ-preserved by these tuples ai, then we say that (P1, . . . , Pn, Q) is ∃-partially Φ-preserved, or
Φ is ∃-partially (P1, . . . , Pn, Q)-preserving. If this property holds for any a1 ∈ P1, . . . , an ∈ Pn, we
say that (P1, . . . , Pn, Q) is ∀-partially Φ-preserved, or Φ is ∀-partially (P1, . . . , Pn, Q)-preserving.

We say that the tuple (P1, . . . , Pn, Q) is ∃-partially Φ-non-preserved, or Φ is ∃-partially (P1,
. . . , Pn, Q)-non-preserving, if Φ(a1, . . . , an,M) ∩ Q ̸= ∅ for some a1 ∈ P1, . . . , an ∈ Pn, where
Q = Mm \ Q. If this property holds for any a1 ∈ P1, . . . , an ∈ Pn, we say that (P1, . . . , Pn, Q) is
∀-partially Φ-non-preserved, or Φ is ∀-partially (P1, . . . , Pn, Q)-non-preserving.

We say that the tuple (P1, . . . , Pn, Q) is totally Φ-non-preserved, or Φ is totally (P1, . . . , Pn,
Q)-non-preserving, if Φ(a1, . . . , an,M) ∩Q ̸= ∅ for any a1 ∈ P1, . . . , an ∈ Pn.

If Φ(a1, . . . , an,M) ⊆ Q for some a1 ∈ P1, . . . , an ∈ Pn, then we say that (P1, . . . , Pn, Q) is
existentially Φ-disjoint, or Φ is existentially (P1, . . . , Pn, Q)-disjointing.

If Φ(a1, . . . , an,M) ⊆ Q for any a1 ∈ P1, . . . , an ∈ Pn, then we say that (P1, . . . , Pn, Q) is
totally Φ-disjoint or universally Φ-disjoint, or Φ is totally (P1, . . . , Pn, Q)-disjointing, or universally
(P1, . . . , Pn, Q)-disjointing.

If Φ is a singleton {φ} then totally/existentially/partially Φ-(non-)preserved/disjoint tuples are
called totally/existentially/partially φ-(non-)preserved/disjoint, respectively, and φ is totally/existen-
tially/partially (P1, . . . , Pn, Q)-(non-)preserving/disjointing.

If P1 = . . . = Pn = Q then (P1, . . . , Pn, Q)-preserving type Φ is called (P1, . . . , Pn, Q)-
idempotent and (P1, . . . , Pn, Q) is Φ-idempotent. If Φ = {φ} then we replace Φ by φ in the definition
of idempotency.

Proposition 1. 1. If a type Φ is totally (P1, . . . , Pn, Q)-preserving/disjointing and P1×. . .×Pn ̸= ∅
then Φ is existentially (P1, . . . , Pn, Q)-preserving/disjointing.

2. If a type Φ is ∀-partially (P1, . . . , Pn, Q)-(non-)preserving and P1 × . . . × Pn ̸= ∅ then Φ is
∃-partially (P1, . . . , Pn, Q)-(non-)preserving.

Proposition 2. For any type Φ and definable or non-definable relations P1, . . . , Pn, Q in a structure
M the following conditions are equivalent:

1) Φ is totally/existentially (P1, . . . , Pn, Q)-preserving;

2) Φ is totally/existentially (P1, . . . , Pn, Q)-disjointing.

Proposition 3. For any (P1, . . . , Pn, Q) and Φ, (P1, . . . , Pn, Q) is totally/existentially/partially Φ-
(non-)preserved/disjoint iff (P1×. . .×Pn, Q) is totally/existentially/partially Φ-(non-)preserved/dis-
joint, where (x1, . . . , xn, y) in Φ is replaced by (x1̂ . . .ˆxn, y).
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Definition [2, 3, 4]. Let T be a complete theory, M |= T . Consider types p(x), q(x) ∈ S(∅),
realized in M, and all (p, q)-preserving formulae φ(x, y) of T , i. e., formulae for which there is
a ∈ M such that |= p(a) and φ(a, y) ⊢ q(y). For each such a formula φ(x, y), we define a relation
Rp,φ,q ⇌ {(a, b) | M |= p(a)∧φ(a, b)}. If (a, b) ∈ Rp,φ,q, then the pair (a, b) is called a (p, φ, q)-arc.

Proposition 4. For any types p(x), q(y) ∈ S(∅) and a formula φ(x, y) the following conditions are
equivalent:

1) the formula φ is (p, q)-preserving;
2) the pair (p(M), q(M)) is totally φ-preserved;
3) the pair (p(M), q(M)) is existentially φ-preserved.

Proposition 5. If some conjunction of formulae in a type Φ is totally/existentially (P1, . . . , Pn, Q)-
preserving/disjoint then Φ is totally/existentially (P1, . . . , Pn, Q)-preserving/disjoint.

Proposition 6. If a type Φ is α-partially (P1, . . . , Pn, Q)-(non-)preserving, where α ∈ {∀,∃}, then
any conjunction of formulae in a type Φ is α-partially (P1, . . . , Pn, Q)-(non-)preserving.

Proposition 7. If properties P1, . . . , Pn, Q are type-definable in a saturated structure then a type Φ
is partially (P1, . . . , Pn, Q)-preserving/disjoint iff some conjunction of formulae in Φ is totally/exist-
entially/partially (P1, . . . , Pn, Q)-preserving/disjoint.

Proposition 8. (Monotony) If (P1, . . . , Pn, Q) is Φ-preserved, P1 ⊇ P ′
1, . . . , Pn ⊇ P ′

n, Q ⊆ Q′,
Φ ⊆ Φ′ then (P ′

1, . . . , P
′
n, Q

′) is Φ′-preserved.

For types Φ and Ψ we denote by Φ ∨ Ψ the type {φ ∨ ψ | φ ∈ Φ, ψ ∈ Ψ}, and by Φ ∧ Ψ the
type Φ ∪Ψ, if it is consistent.

Proposition 9. (Union) If (P1, . . . , Pn, Q) is Φ-preserved and (P1, . . . , Pn, Q
′) is Ψ-preserved, with

Q,Q′ ⊆ Mm, then Φ ∨ Ψ is (P1, . . . , Pn, Q ∪ Q′)-preserving and Φ ∧ Ψ, if it is consistent, is
(P1, . . . , Pn, Q ∩Q′)-preserving.

Corollary 10. If there is a (P1, . . . , Pn, Q)-preserving type Φ then the set ZΦ(P1, . . . , Pn, Q) of all
(P1, . . . , Pn, Q)-preserving types, which are contained in Φ, forms a distributive lattice ⟨ZΦ(P1, . . . ,
Pn, Q);∨,∧⟩ with the least element Φ.

Using the assertions above one can describe series of type-definable structures, in particular,
classes of (ordered) semigroups, groups, rings and fields, including spherically ordered ones [5, 6],
rectangular bands of groups, graded algebras, etc., their subalgebras and quotients.
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We continue to study spectra of spherical orderability of groups [1, 2].
Let x be a n-tuple (x1, . . . , xn), σ be a permutation of degree n. Then the tuple (xσ(1), . . . , xσ(n))

is denoted by xσ.

Definition 1. [1] The following generalization of linear and circular orders produces an n-ball, or
n-spherical, or n-circular order relation, for n ≥ 2, which is described by an an n-ary relation Kn

satisfying the following conditions:
(nso1) If x ∈ An and σ is a transposition on {1, 2, . . . , n}, then x ∈ Kn or xσ ∈ Kn;
(nso2) If x ∈ An and σ is a transposition on {1, 2, . . . , n}, then x ∈ Kn or xσ ∈ Kn iff there

are distinct indices i and j such that xi = xj ;
(nso3) For any x ∈ Kn and any element t ∈ A, there is an index i such that

(x1, . . . , xi−1, t, xi+1, . . . , xn) ∈ Kn

Definition 2. [1] A group G is called n-spherically ordered, or n-s-ordered, if G is provided with a
n-spherical order Kn such that for any (x1, . . . , xn) ∈ Kn and any y ∈ G the tuples (x1y, . . . , xny)
and (yx1, . . . , yxn) belong to Kn.

A group G is called n-spherically orderable, or n-s-orderable, if G has a n-spherically ordered
expansion. A group G is called spherically orderable if it is n-spherically orderable for some n.

For a group G we define its spectrum Spso of spherical orderability, or spherical spectrum, as
follows:

Spso(G) = {n ∈ ω \ {0, 1} | G is n-spherically orderable}.
A group G is called totally spherically orderable, or totally s-orderable, if G has maximal

spectrum of spherical orderability, i.e. Spso(G) = ω \ {0, 1}.
A group G is called almost totally spherically orderable, or almost totally sorderable, if Spso(G)

is a cofinite subset of ω.
A group G is (almost) not s-orderable in any way if Spso(G) is empty (respectively, finite).
If |G| = n, then ω \ n ⊆ Spso(G).

The following are new results complement those previously presented. Also new results ob-
tained taking into account the fact that
if εxσ1

= 1 and εxσ2
= 1 =⇒ xσ1 is representable as xσ2 by some xσ, where εxσ = 1.

Spso(Z
3
2 ) = ω \ {0, 1, 2, 3, 5, 6, 7} (1)

Spso(Z
2
3 ) = ω \ {0, 1, 2, 4, 5, 6, 7, 8} (2)

Spso(D3) = ω \ {0, 1, 2, 3, 4, 5, 6} (3)

Spso(D4) = ω \ {0, 1, 2, 3, 4, 5, 6, 7, 8} (4)

Spso(D5) = ω \ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} (5)

Spso(Q8) = ω \ {0, 1, 2, 3, 5, 6, 7} (6)
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Axiomatizability and completeness of the class of
pseudofinite acts
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A model M of a theory T in a language L is called T -pseudofinite if every sentence in a
language L true in M has a finite model, which is a model of the theory T . It is clear that T -
pseudofiniteness implies pseudofiniteness, and pseudofiniteness implies T -pseudofiniteness for every
finite axiomatizable theory T . In [1-4] the model-theoretic properties of theories of pseudofinite
fields, groups, rings, and unars are studied.

Theorem 1. Let T be a theory of a language L, K be the class of all pseudofinite (T -pseudofinite)
models of this theory. Then K is an axiomatizable class.

Let S be a monoid. A set A is a left S-act (or S-act) if there is a map S×A→ A, (s, a) 7→ sa,
such that for all a ∈ A and s, t ∈ S, we have 1a = a and s(ta) = (st)a. In [4-9], the questions of
axiomatizability, completeness, and model completeness of some classes of S-acts, such as free, flat,
projective, injective, regular, and others, are considered. Here we disribe monoids S over which
class of all T -pseudofinite acts is complete (model complete, categorical), where T is a theory of
S-acts.

Theorem 2. Let T be a theory of S-acts, K be the class of all T -pseudofinite S-acts. Then the
following properties are equivalent:

(1) the class K is complete;
(2) the class K is model complete;
(3) the class K is totally categorical;
(4) every pseudofinite S-act is a coproduct of one-element S-acts;
(5) if α is a proper congruence of SS, then the S-act SS/α is infinite.

Funding: This work was supported by the Ministry of Science and Higher Education (agreement � 075-02-2025-
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We introduce and study some general principles and hierarchical properties of expansions and
restrictions of structures and their theories. These principles are based on upper and lower cones,
lattices, and permutations. The general approach is applied to describe these properties for classes
of ω-categorical theories and structures, Ehrenfeucht theories and their models, strongly minimal,
ω1-categorical, and stable ones. Here all these classes are closed under permutations. It is proved
that any fusions of strongly minimal structures are strongly minimal, too, whereas the properties of
ω-categoricity, Ehrenfeuchtness, ω1-categoricity, and stability can fail under fusions. It is also shown
that the classes of ω-categorical, strongly minimal and stable regular structures are closed under
lower cones of all their elements, whereas the classes of Ehrenfeucht and ω1-categorical structures
do not have that property, with some infinite chains of expansions alternating Ehrenfeuchtness and
non-Ehrenfeuchtness, and other infinite chains alternating ω1-categoricity and non-ω1-categoricity.

We consider regular structures, i.e. relational structures without repetitions of interpretations
of signature symbols. Let M be a regular structure, M be a maximal regular expansion of M
preserving the universe M . We denote by B(M) the set of all restrictions of M preserving the
universe M . The set-theoretic operations on the Boolean P(Σ(M)), forming its Cantor algebra,
induce the regular atomic Boolean algebra B(M) on B(M), with the greatest element M, the least
element M0 with the empty signature, and |Σ(M)| atoms each of which has exactly one signature
symbol. Here unions N1∪N2 and intersections N1∩N2, for N1,N2 ∈ B(M), preserve the universe
M and consists of unions of their signature relations, common signature symbols, respectively. The
unions can be considered both as combinations [1] and fusions [2], in a broad sense, of structures.

Recall that for a lattice L and its element a the upper cone ▽(a) = ▽a consists of all elements
b in L with a ≤ b, and the lower cone △(a) = △a consists of all elements b in L with b ≤ a.

Theorem 1. The family Pω-cat ⊆ B(M) of countably categorical structures is represented as the
union of lower cones of all their elements and all these elements are not maximal. This family is
closed under permutations and not closed under unions.

Theorem 2. Any Boolean algebra B(M) with a countable universe M contains structures with the
property PEhr of Ehrenfeuchness (i.e. the property of all structures whose elementary theories have
finitely many and at least three countable models), without the least and the greatest elements of
B(M). This property is closed under permutations and can fail under restrictions and expansions.
There are infinite chains alternating the Ehrenfeuchtness and the complement of this property.
There are atomic structures N ∈ B(M) belonging to PEhr.

Recall [3] that a structure N is called strongly minimal if for any N ′ ≡ N and any formula
φ(x, a) in the language of N with parameters a ∈ N ′ the set φ(N ′, a) = {b | N ′ |= φ(b, a)} is either
finite or cofinite in N . A theory T is called strongly minimal if T = Th(N ) for a strongly minimal
structure N .

Theorem 3. Any Boolean algebra B(M) with an infinite universe M contains a distributive sub-
lattice Bsm(M) of all strongly minimal structures N ∈ B(M). This sublattice closed under per-
mutations and forms a Boolean algebra with the least element N0 and the greatest element SM
forming △(SM) which is equal to Bsm(M).

Theorem 4. Any Boolean algebra B(M) with an infinite universe M contains structures with
the property Pω1-cat of ω1-categoricity, including the least element of B(M). This property is
closed under permutations and can fail under restrictions and expansions. There are infinite chains
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alternating the ω1-categoricity and the complement of this property. There are structures N ∈
B(M) of finite signatures with ▽N ∩ Pω1-cat = ∅.

Recall [4] that a formula φ(x, y) of a theory T is called stable if there are no tuples ai, bi ∈ N ,
where i ∈ ω, N |= T , such that N |= φ(ai, bj) ⇔ i ≤ j. The theory T is called stable if all its
formulae are stable. Models of a stable theory are called stable, too. Is a formula/theory/structure
is not stable, it is called unstable or having the order property.

Following [4] it is said that a formula φ(x, y) has the strict order property if there are parameters
ai ∈ N , i ∈ ω, such that the sets φ(ai,N ), i ∈ ω, form a strictly descending chain with φ(ai,N ) ⫌
φ(ai+1,N ), i ∈ ω.

Again following [4] it is said that an unstable formula φ(x, y) has the independence property
if in every/some model N of T there is, for each n ∈ ω, a family of tuples ai, i ∈ n, such that for
each of the 2n subsets X of n there is a tuple b ∈ N for which N |= φ(ai, b) ⇔ i ∈ X.

Theorem 5. The family Pst ⊆ B(M) of stable structures is represented as the union of lower
cones of all its elements. This family is closed under permutations and not closed under unions,
and these unions can produce both the strict order property and the independence property.
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On the solvability of Graded Bicommutative and Zinbiel
algebras
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The article is dedicated to the study of the solvability and nilpotency of graded Bicommutative
and Zinbiel algebras. The solvability of graded Novikov algebras was studied by V.N. Zhelyabin
and U.U. Umirbaev [1].

It was shown in [1] for every n of the form n = 2k3l that a Zn- graded Novikov algebra

N = N0 ⊕ . . .⊕Nn−1

over a field of characteristic not equal to 2, 3 is solvable if N0 is solvable. In [1], it was proved that,
if L is a right nilpotent subalgebra of a Novikov algebra N , then the right ideal of N generated by
L2 is right nilpotent. Also in [2] was shown that, if N is a G-graded Novikov algebra with solvable
0-component N0, where G is a finite additive abelian group and the characteristic of the field F
does not divide the order of the group G, then N is solvable.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ



Annual International April Mathematical Conference – 2025 287

Definition 1. The algebra A is called G-graded if there exists a decomposition A =
⊕

g∈GAg
such that ∀g, h ∈ A we have AgAh ⊆ Ag+h.

Definition 2. Bicommutative algebras are defined by the identities a ◦ (b ◦ c) = b ◦ (a ◦ c) and
(a ◦ b) ◦ c = (a ◦ c) ◦ b.

Definition 3. Zinbiel algebras are given by the identity (a ◦ b) ◦ c = a ◦ (b ◦ c+ c ◦ b).

Theorem 4. Let A be a G-graded Bicommutative algebra and A0 solvable then A2 is nilpotent

Theorem 5. Let A be a G-graded Zinbiel algebra. A0 is solvable with solvability index m then A
is solvable with solvability index n2m− nm
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In the monograph [1], the problem of describing the distribution of primes over finite sets,
as well as the limit and other countable models for various natural classes of theories of algebraic
systems, is posed.

For theories T with a continuum number of types, the number of countable models is 2ω, and
thus at least one of the values P (T ), L(T ), or NPL(T ) equals 2ω.

Definition 1. The triple (P (T ), L(T ), NPL(T )), consisting of the number of prime models, the
number of limit models, and the number of other countable models of a theory T , is called the
distribution triple of the number of countable models of the theory T and is denoted by cm3(T ).

Definition 2. Let M = ⟨M, ∗⟩ be a finitely generated commutative semigroup, P = {p1, . . . , pn} ⊆
M and M be generated by P . Let P = {q1, q2, . . . , qn}. Here, the set {q1, q2, . . . , qn} is obtained by
rearranging the elements of the set {p1, p2, . . . , pn} in a different order. If for every a = qr11 q

r2
2 ...q

rk
k

in M the equation xr11 x
r2
2 ...x

rk
k = a has a unique solution (x1, x2, ..., xk) = (q1, q2, ..., qk) , then we

call the semigroup M a quasi u-semigroup, where r1, r2, ..., rk are natural numbers and 1 ≤ k ≤ n.

Theorem 3. Let M = ⟨M, ∗⟩ be a finitely generated commutative semigroup, and M be generated
by P = {p1, . . . , pn}. Then M ∼= ⟨Nn,+⟩, where Nn = {(a1, . . . , an) | ai ∈ ω, a21 + · · · + a2n > 0},
and the operation ”+” is defined as the addition of corresponding coordinates.

Theorem 4. If T = Th(⟨Nn,+⟩), then P (T ) = 2ω and L(T ) = 2ω.

Corollary 5. Let M = ⟨M, ∗⟩ be a finitely generated commutative semigroup. Then P (Th(M)) =
L(Th(M)) = 2ω.
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Pure linear orderings of Morley o-rank 1 and o-degree 2
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We consider an ordered structure.

Definition 1. Let s(x) be a partial 1-type, and let φ(x) and ψ(x) be formulae. We say that φ(x)
and ψ(x) are s-inconsistent if s(x) ∪ {φ(x), ψ(x))} is inconsistent.

Definition 2 (V. Verbovskiy). 1. We say that Morley o-rank of a formula ϕ(x) inside a cut
⟨C,D⟩ in M is equal to or greater than 1 and write o-RM⟨C,D⟩,M(ϕ) ≥ 1 for this, if

{
ϕ(x)

}
∪

⟨C,D⟩ is consistent.

2. o-RM⟨C,D⟩,M(ϕ) ≥ α + 1 if there are infinitely many pairwise ⟨C,D⟩-inconsistent formu-
lae ψi(x) such that RM⟨C,D⟩,M

(
ϕ(x) ∧ ψi(x)

)
≥ α.

3. If α is a limit ordinal, then o-RM⟨C,D⟩,M(ϕ) ≥ α if o-RM⟨C,D⟩,M(ϕ) ≥ β for all β < α.

4. o-RM⟨C,D⟩,M(ϕ) = α if o-RM⟨C,D⟩,M(ϕ) ≥ α and o-RM⟨C,D⟩,M(ϕ) ̸≥ α+ 1.

5. We define Morley o-rank of a formula ϕ(x) inside M as follows:

o-RMM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : ⟨C,D⟩ is a cut in M}.

6. We define Morley o-rank of a formula ϕ(x) as follows:

o-RM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : M |= T and ⟨C,D⟩ is a cut in M}.

We define the Morley o-degree of a formula inside a cut

1. Let ⟨C,D⟩ be a cut in an ordered structure M and o-RM⟨C,D⟩,M(ϕ) = α for some formula
ϕ. We say that Morley o-degree of ϕ(x) inside the cut ⟨C,D⟩ in M is equal to n and
write o-MD⟨C,D⟩,M(ϕ) = n for this, if there exist exactly n pairwise ⟨C,D⟩-inconsistent
formulae ψi(x) such that RM⟨C,D⟩,M

(
ϕ(x) ∧ ψi(x)

)
= α.

2. We define Morley o-degree of a formula ϕ(x) inside M as follows:

o-RMM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : ⟨C,D⟩ is a cut in M and o-RM⟨C,D⟩,M(ϕ) = α}.

3. We define Morley o-rank of a formula ϕ(x) as follows:

o-RM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : M |= T, ⟨C,D⟩ is a cut in M, and

o-RM⟨C,D⟩,M(ϕ) = o-RM(ϕ)}.
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B. Kulpeshov made a complete description of weakly o-minimal pure ordered structures. Let
F be the set of all finite linear orderings, and

G = F ∪ {ω, ω∗, ω + ω∗, ω∗ + ω,Q}

Also, letWO be the collection of all ordered sums of the form C1+· · ·+Cm, where Ci is elementarily
equivalent to some member of G for each i ≤ m.

Theorem 3 (B. Kulpeshov). Any weakly o-minimal structure M restricted to the signature {=, <}
is a member of WO, and conversely, the first-order theory of any member of WO is a weakly o-
minimal theory of linear order.

Here we give the complete description of pure ordered structures that have Morley o-rank 1
and Morley o-degree 2. This class is a proper extension of the class of weakly o-minimal pure
ordered structures.
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This paper explores the connection between J-o-minimality in Jonsson theories and PAC learn-
ing. Key definitions related to Jonsson theories, normality in pregeometry, and KT -equivalence are
introduced. The primary focus is on the JNIP property and its relationship with PAC learning. It
is proven that every J-o-minimal Jonsson theory is a JNIP theory. The obtained results deepen the
understanding of the structural properties of Jonsson theories and their applications in machine
learning.

Definition 1 (A.R. Yeshkeyev). A set JSp(K) of Jonsson theories of signature σ, where

JSp(K) = {∆ | ∆ is Jonsson theory and K ⊆Mod(∆)},

is called the Jonsson spectrum for class K.

Definition 2 (T.G.Mustafin). T1 and T2 are said to be cosemantic Jonsson theories (denoted by
T1 ▷◁ T2), if T

∗
1 = T ∗

2 .

Definition 3 (A.R. Yeshkeyev). Let τ be some given pregeometry in CT with a closure operator
cl : P (CT ) → P (CT ). A Jonsson theory T is called normal in pregeometry τ (cl-normal), if, for
each almost Jonsson subset X ⊆ CT , CFr(X) is an existentially closed submodel of CT .
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Definition 4 (T.G.Mustafin). Let T1 and T2 be complete theories. We will say that T1 and T2 are
syntactically similar if exists bijection f : F (T1) → F (T2) such that

1. The restriction of f to Fn(T1) is an isomorphism of Boolean algebras Fn(T1) and Fn(T2), for
n < ω.

2. f(∃vn+1φ) = ∃vn+1f(φ), for φ ∈ Fn+1(T ), n < ω.

3. f(v1 = v2) = (v1 = v2).

Definition 5 (A.R. Yeshkeyev). Let T be a Jonsson theory. A class KT of L-structures is called
a Kaiser class of T if

KT = {M |M ∈Mod(T ) and Th∀∃(M) is a Jonsson theory}.

Definition 6 (1). Let T1 and T2 be Jonsson L-theories. T1 and T2 are called KT -equivalent

(T1
∼
▷◁ T2), if KT1 = KT2 .

Definition 7 (A.R. Yeshkeyev). Let T1 and T2 be arbitrary Jonsson theories. We say that T1 and
T2 are Jonsson syntactically similar, if a bijection f : E(T1) → E(T2) exists such that:

1. restriction f to En(T1) is an isomorphism of lattices En(T1) and En(T2), n < ω;

2. f(∃vn+1φ) = ∃vn+1f(φ), φ ∈ En+1(T ), n < ω;

3. f(v1 = v2) = (v1 = v2).

Well-known next facts about PAC-learning

Definition 8 (2). Let X be a set and 𭟋 ⊆ P (X). The pair (X,𭟋) is called a set system. We say
that A ⊆ X is shattered by 𭟋 if for every S ⊆ A there is F ∈ 𭟋 such that F

⋂
A = S. A family 𭟋

is said to be a V C-class on X if there is some n < ω such that no subset of X of size n is shattered
by 𭟋. In this case the V C-dimension of 𭟋, denoted by V C(𭟋), is the smallest integer n such that
no subset of X of size n+ 1 is shattered by 𭟋. If no such n exists, we write V C(F ) = ∞.

Theorem 9 (2). The following are equivalent for a hypothesis class H with domain X:

(1) - H has finite V C dimension.

(2) - H is PAC learnible(PAC stands for Probably Approximately Correct).

Let T perfect normal ∃ complete theory for ∃-sentences.

Definition 10. Let T is perfect normal J-L-theory and ϕ(x, y) is a some ∃-formula (with a partition
of the free variables). Say that ϕ(x, y) has the J-independence property (or JIP ) if there are in
M,M ∈ KT theory T (ai)i<ω and (bs)s⊆ω such that ϕ(ai, bs) holds iff i ∈ s. Say that ϕ is JNIP if
not. The theory T is JNIP if all formulas are JNIP .

Definition 11. Jonsson theory T is J-o-minimal theory if T ∗-o-minimal

Corollary 12. If theory T is J-o-minimal theory, then T has a JNIP -formula.

Proposition 13. A formula is JNIP if and only if for every M ∈ KT , the family {ϕ(Mx, a) | a ∈
My} is a V C-class.

Let [
...
∆U] ∈ JSP (D)/...,D ⊆ KT , where JSP (D)/... is the factor set of the JSP (D) by the

following equivalence relations: cosemanticness of jonsson theories, KT -equivalence, and Jonsson
syntactic similarity.

Definition 14. The class [
...
∆U] is J-o-minimal theory if ∆∗

U-o-minimal
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Definition 15. [
...
∆U] is JNIP -class if every theory in this class will be JNIP -theory

Theorem 16. Let [
...
∆U] ∈ JSP (D)/...,D ⊆ KT then if [

...
∆U]-J-o-minimal class we can conclude

that [
...
∆U] be JNIP -class

Theorem 17 (Main result). A formula is JNIP iff for some/everyM ∈ KT , the family {ϕ(Mx, a) |
a ∈My} is a VC-class.

All the necessary information about Jonsson theory which is uncertain in this thesis, can be
extracted from the monograph[1].
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We work within the framework of studying Jonsson theories [1]. Let T be a Jonsson L-theory,
and CT be a semantic model of the theory T . The center of a Jonsson theory T is defined as the
elementary theory of the semantic model of this theory: T ∗ = Th(CT ).

One of the main objects in this study is a perfect Jonsson theory. A perfect Jonsson theory is
understood to be a Jonsson theory whose semantic model is saturated of power ω+.

The concept of a semantic Jonsson quasivarieties of unars and undirected graphs, as well
as their Robinson spectras were introduced in [2]. In [1], the concepts of Jonsson syntactic and
semantic similarity of Jonsson theories were described. In [3], these relations were generalized for
classes of the Jonsson spectrum. In [4], a theorem on the existence of a certain syntactically similar
algebra (S-act) for hybrids of classes from the Jonsson spectrum was considered.

In this abstract, we introduce a new concept of Kaiser equivalence between two Jonsson theo-
ries. First, let us define the concept of the Kaiser class of theory.

Definition 1. A class KT={A ∈ Mod(T ) : ∀A, T 0(A) is Jonsson theory} is said to be a Kaiser
class of the theory T , where T 0(A) = Th∀∃(A).

Next, we can consider the binary relation according to the Kaiser classes of two Jonsson theories
T1 and T2.

Definition 2. Let T1 and T2 are Jonsson theories. We say that theories T1 and T2 are KT -
equivalent, if KT1=KT2 .
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Now, let us move on to the main results of this abstract.

Let JCU and JCG be semantic Jonsson quasivariety of Robinson unars and undirected graphs
correspondingly. RSp(JCU) and RSp(JCG) be their Robinson spectrums.

Further, on these spectrums, we introduce the following relations:

1) equivalence of Jonsson syntactic and semantic similarity,

2) KT -equivalent, and

3) cosemanticness relations.

It is obvious that all these relations are equivalence relations, so we obtain a factor-set of the
Robinson spectrums of JCU and JCG with respect to the introduced relations, which we call triple

factorization and denote as RSp(JCU)
/
SS
▷◁
K

and RSp(JCG)
/
SS
▷◁
K

respectively. [
...
∆U] is an equivalence

class of a theory ∆U from RSp(JCU)
/
SS
▷◁
K

and [
...
∆G] is an equivalence class of a theory ∆G from

RSp(JCG)
/
SS
▷◁
K

.

Theorem 3. Let [
...
∆U] and [

...
∆G] be a classes of ω-categorical Robinson theories of unars and

undirected graphs respectively. Then their hybrid H([
...
∆U], [

...
∆G]) is also a ω-categorical Robinson

theory.

We can also consider the following result of work [4] in a new, extended case by applying triple
factorization on Robinson spectrums of semantic Jonsson quasivarieties of unars and undirected
graphs. As a result, we obtain a countably categorical theory of S-act that is syntactically similar
to a hybrid of classes.

Theorem 4. Let [
...
∆U] and [

...
∆G] be a classes of ω-categorical Robinson theories of unars and

undirected graphs respectively. Then there exists a ω-categorical theory of S-act that is Jonsson

syntactically similar to the hybrid H([
...
∆U], [

...
∆G]) of these classes.

All definitions that were not given in the abstract can be found in [1].
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Kaiser classes

A.R. YESHKEYEV1, I.O. TUNGUSHBAYEVA2, M.T. KASSYMETOVA3

1,2,3Karaganda Buketov University, Karaganda, Kazakhstan
1aibat.kz@gmail.com, 2intng@mail.ru, 3mairushaasd@mail.ru

We study Jonsson theories in the framework of a countable first-order language L. In this
work, we introduce a new tool for analyzing Jonsson theories [1]: a specific semantic invariant
associated with a given Jonsson theory T , which we call the Kaiser class of T . We establish some
fundamental properties of the Kaiser class and demonstrate its relevance in the structural study of
Jonsson theories. In particular, we apply this notion to investigate the cl-normality and perfectness
[2] of Jonsson theories. Furthermore, the results concerning the axiomatizability of the Kaiser class
are presented.

Let us give necessary definitions. All definitions of this abstract paper were introduced by the
first author of this paper.

Definition 1. Let τ be some given pregeometry in CT with a closure operator cl : P (CT ) → P (CT ).
A Jonsson theory T is called normal in pregeometry τ (cl-normal), if, for each almost Jonsson subset
X ⊆ CT , CFr(X) is an existentially closed submodel of CT .

Definition 2. Let T be a Jonsson theory. A class KT of L-structures is called a Kaiser class of T
if

KT = {M |M ∈Mod(T ) and Th∀∃(M) is a Jonsson theory}.

Definition 3. Let T1 and T2 be Jonsson L-theories. T1 and T2 are called KT -equivalent (T1
∼
▷◁ T2),

if KT1 = KT2 .

In the framework of the introduced concepts, we obtained the following results.

Theorem 4. For any Jonsson theory T , the class KT is closed under the joint embedding and
amalgamation properties.

Theorem 5. Let T be a Jonsson theory and let K0
T be a finitely axiomatizable theory. Then

there are finitely many theories in [T ]∼
▷◁
, where [T ]∼

▷◁
is a class of all Jonsson L-theories that are

KT -equivalent to T .

Theorem 6. Let T be a Jonsson theory. Then the following conditions are equivalent:
(1) T is a perfect Jonsson theory;
(2) ET = KT ∗.

Theorem 7. Let T be a perfect Jonsson theory. Then the following conditions are equivalent:
(1) T is a cl-normal Jonsson theory;
(2) for any almost Jonsson set Xi ⊆ CT , i ∈ I,

⋂
i∈I KFr(Xi) ̸= ∅.

All definitions that are not provided in this work can be found in [2].
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Definition 1. [1] A theory T is called a Jonsson theory if:
(i) T has at least one infinite model;
(ii) T is an inductive theory;
(iii) T has the amalgam property (AP );
(iv) T has the joint embedding property (JEP ).

Definition 2. [2] A model CT of the Jonsson theory T such that |CT | = 2ω is said to be a semantic
model, if it is ω+-homogeneous-universal.

Definition 3. [3] T ∗ is the center of a Jonsson theory T . T ∗ is the elementary theory of its semantic
model CT , such that T ∗ = Th(CT ).

Definition 4. [3] The Jonsson theory T is said to be perfect if its semantic model is an ω+-saturated
model of T .

Definition 5. Let T be a Jonsson theory. A class KT of L-structures is called a Kaiser class of T
if

KT = {M |M ∈Mod(T ) and Th∀∃(M) is a Jonsson theory}.

Definition 6. [4] Let T be a Jonsson theory, CT be its semantic model, X ⊆ CT . X is called an
almost Jonsson set, if the following conditions are hold:

(1) X is an ∃-definable set;
(2) cl(X) =M ∈Mod(T );
(3) Th∀∃(M) is a Jonsson theory, where Th∀∃(M) is a set of all universal-existential sentences

of the language L that are true in the model M .

Definition 7. [3] Let T be a Jonsson theory. A #-companion of the Jonsson theory T is a theory
T# of the same signature that satisfies the following conditions:

(i) (T#)∀ = T∀;
(ii) for any Jonsson theory T ′, if T∀ = T ′

∀, then T
# = (T ′)#;

(iii) T∀∃ ⊆ T#

Definition 8. Let τ be some given pregeometry in CT with a closure operator cl : P (CT ) → P (CT ).
A Jonsson theory T is called normal in pregeometry τ (cl-normal), if, for each almost Jonsson subset
X ⊆ CT , CFr(X) is an existentially closed submodel of CT .

Let T be a cl-normal Jonsson theory, A ⊆ CT , where A is an almost Jonsson set, meaning
cl(A) =M ∈ KT , where KT is the Kaiser class of the normal fixed Jonsson theory.

Let Th∀∃(M) = Fr(A) =M0, M0 ∈ JSp(CT ), where JSp(CT ) denotes the Jonsson spectrum
of CT , i.e. JSp(CT ) = {T |T is a Jonsson theory and ∀A ∈ CT , A |= T}.

The following facts outline the properties of these fragments.

Theorem 9. If cl(A) ∈ KT , then the following conditions are equivalent:
(i) M0 is perfect;

(ii) M0# is ∀∃-axiomatizable.

Theorem 10. Let cl(A) ∈ KT , then the following conditions are equivalent:
(i) M0 is perfect;
(ii) M0 has a model companion.
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Definition 1. [1] A theory T is said to be Jonsson, if it satisfies the following conditions:
1) T has at least one infinite model; 2) T is ∀∃-axiomatisable; 3) T has JEP property; 4) T

has AP property.

Definition 2. [2] Let T be a Jonsson theory. A model CT of power 2ω is called to be a semantic
model of the theory T if CT is a ω+-homogeneous ω+-universal model of the theory T .

Definition 3. [1] The elementary theory of a semantic model of the Jonsson theory T is called the
center of this theory. The center is denoted by T ∗, i.e. Th(CT ) = T ∗.

Given work is associated with the Jonsson universal of unars in the frame first-order language
L of the signature σ =< f >, where f is unary functional symbol.

Definition 4. [3] 1) If T = T∀, then T∀ is said to be universal;

Lemma 5. [3] For any unar A the following is satisfied A |= T∀ ⇔ A embeds in CT∀, where CT∀ is
a semantic model of Jonsson universal of unars T∀.

Definition 6. [3] A fourset (Ω, ν, µ, ε) is called a characteristic CT∀ and denoted as char(CT∀), if
Ω = {χ(a) : a ∈ CT∀};
ν ω \ {0} → ω ∪ {∞} such that ∀m > 0,

ν(m) =

{
k, if the quantity m− loops in CT∀ is equal to k < ω,

∞, otherwise;

µ : Ω → ω ∪ {∞} such that if α ∈ Ω and α ∈ χ(a), then µ(α) = k(a), if k(a) < ω and
µ(α) = ∞, if k(a) = |CT∀ |;

ε =

{
0, if |{a ∈ CT∀ : χ(a) = ω}| = 0,

∞, otherwise.

Let TU be the theory of all unars. It is known that TU is an empty theory (the set of axioms of
this theory is empty), i.e. it is a set of all sentences in the language L of the signature σ =< f >,
where f is unary functional symbol. It was proven in the work [4] that the theory of all unars is a
Jonsson theory. Let CTU

be its semantic model.
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Definition 7. [5] Let T be a Jonsson theory. A class of models KT ⊆ Mod(T ) such that KT =
{A | A ∈Mod(T ) and Th∀∃(A) is a Jonsson theory } is called a Kaiser class of the theory T.

Theorem 8. [5] Let TU be the Jonsson theory of all unars, and let M be its model. M is a
component of the theory TU if and only if M ∈ KTU

, where KTU
is the Kaiser class of the theory

TU .

Definition 9. [5] A Jonsson theory T is called a normal theory if for anyM ∈ KT : M0 = Th∀∃(M),
and CM0 is an existentially closed submodel of CT (CM0 is a semantic model of M0, CT is a semantic
model of T ).

Theorem 10. [5] The theory of all unars TU is a normal Jonsson theory.

Let us consider first-order language L of the signature σ =< f >, where f is unary functional
symbol and expand it by symbols of new constant c and unary predicate P 1.

Let σ′′ = σ ∪ σ′, where σ =< f >, σ′ = (P 1, c). We consider a theory T ∀ in the new expanded
signature σ′′ as follows: [4] T ∀ = T∀ ∪ Th∀(CT∀ , a)a∈P 1(CT∀ )∪P

1(c) ∪ {P 1,⊆} ∪ P 1(c).

Here P 1 is a new unary predicate symbol, {P 1,⊆} is an infinite set of sentences, which are
expressing the fact that in CT∀ the predicate P 1 distinguishes existentially closed submodel of CT∀ ,
i.e. P 1(CT∀) = M,M ∈ KT∀ , Th∀∃(M) is a Jonsson theory, KT∀ is a Kaiser class of theory T∀. Let
us denote the center of T ∀ as follows: T

∗
∀ = Th(CT∀) = Th(CT∀ , c, a)c,a∈P 1(CT∀ )

Definition 11. [6] A Jonsson theory is said to be hereditary if, in any of its permissible expansions,
it preserves its Jonssonness.

Definition 12. [1] A Jonsson theory T is called perfect if its semantic model CT is ω+-saturated.

It was proven in the [7] that universal of unars is a perfect Jonsson theory. Hence, the following
result was proven in [4].

Theorem 13. [4] If Jonsson theory of unars T∀ is a perfect Jonsson theory, T ∀ is its hereditary
expansion, then T ∀ is also perfect Jonsson theory of unars.

Thus, the following results were obtained for perfect Jonsson theories of unars and their hered-
itary expansions.

Theorem 14. [5] If Jonsson theory of unars T∀ is normal perfect Jonsson theory, T ∀ is its hered-
itary expansion, then T ∀ is also normal perfect Jonsson theory of unars.

Lemma 15. [5] If T∀ is a normal perfect Jonsson universal of unars and T ∀ is its hereditary
expansion, then T

∗
∀ is a perfect Jonsson theory.
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